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A Parabolic Flow of Almost Balanced Metrics

Masaya Kawamura

Abstract. We define a parabolic flow of almost balanced metrics. We show that the

flow has a unique solution on compact almost Hermitian manifolds.

1. Introduction

In [1], Bedulli and Vezzoni introduced a parabolic flow of balanced metrics and they showed
that the flow has a unique short-time solution. In recent years some results concerning
geometric flows on complex manifolds have been extended to the almost complex setting
such as in [4-6,9]. In this paper, we will extend their results in the Hermitian geometry
to the almost Hermitian geometry.

Let M™ be a complex manifold and let w be a fundamental (1,1)-form associated to
a Hermitian metric ¢ on M. In the Kahler geometry, the Calabi flow is a well-known

gradient flow of the Calabi functional

o wW"
—> —
? /M(S“) n!

as it is restricted to the cohomology class of an initial Kdhler metric wq
Cuo = {wo + V—190¢ > 0| ¢ € C*(M,R)},

where s, is the scalar curvature of the metric w. The Calabi flow is as follows:

9 _
aw(t) =V —=100s,4), w(0)=wo.

The flow above can be alternatively expressed in terms of positive (n — 1,n — 1)-forms as

o) _
5;P(1) = V=100 % (P A xip(1), - #(0) = o,
where P, is the Ricci form of ¢(t) and g = s#w,wo.

Let (M?",J) be a real 2n-dimensional compact almost complex manifold and let g be

an almost Hermitian metric on M. Let {Z.} be an arbitrary local (1,0)-frame around
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a fixed point p € M and let {¢"} be the associated coframe. Then the associated real
(1,1)-form w with respect to g takes the local expression w = \/ngECT A CE. We will
sometimes also refer to w as to an almost Hermitian metric.

Let ¢p be a positive closed real (n —1,n — 1)-form on M. We investigate the following

parabolic flow of almost balanced structures ¢ on M:

(1.1) gtw(t) = V=100 *; (P; A xp(t)) + (n — 1) Apeep(t), de(t) =0, ¢(0) = o,

where
Apc =000 9" + 9 000 + 0 00*0 + 0*00 0+ 9 9 + 0*0

is the modified Bott-Chern Laplacian (cf. [7]) and *; and P; are the Hodge star operator
and the Chern-Ricci form locally given by Ps = gleZEkl, Q) is the curvature form of the
Chern connection with respect to g.

We see that the modified Bott-Chern Laplacian is elliptic. For x € M, £ € T;M,
we consider the symbol of the operator in the base ({5 A G)W:pleI:q’ where {(r}s is the
associated coframe with respect to the local (1,0)-frame {Z7}; around z. Note that all

notations below are same as in [7]. Then we have

(05557 9+ (®: &) 1,0:1,0 = (ZK@!Z) Z\ﬁj\Q :

i€l jeJ

(055570 (@ )1, gmig = (D) T eg & [ 1G]

JjeJ
(g0 (@ )rirmy = (CDP et (Z ’éz‘\Q) ,
el
(0'6%*8* (x7 5))17J§H€\i,Jl\j — (_1>ai+,3j+7k+6l€ik€jl§§k€j5.
Notice that we have for k ¢ I, then 9 559" o+ (x,{;) = 0, which tells us that the operator

(90)(9D)* + 80 + 9*0 cannot be elliptic. We calculate other terms which contribute the
symbol:

(05 9-55(2: ) 1,0:1,0 = (Z !ék!2> (Z 161\2) :

keI 1¢J
(Ua 50*9 (55 £)) 1,J:1,0 = <Z |§z‘2> <Z ’fl|2> )
iel l¢J
(09m57 0T, E))1.0:1,0 = (Z |§k!2> Z €512
kg1 jed
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In this way, we obtain

oA pe (7€) = €5 Tdapars s -

Therefore the operator Apc is a fourth order elliptic operator on M in the almost complex
setting.

We introduce the definition of an almost balanced metric.

Definition 1.1. Let (M?", J) be an almost complex manifold. A metric g is called an
almost balanced metric on M if g is an almost Hermitian metric whose associated real
(1,1)-form w = \/—719230/\(5 satisfies d(w™™!) = 0. And when an almost Hermitian metric
g is almost balanced, the triple (M?2",.J, g) will be called an almost balanced manifold.

An almost balanced structure can be alternatively regarded as a closed positive real
(n—1,n—1)-form ¢. We define the Bott-Chern cohomology in almost complex geometry

as follows:
Kerd

Heo(M) = m(99)

Our main result is as follows.

Theorem 1.2. Let (M, J,g) be a compact almost Hermitian manifold and let po be a
closed positive real (n — 1,n — 1)-form on M. The flow admits a unique solution in
the Bott-Chern class of [¢o] defined in a maximal interval [0,e) on M. Moreover, if the
initial structure is Kdhler, then reduces to the Calabi flow.

This paper is organized as follows: in Section [2] we recall some basic definitions and
computations in the almost Hermitian geometry. In the last section, we will prove the
main theorem by applying Theorem Notice that we assume the Einstein convention

omitting the symbol of sum over repeated indexes in whole this paper.

2. Preliminaries

2.1. The Nijenhuis tensor of the almost complex structure

Let M be a 2n-dimensional smooth differentiable manifold. An almost complex structure
on M is an endomorphism J of TM, J € T'(End(T'M)), satisfying J2 = — Idyys. The pair
(M, J) is called an almost complex manifold. Let (M, J) be an almost complex manifold.
We define a bilinear map on C*°(M) for X,Y € I'(TM) by

AN(X,Y):=[JX,JY] = J[JX,Y] - J[X,JY] - [X,Y],

which is the Nijenhuis tensor of J. The Nijenhuis tensor N satisfies N(X,Y) = —N(Y, X),
N(JX,Y) = —JN(X,Y), N(X,JY) = —JN(X,Y), N(JX,JY) = —N(X,Y). For
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any (1,0)-vector fields V and W, N(V,W) = —[V, WD NV, W) = N(V,W) = 0
and N(V,W) = —[V,W]|19 since we have AN(V,W) = —2([V, W] + v=1J[V,W]),
ANV, W) = =2([V,W] — V/=1J[V,W]). An almost complex structure J is called in-
tegrable if N = 0 on M. Giving a complex structure to a differentiable manifold M
is equivalent to giving an integrable almost complex structure to M. Let (M, J) be an
almost complex manifold. A Riemannian metric g on M is called J-invariant if J is com-
patible with g, i.e., for any X, Y € I'(T'M), g(X,Y) = g(JX,JY). In this case, the pair
(J,g) is called an almost Hermitian structure. The fundamental 2-form w associated to a
J-invariant Riemannian metric g, i.e., an almost Hermitian metric, is determined by, for
X, Y e(TM), w(X,Y) =¢g(JX,Y). Indeed we have, for any X,Y € I'(TM),

w(Y, X) = g(JY,X) = g(J?Y, JX) = —g(JX,Y) = —w(X,Y)

and w € T'(A2T*M). We will also refer to the associated real fundamental (1, 1)-form w as
an almost Hermitian metric. The form w is related to the volume form dV, by n! dV, = w".
Let a local (1,0)-frame {Z,} on (M, J) with an almost Hermitian metric g and let {¢"}

be a local associated coframe with respect to {Z,}, i.e.,
((Zj) =06, i,j=1,....n.

Since g is almost Hermitian, its components satisfy gi; = g7z = 0 and g7 = g5, = g;;-

With using these local frame {Z,} and coframe {¢"}, we have
1,0) . Nk 7 = 7100,1) _ Nk
N(Z;, Z3) = —(Z;, ;)"0 = NEZy, N(Zi, Z5) = [ Z, 7,00 = NEZ,

and
1— , , 1 - =
_ k 7_ k
N = 5NEZ,C @ ANF)+ §N7jZk ® (" ANE).
Let (M, J,g) be an almost Hermitian manifold with dimg M = 2n. An affine connec-

tion D on TM is called almost Hermitian connection if Dg = DJ = 0. For the almost

Hermitian connection, we have the following lemma (cf. [2,3,8,9]).

Lemma 2.1. Let (M, J, g) be an almost Hermitian manifold with dimg M = 2n. Then for
any given T M -valued (1,1)-form © = (0%)1<;<n, there exists a unique almost Hermitian

connection D on (M, J, g) such that the (1,1)-part of the torsion is equal to the given O.

If the (1, 1)-part of the torsion of an almost Hermitian connection vanishes everywhere,
then the connection is called the second canonical connection or the Chern connection.
We will refer the connection as the Chern connection and denote it by V.

Now let V be the Chern connection on M. We denote the structure coefficients of Lie
bracket by

(Zi, Z;) = ByZy + B Ze, |Z;,25) = Bl:Zn + Bi.Zr, [%;,2;] =t BiZ, + BL Zx
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Note that [Z;, Z;](®V) = ~NT Z, [Z;, 2|10 = —NZZ, and then B, = —NZ, BL. = —NZ.
7] J Y] v i ] ]
Notice that J is integrable if and only if the B;;’s vanish. For instance,

2, 23] = (2:, 25 + 23, 25,

where

12 209 = 212, 2]~ V=TI Z3)), 12 200 = 52 23] + V1120, ).

Note that for any p-form 1), there holds that (cf. [9])

p+1
d¢(X17 s 7Xp+1) = Z(_ )H_lX.(?vb(Xl’ s >Xi7 e 7Xp+1))

+Z D (X, X5, X1,y Xy ooy X Xpi1).
1<J

We directly compute that
1
d¢* =~ Bick N ¢! = Byck n ¢!+ Nslc’“ e
According to the direct computation above, we may split the exterior differential operator
d: APM ®@r C — AP M @p C, into four components
d=A+0+0+4

with
d: APIM — APTLIN, 0: APINM — AP
A: APAN — APTROLN A AP 5 APTRAT2

In terms of these components, the condition d? = 0 can be written as

A2=0, 9A+AD=0, DA+AD=0, A =0,
AD+ P +0A=0, AA+090+00+AA=0, 0A+9 + A0 =0.
For any real (1,1)-form n = v—lnﬁgi A Cj, we have
3 v—1 s 5 i g
on = ?(Z;(nk;) — Zi(ny;) — By + By st + BrjnkE) AN,

V-1 _ _ ) . %
on = 5 (Zi<77jE) - Zj(%) - ijnsﬁ - BfEUjE + ngmg) AP N

From these computations above, we have

_ oy
0w = ~——(Z5(913) — Zi(9i5) — Bys95 + Bizos + Bijous)C* A GAY

1 -
:vgﬁ%kAcAa
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and

(Zil9;5) = Zjl9;3) — Bjjgg — Bgis + Bi9i) ¢ A ¢ A ¢t
= 5Tyl A A,

where Tﬁk = ngE

A direct computation yields for any ¢ € C*°(M,R),

(dJde)(Zi, Zj) = =2V =11Z;, Z;] OV, (dTdp)(Z;, Z5) = 2V —1[Z;, Z5] M0,
7N —o /(7.7 _ [7. 700,]1)
(deSD)(ZzaZj) =2 1(Zsz [ZzaZj] )90'

Hence, especially we have

_ 1 -
V—100p = §(deg0)(1’1) = V=12 Z; — [Z;, Z5) ") A .

2.2. The torsion and the curvature on almost complex manifolds

Since the Chern connection V preserves J, we have
ViZj =12, ViZ; = F%ZF,

where
U7 = 9" Zi(g5) — 9"°9;Bi5, T, = Zi(logdet g) — BE.

We can obtain that F% = ij since the (1, 1)-part of the torsion of the Chern connection
vanishes everywhere (cf. [5]).

Note that the mixed derivatives V;Z; do not depend on g (cf. [8]). Let {fyjl} be the
connection form, which is defined by +; = I';,¢* + I';;¢°. The torsion T of the Chern
connection V is defined by 7" := d(* — (P Ay, T* := d(* — (P Ay, which has no (1, 1)-part
and the only non-vanishing components are as follows:

T; =15 — 15— By, Tj=-Bj
These equations tell us that T splits into T = T" +T", where T" € T'(A2°M @ T*°M) and
T" € T(A**M@T%' M). We also lower the index of torsion and denote it by T,z = 7759
Note that 7" depends only on .J and it can be regarded as the Nijenhuis tensor of .J, that
is, J is integrable if and only if 7" vanishes.

We denote by Q the curvature of the Chern connection V. We can regard ) as a
section of A°’M ® TM, Q € T'(A2M ® TM) and € splits in Q = H + R + H, where
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R e T(AYM @ AM M), H € T(A*°M @ AYM). The curvature form can be expressed

by QE = dw§ + Wi A wj“f’. In terms of Z,’s, we have

Ry = W(Zi, Z7) = Zi(T5,) — Z5(T5) + DTS, — T5 TG, — BiTg, + B3 T,
ik = (Zi, Zj) i) — Zi(Uip) + T35 — T35 — BTG — zgj ko

HEy = (25, 25) = Z5(T%,) — Z5(1%) + TLTS, — T T2 — BETh, — BETh,

I
N
5

3

and we deduce that by using Fip = Zy(logdet g) — BZTJ,

P = —9;05logdet g + Z5(B[:) + Zi(B3,) + B%B; - B%B’"

sro

Rij = [Zi, 2j])"V (log det g) — Zi(BJ;) + Z;(Bf;) + Bj B — B BY,

and
Ry = —[Z;, 25" (log det g) + Z;(B3,) — Z;(B},) + BBl — BED,.

The Chern-Ricci form Ric(w) is defined by

Vas! Vas!

. Ve P
Ric(w) = TRMC’“ A+ V=1P ¢ A ¢+ TRHC’“ AC

It is a closed real 2-form. If J is integrable, it is a closed real (1, 1)-form. If furthermore, J
is integrable and dw = 0, then the Chern-Ricci form coincides with the Ricci form defined

by the Levi-Civita connection of w.

2.3. Hodge star operator and Hodge system

A Hodge star operator *: APYM — A"~3"P ) defined by

n

a 4B = gla, ).

Note that xw = ﬁw”_l. Let Q: Ai’lM — A1 A be the smooth map w — *,w,
where let Ai_l’n_lM = Q(Afr’lM) be the set of positive (n — 1,n — 1)-forms. Let us fix

w € A}r’lM. Then AVIM splits as
AYIM = Cw @ Ay M,

where A(l)’lM = {0 € AY*M | 0 Aw™ 1 = 0} is the set of primitive (1, 1)-forms. Similarly,
A1 0L splits as
Anfl,nflM — C(p @ Ag—l,n—lM

where ¢ = #w and A" M = {y € A" IM |y Aw = 0},

We introduce the following algebraic lemma.
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Lemma 2.2. |1, Lemma 2.1] Let o be in A[1)71M, then for 0 < k <n-—2,

1 L
*(U/\wk):—ma/\w 2 k.

In particular, if h = hiw + hg € AbIM, then

1
*h = ——=hw"!

(n_ 1) !ho AW 2,

ot
(n—2)

Let M?" be an almost complex manifold. We denote APM the bundle of complex
forms of type (p,q) on M and C°(M,APYM) the vector space of its smooth sections.
The following fiber bundles Ai’lM ) Ai_l’”_lM are naturally defined. An almost balanced
structure on M is a global coclosed section w of Afr’lM , or equivalently, is a closed section

n—1n—1
@ of A M.

By using Lemma [2.1] we can obtain the following result.

Lemma 2.3. [1, Lemma 2.5] Assume

d
P hie + *,ho

with hy € C®(M,R) and hg € C°(M, A" M). Then

d hy

a(*wﬁﬂ) =T ¥ ho.

Let A4 denote the modified Aeppli Laplacian (cf. |7]), which is defined by
Ap =0 000+ 000 0" + 00 00" + 00*90" + 90" + 90 .

Although we see that the operator (99)*(9) + d9' + 88" cannot be elliptic, we can show
that the modified Aeppli Laplacian A 4 is a fourth order elliptic operator in the same way
for proving that Apc is elliptic in Introduction of this paper. We will need a Hodge-like
decomposition induced by A4. We can prove the Aeppli decomposition based on the
result that A 4 is elliptic.

Proposition 2.4. (cf. [7]) If (M, J,g) is a compact almost Hermitian manifold, then we

have the following orthogonal decomposition for every (p,q),
C (M, AP7) = HR! (M) & (Im & + Im 9) & Tm(99)*,
where HR® (M) = Ker Ay.

We prepare the following lemma for proving the following proposition.
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Lemma 2.5. [4, Lemma 3.4] One has
990 =0, 99" =0.

The following property is a crucial step in the proof of Theorem [1.2l The proof
is similar to the one in [1, Proposition 2.4]. The difference appears only in the part
of using Lemma [2.5] and the following lemma. By applying some results in the proof

of |4, Lemma 3.4], we further obtain the following equalities.

Lemma 2.6. One has
9?0=0, 090 =0.

Proof. By using AA+ 00+ 00+ AA =0, 8Z+52 + A0 =0, 0A+ A0 = 0 and the results
in the proof of [4, Lemma 3.4]; 0AA = 0, AD° = —AAD and 990 = 0, we obtain

0%0 = 000 = —0(AA + D0 + AA) = —DAA — 900 — DAA
— AJA = — A9 — AAD = 0. O

Proposition 2.7. (cf. [1, Proposition 2.4]) Let G4 be the Green operator associated to
the modified Aeppli Laplacian A . Then for every ¢ € 00C™ (M, AP?), we have

P = DOG A(0)* ().
Proof. Choose arbitrary ¢ € 00AP4. By applying the Aeppli decomposition and u €
HR (M) < d'u = &u = dd0u = 0 (cf. [7]), and 999 = 0, 89° = 0 in Lemma [2.5, we
have ¢ = 998 with 8 € Im(99)*. Especially, since we have 9*9°9* =0,0 9 9* =0 from
Lemmas and we have A48 = (00)*00f, which tells us that

8 =Ga((90)"005) = Ga((09)*),

and hence we obtain

P = 090G 4(90)* (). O

Next we introduce a Hodge system.

Definition 2.8. A Hodge system on a manifold M consists of the following sequence

C>®(M,E_) —2— C>®(M,E)
Ap

where E_ and FE are fiber bundles over M with an assigned metric along their fibers, D is
a differential operator, D* is the formal adjoint of D and Ap is an elliptic operator such
that ¢ = DGD*y for every ¢ € Im D, where G is the Green operator of Ap.
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Consider a Hodge system on a compact manifold M as in Definition 2.8 Let O be an
open subset of E such that 7(O) = M, where w: E — M is the projection. Consider a

non-linear partial differential operator of order 2m
L: C*(M,0) — C*(M,E)
and a fixed initial datum ¢g € C°°(M, O) such that
L(po + Dv) € Im D

for every v € C*°(M, E_). We consider the following evolution problem

(2.) 26t = Lig(®), (0) = o,

where ¢(t) is in the following space
U={po+Dy|yeC(ME-)}NC*(M,O0)

and ¢(t) is required to depend smoothly on time.

Let D?"(E, E) denote the space of partial differential operators on E of order < 2m,
which can be seen as the space of smooth sections of a vector bundle. A linear partial
operator () of order 2m is said to be strongly elliptic if its principal symbol og(z,§)

satisfies the following inequality:
—(oq(@,&)v,v)p = A" |v]*™

for some positive constant A and for all (z,£) € TM, £ # 0 and v € E,, whose definition
dose not depend on the metric (-,-)g along the fibers on E. The principal symbol of @

is defined by

—1\2m
QU

for f € C°(M) with f(x) =0, dpf = & and u € C*®°(FE) with u(xz) = v. We denote by
L.|, the derivative of the operator L at ¢.

og(x,&)v =

Theorem 2.9. |1, Theorem 3.2] Let (E_,E,D,Ap) be a Hodge system on a compact
Riemannian manifold M. Let L, @9 and U be as above. Assume that there exists a

nonlinear partial differential operator
L: C®(M,0) — D*™(E,E), ¢~ L,
such that

(1) Ly is strong elliptic for every ¢ € U;
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(2) Lulp(1) = Ly(1h) for every ¢ € U and ¢ € DC®(M, E_).

Assume further that
Lo (D) = DIy (0)

for every 0 € C°(M, E_), where l,, is a strongly elliptic linear differential operator on E_.
Then there exists € > 0 such that the system (2.1)) has a unique solution p € C*°([0,¢),U).

3. Proof of Theorem

We consider

D=+/—=100 A
E:Aﬂré 1,n—1

E_ =AM M,

where ARPM is the bundle of real (p,p)-forms; the subset U is the set of smooth sections

of Ai_l’"_lM lying in the same cohomology class as ¢g. Let
L: C®(M, ATV M) — e (M, A M

be the operator L(yp) = /=100 * (P A *p) + (n — 1)Apce.

The Chern Ricci-type curvature P is locally given as follows:
Ps = —0,0;1log G + Z;(BZ-}) + Zi(BgT) + B%B;} — B%Bgr,

where G is the determinant of the matrix g = (g,7). In the following, ¢ will denote the

derivative with respect to time of the tensor a.
Lemma 3.1. The derivative of P is
P =—y/=100(w,w),
where (-,-) denotes the pointwise scalar product of (1,1)-forms.

Proof. We derive in t = tg and we fix a unitary (1,0)-frame with respect to g(t9p). Then

we have

P = —aiauﬁ log G + Z; <aB;;,) + Z; <aBT ) + Q(B%B; ~ B}Bg,)

ot ot ot ir) ot
0
= —aia;.a log G,
where we used that B% = _B§i’ ij’s do not depend on ¢, which depend only on J

(cf. [8, Lemma 5.2]) because that the mixed derivatives V;Z; do not depend on g. Since
we have % log G = tr(g~'¢) and tr(¢'g) = (w,w), we obtain the desired equation. O
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Now, we shall prove that for every closed ¢ € C*(M, Ai_l’”_lM ) and every closed
P e C®(M, Aﬁé_l’n_lM), we have

(3'1) L*|<,0('9Z}) = (1 - n)ABC@ZJ + \/_7185\1190(1][})7

where W, is a linear algebraic operator on ¢ with coefficients depending on the torsion of

© in a universal way. We denote the operator L by L = S + T, where
S(p) = V=199 % (P AN xp), T(p) =(n—1)Apce.

Let ¢ = %gp be a tangent vector to U at ¢. Then we may write ¢ = hijp + *hg, where
hi is a smooth function on M and hyg is a section of Aé’lM. Note that hy = L (w,w). The

derivative of S is obtained by using Lemma [3.1] as follows:
Silo(¥) = V=100 x (P A xp) + V/=100®1 (1) = ndd x (00h1 A *p) + V=190 (¢),

where @ is an algebraic operator depending on ¢ in a universal way. The derivative of T’

is, from Lemma [2.3

Tyl (¥) = Ti|p(h1p + *ho)
= —08 * (90hy A @ + (1 —n) (90 + AA 4+ AA)hg) + V—190D5(v))

for a suitable linear zeroth order operator ®q, where we used that 00 = —90 — AA — AA
and Ah; = Ah; = 0. By combining these, we have

Ly, (¥) = (n— 1)00 % (90hy A + (90 + AA + AA)hg) + vV —190D1 (1) + v/ — 100D (1)).

Since 1 is a d-closed (n — 1,n — 1)-form, we have 0 = dyp = (A+ 9+ 0+ Ay = (0 + 9),
which tells us that we obtain 91 = 9¢ = 0, and hence we get

(Apc)yth = 000" 0" = 9 " (haep + ho)
= —00 % (00hy A * @ + (00 + AA+ AA)hg) + vV—100®3(1)).

Therefore, we have
L*‘w(w) =—(n— 1)(ABC)¢¢ + \/_7185(1%(7/1)7

where ¢, = &1 + ®3 — (n — 1)®3. Thus we obtained the equation (3.1)). Recall that it can
be shown that —Apc is strongly elliptic as we see in Section [I] We finally consider

l,=—(n—1)(Ax)y + V—1®, 0 0.

As we have confirmed that —A 4 is strongly elliptic. In addition, we have the following
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Proposition 3.2. One has
Apcdd = 00A 4.

Proof. By using Lemma [2.6] we obtain
Apcdd = (000 0" + 9 9*00 + 0 90" 0 + 9*0D 0 + D" 0 + 9*9)0D
= 000" 900 + 8" 0*0000 + " 00 DD + H* 0D 0?0 + 9 9D + 8*H*D
= 009" 9*00.
On the other hand, using Lemma [2.5| we have
OA4 = DD(D 9" DD + DDD 9" + 0 DI* + 9* DD + DI* + 9" )
= 900 0* 00 + 090D 9" + 0090 09" + 99°0*09" + 99" + 0D D"
= 008" 0* 0.
Hence we get Agc00 = 00A 4. O

Then we have that L.|,(Dy) = DI, (1) for every closed ¢ € C*°(M, A%ﬁz’nsz).
Now we may apply Theorem and therefore we conclude that the flow admits a
unique solution defined a maximal interval [0, ¢) for some € > 0. If ¢ is the (n—1,n —1)-
positive form of a Kéhler structure, then the solution ¢g + () to corresponds to a
family of Kahler forms w(t) solving the Calabi flow (cf. [1]). This completes the proof of
Theorem
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