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Asymptotic Behavior of the Initial-boundary Value Problem of
Landau-Lifshitz-Schrodinger Type

Yutian Lei

Abstract. This paper is concerned with the asymptotic behavior of the classical so-
lutions of a Landau-Lifshitz-Schrédinger-type problem with initial-boundary values
when the parameter £ goes to zero. We establish several uniform estimates of u. by
a conservation result and the standard parabolic method. Based on these results, we
obtain parabolic behavior in the dissipative case and non-parabolic behavior of the

semi-classical limits of those solutions respectively.

1. Introduction

Let G C R? be a bounded and simply connected domain with smooth boundary 0G,
B={xeR?||z| <1}, S? = {z = (z1 + izg,z3) € Cx R | |z| = 2} + 23 + 25 = 1},
St ={re€CxR|2?+2%2=123 =0} Sometimes we write the vector value function
u = (uy + tug,uz) = (v, u3). Define Gr = G x (0,T] with T' € (0,00). We are concerned
with the limit behavior of the classical solution u.: G1 — S? of the following problem of

Landau-Lifshitz-Schrodinger type when the parameter € — 0
(a+ ib)uj = Au' +u/|Vul® + Hu/ud  on Gr,
(1) uss = Aug + ug|Vul? + E%u;),(u% —1) on Gr,

ulagxr+ = 9(),

u(z,0) = ug(x), AN ER

where a > 0 and b are real constants, g = (¢/,0) € C®(9G, S), up = (uf),0) € C°(G, S,
uo(z) = g(z) as z € G x {t = 0}, and deg(¢’, 0G) = 0.

Equation is related to the study of the Schrodinger operator 9, — (a + bi)A
(cf. [7,[17]). When @ = 1, b = 0 and S? is replaced by {z € R? | |z| = 1}, can be

rewritten as

up = Au + u|Vul? + a%(uug —uges3) on Gr,

(1.2) ulaaxr+ = 9(x),
u(x,0) = up(z), x € G,
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1230 Yutian Lei

where e3 = (0,0,1). The system arises in the study of high-energy physics (cf. |10,
16]). It controls the dynamics of planar ferromagnets and antiferromagnets. If the term
e%(uug — uges) is replaced by 6%u(l — |u|?) and S? is replaced by R2, becomes the
Ginzburg-Landau system introduced in the theory of superconductors (see [2,/13,|18]).
When a = 0 and b = 1, it is associated with the Gross-Pitaevskii-type equation (cf. [9,/18,
20]).

By virtue of deg(g’,0G) = 0, there exists 61(z) € C®(0G) and (z) € C(G) such
that ¢’ = €t on G and uj, = €2 in G, where 3|9 = 6;. Clearly, the following problem

aby = A6 on Grp,

Oloaxr+ = 01,
0(z,0) =602(z), z€G

has a unique solution @(z,t). Set u/, = €. Then «/, is the unique solution to the problem

(up to periods)

aw; = Aw +w|Vw|?> on Gr,
(1.3) wlagxr+ = ¢'(2),
w(z,0) = ugy(x), zeG.

It is a heat flow of harmonic map.

In Section we will establish a conservation of energy. Based on this result, wu.
converges to (u,0) when e — 0 as in |1,8], where v/, is a heat flow of harmonic map. Thus,
investigating the asymptotic behavior of the solution u. of the Landau-Lifshitz-Schrédinger
problem is helpful to well understand the properties of the heat flow of harmonic maps.
On the contrary, we may also understand the asymptotic properties of u. by means of the

corresponding properties of /.

Theorem 1.1. Assume u.: G — S? is a solution to (1)), where T < oo is independent
ofe. Then as e — 0,

us — (ul,0) weakly* in L>(0,T; HY(G, 5?)),
9 9 9 2 2
e = 2 L2(0,T; L
ue — (ul,0) in L?(0,T; L*(G, S?)),
Uegz — 0 mn Ca’a/Q(?T) for some 0 < a < 1.

Here, !, solves ([1.3)).

The first three results can be deduced directly by using energy estimate. The last result

relies on the estimate of ||u€3||W2,1(G—T). This type of estimate has already been obtained
P
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for evolution problems of the Ginzburg-Landau-type (cf. [6]) and the Landau-Lifshitz-
type (cf. [11]). These problems are distinctly different. The Landau-Lifshitz equation is
more difficult to handle since it only satisfies the natural growth condition (with respect to
|Vu|?), unlike the Ginzburg-Landau equation satisfying the controllable growth condition.
The computations have been developed in the context of the harmonic maps and can be
generalized to included the anisotropic perturbation and the evolution in time (cf. [4,5,15]).
We will establish the analogous estimates for Landau-Lifshitz-Schrodinger problem ([1.1])
in Section [3

Finally, in Section {4, we rescale u. in time as in [3}|14]

ve(z,t) = us(z, et).

Then the function v, = (v1,v.3) satisfies
(a+ib)iv] = Av' +v/|Vol> + Hv'v  on Gr,
(1.4) %Ugt = Avgz + v3|Vo|? + E%vg(vg —1) on Gr,
vlgaxr+ = 9(%),
v(x,0) = up(z), x € G.

Let b # 0. Clearly, the following hyperbolic problem

Gtt = b%AH on C:T7
Olocxrt = 01,

0(z,0) =b3(z), ze€d

has a unique solution f(x,t). Set v/ = €, then v, is the unique solution to the problem

(up to periods)

iwy = —2b—12” fot[Im(wAw)] dr on Gr,
(1.5) wlagxr+ = g'(2),
w(z,0) = uy(x), reQG.

The following result shows the limit relation between v, and (v,0), and the non-

parabolic behavior of v/,.

Theorem 1.2. Assume v.: Gt — S? is a solution to (1.4), where T < oo is independent
of . If a # a® + b2,
ve — (v}, 0) weakly* in L=(0,T; HY(G, S?)),
9 9., 12 2 2
Site = 5 (V.0 weakly in L(0,T: L3(G, S).
ve — (vl,0) in L*(0,T; L*(G, S?)),
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when ¢ — 0. Here, v}, is a harmonic map on G with the boundary value ¢'(x). On the
other hand, when a = 0, vl, must solve (1.5) as long as the convergence results above still
hold true.

2. Parabolic behavior

First we have a conservation result.

Proposition 2.1. Assume u.: G x Rt — S2 solves (1.1)). Then we have

v | [ f (s

Here

|2
atUES

1
:2/ |Vu|2dx—|—/ lug|? dz.
G

Proof. Taking the real part and imaginary part of the first equation in (1.1]) and combining

2
1
) dde+EE(us(fU,t))] = §\IWOII§-

the second equation in (|1.1)), we have the following three equations

1
(2.2) auy — bugy = Auq + ul\Vu|2 + g—zulug,
1
(2.3) bui; + augy = Aug + uz\Vu|2 + ?u2u§,
1
(2.4) uzr = Aus + ug|Vul? + E—u;z,( ui —1).

Multiply (2.2)), (2.3) and (2.4) with w14, ug; and ug, respectively. Integrating over G, we

get
a/ |u1t|2dx—b/ UpUop AT
(2.5) ¢ 16' )
—/ultAuldx—i-/ﬂul\ )e| Vul|? da + == (\ullz)tugdx,
e 2 Ja 2e
b/ ultthdx—i-a/ |th|2daz
(2.6) ¢ ¢

1 1
:/UQtAUQd:E—l—2/(|u2|2)t|Vu|2d:c+22/(u2|2)tu§d:p,
G G €
1 1
(2.7) /|u3t\2dx:/u3tAu3dw+/(\U3] )e|Vul? dx + 55 (Jug|?)e(u3 — 1) dz.
e e 2 Ja 2¢% Ja

Noting u; = g+ = 0 on G, we obtain by Green’s theorem that

i Au; d i|“d =12,
/Gutux 2dt/|Vu|:cz 3.
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Insert into (2.5)), (2.6) and (2.7)), respectively. Noting |u| = 1, we have (Ju|?); = 0. Thus,
combining the three results yields

d
/ a(juie® + |u®) dz + / luge|? do = —gEg(u(x,t)).
G G

Integrating from 0 to ¢, we deduce that, for all £ > 0,

At

Proposition [2.1] is proved. O

9.
ot °

—U
ot €3

2
) drdr + Bu(ue(x,1)) = Ex(u(z,0)) = | Vuol3

By the conservation result, we can see the parabolic behavior of u. when € — 0.

Proposition 2.2. Assume u.: Gy — S? is a solution to (1.1]), where T < oo. Then as
e — 0,

ue — (ul,0) weakly* in L=(0,T; H'(G, S?)),
%us — %(u;,()) weakly in L?(0,T; L*(G, S?)),
ue — (ul,0) in L*(0,T; L*(G, S?)).

Here, u, solves ([1.3)).

Proof. By Proposition [2.1}, we can find a subsequence ¢j, such that as e — 0,

Ug, — W weakly* in L>°(0,T; H' (G, S?)),
(2.8) ., — Sw weakly in L%(0,T; L*(G, S?)),
Us, — W in L2(0,T; L?(G, S?)).

We claim that w = (ul,0), where ) is the unique solution to (1.3). When ¢ — 0,
by (2.1) we know sup;~ [, ugk?) dx — 0. This result shows wz = 0 a.e. on Gp. Since
ug, = u = (u,us) solves (L.1)), for all ¢ € C§°(Gr), we have

1
/ (auy; — bugy)d dedt = Au1¢d:cdt—|—/ ul\vuy2¢dxdt+/ uude dadt,
GT GT G'T 62 GT

1
/ (buyy + augy)pdrdt = | Auge drdt + / ug|Vul?¢ dedt + = / uguie dadt.
GT GT GT €2 GT

Take ¢ = uo( and ¢ = u1( in the first and second integral equations respectively. Here
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¢ € C§°(Gr). Then,
/ (auy — bug)(u2(); dxdt
Gr

= Vu1V(uz() dedt — /

1
ul\Vu|2uQCd:cdt - / uluquC dxdt,
Gr Gr e Jar

/ (buy + aug)(u1Q)y dzdt
Gr
1
= VusV(ui€) dedt — / uQ|Vu|2u1Cdxdt — 2/ u2u§u1C daxdt.
GT GT € GT
Subtracting one from the other yields
/ al(ujug — uguyy) dedt — / bl (ujury + ugugy) dedt — / th(u% + u%) dxdt
GT CJT GT

= V{(ugVur — u1Vug) dxdt.
Gr

Letting ¢ — 0 and using ([2.8)), we obtain
a C(w' A w)) dedt = V{(Vuw' Aw') dxdt.
GT GT
Integrating by parts, we get that for all ¢ € C§°(Gr),
(2.9) a C(w' A wh) dedt = Cdiv(w' A V') dzdt.
GT G’T
Let w' = €, then w] = ie?0;, Vu' = eV, and
a(w' Awy) = aby, div(w' A Aw') = A6.
Thus, (2.9) leads to
a@t = AQ

Since the limit (u,0) is unique, the convergence above can be generalized to all €
instead of the subsequence e. This implies that u satisfies ((1.3)). Proposition is
proved. ]

Next, we will show that |u’| is positive for sufficiently small €. We first need a Lipschitz
continuity result which can be deduced by (2.1). In fact, this is predictable because the

Wheo_function is Lipschitz continuous (cf. Exercise 8 of Chapter 6 in [12]).

Proposition 2.3. Assume u = u.: Gy — S? is a solution to (1.1)). Then there exists a
constant C > 0 independent of € such that for any x1,x9 € G and t € [0,T],

(2.10) lu(z1,t) — u(xe, t)] < Clry — xa.
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Proof. We give a complementary definition of u = 0 on R?\ G7. Thus, u is defined on R2.

We first consider inner estimate. Let J, be the mollification operator, and write

T
up(z,t) = Jyu(z,t) = /0 /]1@2 Jn(z —y,t — T)u(y, 7) dydr,

where 0 < 7 <t < T — 7. Denote u. by u. For any x1, 2o € G* := {z € G | dist(z,0G) >
A}, there holds

u’r] .171, (1"271:)

/ / / (s + (1= s)aa — y,t — TYuly,7) dsdydr
R2
= (11 — xg)/ / / Vajn(sz1+ (1 —s)xe —y,t — 7)u(y, 7) dsdydr
o Jr2Jo

1 T
~@r=a2) [ [ [ Vit + (1= s)ea =yt = r)uly.7) drdys
R2
(x1 — 22 / / / Jn(sz1 + (1 = 8)xe —y,t — 7)Vyu(y, 7) drdyds.
R2

Applying (2.1)) we obtain

|u77(l‘13 uTI T2,t
< Ja1 - / L. / n(s21 + (1= $)22 — 9t — 1) [Vyuly, 7)] drdyds
§O|ZE1—JZ2’.

Here C' > 0 is independent of  and €. Letting n — 0, we can derive for z1, 29 € G2

Next, we give the estimate near the boundary. Let x¢g € 0G. Without loss of generality,
we assume G N Bag(xo) = {(«',2%) | 22 > 0} N Byg(xo). Let J;F be the mollification
operator

T
wiet) = Ifutet) = [ [ gt =9 ila® =7 + 20 = rJut ) dydr

where 0 < t < T. For any 1 = (z},23), 2o = (23,23) € G N Bag(xp), using the same
argument above, we can also deduce (2.10) near the boundary dG. Similarly, we also get
(2.10) near t = 0. Proposition is complete. O

Proposition 2.4. Assume u.: Gy — S? is a solution to (L.1)). Then |ul| > 1/2 in Gr

as long as € is sufficiently small.
Proof. We will prove that for each given t € (0,77,

(2.11) Wiz t) > =, Ve

N



1236 Yutian Lei

as long as ¢ is sufficiently small. Otherwise, for some fixed ¢y € (0,7, we can find z. € G

satisfying

1
lul(ze,to)] < =.
2
According to Proposition 2.3 we have

|uz(z, to)| < [ul(z, to) — uz (e, to)| + |uc (e, to)|
(2.12) .

1 3
§C|x—xs\+§<1 for ]:Jc—ac€|<E.

On the other hand, (2.10) implies ]u'g(x,to)\coﬂ(@) < C. By means of the compact

embedding theorem, we have
ul(z,tg) — ul(x,tg) in CYG) ase— 0,
where a € (0,1). Proposition shows that the limit u/ satisfies |u}(x,t9)] = 1. This

contradicts (2.12)). Thus (2.11)) holds true for any t € (0, 7. In view of the initial-boundary
condition, the proof of Proposition [2.4] is completed. O

3. Uniform estimates

The main result of this section is the Holder convergence of u.3 when € — 0. First, we

establish a uniform estimate on the boundary.

Proposition 3.1. Assume that u.: Gr — S? is a solution to (1.1)). Then, there exists a
constant C > 0 which is independent of € such that

(3.1) ATAG

where v s the unit outward normal vector on 0G.

2

Que | ysat < C,

ov

Proof. Let n € C*°(G,0B1(0)) such that n = v on 0G, where v is the unit outward

normal vector. Denote u. by u. Multiply (2.2), (2.3) and (2.4) with n- Vu;, n- Vuy and
n - Vug respectively and integrating on Gr. Since

/ Aui(n - Vu;) de = /
G oG

Gui
ov

2
ds—/VuZwV(n'Vui)dx, 1=1,2,3,
G
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we have

du

T 2
/0/8G v

dsdt = / a(uy - (n-Vu')) dedt + / bdet(uj(n - Vu')) dedt
GT GT

+/ us¢(n - Vug) dedt + Z Vu; - V(n - V) dedt
Gr

1=1 /Gt
/(WM nvwnwﬁ—z/‘QWWmVMMMt
GT € CTVT
1
+7 (n - Vus)dzdt.
13

Here det(u/,v") = ujva — ugvy. Noting the smoothness of n, from (2.1)) and the Cauchy

inequality, we can deduce
/ Uault + buge||n - Vuy| + |aug: + buye||n - Vug| + |ug|n - Vug\] dzdt < C.
Gr

In addition, using (2.1) we also have

3
1

E /Vul‘V(n-Vul)d:USC/ |Vu\2dx+‘/n-V(]Vu\2)d:c

— Ja G 21/a

1
<c+/ywﬁw.
2 Joa

Noting |u| = 1, we get 1V (|u|?) = 0. Therefore,

— ’U/QU/'II' u .’13:—1 UQII' u2 xXr =
L va e -V de = =5 [ 90 (- 9(u) a

In view of ug = 0 on G, using ([2.1) we can obtain that

1 1
—/ u%(u-(n~Vu))d:E—|—2/ uz(n - Vus) dx
G & Ja

62
:—1/u%rWMWM%] /mWWMx
262 G 3 262 G 3

1 1 :
—282/8Gu§ds—282/Gu§(dlvn)dx§C.

Thus, by the boundary value condition in (1.1)), we get

2 T 2
1 dg

dsdt < C + =
= Jr2/0 /ac; or

I

ov

dsdt < C,

where T is the unit tangent vector on 0G. Here C' > 0 is independent of €. Proposition
is proved. ]
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Next, we will establish the uniform W22 _estimate of u.. Noting (2.1), we need the
following result.

Proposition 3.2. Assume that u.: Gy — S? is a solution to (1.1)). Let (zo,t0) € Gr,
Qr = GrN(Bg(zo)  [to, to+ R?]). Then, for suitably small R > 0, there exists a constant
C =C(R,T) > 0 which is independent of e, such that

(3.2) HD2U6HL2(QR) < C.

Proof. Differentiate (2.2)), (2.3), and (2.4]) with respect to z;, then

1
(33) AU1z;¢ — bu2mjt = Ulz;z;z; + (u1|vu‘2)m]’ + ?(ulug)%"
1
(3.4) bulxjt + AUzt = U2z, 2z + (uQ|Vu|2)zj + ?(WU%)%’
1
(3.5) U3e;t = Uswzio; + (U3\Vu|2)xj - ?(U3|U/‘2)xj.

First we give the inner estimate. Let ¢ = ((z) € C§°(Bap(ay), [0, 1]) satisfy ( = 1in Bk,

V¢ < CR™Y. Multiply (33), (B4) and (B5) by (Pus,, CPuzs, and (Pus,,, respectively.
Then integrating over Qor, we get

a
3 / ¢*(Jurg,|*)e dadt — b (Puge 1uia, drdt
Q2r Q2R
2 2 ¢ 2
¢ (ur|Vul®) e, u1g, dxdt—l—/ =5 (w1u3)e; U1z, dadt,

o Qg €

Q2r

a
b [ Cunajpuze drdt+ 5 | C|uggy[*)e dudt
Q2r Q2r

CZ
—Q(ugug)xquwj dxdt,

= CQU‘Q:L'Z‘LL'Z‘{L'J‘UQQEJ- dxdt + C2(U2’VU|2);EJ.U2$J. dxdt + / -
Q2r

Q2r Q2R
and

1
3 / C*(lugg,2)e dodt = / (U300, Use, drdt + ¢* (ug| Vul?), usy, dudt
Q2R Q2r Q2r
2

— ; ?(U3|ul\2)xju;z,xj dzdt.
2R

Therefore, using Green’s theorem and noting (|u|?),; = 0, we obtain

1
2P Pato+ AR da+ = | Cluge, Xz, to + AR?) d
2 Bar ! 2 Bar

1
[l Pudi 5 [ Cluas, P dade
Q2r €% JQar

1
(3.6) =< | Clu P to)de+ < | Cluge, () da
2 Bagr 2 Bagr
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+0b ¢? det(ul, Uy o) dxdt + 2b (Ca; det(uy, uy ) dodt
Q2r Q2r

-2 (Ca, (g, * Ugya, ) dadt + / CIVul?|ug, |* dedt
Q2r Q2r

1
+2/ C2u§‘uxj‘2dl‘dt.
€ JQar

Here Bor = G N Bagr(xo). Using Cauchy’s inequality and (2.1)) to estimate the right-hand
side of (3.6]), for any ¢ € (0, 1), we obtain

¢* det(uy, ul, ) dadt| <6 C?|ta, ;| dadt + Cs / C?luj|? dadt,
Q2r Q2r Q2r

(Ca; det(up, uy, ) dodt| < 6 42\vu|2dxdt+05/ V¢ |2y |? ddt,
Q2r Q2r Q2R

CCo; (U + Usyay) dadt| < 6 C?|ta, 0, | dadt + Cs / V¢ Vul? dzdt,
Q2r Q2r Q2r

‘/ ¢ Vul?|ug, | dedt| < C C?|Vu|* dadt.
Q2R Q2r

To estimate the last term, we use the first equation of ([1.1)) and Proposition to deduce
that

1 1
?ug = T2 @' [(a + bi)u; — A — ' |Vul?]] < || [\/ a? + b2|uy| + \Au’]} .

Therefore, using Proposition and Cauchy’s inequality, we obtain that for any § € (0,1),
1
E / g, ? drdt < / Cloag, Pl |~ [v/a® 4 2| + 0| dl
€ JQar Q2r

<4 g2yug\2dxdt+5/ C?|Aul? dzdt
Q2r Q2r

+05/ C2|Vu|* dadt.
Q2R

Substituting these estimates (with ¢ sufficiently small) into (3.6)), and using ({2.1)), we can
deduce that

(3.7) C|D?u|? dadt < C' (1 + 42\VU|4da;dt> .
Q2r Q2r

Next we estimate the term fQ2R C%|Vul*dxdt. By taking ¢ = (|Vu|? in the embedding

inequality

1/2
(/ ¢2d:z) sc/<rv¢|+\¢|>dx, Ve WhH(G),
G G
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and using (2.1)), we have

2

C|Vul* dedt < C [/
Q2r

Q2R
< C+C”/ \Vu]zdxdt-/ C?|D?ul? dadt.
Q2r Q2r

Since sup; [ |Vul?dz < C (cf. (2.1))), we see C” Josn |Vul? dzdt < 1/(4C") if R suitably
small. Then,

(IVCIIVul? + 2¢|Vul [ D?u| + ¢|Vul?) dzdt

: C|\Vul* dedt < C + 40,/ C?|D%ul? dzxdt.
2R

Inserting this into (3.7]), we get

C?|D?u|* dxdt < C.
Q2r

Noting that { =1 on Br(zg), we can see the inner estimate

Next we give the estimate near the boundary. Let zo € 0G. Without loss of generality,

we assume G N Bagr(zo) = {(x1,22) | z2 > 0} N Bag(x). Choose the cut-off function ((z)
as above. Then (3.6 can be rewritten as

a

1
<2|u;.|2(x,t0+4R2)dx+/ Clusg, |*(z, to + 4R?) dx
2 Bop ! 2 Bop !
1
- (g, |* dadt + = / C?luss, |? dudt
Q2r € JQar
a 1
5[l Patdet g [ Clus, o) ds
! 2 Bagr

2B
(3.8) .
+ b/ ¢2 det (u, uh ;) drdt +2b
Q2r Q2r

t0+4R2
-2 CCa; (Ug; + Uz, dmdt+/ /
B

Q2R orN{z2=0}

+/ C2|Vu|2|ux].|2d:pdt+2/ CPu|ug, | dudt.
Q2r €% JQar

(G, det(uy, u, Uy, ) dzdt

¢? (Ug; - Ugjop) dsdl

Except for the tenth, eleventh and twelfth terms on the right-hand side of the others
can be handled as in the argument of the inner estimate. The tenth term is

t0+4R2 2
2
/ / ¢ g Ulg; Ulazs dsdt
to BorN{z2=0}

J=1

to+4R?
= / / ¢2 [lelulxlxg + U1z, (Aug — ulxlxl)] dsdt.
to BQRO{IQZO}
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Integrating by parts and noting ¢ = 0 at the two end points of the line segment BopN{zs =
0}, we get

1
/ <2ulmlulx1mg dS - 2/ C2(u%$1)1‘2 dS
BagrN{z2=0} BypN{z2=0}
1

= _2/ ((:2)12’&%“ ds.
BzRﬂ{l‘QZO}

Since (2.2) implies Auy = auyy — bugy — u1|Vu|> — s%ulug = —u1|Vu|? on G, we have

/ CQuleAul ds = —/ C2u1x2u1|Vu|2 ds
Born{zo=0} BarN{z2=0}

1
_ 1 / ¢ (u2) 5, | V]2 ds.
2 ) Byrn{z2=0}

Similarly, we have the same results for the eleventh and twelfth terms. Noting |u| = 1,
and using (3.1) and Cauchy’s inequality, we know that these terms are

to+4R? 1, ., 9 1 9, 1 2 2
- L(c Joa (a2 5 Gl [Tl + oty - i) | dsdr
to BorN{z2=0}

1 t0+4R2 5 5
<[ (¢)aa(g21)? dsdlr
to BgRﬂ{xQZO}

to+4R2
+c / C? [(ugy)?® + (gaya )?] dsdr < C.
BQRﬁ{J}Q:O}

to

Inserting this result into (3.8]), we can also deduce the estimate of the second-order terms
near the boundary. Thus, (3.2)) is proved and hence Proposition is complete. O

Finally, we gave a uniform sz 1_estimate for some p > 2. Although it seems difficult

to do for u., we can handle u.3 since the second equation of ([1.1)) is parabolic.

Proposition 3.3. Assume that u.: Gp — S? is a solution to (1.1). Let (xo,t0) € G,
Qrr = Gr N (Br(wo) X [to,to + r]). Then we can find p > 2 and C' > 0 (which is
independent of €) such that

(3.9) ||U63||W§’1(QR/2,7~/2) sC.

Proof. The second equation in (|1.1]) is

2 1 12
(3.10) us = Aug + uz|Vul” — €—QU3\U |“.
Set ¢ = E%u;),(x,t). Then

(3.11) YU+ 2y = 2 A + £24p| Vul?.
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Let the cut-off function ¢ € C§°(Qr,) satisty ( = 1 on Qg2 /2. Multiplying (3.11)
with ¢P~1(P (p > 2) and integrating on Qg., we get

YPCP |2 dadt + £ VPP dadt

(312) QR,T QR,T
= 2 / (AP)YPICP dzdt + £2 / YPCP|Vul? dadt.
QR,T QR,T
Integrating by parts and noting ¢ = 0 on G, we have
(3.13) g2 VPP dadt = —&? / YPCPL¢, dadt,
QR,T QR,T
and

g? / (A)YPICP dxdt = —&2 ViV (pP1CP) dadt
QRr,r QR,r

(3.14) = —2(p— 1)/ YPT2CP V| dardt

\T

—&%p / YPICPTIVYVC dadt.
QR,T‘

Inserting (3.13) and (3.14]) into (3.12), and applying Young’s inequality, we can obtain
that for any ¢ € (0,1),

/ wpgp\u’dexdtJrs?(p—U/ YP2CP V| dadt

QR,T QR,’I‘
=¢? / (PP — pyP I PTIVYVE + PP Vul?] dadt
QR,T
<5 [ wrerdnde+C) [ N (WIIGE + P TOPIVCP 4 [0PerIVal) dadt
QR,r QR,r
Obviously, 21 = us, €2V = Vus. Noting Proposition and choosing ¢ sufficiently
small, we get

(3.15) / PPCP dadt < c/ (lus PGP + | Vus|P|VCIP + [us[PCP|Vul?P) ddt.
QR,'r QR,'r

Using (2.1)) and (3.2), we have HuHWQQJ(QRH < C. This implies that
(3.16) [ll L2t o402 m2(GBR)Y) T Ul 220 t0+r2522(GnBR)) < C

Clearly, for all ¢ > 4, H*(GN Bgr) C W9(GN Bg) C L?*(GN Bg) and the imbedding map
from H?(G N Bg) to L*(G N Bg) is compact. According to Corollary 4 in [19], by (3.16))
we obtain that

”UHC(to,t0+r2;W1,q(Gm3R)) < C forall g>4.
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Here C' > 0 is independent of €. This implies

(3.17) IVullpagp,) < C forall g >4.

Noting ¢ =1 on Qg/2,/2, and using (3.15)) and (3.17), we obtain that for some p > 2,

there exists a positive constant C which is independent of ¢,
(3.18) / WP dadt < C.
QR/2,r/2

Set F.(x,t) = [us|Vul|? — Lus|u/|?](x,t). Then (3.10) becomes
(319) ugs = Aug + F.

Using (3.17) and (3.18), we get ||Fe||rr(q,) < C for some p > 2, where C' is independent
of . Therefore, applying LP theory for the parabolic equation (3.19), we know that (3.9))
is true. Proposition is proved. O

Proof of Theorem [1.1] According to Proposition[2.2] the first three results of Theorem [I.1]
are proved.

By Proposition and the t-anisotropy embedding inequality, we have
|uesl,, jper < €, 0 <~ <min{l,2 - 4/p},

where C > 0 is independent of . This and Proposition imply that there exists a

subsequence ., 3 of u.3 such that
Ue,3 — 0 in C¥2(Gr)

for all @ € (0,7) when e, — 0. Since all the subsequences converge to the same limit 0,

the convergence above still hold for u.3. Theorem is complete. ]

Remark 3.4. Noting |ul| = /1 — uZ;, we get

lu'| =1 in C**2(Gr).

4. Non-parabolic behavior
Scale the solution u. to (|1.1) in time

ve(z,t) = ue(z, et).
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Then v, = (v.,ve3) satisfies
4

(a+ib)iv] = Av' +0'|Vo|*> + EIQU’Ug on Gr,

(4.1) Zv3t = AU3 + 03| Vol* + Zuz(vf —1) on Gr,

voaxr+ = 9(2),
v(x,0) = up(z), z €.

Similar to Proposition we also have a conservation result.

Proposition 4.1. Assume v.: G x RT — S? satisfies (£.1). Then

an el [ (25

Here

1o
8tv63

2
1
at vl > dl‘dT+Ea(Ua(x7t>)] = §HV’U,0H§

1 1
E.(v) = 2/G|Vv|2dw—|—2€2/G!vg|2dw.

Proof. Similar to the derivation of (2.2))—(2.4)), we have the following three equations

a b
(4.3) -1 — —V9 = Avy + v1]Vv| + vlv3,
€ €
b a
(4.4) gvlt + 61}2,5 = Avy + UQ’VU| + ’U2’U3,
1
(4.5) —vg = Avg + vg Vol? + ?vs(%? —1).
Multiply (4.3), (4.4) and (4.5)) with vy, ve; and vsg, respectively. Integrating over G, we
have
a 9 b
- |vi¢]” dx — B V1t V9t dT
(4.6) ¢ . ¢
_ / vudvyde + / (1 P0IVol da+ 575 [ (e o
G G
b a
g / V1V AT + g / |U2t‘2 dx
(4.7) ¢ . ¢ .
_ / Vot Avs d:n+2/(|v2| HVelde o [ (aaddr
G G
1 1
(4.8) 5/ |vge|* d = / vstAvz dr + = /(|v3| )e| Vol? dx—f— / lug|?)(v3 — 1) da.
G G
Noting v; = 0 on 9G, we obtain by Green’s theorem that

/vltAvldx——/ |V |*dx, i=1,2,3.
G

Inserting these into (4.6)), (4.7) and (4.8), respectively. Noting |v|?> = 1, we have

a 1 d
o oy o [ Lo do = - G Bulol )
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Integrating from 0 to ¢, we deduce that, for all £ > 0,

WA

Proposition [£.1] is proved. O

1 0
&Ua“i

2
et > drdr + Bu(ve(r, 1)) = Fe(o(z,0)) = 5 |Vuol}3

Proof of Theorem [1.2] By Proposition we can find a positive constant C' (independent
of €) such that

ov
l[vell oo (0,711 (G 52)) < € and H 6:

<C.
L2(0,T;L%(G,52))

Hence, there is a subsequence ¢, such that as e, — 0,

e, — I weakly* in L>(0,T; H' (G, S?)),
%vgk — %h weakly in L%(0,T; L*(G, S?)),
Ve, — h in L?(0,T; L*(G, S%)).

Next, we prove that h = (v, 0) satisfies the conditions in Theorem When € — 0,
by (4.2) we get sup;~q J v dz — 0. This result shows

hs =0 a.e. on Gr.

Since ve, = v = (v/, v3) satisfies (4.1]), multiply the first equation in (4.1]) by 7. Taking
the real part and imaginary part, we get

a ([v']? b 12 2, L9
(4.9) 5\ 2 + g(vltvg — V1) = V1Avy + voAvg + [V |7 Vu]T + 6—2]11 202,
t
b (v a
(4.10) 5 <H> + *(’1)2,51)1 - ’Ultvg) = 1)1A1)2 — UgA’Ul.
e ), ¢

Multiplying the second equation in (4.1]) by vs, we have

1 (v] 2 2 L 99
(4.11) s\ = t:ngv3+v3|Vv| —?|v| V3.

Calculating by a x (4.9) + b x (4.10) 4+ a x (4.11)), we obtain
a—a®—b* (v3 9
— (€> = a(v1Avy + vaAvy + v3Avs) + b(vi Ave — v2Avy) + a|Vul“.
t

In view of a # a? + b?, it follows that

2
<U€3> - ﬁ [aRe(v' Av') + avgAvs + bIm (D' Av') + a|Vo|?].
Ta—a-
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Integrating from 0 to ¢, we get

2 ¢
2
(4.12) % _ — e / [aRe(@ AV') + avsAvs + bIm(v' Av') + a|Vv|?] dr.
e a—a*— 0
By Proposition v3/e — w in D’ for some nonnegative function w. By ([{.12)), we know

that
2

a — a2 — b2

Multiplying the first equation in (4.1)) by £ and letting ¢ — 0, we get

t
w = / [aRe(v,Av),) + bIm(v, Av}) + a|VU*|2] dr.
0

/
2v,

t
7 o 2
o [ [aRe(@ ) + b ) + al Vo] dr

(a +ib)v,, =
Moreover, if we write v, = (e?,0), the result above implies

: 2b ¢
(CL’L — b)et = aa2b2/0 Ab dr.

So we have the following non-parabolic results

0, =0, bo —%/th
avy = U, t_a2—|—b2—a0 T.

If a > 0, then 6; = 0, and we know 6 only depends on z. Moveover, when b # 0, we
have Af = 0, i.e., v} is a harmonic map. If a = 0, then b # 0 and hence
2

O = 2

AG,

which implies that (v}, 0) satisfies (1.5)).
Since the limit (v/,0) is unique, the convergence above can be generalized to all e
instead of the subsequence €. Theorem is proved. ]

Acknowledgments

The authors would like to thank the referees for their valuable comments. He is also
grateful to Qian Zhang for many fruitful discussions. This research was supported by
NNSF (11871278) of China and NSF of Jiangsu Education Commission (19K.JB110016).

References

[1] F. Alouges and A. Soyeur, On global weak solutions for Landau-Lifshitz equations:
existence and nonuniqueness, Nonlinear Anal. 18 (1992), no. 11, 1071-1084.

[2] F. Bethuel, G. Orlandi and D. Smets, Convergence of the parabolic Ginzburg-Landau
equation to motion by mean curvature, Ann. of Math. (2) 163 (2006), no. 1, 37-163.



[3]

[7]

[10]

[11]

[12]

Landau-Lifshitz-Schrédinger Equation 1247

T. Colin and A. Soyeur, Some singular limits for evolutionary Ginzburg-Landau equa-
tions, Asymptotic Anal. 13 (1996), no. 4, 361-372.

A. de Laire, Minimal energy for the traveling waves of the Landau-Lifshitz equation,
SIAM J. Math. Anal. 46 (2014), no. 1, 96-132.

A. de Laire and P. Gravejat, The Sine-Gordon regime of the Landau-Lifshitz equation
with a strong easy-plane anisotropy, Ann. Inst. H. Poincaré Anal. Non Linéaire 35
(2018), no. 7, 1885-1945.

S. Ding and Z. Liu, Hélder convergence of Ginzburg-Landau approzimations to the
harmonic map heat flow, Nonlinear Anal. 46 (2001), no. 6, Ser. A: Theory Methods,
807-816.

X. Fu, A weighted identity for partial differential operators of second order and its
applications, C. R. Math. Acad. Sci. Paris 342 (2006), no. 8, 579-584.

B. Guo and S. Ding, Landau-Lifshitz Equations, Frontiers of Research with the Chi-
nese Academy of Sciences 1, World Scientific, Hackensack, NJ, 2008.

R. L. Jerrard and D. Smets, Leapfrogging vortex rings for the three dimensional Gross-
Pitaevskii equation, Ann. PDE 4 (2018), no. 1, Art. 4, 48 pp.

S. Komineas and N. Papanicolaou, Vorter dynamics in two-dimensional antiferro-
magnets, Nonlinearity 11 (1998), no. 2, 265-290.

Y. Lei, A uniqueness result on the solution for a Landau-Lifshitz system with penal-
ization, Nonlinear Anal. 69 (2008), no. 2, 770-780.

E. H. Lieb and M. Loss, Analysis, Second edition, Graduate Studies in Mathematics
14, American Mathematical Society, Providence, RI, 2001.

F. H. Lin, Some dynamical properties of Ginzburg-Landau vortices, Comm. Pure Appl.
Math. 49 (1996), no. 4, 323-359.

F.-H. Lin and J. X. Xin, On the incompressible fluid limit and the vortex motion
law of the nonlinear Schréodinger equation, Comm. Math. Phys. 200 (1999), no. 2,
249-274.

R. Moser, Partial Reqularity for Harmonic Maps and Related Problems, World Sci-
entific, Hackensack, NJ, 2005.

N. Papanicolaou and P. N. Spathis, Semitopological solitons in planar ferromagnets,
Nonlinearity 12 (1999), no. 2, 285-302.



1248 Yutian Lei

[17] L. Rosier and B.-Y. Zhang, Null controllability of the complex Ginzburg-Landau equa-
tion, Ann. Inst. H. Poincaré Anal. Non Linéaire 26 (2009), no. 2, 649-673.

[18] S. Serfaty, Mean field limits of the Gross-Pitaevskii and parabolic Ginzburg-Landau
equations, J. Amer. Math. Soc. 30 (2017), no. 3, 713-768.

[19] J. Simon, Compact Sets in the Space LP(0,T;B), Ann. Math. Pura Appl. (4) 146
(1987), 65-96.

[20] R. Venkatraman, Periodic orbits of Gross-Pitaevskii in the disc with vortices following
point vortex flow, Calc. Var. Partial Differential Equations 56 (2017), no. 3, Art. 64,

35 pp.

Yutian Lei
Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal
University, Nanjing, 210023, China

E-mail address: leiyutian@njnu.edu.cn



	Introduction
	Parabolic behavior
	Uniform estimates
	Non-parabolic behavior

