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Multiplicity of Solutions for a Sublinear Quasilinear Schrodinger Equation

Gui Bao* and Tingzhi Cheng

Abstract. In this paper, we are concerned with the multiplicity of solutions for a class
of quasilinear elliptic equation arising from plasma physics. By using a dual approach,
the existence of infinitely many small solutions are obtained. As a main novelty with
respect to some previous results, we assume the potential V' may changes sign and do

not require any condition at infinity on the nonlinear term.

1. Introduction

This paper is concerned with the multiplicity of solutions for a quasilinear Schrédinger

equation of the form
(1.1) —Au+V(z)u— A@w)u = g(z,u), zeRY,

where N = 3,4 and the potential V(z) may change sign.

The quasilinear Schrédinger equation arises in several models of different physical
phenomena, such as in the study of superfluid films in plasma physics, in condensed matter
theory, etc (see |1,/2] and the references therein). Recently, has been extensively
studied by many authors, we can for instance cite [318,/10-15,/17] and the references
therein. For example, in [15], by using a constrained minimization argument, the existence
of positive ground state solution was proved by Poppenberg, Schmitt and Wang. In
[12], by a change of variables, Liu, Wang and Wang used an Orlicz space to prove the
existence of soliton solution via mountain pass theorem. In [3], Colin and Jeanjean also
made use of change variables to prove the existence of positive solution in the Sobolev
space H'(RY). The same method of changing variables was also used recently to obtain
positive solutions for the case of critical growth (see [4]). There are also some papers
investigating the sublinear case. In [17], Zhou and Wu studied with V(z) =0 in a
bounded domain. Liang, Gao and Li [10] treated a quasilinear Schrédinger equation with
0<a<V(r)<vy<oo.

In the present paper, without imposing any growth condition of g(z,u) at infinity

with respect to u, the existence of infinitely many small solutions for the problem (|1.1))
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is obtained. Furthermore, unlike [10,/17], the potential V' in this paper is allowed to be
sign-changing.
We introduce the following hypotheses for the problem (|1.1)).

(V) V € C(RM,R), inf, gy V(x) > —o0o and for each M > 0, meas{z € RY,V(z) <

M} < 400, where meas denotes the Lebesgue measure in RY.

(G1) There exists a constant §; > 0 such that g(z, —t) = —g(z,t) for all || < ¢; and all
r € RV,

(Go) limy_yo 2 (i’t) = +o00 uniformly for x € RY.

(G3) There exist constants d2 > 0 and 0 < s < 1 such that g € C(RY x [—62, 5], R) and
lg(z, O] Sb@)[f, |t| <&, VxeRY,
where b(z) € L¥ 1= (RNY).
Our main result for is the following theorem.

Theorem 1.1. Suppose that N = 3,4 and (V), (G1)—(Gs) hold. Then the problem (|L.1))

has infinitely many solutions converging to zero.

Throughout this paper, C' > 0 denotes various positive constants which are not essen-

tial to our problem and may change from line to line.

2. Preliminaries and useful lemmas

Let LP(Q), 1 < p < +00, Q € RY denotes a Lebesgue space, the norm in LP(Q) is denoted
by |- |pa- Let HE(Q), @ C RN, and H*(RY) denote the usual Sobolev spaces. From (V),
we know that there exist constants Vo > 0 and o > 0 such that V(z) := V(z)+ V > o
for all z € RV,

Set

E(Q) = {u € Hi(Q): /Q (IVul® + V(2)u?) do < +oo} ,

E=ERY) = {ueﬂl(RN) :/

(IVul? + V(z)u?) dz < —l—oo}
RN

with the norms

[ull = lul

EQ = (/Q (IVul* + V(m)uz) da:) 1/2,
ol = Pl = ([ (9t + Pt a)
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respectively. Denote 2* = 2N/(N — 2) for N > 3. By the continuity of the embedding
E(Q) — L"(Q), r € [2,2*], Q@ € RV, there exist constants 7. > 0, 2 < r < 2* such that
lulro < 7llullgo, Yu € E(Q). Moreover, similar to Lemma 3.4 in 18], we may prove
that under the assumption (V), the embedding E(§2) — L"(2) is compact for 2 < r < 2%,
Q C RN,

Let g(x,u) = g(z,u) + Vpu. We may seek to obtain solutions of by looking for
critical points of the associated functional J: H'(RY) — R given by

1 1 ~
J(u) = Q/RN |Vul|? dx + Q/RN V(a:)u2dx+/RN u?|Vul? d:z—/RN G(z,u)dz,

where G(x,u) = [’ g(x,s)ds is the primitive of function g(z,-). However, this functional
is not always well defined on all H!'(R"™). We make a change of variables v := f~1(u),

where f is defined by f/(t) = m on [0,4+00) and f(—t) = —f(t) on (—o0,0].

The following properties of f can be found in [31[7].
Lemma 2.1. The function f satisfies the following properties:
(1) f is uniquely defined, C*>° and invertible;
(2) |/ (1] <1 forallt € R;
@) [f@) < [t] for all t € R;
(4) F(1)/2 < t/(t) < £(¢) for all t > 0;
(5) there exists a positive constant Cy such that

Colt| — if[t] <1,

)] =
Colt|'? if |t| > 1.

So, after the change of variables from J, we obtain the following functional:

() = J(f(v)) = ;/RN Vol? dz + ;/RN V(2) £2(v) da — /RN Gla, f(v) da.

At the end of this section, we state the following theorems which are crucial to our
arguments in Section

Let T'y, denote the family of closed symmetric subsets A of E such that 0 ¢ A and the
genus v(A) > k. The following critical point theorem was established in [9].

Lemma 2.2. Let E be an infinite dimensional Banach space and I € C1(E,R) satisfy
(A1) and (As) below.
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(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-Smale
condition (PS).

(A2) For each k € N, there exists an Ay € 'y, such that sup,¢c4, I(u) < 0.

Then I(u) admits a sequence of critical points uy such that I(ug) < 0, up # 0 and

limy_yoo up = 0.

3. Proof of main result

Let I = 2 min{1,61,62}. We define an even function h € C*(R,RT) such that 0 < h(t) < 1,
h(t) = 1 for |t| < I; h(t) = 0 for |t| > 2l and h is decreasing in [I,2l]. Let gx(x, f(v)) =
g(z, f(v))h(f(v)). Consider the cutoff functional I:

1

hv) = ; /RN Vol da + ;/RN T (2) f2(v) do — /RN G, f(0)) da,

where Gy (z,u) = [ gn(z,s)ds. Then Ij is well defined on F and I, € C'(E,R). The

critical points of I are weak solutions of the problem

—Av+ V(2)f(0)f'(v) = gnl, f(v)f'(v), VYveE.

Then v € E, satisfies | f(v)| < I, is a critical point of the functional I, u = f(v) € E is a

weak solution of (1.1).
In order to show that critical points of Ij, are solutions of (1.1)), we will use the following

L estimate.

Lemma 3.1. If p € E is a weak solution of problem (1.1]), then ¢ € L®(RN). Moreover,
there exists C' > 0 such that

(3.1) |loory < Cllell.

Proof. For every ¢ € E and T > 0, define p* = ¢ for |p| < T, ¢ =T for ¢ > T and
o' = —T for ¢ < —T.
Since I} (¢) = 0, we have

(3.2) VeVuwdr + /
RN RN

V@ﬁ@MWWMF/’%@ﬂmemmzo

RN
forall w e E.
By (Gs), the definition of # and Lemma [2.1[2), we obtain

(3-3) lgn(, F(2)] < b(@)[f(@)” + Vol f ()] < b(2)]el® + Volgl-

For every ¢ € E, there are two possibilities: (1) b(z)|p|® > Volp|; (il) b(z)|e|® < Volpl.
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We first assume that (i) holds. From Lemmal[2.1[4), we deduce that ¢f(t) > 0, V¢ # 0.
Taking w = ¢|p?|?", r > 0 as a test function in (3.2]), we have

| e D (el o

— / VoV (oloTP) di + / (@) f(0) 1 (0)ele"? da
RN RN

2/ Vo(Vele! 2+ 2rele’ 20T VT do
]RN

— / VolpT " da + 2 / TPV da
(3.4) RN lpl<T

/ V2l de + 2r / TPV de
RN RN

2
5 [ (P14 201 PV + 21T |96T) do

1 T
> o L IVl P e

C . 2/2*
> r2*
> o (Ll T )

where we have used the Gagliardo-Nirenberg-Sobolev inequality. On the other hand, by
(3.3) and the Holder’s inequality, one has

v

(3.5)
/ gn(z,0) f (@)l " da < 2/ b(@)|pl el |7 dx < 2/ b(z)|pl T da
RN RN RN

(1-5)/2 (1+5)/2
<9 (/ |b(l’)|2/(1_5) dl’) (/ |¢|2(2r+s+1)/(1+s) dx)
B RN RN

o 2r+s+1
- 2’b("’“")|2/(1—8),1R<N ‘90’2(2r+s+1)/(1+s),RN'

Taking T — oo, by (3.4) and (3.5 we have

1/(r+1) <| ‘(2r+s+1)/2(r+1) )

[eliri1y2emy < (Clr+1)) 2(2r+s+1)/(1+s),RN

Let 7o = 0 and 2*(rp + 1) = 2(2rg41 + s+ 1)/(1 + s), that is 7, = (gz(_ﬁzgfi) (2*(?3))1@ —
%, where 2*(1+5)/4 > 1 since N = 3,4. Note that (C(r;+1))"/i+D) < C(r;+1),

Vi < j. By iteration we obtain

@l (re1)20 RV < 6<k|¢\§fﬁw,

where ( = Zfzo m[%%l)] and o, = Hf:o 227}1:2_7_{)1, which are convergent as k — oco. Let

¢ = limg_oo (& and o = limy_,o, 0. Taking the limit as £ — oo we obtain that

Pl < eClelg e < Cllel”.
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If (ii) holds, without loss of generality, we can assume that || > 1. By (3.3)), there
holds |gp(z, f(©))| < 2Vo|e| < 2Vp|p|?, where g € (2,2%). Then we can complete the proof

by using the well-known Moser iteration. O

Lemma 3.2. I, is bounded from below and satisfies the (PS) condition.

Proof. By (Gs), the definition of h and Lemma [2.1[3), we have
(3.6) |Gh(z, f(v)] < b@)o]*Tt + Volof?, ¥ (z,v) € (R, R).

For any given v € E. Let Q@ = {z € RY : |v| < 1}. By (3.6), Lemma (3)(5) and
Hoélder’s inequality, one has
1 1 =~
In(v) = / \Vo|? dx + / V(x)f?*(v) dz —/ Gp(z, f(v)) dx
2 RN 2 RN RN

- ;/RN Vo|? dz + ;/RN V() f(v) du — /QGh(x’f(U))dl’

1 -
/ |Vo|? dx + CO/ V(x)v? da — / (b(2)[v]* T + Vo|v]?) da
2 Ja 2 Jao 0

1 -
2/ \Vv\Qda:%—CQ’O/V(x)dex—/ (b(2)[v]* T + Volo[FT) da
Q 0 Q0

> Clpoll = [Bloya-s), 071 L5 Illn" = Vori £ Ivllg"

Y

v

1+s 1

> Clolle, = blaja—s v mids ollg™ = Vory o

Hllvlg
This implies Iy is bounded from below.

Next, we prove that I, satisfies the (PS) condition. Let {v,} C E be any (PS) sequence
of Iy, i.e., {In(vn)} is bounded and I} (v,) — 0 in E*.

For each n € N, set Q,, = {x € RV : |v,| < 1}. Then by (3.7)), we have

C > In(vn) = Clloalldy, — [blaya—s v mifsllvnllgh = Vori i lollgh.

This implies that ||vy||q, < C and C' is independent of n. Thus,
1

1 ~
5 / Vo |* da + - V(@) f*(vn) da
2 Ja, 2 Ja,

< In(on) + /ﬂ (. f(vn)) da

o < €+ Pl SN+ Virklnli
< C+ [blyya—o m¥Tigslvnllor + Vori s lvallg!?
<C,
where C' is independent of n. Similarly,
I(vn) = ;/RN Vo | da + ;/RN V(2)f(vn) dz — /Q Gu(, f(vn)) da

> 1/ |an|2da:+1/ V(x)f2(vn)dw—/ Ghr(z, f(vy)) dz.
2 Jrv\Q, 2 JrM\Qn Q
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Therefore,

1 2 1 T/ 2
o) B, Vg [ VO A S Do) [ Gl f(0)ds

< O+ [Bloya—srrmidellvnllgh® + Vorilloallgh* < C,

Where C is independent of n. Then from (B.8) and (3.9), we get that D2 := [on [V, |* do+
f]RN ) f?(vy,) dz is bounded mdependent of n.

From [16], we know that there exists a constant C' > 0 such that D2 > C/||v,||>. Then
{vn} is bounded in E by the above arguments. Thus, up to a subsequence, we have
vp — v in E, v, — v in LP(RY) for 2 < p < 2* and v,, — v a.e. on RY. By (G3) and

Lemma [2.1(2)(3), one has

(3.10)

| (o £ ) = anla @)1 @) 0 =) o
< [ (ba@)lonl* + Volonl + Bollof + Valol) (en — 0)] dz
RN

< (|b|2/(lfs),RN‘fUn’;,RN + Volvnlamy + [bloy(1—s) m¥ [V]5 gy + Volvla ) [vn — v]g gy

= op,(1).

As in the proof of Lemma 3.1 in [7] (see also Theorem 2.1 in [16]), we may prove that

there exists a constant C' > 0 such that
Ea1) [ V@ —oPdot [ @0 0) = £ 0) o) da = Clon ol
By (3.10) and (3.11), we have

on(1) = (I,(vn) — T (v), v — v)

= [ IV =)ot [ V@) @) = @) () (5~ v)da
RN RN
= [ e F0) (0) = e F) (@) (0 = 0) do

> Cllon = v[|* + 0n(1).
Hence v,, — v in E. The proof is completed. ]

In order to prove Theorem we shall use a similar argument of |17].

Lemma 3.3. For any n € N, there exist closed symmetric subsets A, C E such that the
genus Y(Ap) > n and sup,e 4, In(v) < 0.
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Proof. Let E, be any n-dimensional subspace of E. Since all norms are equivalent in a
finite dimensional space, there is a constant 7 = 7(E,,) such that

[oll < 7lvl2

for all v € E,.

Claim: there exists a constant x > 0 such that

1
(3.12) / m?mz/ o2 dz
2 Jrv F(w)]>1

for all v € E, with ||v]| < k. Indeed, if (3.12]) is false, there exists a sequence {vy} C
E, \ {0} such that vy — 0 in E and

1
/ |Uk|2dx</ log|*dz, keN.
2 Jen |Foe)>1

Let uy = vg/|vg|2. Then

1
(3.13) - < / lup|* dz, k€ N.
2 Jifwest

On the other hand, we can assume that uyp — w in E since E,, is finite dimensional.

Hence uj, — u in L?(R"N). Moreover, it can be deduced from vy — 0 in E that
meas{z € RY : [f(vp)| > 1} =0, k— oo.

Therefore,

/ |uk|2dx§2/ \uk—u|2dx+2/ lul*dx — 0, k — oo,
f (vr)>1 RN [f (vr)1>1

which contradicts (3.13)) and hence (3.12)) holds.

By (Gz2), we can choose [ small enough such that
g(x,v) > 4720
for all z € RY and 0 < v < 2. This inequality implies that
(3.14) Ghn(z,v) = G(x,v) > 27%0%, V(z,v) € RN x[0,1].

The assumption (Gi) implies Gp(z,v) is even in v. Thus, by (3.14]), we have

In(v) < 3ol - /RN G, f(0) dr < 3 o]* - /fwg G, f(v) da

1 1
Ll —272/ w2 dz < Sijo|]? = 272 / de—/ o[ dz
2 F)I<t 2 RN F@)[>1

1
—§||U

IN

IN
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for all v € E,, with |jv]| < &.
Let 0 < p <k and A, ={v € E, : ||v|]| = p}. We conclude that v(A,) > n and

1
sup I(v) < —=p® < 0.
vEA, 2

The proof is completed. O

Proof of Theorem 1.1} By (Gi) and (Gs), we get that I, is even and I;(0) = 0. Then
from Lemmas and we obtain that I; has a critical sequence {v,} converging
to 0. By Lemma we obtain that v, € L>®(RN). Moreover, from , we may get
that there exists ny such that v, | gy <1 for n > ny. Then we get infinitely many small
solutions of . The proof is completed. O
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