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Gradient Estimates for the Nonlinear Parabolic Equation with Two

Exponents on Riemannian Manifolds

Songbo Hou

Abstract. In this paper, we study the nonlinear parabolic equation with two exponents
on complete noncompact Riemannian maniflods. The special types of such equation
include the Fisher-KPP equation, the parabolic Allen-Cahn equation and the Newell-
Whitehead equation. We get the Souplet-Zhang’s gradient estimates for the positive
solutions to such equation. We also obtain the Liouville theorem for positive ancient
solutions. Our results extend those of Souplet-Zhang (Bull. London. Math. Soc. 38
(2006), 1045-1053) and Zhu (Acta Math. Sci. Ser. B 36 (2016), no. 2, 514-526).

1. Introduction

Let M be a complete noncompact Riemannian manifold. In this paper, we consider the

following nonlinear parabolic equation

(1.1) E;z: = Au(z,t) + Mz, t)u? + n(x, t)u?

on M, where the functions A and 7 are C' in = and C° in ¢, p and ¢ are positive constants
withp>1,¢>1. f A\=—n=c¢, p=1and q =2, where c is a positive constant, then
the equation (|1.1) becomes

ou
(1.2) i Au+ cu(l —u)

which is called the Fisher-KPP equation [6,[11]. It describes the propagation of an evo-
lutionarily advantageous gene in a population and has many applications. Cao, Liu,
Pendleton and Ward [4] derived some differential Harnack estimates for positive solutions
to on Riemannian manifolds. Geng and the author [7] extended the result of [4]. If
A=1,n=-1,p=1and q = 3, then becomes

ou 3
E—Au—(u —u)

which is called the parabolic Allen-Cahn equation. A Harnack inequality for this equa-

tion was studied in [1]. The gradient estimates for the elliptic Allen-Cahn equation on
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Riemannian manifolds were obtained by the author in [9]. The special type of (1.1 also
includes the Newell-Whitehead equation [16]

0
a?—Au—i-au—bu

where a and b are positive constants. It is used to model the change of concentration of
a substance. The reader may refer to 2| for the recent results for such equation.

The gradient estimate is an important method in study on parabolic and elliptic equa-
tions. It was first proved by Yau [19] and Cheng-Yau [5], and was further developed by
Li-Yau [13], Li [12], Hamilton [8], Negrin [15], Souplet and Zhang [17], Ma [14], Yang [1§],
etc. In [17], Souplelt and Zhang considered the heat equation

ou
1. = A
(1.3) 5 u

and proved the following result.

Theorem 1.1. Let M be an n-dimensional Riemannian manifold with n > 2 and
Ricci(M) > —k, k > 0. If u is any positive solution to (1.3)) in Qrr = B(xo, R) X [to —
T,to] C M x (—o0,+00) and uw < N in Qrr, then there holds

W = (1{3 T2 T f) <1 o “(Zt)>

in Qrya,r/2, where ¢ = c(n).

Later, using the method of Souplet and Zhang, Zhu [20] studied the equation

(1.4) (A - aat> u(z,t) + h(z, t)uP(x,t) =0, p>1

on compete noncomapct Riemannian manfolds, where the function h(z,t) is assumed to

be C! in the first variable and C? in the second variable. He proved the following result.

Theorem 1.2. Let M be an n-dimensional Riemannian manifold with n > 2 and
Ricci(M) > —k, k > 0. If u is any positive solution to in Qrr = B(zo, R) X [to —
T,to] C M x (—o0,4+00) and u < N in Qpr, then for any B € (0,2), there exists a
constant ¢ = c¢(n,p, B) such that

(1.5)
|Vu(z,t)?

1 1
2— 13+ 1 2/3
e B(m* k4 NP e gy + N3 @DV )

L>®(QR,T)

in Qr/2.1/2, where h™ = max{h,0}.
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The same method was also used by Huang and Ma [10] to obtain gradient estimates

for the equations
0
a—? = Au+ \u® and 8—1; = Au+ aulogu + bu
under the Ricci flow, where A, «, a and b are constants.

In this paper, we get the following result.

Theorem 1.3. Let M be an n-dimensional Riemannian manifold with n > 2 and
Ricci(M) > —k, k > 0. Suppose that \(x,t) and n(x,t) are C' in x and C° int, p
and q are positive constants with p > 1, ¢ > 1. If u is any positive solution to m
Qrr = B(zo, R) X [to — T, t9) C M x (—00,400) and uw < N in Qrr, then there exists a
constant ¢ = c¢(n,p,q) such that

’VU(%W 1)/2 +1/2 (g—1)/2)|,+111/2
T <o bt VRN e N2

(1.6)
1 3 1, 1/3 N
+ N3l ”V)\” / ) + Nsla 1)”vnHL/OO(QR,T)> <1 + log u)

in Qrya,r/2, where At = max{\,0}, n* = max{n,0}.

Note that the estimate (|1.5) is equivalent to
[Vu(z,t)]
u(x,t)

<(Y¥ o L L VR N2 + N30 w3
- U R \/> L (Qr,T) L>(Qr,1) | *

Applying Theorem [1.3] - to (| . yields
[Vu(z,1)]
u(z, t)

1

R \/>

N
VE+NOVE I ) NS DIVRI g, o ) (1 e ).

Since limg 4 o 110g6x/2 =0, if N/u is large enough, then we have
1+log— < | — .
u u

So in this sense, the estimate (|1.6)) improves (1.5]).
We also get the Liouville type theorem.

Theorem 1.4. Let M be an n-dimensional Riemannian manifold with nonnegative Ricct
curvature. Suppose that A, n are nonpositive constants and one of them is negative, then

[T1)) does not admit any positive ancient solution with u(x,t) = e “@HVID near infinity.

The method of the proofs of main theorems comes from |104|17}20].
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2. Proofs of main theorems

2.1. Proof of Theorem
Let @ = u/N. Then u satisfies

(2.1) g? = AT+ AP + 7

where A = ANP~1 77 =nN9=1. Noting u < 1, we let

(2.2) f=logu, w=|VIn(l-f)>

In view of , we have

(2.3) Af + |VF?+ XD 4 fela=Df — f =,

By (2.2) and (2.3]), we have

B QfZ(ft)Z 2f'2ft
R R (s
2fi(figi + 2 Fi + Nie®D 4 X(p = De® D £ 4 e D] 4 5(q — 1)ela DT f)

(1—1)?
22 (fui + f2+ Ae—DFf 4 fela=11)
(1—1)?
It follows from the similar calculation that
2f7 +2fi fiu N 8fifijfi + 27 fu N 6/2f7
(1—f)? (L—1)3 (1= /)
217 + 2fj fuj + 2Rij fif N 8fifijfi + 217 fii N 617 f7
(1—f)? (1—1)3 (1= )
where Bochner’s identity is used. Noting that R;;f;f; > —k f we have

Aw =

2f2 — Afififij — 26~V fiX; — 2 (p — 1)e@=DI f2

Aw —w > e
(2.4) ~ 2el707 fifi + 2ij(q — 1)el DI f7 4 2k f2
(- 1)
N 8fififi — 217 1} — 2>\e(1’—1>ffj2 _ Qﬁe(q—l)fij . 622 |
(1=f)? (1—f)*

From (2.2)), we deduce that

2f
1

_ Mifili | AfZF; —Afififi  AFRSS

25) O N

=V ivw
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Combining (2.4)) and ([2.5)), we have

22 — 2eP=DI £, X, — 2X (p-1)f f2
Aw—wt—12_ffoVw2 T f(l—f) (p—1)e fi
_ 2e@= D7 fii5; + 277(q — 1)elaDF f2 4 2k f2
(1—f)?
N Afifiifi + 212 f2 — 22eP~ DI 2 — ojpela=VF 2 9f2f2
(=17 1=p"

Hoélder’s inequality implies that

‘ 4flfl]f]

(1- /)3 -

Sa-ma-pr

Thus we have
2f
1—f
20T i 20D fg 2N (p — )P 12+ 20(q — D)l £ 4 2k f7
B (1—£)? (1—1)?
2 2 Yo(p—1)f £2 = (q—1)f £2
2f2f7 — 20\l )ffj — 277ele )ffj
(1-f)3

=2(1— flw? —2X ( — 1+ ! f> eP=Dfy — o <q S ) e/,

2= ;)\, + Qe(q—l)ffmi
1- 77
Now we choose a smooth cut-off function ¢ = v(z,t) with compact support in Qg 1 such
that

——VfVw

Aw — wy —

(2.6)

— 2kw.

(1) ¥ =1(r,t), 0 < ¢ < 1 with ¢ = 1 in Qpyo /2, where r = d(z,z¢);
(2) 4 is decreasing with respect to r;

(3) for any 0 < a < 1, |0,9]/4® < Co/R, |0%¢| /1™ < Cyo/ R?;

(4) |0pp| /91 < CJT.

Using (2.6)), we get

Aw) — 2Vf V() — (),

2(1 — fyw? — 2X <p —1+ 1> P DFyy — 217 <q —1+ 1if> el D

1-f
26(p_1)ffixi + 2ela=Vf £y, 2f - 2w
=L A A

— 2kt — b+
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2V
v

+ (A)w — Y.
Suppose that 1w attains the maximum at (z1,t;). The argument in [3] implies that we

can assume z is not in the cut-locus of M. Then we have A(yw) < 0, (Yw); > 0 and
V(yw) =0 at (z1,t1). It follows that

2(1 — flypw?® < 2X ( —1+ 1) eV yy + 21 (q —1+ 1) el D ey

f L—f
2e(P=17 5 4 2=V £,
(2.7) + 2ktpw s
2fw 2|y
+i foV¢+ ” w = (AY)w + .

In view of p> 1, ¢ > 1 and f <0, we have

2A(p—1 —|— P Vw21 (g—1+ b el D
—f 1—-f
< 2 pypw + 27T qhw
(2:8) L o SCURV IR S =+ 12
< 1oV’ 160N Tp)" + e £ 168(7 )

1 ~ ~
< YW’ +16(A"p)* +16(77q)”
where AT = max{}, 0}, 77" = max{7,0}. Straightforward calculations show

2eP=1S £,x; + 2e( =D £,75;

L=
(2.9) : 2(1{?1“)41/} " 2?1W—AJ‘C4)/43/3¢ i 2(1€f)4¢ " 2?1|v—ﬁf4)/43/3¢
=0 f4f)4¢+ (VA -+ 97]"7)
< (1= flypw’ + 5 (yvxy‘l/?’ + |V,
'ffw Vfw‘ < 222 |f|| V| = 2[p(1 f)wg]?’/“W!{f!v‘g]‘g/4
(2.10) %(1 - Fipw® + CM
;( —f)¢w2+cR4(1fiﬁ,,

(2.11) 2krpw < %(1 — fw? + ck>.
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By the estimates of Souplet and Zhang [17], we have

V[ 11, 1
1 1 1
. — < ZYpw? 4 e— — 24—
(2.13) (AyY)w < 81/1w +cR4+ckR2 < 8( fivw +0R4+ckR
1 1 1
(2.14) [he|w < ww +c— 72 S 8( — fw? —|—cT2
Combining 7, we obtain
1 ~ ~ 3o ~
g = Nvw? S16(Tp)* +16(77q)* + 5 (VA + Vi)
4 2, L 1
+CW+C1€ Cﬁ'i‘CkRQ
Hence

4/3
Yw?(r1,t1) < NP2 A Lo gy + EN* 20 e @) + NPV VA

L (QRr,T)
4
1) 4/3 / 2 1
NIV gy + o — g R o o

By above estimate, there holds for all (z,t) in Qg 7,

P w 2(95 t) < NP~ 2H)\+HL°°(QRT) + N 2HnJrHL""(QR T) +CN3(p Y HV/\HL;/OE (Qr,1)

1
+ N @ D)y 3 ) temg 4—6——1—6/{2

L>(Qr,r R4

Noting that ¢ (z,t) = 1 in Qpr/2,1/2, We get

|V f(z,t) c 1/2 1/2
1= f(z,t) ~ §+T+C\[+CNP DRI gy + NI (g
1/3 1/3
+ NIV )+ NI 2

Finally we have

|Vu(x,t)| 1 1 (p—1)/2|\+ 1/2
) S R+\f+\f+N AT

N
+ N3ED AL )+ N anu“s )> <1+1ogu>.

o+ N L2

T) L (Qr,T)

2.2. Proof of Theorem

We prove it by contradiction. Suppose that u is a positive solution to (1.1)). Noting that
A and 7 are nonpositive constants, it follows from Theorem that

(2.15) Wg <;+\1f> <1+logi\j>.
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By the same argument as in the proof of Theorem 1.2 in [17] and Theorem 1.8 in [20],
fixing (z0,tp) and applying (2.15)) to u on B(wg, R) x [to — R?,to], we get

|VU(CBO, t0)| < C

wwote) = E[l +o(R)].

It follows that |Vu(zg,to)| = 0 by letting R — oo. Noting (xo,%p) is arbitrary, we
have u(x,t) = u(t). Then by (1.1)), we get % = AuP 4+ nud. Without loss of generality, we
assume that A < 0.

If p > 1, integrating % on [t,0] with ¢ < 0 implies that

1ip(u1_p(0) —u (1) < At
Then
WP (E) < w1 (0) + (1 — p)M.

This yields that if ¢ is large enough, «?~1(¢) < 0 which contradicts that u is positive.
If p=1, we get for t <0

logu(0) — log u(t) < —At.
Hence u(t) > u(0)e*, which contradicts u(z, t) = e?@+VI) near infinity. We finish the

proof.
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