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Boundary Continuity of Nonparametric Prescribed Mean Curvature Surfaces

Mozhgan Nora Entekhabi and Kirk E. Lancaster*

Abstract. We investigate the boundary behavior of variational solutions of Dirichlet
problems for prescribed mean curvature equations at smooth boundary points where
certain boundary curvature conditions are satisfied (which preclude the existence of
local barrier functions). We prove that if the Dirichlet boundary data ¢ is continu-
ous at such a point (and possibly nowhere else), then the solution of the variational
problem is continuous at this point.

1. Introduction

Let © be a locally Lipschitz domain in R? and define Nf = V- Tf = div(Tf), where
feC?*(Q)and Tf =Vf/i/1+|Vf|2. Let H € C1(Q) satisfy the condition

(1.1) '/QHndx

1
< 2/ |Dn|dxz for all n € CL(Q)
Q

(e.g., |10, (16.60)]). Here and throughout the paper, we adopt the sign convention that

the curvature of 2 is nonnegative when 2 is convex. Consider the Dirichlet problem

(1.2) Nf=2H inQ,
(1.3) f=¢ onoQ.

We wish to understand the boundary behavior of a solution of f.

If 09 is smooth and the curvature of 952 is greater than or equal to 2|H| at each point
of 92, then this problem is well-posed. If ¢ € C%(92), then there exists a unique solution
of (L.2)-(L.3) in C*() N C%) and f = ¢ on O (see [10, Theorem 16.10]). On the
other hand, one can choose a distinguished point O € 9 and use the “gliding hump”
construction as in [15] and |16, Theorem 3], in conjunction with [7, Theorem 2], to prove
that there exist ¢ € L>(9Q) such that the (unique) variational solution f of (1.2)—(L.3)

is in C?(£2) but f is discontinuous at O and none of the radial limits of f at O exist.
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When the appropriate geometric conditions (e.g., convexity of the domain in the case
of the minimal surface equation on R?) are not satisfied, then the Dirichlet problem is ill-
posed and a classical solution of (1.2)—(L.3) may not exist (see, for example, [12] and [21]
§406]). Interest in determining sufficient conditions for the existence of classical solutions
of f is long standing and one method is to impose “smallness” conditions on the
Dirichlet boundary data ¢. When H = 0 in , an early result is A. Korn’s classic 1909
paper [14]; J. C. C. Nitsche discusses some of the history of this problem for the minimal
surface equation in |21} §285 & §412]. G. Williams [25,26], C. P. Lau |17, K. Hayasida
and M. Nakatani [11], M. Bergner [1], J. Ripoll and F. Tomi [22] and many others have
investigated limiting ¢ in order to prove a classical solution exists.

Rather than imposing a “smallness” condition on the Dirichlet data ¢ and trying to
obtain a classical solution of 7, we wish to impose a (local) condition on the
curvature of the domain, place no restrictions on the Dirichlet data ¢ € L*(992) and
prove that the variational solution f extends to be continuous at a point O of 9 (or on
an open subset I' of Q) in the sense that f € C°(QU{O}) (or f € CO(QUT)) when ¢ is
continuous at O (or on I'). In general, no classical solution may exist and the variational
solution is the best approximation to a classical solution.

We shall assume that 02 is smooth, O € 0f is a distinguished point, the curvature A
of 05} satisfies

(1.4) A(x) < —2|H(x)| forxe€ 09, |x—0|<d

for some 6 > 0 and ¢ € L>(09Q). In Theorem we prove that the radial limits Rf(-) of
f exist at O if ¢ is discontinuous at O (even if ¢ does not have one-sided limits at O). As
a consequence of the existence of radial limits, we prove in Corollary that the (unique)
variational solution f € C?(Q) of f is continuous at O if ¢ is continuous at O.
In Corollary we assume H = 0, relax slightly and obtain the same result as in
Corollary [1.2]

The idea of the proof is to describe the graph of f parametrically in isothermal coordi-
nates, prove that it is uniformly continuous on its (open) parameter domain and therefore
extends uniquely to a continuous function on the closure of the parameter domain. In the
case of Corollaries [I.2] and this is equivalent to proving that f is uniformly continu-
ous on the intersection of €2 and an open neighborhood U of O and therefore f extends
uniquely to a continuous function on QN U. Of course, just as in [2, Theorem 4.2], [20]
and [24], this extension of f needs not equal ¢. Differences between our results and those,
for example, in the papers by Bourni, Lin and Simon are the additional requirements im-
posed on the domain or the boundary data; [2] requires the graph of ¢ to be a specific type
of limit of the graphs of C%* functions, [20] requires ¢ to be Lipschitz and [24] requires
H =0, 09 to be C* and ¢ to be Lipschitz. In Example we present an illustration
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of the value of symmetry and prove that f can be continuous at O even if ¢ is not; this
illustration uses the same domain as that mentioned in [24].

In the remaining case where —2|H(O)| < A(O) < 2|H(O)|, the behavior of the vari-
ational solution at O is unknown. The Dirichlet problem — does not have a
classical solution in C2?(Q)NCY(Q) for all ¢ € C>(9N) (see |10, Corollary 14.13]) and the
standard gliding hump argument does not work in this situation. On the other hand, not
all of the comparison functions needed here are available and so the conclusions of Corol-
laries|1.2] and |1.3] may not hold. Moonies ( [9/18], see also [19]) are not bounded below but
do illustrate some properties of this case, with H = 1, A = —2 on one component of the
boundary and A =1/R, 1/2 < R < 1, on the other component. As in [13], these cases il-
lustrate the strong differences between uniformly elliptic (genre zero) and prescribed mean
curvature (genre two) equations (see also Remark ; for Laplace’s equation in R?, for
example, boundary curvature would play no role in the solvability of Dirichlet problems
and the gliding hump construction could always be used, exactly as in the first case above.

At a point y € 09, we let a(y) and S(y) be the angles which the tangent rays to OS2

at y make with the positive x-axis such that
{y +7(cosf,sinf) : 0 <r <€), aly) <0< pB(y)} CQ2NBs(y)

for some ¢ > 0 and some function €(-): (a(y),5(y)) — (0,6). If 9Q is smooth at y,
Bly) = a(y) + . For 8 € (a(y),B(y)), Rf(8,y) = lim, o f(y + r(cosf,sinf)) if this
limit exists. Also Rf(a(y),y) = imp, (y)sx—y f(x) if this limit exists and Rf(8(y),y) =
limp, (yy5x—y f(x) if this limit exists, where Q2 N Bs(y) \ {y} consists of disjoint, open
arcs I'1(y) and I'z(y) whose tangent rays approach the rays § = a(y) and 6 = B(y)
respectively, as the point y is approached. (I';(y) (lower curve) and I's(y) (upper curve)
are illustrated in Figure in a case where 8(y) — a(y) = 7.)

A,
S
p
,
,

Figure 1.1: T'1(y) (green); I'z(y) (blue); QN Bs(y) (yellow).

Theorem 1.1. Suppose Q is a locally Lipschitz domain in R?, T is a C** open subset of
N for some X € (0,1). Suppose either (a) H = 0 in a neighborhood of T', the curvature
A of T is nonpositive and vanishes at only a finite number of points of I', at each of which
holds, or (b) the curvature A(x) of T' at x is less than —2|H (x)| for x € T'. Let
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FeC?*(Q)NL>®Q) satisfy Nf = 2H in Q. Suppose thaty € I'. Then the limits

li - d li —
. (yg}Hyf(X> a end (y;g}Hyf(X) 29

exist, Rf(0,y) exists for each 0 € [a(y), B(y)], Rf(-,y) € C°([a(y), B(y)]), and Rf(-,y)

behaves in one of the following ways:
(i) Rf(-,y) = z1 is a constant function and f is continuous at'y.

(ii) There ezist oy and g so that a(y) < aq < ag < B(y), Rf = z1 on [a(y), 1],
Rf = z9 on g, B(y)] and Rf is strictly increasing (if z1 < z2) or strictly decreasing

(if z1 > z2) on [a1, ag].

Corollary 1.2. Suppose Q is a locally Lipschitz domain in R?, T' is a C** open subset
of O for some X € (0,1), the curvature A(x) of I' at x is less than —2|H (x)| for x € T.
Suppose ¢ € L>®(0N), y € ', either ¢ is symmetric with respect to a line through'y or ¢

is continuous at 'y, and f € BV (Q) minimizes

J(u) :/ vV1+ |Du\2dx+/ 2Hudx+/ lu — ¢|ds
Q Q a0
foruw € BV(Q). Then f € CO(QU {y}). If $ € COT"), then f € CO(QUT).
When H = 0, the strict inequality (1.4)) can be relaxed.

Corollary 1.3. Suppose Q is a locally Lipschitz domain in R?, T is a C** open subset of
I for some X € (0,1), and the curvature A of T is nonpositive and vanishes, at most, at
a finite number of points of I'. For each point xg € T' at which A(x¢) = 0, suppose there
exist C' >0 and 6 > 0 such that

(1.5) IA(x)| > C|x —xo|* forxeT, |x—xq| <4.

Suppose ¢ € L>®(0N), y € I, either ¢ is symmetric with respect to a line through'y or ¢

is continuous at'y, and f € BV () minimizes

(1.6) J(u) = / V1+ \Du!de—&-/ lu — ¢|ds
Q oN
foru € BV(Q). Then f € CO(QU{y}). If $ € C°(T"), then f € C°(QUT).

Example 1.4. Let Q = {(z,9) € R? : 1 < (z + 1)? +9? < cosh?(1)} and ¢(z,y) =
sin (xnyg) for (z,y) # (0,0) (see Figure for a rough illustration of the graph of ¢).
Set O = (0,0) and H = 0. Let f € C?(Q) minimize over BV (Q2). Then Corollary
(with y = O) implies f € C°(Q), even though ¢ has no limit at O.
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Figure 1.2: Q and part of the graph of ¢.

2. Proofs

Let Q be the operator on C%(Q) given by

(2.1) Qf(x) ¥ Nf(x) - 2H(x), xe€Q.

Let v be the exterior unit normal to 0f2, defined almost everywhere on 0{2. At every
point y € 9Q for which 9Q is a C! curve in a neighborhood of y, ¥ denotes a continuous
extension of v to a neighborhood of y. We shall adopt the same convention as that adopted
in [3, p. 178] regarding the meaning of the notation “T'1)” and “T'y - v” at points of 9€;
thus, for example, the equation T (y) - v(y) = +1 at a point y € 92 means

V() P(x) _
03x5y /T + Vo)

and TY(y) = £v(y) means limgsxy T9(x) = £v(y).

Definition 2.1. Given a locally Lipschitz domain 2, an upper Bernstein pair (U, ™)
for a curve I' C 99 and a function H in is a domain U™ and a function ¢+ €
C2(U)NCO(UF) such that T' € U™, v is the exterior unit normal to QU™ at each point
of T (i.e., UT and Q lie on the same side of I'), Q¢* < 0in Ut and T - v = 1 almost
everywhere on I' in the same sense as in [3]; that is, for almost every y € T,

Vyt(x)  U(x)

(2.2) lim =1
Usxoy /11 VO (0]

Definition 2.2. Given a domain 2 as above, a lower Bernstein pair (U~,¢ ™) for a
curve I' C 99 and a function H in is a domain U~ and a function ¢~ € C?(U~) N
CO%(U~) such that T' € OU™, v is the exterior unit normal to QU™ at each point of T
(i.e., U~ and Q lie on the same side of '), Q= > 0in U™, and T¢~ - v = —1 almost

everywhere on I' (in the same sense as above).

The existence of Bernstein pairs is established in Lemmas [2.4] and
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Lemma 2.3. Let a < b, A € (0,1), ¢ € C**([a,b]) and T = {(z,¢(z)) € R? : 2 € [a,b]}
such that ¢¥'(z) < 0 for z € [a,b], ¥ (x) < 0 for x € [a,b] \ J, there exist C; > 0 and
€1 > 0 such that if T € J and |v — T| < e, then ¥"(x) < —Ci|r — Z|*, where J is a
finite subset of (a,b). Then there exists an open set U C R? with T' C OU and a function
h € C*(U)NC%U) such that U is a closed, C** curve, T lies below U in R? (i.e., the
exterior unit normal v = (v1(x), va(x)) to OU satisfies va(x) <0 fora <z <b), Nbh =0
in U and Th-v =1 almost everywhere on an open subset of OUT containing T (i.e.,
holds).

Proof. We may assume that a,b > 0. There exists ¢ > b and k € C?*([—c,¢]) with
k(—x) = k(x) for = € [0,¢] such that k(x) = —¢(z) for = € [a,b], K"(z) > 0 for x €
[—c,c] \ J, where J is a finite set, k”(0) > 0, and the set

K ={(z,k(z)) e R*:z € [—¢, ]}

is strictly concave (i.e., tk(z1) + (1 — t)k(z2) > k(tx1 + (1 — t)x2) for each t € (0,1)
and x1, 9 € [—c, ] with z; # z2). From [6, pp. 1063-1065], we can construct a domain
Q(K,1) such that K C 0Q(K, 1) and Q(K,1) lies below K (i.e., the outward unit normal to

QK1) at (z,k(z)) is v(z) = (=K' (x),1)/\/1 + (K'(x))?; see [6, Figure 4]) and a function

FT e C?(QK,1)NC%QK, 1)) such that NF* =0 and the function

(VF"(x), 1)

u(x) <
1+ |VFH(x)?

x € (K, 1),

extends continuously to a function i on Q(K, )UK and ji(z, k(x))-v(z) = 1 for z € [—c¢, c].
Now let V be an open subset of  with C>* boundary such that {(z,—¢(z)) : = €
[a,b]} € OV and OV N (0Q(K,1)\ K) = 0 and then let U = {(z,—y) : (z,y) € V} and
h(z,y) = F¥(z, —y) for (z,y) € U. O

Lemma 2.4. Suppose ) is a locally Lipschitz domain in R?, T' is a C>* open subset of O
for some A € (0,1), and the curvature A of T' is either negative or nonpositive, vanishes
only at finite number of points of I' and holds at each such point. Lety € I'. Then
there exist 6 > 0 and upper and lower Bernstein pairs (U%,¢%) for (T N Bs(y),0).

Proof. Let © C R? be an open set, I' C 9Q be a C?* curve and y € T be a point at which
we wish to have upper and lower Bernstein pairs for H = 0. Notice that implies
that the “curvature” condition in Lemma (i.e., after rotating 2, the condition that
if A(Z,%(T)) = 0, then ¢"(z) < —Cy|z — T|* when 2 is near Z) is satisfied. Choose a
neighborhood V of y and a rigid motion ¢: R?> — R? such that X Yy nea c T and
the curve ((X) satisfies the hypotheses of Lemma Let U and h be as given in the
conclusion of Lemma Then (¢~1(U), h o ¢) will be an upper Bernstein pair for ¥ and
H =0 and (("'(U),—h o) will be a lower Bernstein pair for ¥ and H = 0. O
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Lemma 2.5. Suppose Q is a C** domain in R? for some A € (0,1), y € 0Q and
A(y) < —2|H(y)|, where A(y) denotes the curvature of OQ at'y. Then there exist 6 > 0
and upper and lower Bernstein pairs (UT, %) for (T, H), where T' = Bs(y) N 09Q.

Proof. We may assume H # 0 in any neighborhood of y since Lemma [2.4] covers this case.
There exists 01 > 0 such that A(x) < —2|H(x)| for each x € 9Q N By, (y). There exists a

d2 € (0,61/2) such that
Ao def sup{A(x) : x € 90N Bs,(y)} < inf{—2|H(x)| : x € QN By, (y)} def —2H,.

Fix ¢o € (—1/(4Hy),0) and set

1—\/1+4COH0 1+\/1+4COH0
ry = and 79 = .
2H, 2H,

Let q € 092 N Bs,(y) and set p = p(q) = q + mr(q), define 7(x) = 74(x) = |x — p|
and consider the annulus A = A(q) o {x € R? : r; < 7(x) < 12} let vy denote
the exterior unit normal to A(q). Let z = h(7) (= hq(Tq)) be a unduloid surface (see
for example [9,/16]) defined on the annulus A(q) which has constant mean curvature
—Hp < 0 and becomes vertical at 7 = ry,7y (with Thq - vq = 1 on g = r; in the
limiting sense (i.e., holds)). Notice that A(q) touches 92 at q and so there exists
0 < 03 < min{dy/2,79 — 71} such that A'(r) < 0if 11 < r < r; + d3 and for each
q € 90N Bs,(y), {x € Bs,(y) : |x—p(a)] = 1} € QU {q} (see Figure 2.1). We
shall assume that 03 is picked small enough that the curvature of 0Bs,(y) is larger than
supq 2|H|.

Figure 2.1: 092 (red); A(q) (blue); U = QN By, (y) (green).

Set 21 = h(r1) — h(re) (= 1/(2Hp)) and fix 29 > z;. Let 90" be the variational solution
of the Dirichlet problem N¢™ = —2Hj in U = QN By, (y), ¥ = 20 on I = By, (y) N 0N
and ¢ =0 on OU \ T'. Notice that 1) assumes its Dirichlet boundary value (of zero) on
OU \T. For each q € T', we have

PT(x) =0 < hg(Tq(x)) for all x € AU N A(q)

and Thq - vq = 1 on 7g(x) = r1; it follows from [8, Theorem 5.1] that ¢ (x) < z for
every x € U N A(q). As q varies over I', we see that 1™ < 2y in U. Therefore the trace
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of 4T is strictly smaller than its prescribed Dirichlet boundary value (of z2) on I' and
so Tyt - v =1 on T} this follows, for example, from [2,20]. Thus (U,+™) is an upper
Bernstein pair for (T', H). Now define ¢~ = —¢™ in U. O

Remark 2.6. Suppose €2 is a C>* domain in R? for some A € (0,1), y € 9Q and A(y) <
2|H(y)|, where A(y) denotes the curvature of 9Q at y. If H is non-negative in U N Q
for some neighborhood U of y, then the argument which establishes |10, Corollary 14.13|
and boundary regularity results (e.g., [2,20]) imply that there exist § > 0 and an upper
Bernstein pair (UT,9™) for (', H), where I' = Bs(y) N 9. If H is non-positive in U N2
for some neighborhood U of y, then there exist ¢ > 0 and a lower Bernstein pair (U, ¢ ™)
for (I', H), where I' = Bs(y) N oS.

Proof of Theorem . We note, as in [16], that the conclusion of Theorem is a local one
and so, for small § > 0, we can replace Q by a C** set Q* such that QN Bs(y) = Q*NBs(y)
and Q* C Bys(y). We may assume (2 is a bounded domain. Set Sy = {(x, f(x)) : x € Q}.
From the calculation on page 170 of [16], we see that the area of Sy is finite; let My denote

this area. For ¢ € (0, 1), set
87TMO
0) = .
p(9) \/ n(1/9)

Let £ = {(u,v) : u?> +v? < 1}. As in [5,[16], there is a parametric description of the

surface Sp,

(2.3) Y (u,v) = (a(u,v),b(u,v),c(u,v)) € C*(E : R?),
which has the following properties:

(a1) Y is a diffeomorphism of E onto Sp.

(ag) Set G(u,v) = (a(u,v),b(u,v)), (u,v) € E. Then G € C°(E : R?).

(az) Set o(y) = G71(0Q\ {y}); then o(y) is a connected arc of OF and Y maps o(y)
onto I\ {y}. We may assume the endpoints of o(y) are 01(y) and o2(y). (Note
that 01(y) and oz(y) are not assumed to be distinct.)

(aq) Y is conformal on E: Y, - Y, =0,Y,-Y, =Y, Y, on E.
(a5) AY := Yy + Yy, = H(Y)Y, x Y, on E.

From Lemmawhen H =0and Lemmawhen H satisfies (1.1]), we see that upper and
lower Bernstein pairs (U*,¢%) for (I', H) exist. Notice that for each C € R, Q()+ +C) =
QM) <0on QNUT and Qv +C)=Q(¢") >00on QNU~, and so

(2.4) N@T +C)(x) <2H(x, f(x)) = Nf(x) forxe QnU"
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and
(2.5) N~ +C)(x)>2H(x, f(x)) = Nf(x) forxeQnU".

Let g denote a modulus of continuity for ¢)* and .

Let ((y) = 0F \ o(y); then G(¢(y)) = {y} and o01(y) and o2(y) are the endpoints of
((y). There exists a 01 > 0 such that if w € E and dist(w,{(y)) < 261, then G(w) €
Ut NU~. Now T9* - v = +1 (in the sense of [3]) almost everywhere on an open subset
T+ of OU* which contains T'; there exists a do > 0 such that (OUT \ Y*) N {x € R? :
Ix —y| < 2p(d2)} = 0. Set 6* = min{dy, J2} and

V*={w e E:dist(w,((y)) < d*}.
Notice if w € V*, then G(w) e UT NU".
Claim. Y is uniformly continuous on V* and so extends to a continuous function on V*.

Proof. Let € > 0. Choose § € (0,(6*)?) such that p(8) + 2¢(p(6)) < e. Let wi,wq € V*
with |[wi—ws| < §; then G(w1),G(wa) € UTNU ™. Set C(w) = {u € E: [u—w| =r} and
B,(w) ={u € E:|u—w| <r}. From the Courant-Lebesgue Lemma (e.g., Lemma 3.1
in [4]), we see that there exists p = p(d) € (9, \/3) such that the arc length [,(w1) of
Y (Cp(w1)) is less than p(d). Notice that wa € B,y (w1). Let

k() (wy) = in c(u) = inf X
)W) ueCy(5)(w1) (w) xEG(Cp(&)(Wl))f( )
and
m(6)(wi) = sup c(u) = sup  f(x)
ueC, 5y (w1) x€G(Cp(s)(w1))

(recall that ¢(-) is the third component of Y in ([2.3))); then
m(@)(w) — k(@) (w1) < 1, < p(0).
Fix xq € C;(é) (Wl) Set

Ct = inf YpT(x) and O = sup P (x).

n
x€UTNC 5 (w1) X€U~NC! 5 (w1)

Then vt —CT >0on Ut N Clsy(wi) and ¢~ — C~ < 0on U™ NCY 5 (w1). Therefore,
for x € UF NU™NCY 5 (w1), we have

k(0)(w1) + (¥ (x) = C7) < f(x) < m(0)(w1) + (¥ (x) = CT).

Set
bT(x) =m(8)(w1) + (T (x) = CT) for x € U NG(B,y;5)(w1))



492 Mozhgan Nora Entekhabi and Kirk E. Lancaster

and
b~ (x) = k(6)(w1) + (¥ (x) =C7) for x € U™ NG(By5(w1)).

Now p(0) < V§ < 6* < dy; notice that if w € Bys)(w1), then |[w — wi| < 2 and
|G(w) —y| < 2p(J2) and thus if x € G(B,g) (w1)) N OUF, then x € T*. From (2.4) and
(2.5), the facts that b= < f on U™ N C} 5 (w1) and f < bt on Ut N C5)(w1) and the
general comparison principle (see [8, Theorem 5.1]), we have

b~ < f onU™ N G(Bp((;)(wl))
and

F<bT on UM NG(Bys)(w)).

Since the diameter of G(B,)(w1)) < p(6), we have [¢*(x) — CF| < ¢(p(6)) for
xecU*n G(B(5)(w1)); recall that g(-) is a modulus of continuity for 4" and ¢~. Thus,
whenever x1,Xy € G(B,;)(w1)), we have x1,x9 € UT NU~. Since ¢(w) = f(G(w)),
G(wy) e UTNU™ and G(wz) e Ut NU™, we have

b= (G(w1)) = b (G(w2)) < c(wi1) — c(w2) < b7 (G(w1)) — b7 (G(w2))
— [m(0)(w1) — k() (w1) + (¥ (G(w2)) = CT) = (¥ (G(w1)) + C7)]
< e(wi) — ¢(wa)
< [m(0)(w1) = k(0)(w1) + (¥ (G(w1)) = CF) = (¥ (G(w2)) + C7)].
Since [¢*(G(w)) — C*| < q(p(9)) for w € B, (w1) N UE, we have
le(w1) — e(w2)| < p(6) + 2q(p(d)) <.

Thus ¢ is uniformly continuous on V* and, since G € C°(E : R?), we see that Y is
uniformly continuous on V*. Therefore Y extends to a continuous function, still denote
Y, on V*. O

Notice that

li = li =
F131>£gyf<X) 6E'3wl£>n01(y) C<W) C(Ol (y))
and
li = li =
anl)rcn—>y f<X) 6E9wl£>n02 (y) C<W) 0(02 (Y))

and so, with z; = ¢(01(y)) and 22 = c¢(02(y)), we see that the limits

li = d li =
oy [0 =2 and A, T60 =2
exist.

Now we need to consider two cases:
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(A) 01(y) = 02(y).

(B) 01(y) # 0a(y)-

These correspond to Cases 5 and 3 respectively in Step 1 of the proof of [16, Theorem 1].
Case (A). Suppose 01(y) = 02(y); set 0 = 01(y) = 02(y). Then f extends to a function
in CO(QU{y}) and Theorem (1) holds.

Proof. Notice that G is a bijection of EU{o} and QU{y}. Thus we may define f = coG™1,
so f(G(w)) = ¢(w) for w € E U {o}; this extends f to a function defined on QU {y}.
Let {9;} be a decreasing sequence of positive numbers converging to zero and consider the
sequence of open sets {G(B,;(0))} in Q, where p(i) = p(di(0)). Now y ¢ G(C,z)(0))

and so there exist o; > 0 such that
P(i) ={x€Q:|x—y| <o} CG(By;l(o))

for each ¢ € N. Thus if x € P(i), we have |f(x) — f(y)| < p(d;) +2¢(p(d;)). The continuity
of f at y follows from this. O

Case (B). Suppose 01(y) # 02(y). Then Theorem [1.1fii) holds.

Proof. As at the end of Step 1 of the proof of [16, Theorem 1], we define X: B — R? by
X=Yogand K: B— R? by K = G og, where B = {(u,v) € R? : u? +v? < 1,v > 0}
and g: B — FE is either a conformal or an indirectly conformal (or anticonformal) map
from B onto E such that g(1,0) = 01(y), g(—1,0) = 02(y) and g(u,0) € o1(y)oz(y) for
each u € [—1, 1], where ab denotes the (appropriate) choice of arc in JF with a and b as
endpoints.

Notice that K(u,0) =y for u € [-1,1]. Set z =aog, y =bogand z =cog, so
that X (u,v) = (z(u,v),y(u,v),z(u,v)) for (u,v) € B. Now, from Step 2 of the proof
of |16, Theorem 1],

X e CO(E : R3) OCI’L(BU{(U,O) —l<u<1}: R3)

for some ¢ € (0,1) and X (u,0) = (y, 2(u,0)) cannot be constant on any nondegenerate
interval in [—1,1]. Define O(u) = arg(z,(u,0) + iy, (u,0)). From equation [16, (12)], we
see that

o = ulir_m1 O(u) and ag= 11}%1 O(u);

here a; < . As in Steps 2-5 of the proof of [16, Theorem 1], we see that Rf(f) exists

when 6 € (a1, as),

G 1(L(a2))NOE ={o1(y)} (and K~ (L(ag))NdB ={(1,0)}) when as < B(y),
G 1 (L(a1))NOE ={o2(y)} (and K~1(L(ay))NdB ={(—-1,0)}) when a; > a(y),
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where L(6) = {y + (rcos(),rsin(f)) € Q : 0 < r < §*}, and we see that Rf is strictly
increasing or strictly decreasing on (o, az). We may argue as in Case A to see that f is

uniformly continuous on

QO = {y + (rcos(f),rsin(0)) € Q:0<r < d,a0 <0 < B(y) + €}
and f is uniformly continuous on

Q7 ={y+ (rcos(d),rsin(f)) € Q:0<r <d,aly) —e<0<ai}

for some small € > 0 and § > 0, since G is a bijection of FU {0;(y)} and QU {y} and a
bijection of E'U{o02(y)} and QU {y}. Theorem [I.1| then follows, as in [7], from Steps 2-5
of the proof of |16, Theorem 1]. O

Proof of Corollary [1.3] From Theorem we see that the radial limits Rf(6,y) exist
for each 0 € [a(y),5(y)]. Set z1 = Rf(a(y),y), 22 = Rf(B(y),y) and z3 = ¢(y). If
21 = z9, then Theorem u(l) holds. (If f is symmetric with respect to a line through y,
then z; = 2o and we are done.)

Suppose otherwise that z; # z9; we may assume that z; < z3 and z; < z9. Then there

exist a1, a9 € [a(y), B(y)] with a1 < ag such that

constant (= z1) for a(y) <0 < aq,
Rf(0,y) is { strictly increasing for a; <60 < as,

constant (= z3) for ag < 6 < B(y).

From Theorem we see that Rf(0,y) exists for each y € I and 6 € [a(y), B(y)] and f
is continuous on Q UT \ T for some countable subset T of I'. Let zp € (21, min{z2, z3})
and 0y € (aq, ag) satisfy Rf(0g,y) = z0. Let Cy C  be the zg-level curve of f which has
y and a point yo € 9\ {y} as endpoints. Let y; € I'1(y) NI'\ T and y2 € Cj such that
the (open) line segment L joining y; and y3 is entirely contained in €; recall that I';(y)
is the “lower” component of QN Bs(y) \ {y} (see Figure[1.1)). Let M < min{zy,infy, f}.
Let IT be the plane containing (y,z9) and L x {M} and let h be the affine function on
R? whose graph is II. Let Qg be the component of 2\ (Co U L) whose closure contains
Bs(y) NT'1(y) for small 6 > 0. By first choosing y» sufficiently near y and then choosing
y1 sufficiently near y, we may assume that y is the furthest point on Cy between y and
y2 away from L. Then h =M < f on L, h < zg = f on the portion of Cy between y and
y2, and h(y) = z0 > Rf(0,y) for each 6 € [a(y),0p). Thus h < f on QNI and h > f
on B;(y) N 09y for some sufficiently small 6 > 0.

Then there is a curve C' C )¢ on which f = h whose endpoints are y3 and y, for some

y3 € I'1(y) between y; and y, such that h > f in Q, where Q; C g is the open set
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bounded by C' and the portion of I';(y) between y and ys. (In Figure on the left,
{(x,h(x)) : x € C} is in red, L is in dark blue, Cj is in yellow, and the light blue region
is a portion of 8;,9 x R, and, on the right, €; is in light green and I's(y) is in magenta.)

\v
Figure 2.2: Side View of II N (2 x R) (left) and Q2 (right).

Now let g € C?(2) be defined by g = f on 2\ ©Q; and g = h on €; and observe that
J(g9) < J(f). (The functional J(f) includes the area of the blue surface in Figure
which is a subset of 02 x R, and the area of the purple surface of this figure, which is
the subset of the graph of f over €y while J(g) does not include the areas of the blue
and purple surfaces and instead includes the area of the green surface on the left side of
Figure which is the portion of the plane II over ;.)

Figure 2.3: Graph of f over ©; (purple) and part of 902 x R (blue).

This contradicts the fact that f minimizes J. Thus it must be the case that z; = 29,
Theorem [1.1fi) holds and f is continuous at y. (Notice that the set 0 = {x € Qg : h(x) >
f(x)} could be more complex but the proof is unchanged; if V' is an open set in Qy with
h<finV,h=fondVNQand h < fon dV NN is an “inclusion” in 4, it does not
matter; we still set g =h on ©Q; and g = f on Q\ 2;.) O

Proof of Corollary [1.2] The proof of Corollary [I.2]is essentially the same as that of Corol-
lary we replace f with a function g and obtain a contradiction by showing J(g) < J(f),

where

u(x)
= 2 —
J(w) /Q\/l—l—\Du] dx+/ﬂ (/ 2H(x,t)dt) dx—i—/m u— @[ ds

for u € BV ().

As in the proof of Corollary we assume z1 < 23, 21 < 22, and Rf(6,y) is strictly
increasing on (a1, az) and constant on [a(y), a1] and [ag, B(y)]. Let 2o € (21, min{z2, z3})
and 0y € (a1, a2) satisfy Rf(0p,y) = 2. Extend H so H € C'(R?). Let R > 0 be
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small enough that 2R|H(x)| < 1 for all x € Bar(y). Set 0, = (6o + B(y))/2 and T =
{y +r(cosby,sinb) : r € R}, and let C(R) be the circle of radius R which passes through
y, is tangent at y to the line T, and intersects I'1(y). Let V(R) be the open disk inside
C(R). (In Figure the blue arcs are part of 9L, locally Q lies below these blue arcs,
the red rays represent 6 = 6y, and, on the right, V(R) is the yellow disk, C(R) is the black
circle, and T is the green line.) Notice that (1.2)—(L.3) in the domain V(R) is solvable for
all ¢ € C°(C(R)).

Figure 2.4: U (green region; left); C'(R) (black circle; right).

Let h € C*(V(R)) satisfy Qh = 0 in V(R), h(y) = 20, h < f on C(R) N Q (recall
Rf(by,y) > Rf(0,y) = 20), and h < zp on C(R) \ . Set U = {x € QNV(R) : h(x) >
f(x)} (see Figure and notice that T'1(y) N Bs(y) C U C V(R) U {y} for some § > 0.
Now define g € C%(Q) by g=h on U and g = f on Q\ U. Then J(g) < J(f) as before in
the proof of Corollary O

Proof of Example [1.4] By Corollary f is continuous on Q U {(0,0)}. Clearly f is
continuous at (z,y) when (z + 1)2 + 3> = cosh?(1). By [24], f is continuous at (z,v)
when (z +1)?2 4+ y? =1 and (x,y) # (0,0). The parametrization (2.3) of the graph of f
(restricted to Q \ {(z,0) : z < 0}) satisfies Y € C°(E). Notice that ¢((0,0)) = {o} (since
B((0,0))—a((0,0)) = 7 and z; = z2) for some o € JE. Suppose G in (ag) is not one-to-one.
Then there exists a nondegenerate arc ( C JF such that G(¢) = {y1} for some y; € 99
and therefore f is not continuous at y;, which is a contradiction. Thus f = go G~! and
so f € CY(Q). (The continuity of G~! follows, for example, from Lemma 3.1 in [4].) O

Remark 2.7. The term “order of non-uniformity”, used in |17], and the term genre, es-
tablished in 1912 by Bernstein, adopted by Serrin (see [23, p. 425]) and used in [13], are
numbers which measure the variation from uniform ellipticity of a quasilinear elliptic op-
erator; the genre and the “order of non-uniformity” for the minimal surface operator are
both equal to two (2) while the genre and the “order of non-uniformity” for uniformly
elliptic operators are both equal to zero (0). We are confused by the invention for a new

phrase for an existing and named phenomenon.
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