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Second-order Necessary Optimality Conditions for an Optimal Control
Problem

Toan Nguyen* and Thuy Le
Abstract. Second-order necessary optimality conditions for an optimal control prob-
lem with a nonconvex cost function and state-control constraints are studied in this
paper. By establishing an abstract result on second-order necessary optimality con-

ditions for a mathematical programming problem, we obtain second-order necessary

optimality conditions for an optimal control problem.

1. Introduction

A wide variety of problems in optimal control problem can be posed in the following form.

Determine a control vector u € LP([0, 1], R™) and a trajectory
z € WHP([0,1],R"), 1< p < oo,
which minimize the cost
1

(1.1) J () = /0 L(t, (8, u(t)) dt,
with the state equation
(1.2) z(t) = A(t)x(t) + B(t)u(t) a.e.t € [0,1],
the initial condition
(1.3) z(0) = ¢,
and the mixed constraint

(1.4) g(t,x(t)) +bu(t) <0 ae. te]0,1].
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Here, WHP([0, 1], R") is the Sobolev space, which consists of absolutely continuous func-
tions z: [0,1] — R™ such that ¢ € LP([0,1],R™). Its norm is given by

2]l = l2(0)] + |2,

The notations in f have the following meanings:
— x, u are the state variable and the control variable, respectively,
— L:[0,1] x R® x R™ — R and g: [0,1] x R® — R™ are given functions,
— A(t) = (a1 (t))nxn and B(t) = (bg(t))nxm are matrix-valued functions,
—c € R" and b € R* are constants.
Put
X =w'([0,1],R"), U= LP([0,1,R™), Z=X xU,

and

(1.5) E={z=(z,u) € X xU: (L.2) and (1.3) are satisfied}.

We define a mapping
G(z) = G(z,u) = g(-,x) + bu.

When g(-,z(-)) + bu(-) € C([0,1]) by a traditional approach, we can define a mapping

Oz, u) = max{g(t 2(t) + bu()}

and reduce the problem ([1.1] . ) to the mathematical programming problem
Minimize J(z,u) subject to (z,u) € E, ®(x,u) <0.

Unfortunately, g( -, z(+)) + bu(-) belongs to LP([0,1],R™) in general, we fail to define ® as
above. Therefore, we need to find a suitable model for the problem (|1.1] . Let us

define a closed convex cone
Q= {ve LP(0,1,R™) : v(t) <0 a.e. t €[0,1]}.
Then, the problem f becomes
Minimize J(z,u) subject to (z,u) € E, G(z,u) € Q.

Note that E is a closed convex set and () is a nonempty closed convex cone. By the
assumption (H2), we also have E # () (see Lemma [5.2).

This type of problems is considered and investigated in [7,8,(10,[22} 31} 38-40,42,|44]
and the references therein.

The study of optimality conditions is an important topic in variational analysis and

optimization. In order to give a general idea of such optimality conditions, we consider



Second-order Necessary Optimality Conditions for an Optimal Control Problem 227

for the moment the simplest case, when optimization problem is unconstrained. Then,
stationary points are given by the first-order optimality condition. It is well known that
the second-order necessary condition for stationary points to be locally optimal is that the
Hessian matrix should be positive semidefinite. There have been many papers dealing with
the first-order optimality condition and second-order necessary condition for mathematical

programming problems; see, for example, [2}|3}5,9,/17,1932}36].

By considering a set of assumptions involving different kinds of the critical direction
and the Mangasarian-Fromovitz condition, Kawasaki [19] derived second-order optimality
conditions for a mathematical programming problem. However, the results of Kawasaki
cannot be applied for nonconical constraints. In [9], Cominetti extended the results of
Kawasaki. He gave second-order necessary optimality conditions involving Kuhn-Tucker-
Lagrange multipliers for optimization problem with geometrical and functional constraints.
The novelty of this result with respect to the classical positive semidefiniteness condition
on the Hessian of the Lagrangian function is that it contains an extra term, which repre-
sents a kind of “second-order derivative” associated with the target set of the functional

constraints of the problem.

Besides the study of optimality conditions in mathematical programming, the study of
optimality conditions in optimal control is also of interest. There have been many papers
dealing with the optimality condition for optimal control; see, for example, [416,11,/12}/14-
161,20,,23,(24,|26/28|, 323541143}, 45]. We refer the reader to [4}11,[12,|16}20,23,32-35] for
recent studies on first-order necessary optimality conditions and second-order necessary
optimality conditions for continuous optimal control problems. To deal with second-
order optimality conditions for the problem 7, one often require that ) has a
nonempty interior. When @ C LP([0,1],R™) with 1 < p < oo then its interior is likely
empty (see |21, Example 1.1]). Hence, in order to have that @ is of nonempty interior,
one must requires that @ C L*°([0,1],R™) and so we need control variable u belonging
to L*°([0,1],R™). By this approach, Péles and Zeidan in [32-35] obtained second-order
necessary optimality conditions for the optimal control problem f.

Note that if we consider the problem under the assumption that control variable
u € L*>([0,1],R™) then, when the constraint sets are unbounded, the problem ([1.1f)—
generally has no solutions in WP ([0, 1], R") x L°°([0, 1], R™) because the objective
function does not satisfy coercivity conditions. Besides, multipliers belong to the dual
space L*°([0,1],R™)*, which are measures rather than functions. Therefore, it had better
we require (z,u) € WHP([0,1],R?) x LP([0,1],R™) with 1 < p < co. For this we first es-
tablish the second-order optimality conditions for a mathematical programming problem.
We then derive the second-order optimality conditions for an optimal control problem.

This approach allows us to obtain necessary optimality conditions when the interior of ()
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is empty.

The paper is organized as follows. In Section we state our main result (Theorem.
Section |3| gives basic definitions and preliminaries which will be used in the sequel. To
prove the main result, we first derive necessary optimality conditions for a mathematical
programming problem (Theorem , which is given in Section 4| and then apply the
obtained results for the problem f. The proof of the main result is given in
Section 5] In Section [ we give some examples to show that if the second-order necessary
condition is not satisfied, then the admissible couple is not a solution even it satisfies

first-order necessary conditions.

2. Statement of the main result

Recall that a couple (7, ) is said to be admissible if it satisfies constraints ([1.2[)—(1.4]).

For a given admissible couple (Z,u), the symbols
L(t), Ly(t), Lys(t), etc.,
stand, respectively, for
L(t,z(t),u(t)), Ly(t,x(t),u(t)), Lax(t,T(t),u(t)), etc.

An admissible couple (Z,w) is said to be a locally optimal solution of the problem (|L.1))—
(1.4) if and only if there exists e > 0 such that for all admissible couples (x,u), the

following implication holds:
||(337U)—(f,ﬂ)"z§6 = f(xaU)Ef(ﬁﬁ)
To deal with our problem, we impose the following assumptions:

(H1) The function L: [0,1] x R® x R™ — R has properties that L(-,x,u) is measurable
for all (z,u) € R® x R™, L(t,-,-) is a function of class C? for almost every ¢ € [0, 1],
L(t,0,0) € L'([0,1],R) and for each M > 0, there exist a positive number ks and
a non-negative function wrys € L*([0,1],R) such that

|Lo(t, 2, )| + |Lu(t, @, u)| < kpar(J2] + [ulP ™) + wrar (D),

(

|Lﬂ7(t? z, U) - Lm(ta .T/, ’U,/)‘ S kLM(

p—1—3>0 ' ‘

|Ly(t,x,u) — Ly(t,z,u')| < kpm Z lu— o/ [P~ o
=0

@ — 2| + Ju — o)),

for all z, 2/ € R™ satisfying |z, |2'| < M and u,u’ € R™. Also for each M > 0, there
exists a constant ks > 0 such that
|Lyz(t,2,u) — Log(t, 2", 0))| < kpp(|o — 2| + |u — o)),

|Low(t, 2, u) — Loy (t, 2, u))| < kpy(|o — 2| + e|lu — u’|p71)
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(withe=0ifl<p<2ande=1if p>2)and

=0 if1<p<2,

| Lo (t, 2, u) — Ly (t, 2, 0')] ) o
’ < ko Y0 u = PRI i p > 2

for a.e. t € [0,1], for all z,2’ € R™ with |z|, |2/| < M and u,u’ € R™.

(H2) The matrix-valued functions A: [0,1] — M, »(R) and B: [0,1] — M, ,»(R) are

measurable and essentially bounded.

(H3) The function g: [0,1] x R™ — R™ is continuous and of class C? with respect to the
second variable, and satisfies the following properties: g(-,0) € LP([0,1],R™) and
for each M > 0, there exists a constant /437 > 0 such that

192 (t, )| + [gaa(t, )| < lgnt,
’gm(tvx) - gm(ta x/)’ + |g;m(t7x) - g;m(tvx/)’ < lgM|x - 1'/’

for a.e. t € [0,1], for all z, 2’ € R™ with |z|,|2'| < M.
(H4) For each v € @, there exists u € LP([0, 1], R™) such that
9:()(@ —T)+bu+g(-) —veq,
where = and u are satisfied the state equation and the initial condition .

The assumptions (H1) and (H3) guarantee that J(x,u) and G(z,u) are second-order
Fréchet differentiable on WP([0, 1], R™ x LP([0, 1], R™) (see |21} Proposition A] or Lemma
and Lemma, where the last condition in (H1) ensures that the second-order Taylor ex-
pansion is valid. Meanwhile, (H4) guarantees that the Robinson condition is satisfied (see
Lemma [5.5). In contrast with the case where the control variable u € L*°([0,1],R™),
the objective function J(z,u) is difficult to be second-order Fréchet differentiable on
WhP([0,1],R™) x LP([0,1],R™). However, when L(t,x,u) is a polynomial of variables x
and u then the assumption (H1) is easily fulfilled. Let us give some illustrative examples
to show that L(t,z,u) satisfies (H1).

Example 2.1. Let p=11/5 and L: [0,1] x R? x R? — R is defined by
11/5 , 11/5

L(t,x,u) =22 +up ' +uy ', Vo= (r1,22) €R? u= (uy,ug) € R%

Then, L(t,x,u) satisfies the assumption (H1).

Indeed, we have

11
Lo(t,z,u) = (221,0), Lu(t,2,u) = E(u?/‘“’,q,bg/f’), Lou(t,,u) = Lyg(t, z,u) =0
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and
5
2 0 66 |ui> 0
Lxx(t7$au) = 5 Luu(tal‘vu) = 55
0 0 2510w’
So,
| Lo (t, 2, u)| = 2la| < 2(|z] + [u[*/%),
’LCE(ta$au) - Lﬁ(t’aj,?u,” = 2|.’E1 - $,1| < 2(|l’ - .CE/| + |u - ul|)
Since
(2.1) a4+ 0" <(a+b™, Va,b>0, m>1,
we get

11 11 11
Lt 20| = (@D + ()95 < —Jul®/® < —((ul®/® + Ja)).
We now show that there is a constant C > 0 such that
(2.2) | Ly (t, 2, u) — Ly (t, 2, 0")| < C(ju— '[9 + |u— o/ |V/o ).

We have

Lt ) = Lulty o) = 5/ 87 — @)055)2 + (u/® — (a5

We will prove that there exists C; > 0 such that

D) < [§flur =+ o il

Put v} = a, u1 = a + h, then (2.3) is equivalent to

(2.3)

(2.4) Y a+ h)s — Vab| < ¢y [WJF mhua@ .
Since
a® —b° = (a — b)(a* + a®b + a®b? + ab® + b*)
= (a—b)((a® = 0*)? + (Va3 + Vab®)? + a®?), Va,beR,
we have
1a3b? — a?b3| = |a®b*(a — b)| < |a® — V7|,
latb — ab?| = |ab(a® — b3)| = |(a — b)(a®b + a®b? + ab®)| < |a® — b°|.
So,

(2.5) la —b® < |a® — b°| + 5la’b — ab?| + 10]a®V? — a®b?| < 16]a® — b°|.
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This implies that

Ylat ) — Vab| < 16/(a+1)° — o
< 16[|h|° + 6|h|°|a| + 15|h[*|a|* + 20|h|*|a|® + 15|k[*|a|* + 6|h||al’]
< 320[A° + [B|al + [h[*al* + [BP|al® + [h[*|a|* + |R]|al]
< 320[Y/1h[6 + /]h]|al]’.

Therefore, the inequality is valid with C; = v/320, and so is . Thus,

(2.6)
|L(t, z,u) — Ly (t, z,u')|

11 6/5 6/5
= I — ey + w8 — oy

11 2 2
< 5V (o=t + = adlil) (o=l + iffun =y

11 2 2 2 2
< 5 vEa (Ffla =)+ (o= adlit) + (tfhua =) + (e = i)

11 2 2
S g\/ 2C1\/<\5/ |U1 — U/1|6> —+ <\5/ |'LL2 — ’U/2|6>
2

2
W(f/wl—uanuu) +(¢/|u2—ua||ua|) .

Since ([2.1]) holds, we have

(2.7) \/(M)2+<m>2g (\/|u1_u/1,2+,u2_u,2|2>

=|u— u’|6/5.

6/5

From the inequalities

CLSCQ S (a2 _}_02)5’ CLGC4 S (a2 +62)5,

we have
5b5d%(a®/5c%) < 5b%d%(a® + ),  10b5d*(aS/°¢*5) < 1005d% (a® + P).
So,
(a2/5b2 Jrc2/5d2)5 < (CL2 +C2)(b2 +d2)5.
Hence,
2 2
(/= i)+ (e =l
(2.8)

1/5
< (Vi =P =) ) ) =
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Combining (2.6)), (2.7) and (2.8)), we obtain (2.2) with C' = %\/ 2C'1. We also have
|Lyz(t,z,u) — Lyz(t, 2", 0")] =0, |Lpu(t, x,u) — Lyy(t,2',u")| =0

and
66
() = Lt 2,0)] < 32 (Ju® = ()] + uy® = () 7))

Since f(y) = y'/° is Holder continuous with order § = 1/5, there exists a constant k such
that

L (b, 0) — L (t 2, 0)] < GMW 5 _ (152 + [ulf® — (uh)1/5]2

66 k
< OV P + = ()P

From (2.5)), we have
662k V/16 1o
La(t,0) = Loty £ =2 <\/yu1 — 2+ Juy — (u'2>\2)

10

Thus, the function L(t,x,u) satisfies the assumption (H1).

Example 2.2. Let p =3 and L: [0,1] x R? x R? — R is defined by

L(t,z,u) = ud — /(1 +ub) +ud, Vo= (x1,22) € R?, u = (uy,up) € R%

Then, L(t,x,u) also satisfies the assumption (H1).

Indeed, we have

5
Ly(t,z,u) =3 | uf — L,u% ,
V1+uy

Ly(t,z,u) =0, Lyyu(t,x,u) = Lyg(t,z,u) = Lyx(t,z,u) =0

and
2U1— 2u}0+5u‘11
Luu(t,:n,u) —3 (1+u?)\/1+u?
0 2’11,2

So,

Lt <3y (02— ) 4t < 503, fut ot o

y L, U)| > Uy — —F/—= Uy > u u
u 1 \/m 1 2 1+u?

< 6\/ul + uj = 6Juf” < 6(Juf’ + [a]).
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We also have

|Ly(t,z,u) — Ly(t,z,u')|

ud AL 2
-3 (u%(u&)z e 6) + (03— (u)?)?
ug (u1)
uy (u1)®

Put

(2.9) 9(y) =

By Lagrange theorem and

2y10 4 5y4 2y10 5y4
l9(y)| = < +
(14y%)/1+y5 (14 y%)/1+y5 (14y%)/1+y5
2y10 5y
S|lmg |t =Ty,
Yy

there exist 61,602 € (0,1) such that

[uf — (uh)?] < 2Juy + 01 (ur — u)lJur — u| < 2(Jui[Jur — | + |ug =y ?),

Ju3 — (u3)?| < 2(|uslluz — up| + Juz — us|*)

and
5 /\5
Uy (ul) / / /
— = |g(u] + 0s2(u; —u U — U
‘JHU? | = lo(ud Ol =l —
< Tluy + O2(uy — uy)l|ur — v
< Tlug — wy||uf | + |ug — uy ).
Hence,

Lu(t,ﬂf,U) - Lu(t7x7ul)‘

=3<IU?—(U'1)2!+IU§—( 2%+

‘ ul (u])?

\/1+“1 VARNCOAL

Jur — wi [ | + Jur — | + [uz — | |ub] + |uz — u5]?)

)

ur — o] + fua — )+ (s — 2+ i — 5P)
<27 (= 2+ = )2+ () 4 (i =+ = ) )

=27 (Ju — ||| + |u — u'|?).

233
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From , we have
(205 4 2033) (1 + 4%)3/2 — 9% /1 + 35(2y'0 + 5y%)
(1+y%)?

lyl? +20 ly|?
L+y)VI+yS (g0 V148

|y['? ly|?
(1+y5)2y/1+y5 (1+y5)2/1+ 5
< 103.

l9'(y)| =

<20

+ 18

Also by Lagrange theorem, there exists 63 € (0,1) such that
| Lo (t, 2,u) — Loy (t, 2, u')|
2l b5l o)1 4 (!
A+udvI+uf (4 w)0)y/1+ (@)
2u’ +5uy  2(uh)?+5(uy)
A+udvI+u) (4 ()91 + (@)
< 6V lus — 412 + 2 — 2 + 319/ (e + s (01 — ) s —

< 320wy —u}) — + 2[ug — ug|

6(Jur — uy| + |ug —uhl) +3

< 6V2ylur — w42 + Juz — w2 + 309]ur — |

< 618\/\u1 — |2 + Jug — uh|2 = 618|u — /|
Thus, the function L(¢,x,u) also satisfies the assumption (H1).
A pair z = (x,u) € X x U is said to be a critical direction for the problem (|[1.1])—(/1.4)

at Z = (Z,u), if and only if the following conditions hold:

/ [/ (s))ds] i(t) dt—l—/olLu(t,:U(t),u(t))u(t) dt = 0;

#(t) = A@)x(t) + Bt)u(t) a.e.t<[0,1],
x(0) = 0;
(C3) g, (t)x(t) + bu(t) € T((—o0,0];g(t) + bu(t)) a.e. t € [0, 1].
We denote by O(Z,w) the set of all critical directions to the problem (1.1)—(1.4) at

(z,u). Clearly, ©(7,u) is a convex cone, which contains (0, 0).

(€2)

We now state our main result.

Theorem 2.3. Suppose that (T,u) is a locally optimal solution of the problem (|1.1])—
and the assumptions (H1)—(H4) are satisfied. Then, there exist an unique w* €
L4([0,1],R™), and an unique v € W14([0,1],R™), v(1) = 0 such that the following condi-
tions are fulfilled:
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(a) Adjoint equation:

L.(t) = o(t) + AT (t)v(t) — w*(t)g,(t) a.e. t €0,1];

(b) Stationarity condition with respect to u:

Lou(t) = BT (t)v(t) + bw*(t) =0 a.e. t € [0,1];
(¢) Non-negative second-order condition:

/ 1 [Law(t)2(t) 4+ 2Leu(t)z(t)u(t) + Lyu(t)u?(t)] dt + / 1 w* (£) G, (1) 2% (t) dt >0
0 0

for all (z,u) € O(T,u);
(d) Complementarity condition:

w*(t) >0 and w*(t)(g(t) +bu(t)) =0 a.e. te]0,1].

Here, AT stands for the transpose of A and q is the conjugate number of p, that is,
l<g<+4ocoandl/p+1/qg=1.

3. Basic definitions and preliminaries

In this section, we recall some notations and facts from variational analysis and generalized
differentiation, which will be used in the sequel. These notations and facts can be found
in [9,(13}20,[25L129,30%37].

Let Y7 and Y, be Banach spaces and F: Y7 — 2¥2 be a set-valued map. The effective
domain, denoted by dom F', and the graph of F', denoted by gph F', are defined as

domF:={z€Y;: F(z) # 0}
and
gph F':={(z,v) € Y1 x Yo :v € F(2)}.

Let Y be a Banach space, D be a nonempty closed and convex subset of Y, and zZ € D.
We define
D(z) = cone(D —z) ={A\(d—2%):d € D, > 0}.

The set

D -z

T(D;z) = liminf
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is called the tangent cone to D at Z. It is well known that
T(D;z) = cl(D(z)) = cl(cone(D — z)).
The second-order tangent set to D at Z in the direction v € FE is defined by

D—-Z—tv
2/ 1. — T
T4(D;z,v) = lt%lmfw

2
= {w:thLO,Elwn%w,sztnv—i—;wn ED}.

When v € D(Z) = cone(D — Z), then there exists A > 0 such that v = A\(z — Z) for some
z € D. By the convexity of D, for any t, | 0, we have

thv =ty A2+ (1—t,\)Z2—Z€ D —7Z.
This implies that z + t,v € D, and so, 0 € T?(D;Zz,v). By |9, Proposition 3.1], we have
T%(D;%z,v) = T(T(D;%); v).
The set
N(D;z)={z"eY": (z",2) <0,Vz € T(D;Z)}
is call normal cone to D at z. We are familiar with
N(D;z)={z"eY": (z",2—%) <0,Vz € D}.

Obviously, 72(D;z,0) = T(D;Zz). It is clear that if T?(D;z,2) # ) then z € T(D;Z%).
However, if we let D = {(z1,22) € R? : zp > |z[%?} and Z = (0,0), v = (1,0) then
v € T(D,Z) = {(21,22) € R?: 29 > 0}, but T%(D, z,v) = 0 by |5, Example 3.29].

4. The optimal control problem as a programming problem

By using some results from [9] on second-order necessary optimality conditions for a
mathematical programming problem under inclusion constraints, this section establishes
the theorem, which is the main tool for our subsequent investigations on the optimal
control problem.

We suppose that X, Y, and Z are Banach spaces with the dual spaces X*, Y*, and Z*,
respectively. Assume that f: Z — R, F: Z — Y are continuous mappings, H: Z — X is
a continuous linear mapping, and D C Y is a closed convex set. Let H*: X* — Z* be an

adjoint mapping of H. Fixing ¢ € X, we put

E={z€Z:H(z) =c}.
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Consider the programming problem

(4.1) Minimize {f(z) : z € £ and F(z) € D}.

By ® = £NF (D), we denote the feasible set of the problem , that is,
®={zef:F(z) e D}

Let Q be a subset of Z. The usual support function o(-,Q): Z* — R of the set Q is
defined by

o(z*, Q) :=sup(z*, 2).
2€Q

In this section, we assume that f and F are second-order Fréchet differentiable around

Z. In the sequel, we shall need the following lemmas.
Lemma 4.1. [9, Theorem 3.1] Assume that the following regularity condition is satisfied:
VF(Z)(E(Z) -DF(z) =Y.
Then, the following formulas are valid:
(i) T(€NFH(D);z) = T(£;2) N VF(Z)HI(D; F(2)));
(i) T2(ENF1(D);z,2) = T*(&;7,2) N [VF(2) 1 (T?(D; F(2), VF(2)z) — V2F(z)z2z)].

Lemma 4.2. |9, Lemma 3] Let L: Z — Y be a continuous linear mapping, and let P C Z,
Q C Y be two closed convex sets. If Y = L(P)—Q, then for all z* € dom[o(-,PNL~1(Q))]

we have

o POLTNQ) = inf (o = L'y, P) +oly", Q).
the infimum being in fact attained.
Given a vector Z € Z, the set
Cz)={2€Z:(Vf(Z),2)=0,H(2) =0,VF(z)z € T(D; F(Z))}
is called the set of critical directions for the problem at Z, and the set

Co(z) ={2€Z:(Vf(z),2) =0,H(z) =0,VF(Z)z € cone(D — F(z))}

is called the set of strictly critical directions for the problem (4.1)) at Z.
The following theorem is a shaper version of Commineti, which gives second-order

necessary optimality conditions for the mathematical programming problem ({4.1J).
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Theorem 4.3. Suppose that Z is a local minimum for (4.1)) at which the following regu-

larity condition is satisfied:

VF(Z)(E(Z) -D(F(z) =Y.

Assume that the mapping H is surjective. Then for each z € C(Z), there exist w* €
N(D; F(z)) and x* € X* such that the following conditions are fulfilled:

(i) (Adjoint equation)
ViEZ)+VFE)'w* + H (x*) = 0;

(ii) (Non-negative second-order condition)
V2f(Z)zz 4+ (w*, V2 F(2)zz2) > o(w*, T*(D; F(2),VF(Z)z));
(iii) (w*, VF(z)z) = 0.
When D is in fact a cone, then we also have

(iv) (Complementarity condition)

(w*, F(z)) =0; w*" e N(D;0).

Proof. We first claim that

(4.2) N(&;2Y) = {H*(2*) : 2" € X*}

for each z! € £. Indeed, we have
E={z€Z:Hz=c}=H ).

Note that H is a continuous linear mapping, so its derivative VH (z) = H for all z € Z.
Hence, [29, Corallary 1.15] implies that

N(&;2') = N(H Y (c);2') = H*N({c}; H(2")) = H"(X").
By the definition of tangent cone and N(&;z) = H*(X™), we have

T(&z)={2€Z:(y",2) <0,Vy" € N(&;2)}
={ze€Z:(H"(z"),z) <0,Vz* € X"}
={ze€Z:(z*",Hz) <0,Va* € X"}
={:€Z:Hz=0}=H'0):=K.
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Fixing any z € C(%Z), we get H(z + %) = c¢. Hence,
2€€—-ZCEEZ) CcllE(Z) =T(&;2).
Therefore,
T2(E:%,2) =T(T(£;%);2) =T(K;2) =K and 0eT?(&;7, 2).

We now consider the following two cases:
Case 1: T?(D; F(%),VF(Z)z) = (. In this case, the non-negative second-order condi-

tion is automatically fulfilled because
o(w*, T*(D; F(z),VF(Z)z)) = —occ.

To obtain the assertions (i) and (iii), we shall separate the sets  and T'(€ N F~1(D);z).

Here,
Q={veZ:(Vf(z)v <0}

From the regularity condition, we obtain
(4.3) Y =VFQEZ)T(E;z) —T(D; F(z)).
So, we can find w € T'(£;%) such that

VFZ)w € T(D; F(z)).

By Lemma w € T(ENFYD);z). Now, if Vf(z) = 0, we may just take w* = 0 and

xz* = 0, so let us assume the contrary, in which case Q # (). We note that
QNTENF(D)z) =0.

Indeed, if w € T(£ N F~1(D);z) we may choose w; — w so that for t > 0 small enough
such that
Z+tw; € ENF YD)

and
f(Z) < f(Z+tw) = f(Z) + LV [(Z),wr) + o(2).

So
(Vf(Zz),w) =0,

which is equivalent to w ¢ €. Thus, sets 2 and T(£ N F~(D);Z) are nonvoid, convex,
open and closed, respectively. The strict separation theorem implies that there exist a

nonzero functional z* € Z* and a real » € R such that

(z50) <r < (2*2), YoeQ, zeT(ENFYD);7),
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or equivalently

(4.4) o(z5, Q) +o(—2" T(ENF (D)%) <o.
So, we have

(4.5) o(2*,Q) < +oo.

We will prove that z* = AV f(Z) for some positive A. Indeed, suppose that z* ¢ {\V f(Z) :
A > 0}. It follows from the strict separation theorem that there exists z; # 0 such that

(AVf(Z),21) <0< (2", 21), VA>0.
Hence, Vf(Z)z1 < 0. Let 22 € Q then
(Vf(Z), 22+ az1) < (Vf(Z),2) <0, Ya>0.

Therefore, zo+az; € Q for all @ > 0. On the other hand, (z*, zo4+«az1) — +00 as a — +0o0,
this implies that o(z*,Q) = 400, which contradicts (4.5). By eventually dividing by this

A, we may assume that z* = Vf(Z) and then a direct calculation gives us

(4.6) o(z5,Q) =0.

Concerning the second term in , we notice that Lemma implies that
T(ENF D)z = PN L7Y(Q),

where

P=T(&;z), Q=T(D,F(z)) and L=VF(Z).

Moreover, (4.3) gives us Y = L(P) — Q, so that we may use Lemma in order to find
w* € Y* such that

o(=2, T(ENFH(D);2) = o(~=Vf(z) —w* o VF(2), T(&; %))
+ o(w*, T(D; F(Z))).

Combining (4.4]) and (4.6), we have
(4.7) (VZ)+w o VF(Z),w) > o(w", T(D;F(z))), YweT(&Z).
Choosing w =0 € T(E;%), we get

(w*,2) <0, VzeT(D;F(z)).
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So, w* € N(D; F(z)). Since 0 € T(D; F(z)) and ([4.7)), we obtain
(=Vf(Z)—w' oVF(Z),w) <0, YweT(;Z).
Hence, —V f(Z) — w* o VF(Z) € N(&;Z). Therefore, there exists z* € X* such that
ViEZ)+w" oVF(Z)+ H (z*) =0,

this is the adjoint equation. From z € T'(€;%) and —V f(Z) —w* o VF(Z) € N(&;%Z), we

have
(4.8) (Vf(Z) +w* o VF(Z),2) > 0.
Besides,

(VI(Z) +w* o VF(Z),2) = (Vf(Z),2) + (w* o VF(Z),2) = (w*, VF(2)z).
Since VF(Z)z € T(D; F(z)) and w* € N(D; F(%)), we get (w*, VF(Z)z) < 0. Hence,
(4.9) (Vf(Z) +w* o VF(Z),z) <O0.
Combining and ([4.9)), we obtain

(w* o VF(2),2) =0,

this is the assertion (iii).
Case 2: T?(D; F(z),VF(Z)z) # 0. By [9, Theorem 4.2], there exists w* € N(D; F(z))
such that the lagrangian function £ = f + w*F satisfies:

(4.10) —VL(Z) € N(&;2),
(4.11) (VL(Z),z) =0,
(4.12) (VLE),w) + (V2L(Z)z, 2) > o(w*, T*(D; F(2),VF(2)z)), YweT?E:Zz2).

From (4.2)), (4.10) and VL(Z) = Vf(Z) + VF(Z)*w*, we have the adjoint equation. Since
[.12) and 0 € T?(&; %, 2), we get

(V2L(2)z, 2) > o(w*, TX(D; F(%), VF(Z)2)),

this is the non-negative second-order condition. From (4.11) and z € C(Z), we obtain
(w*, VF(z)z) = 0. The proof of theorem is complete. O

Let Z be a local minimum for the problem (4.1). The set of Lagrange multipliers
denoted by A(Z) is defined as

A(Z) = {(w*,2*) e Y* x X* : Vf(z) + VF(z)"w" + H*z* = 0,w* € N(D; F(2))}.

The following lemma gives the property of the set of Lagrange multipliers.
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Lemma 4.4. Suppose Z is a local minimum for (4.1) at which the following regularity
condition is satisfied:

VF(EZ)(EEZ) —DFE) =Y.

Assume that the function H is surjective. Then, the set of Lagrange multipliers A(Z) is

non-empty and bounded.

Proof. By the adjoint equation of Theorem the set of Lagrange multipliers A(Z) is
non-empty. We will prove that the set A(Z) is bounded. Fixing (wg,z§) € A(Z), and let

(w*, z*) be an any element of A(Z). Since the definition of A(Z), we have

(4.13) VFE)'wy=—-Vf(zZ)— H"(z5) =0, wye N(D;F(z))
and
(4.14) VFEZ)w*=-Vf(z)— H" (") =0, w"e€ N(D;F(z)).

By [46], Theorem 2.1], there exists a constant p > 0 such that
By (0,p) € VF(z)[€(z) N Bz] — [(D — F(z)) N By],

where By (0, p) is a ball around zero with radius p, Bz and By are unit balls in Z and Y,
respectively. Thus, for each y € By (0, p) there exists z € £(Z)NBz and v € (D—F(Z))N
By such that y = VF(Z)z —v. From and ([4.14), we have

wy —w*, VF(Z)z — v)
VFEZ)" (wy —w*),z) + (w* —wg,v)

(wy —w”,y) = (wp
=
= (H*(z" = 2p), 2) + (" — wg, v)
=
=

2y — , Hz) + (w*,v) — (wf, v)

w > <w0’ >
We note that w* € N(D; F(z)) and v € D — F(z) C T(D; F(Z)). So, (w*,v) < 0. Hence,
(wy —w,y) < —(wg,v) < [lwgllf|v]} < [Jwg]l-

Moreover, —y also belongs to By (0, p), one has

(wy —w*,y) = —(wy —w*, —y) > ||wg|-
So,
1 1
lwg —w*|| = sup <w5 —w", y>‘ < —[lwgll
y€By (0,p) P P
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Therefore,

* 1 *
(4.15) e (1 n p) gl

Since VH (Z) = H is surjective, there exists v > 0 such that Bx(0,v) C H(Bz). Thus,
for any x € Bx/(0,7), there is z € By satisfying x = H(z). Then, one has

(¢, x) = (27, H(z)) = (H" ("), 2)
= (=V[(z) - VFEw", 2)
<|[IVFiE) +VFEw =]
< [IVfEI + IVFE)II[lw"]]-

Thus for all z € Bx, we have

(@, 2) < =(IVF@E) + [VFE)[w™]),

==

which implies that

[ < UV @I+ IIVFE)[[w]])-

2=

Therefore, we have

lo*ll < > (1@ + V7@ (14 3) gl )

From this and (4.15)), (w*,z*) is bounded, and this implies the boundedness of the set of
Lagrange multipliers A(Z). The proof of the lemma is complete. O

The set D is said to be polyhedric at § € D if for all ¢* € N(D;z), then
T(D;5) N (¢")*F = clfcone(D —7) N (¢*)1],

where (¢*)* = {q € Y : (¢*,q) = 0}. We say that the problem (4.1 satisfies the strong
extended polyhedricity condition at a feasible point Z if Cy(Z) is a dense subset of C(Z).
When the problem (4.1)) satisfies the strong extended polyhedricity condition, we have

the following result.

Corollary 4.5. Suppose that the problem (4.1) satisfies the strong extended polyhedricity
condition at Z and Z is a local minimum for (4.1) at which the following regularity condition
1$ satisfied:

VF(Z)(EZ)) —D(F(z) =Y.

Assume that the mapping H is surjective. Then for each z € C(Z), there exist w* €
N(D; F(Z)) and x* € X* such that the following conditions are fulfilled:
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(i) (Adjoint equation)
ViEZ)+VFE)"w* + H (z*) = 0;
(ii) (Non-negative second-order condition)

V2f(Z)zz + (w*, V2 F(Z)zz) > 0;

(iii) (w*,VF(z)z) = 0.
When D is in fact a cone, then we also have
(iv) (Complementarity condition)
(w*, F(z)) =0; w*e N(D;0).

Proof. Take any z € C(Z). Since the strong extended polyhedricity condition of (4.1)),
there exists a sequence z, € Cy(Z), z, — 2z as n — oo. For each n € N, we have

(Vf(Z),2n) =0, z,€T(A%Z), VF(Z)z, € cone(D — F(Z)).

Since VF(2)z, € cone(D — F(z)), we have 0 € T?(D; F(2), VF(Z)z,). From z, € Co(z) C
C(z) and Theorem there exist ) € X* and w} € N(D; F(z)) such that the following

conditions are fulfilled:

(i’) (Adjoint equation)
ViEZ)+ VFE) w, + H 'z} = 0;

(ii’) (Nonnegativeness second-order condition)
V2 (2)2nzn + (W, V2F(Z)2p2) > o(w?, T?(D; F(2), VF(Z)2))
> (wy,,0) = 0;
(iii’) (w},VF(Z)zn) = 0.
When D is in fact a cone, then we also have
(iv’) (Complementarity condition)
(wy,, F(2)) = 0;  wj, € N(D;0).
By Lemma[£.4] w? and z}, are bounded for all n € N. So, w?; weakly* converges to w* and
x; weakly® converges to z* as n — co. Letting n — oo, we obtain the adjoint equation,

the nonnegativeness second-order condition and the assertion (iii) of corollary from (i),

(ii’) and (iii’). The proof of the corollary is complete. O
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5. Proof of the main result

The next step is to apply Theorem to the problem (I.1))—(1.4). In order to use this
theorem, we first define the following linear mappings: A: X — X defined by

)
Az =z —/0 A(r)z(T)dr

)
Bu := —/ B(T)u(r)dr
0
and M: X x U — X defined by

B: U — X defined by

M(z,u) = Az + Bu.

Under the hypothesis (H2), can be written in the form
¢) )
e X xU: iL‘—C+/ AxdT—i—/ Budr
0 0

) )
{ e X xU: iL‘—/ A:L'dT—/ BudT:c}
0 0

{(z,u) € X x U : M(z,u) = c}.

E

Recall that for 1 < p < oo, we have LP([0, 1], R™)* = L4([0, 1], R"™), where
1

1
l<g<+4+o0, —+-=1
P q

Besides, LP([0,1],R"™) is pared with L4(]0,1],R™) by the formula

1
(x*, x) :/0 x*(t)x(t) dt
for all z* € L1([0,1],R™) and = € LP(]0, 1], R"™).

Also, we have WHP([0, 1], R™)* = R™ x L4([0, 1], R") and WP([0, 1], R") is pared with
R™ x L4([0,1],R™) by the formula

1
{(a,u),x) = (a,x(0)) +/0 u(t)z(t) dt

for all (a,u) € R™ x L4([0,1],R") and = € WP([0,1],R") (see [18, p. 21]).
In the case of p = 2, W12([0, 1], R") becomes a Hilbert space with the inner product
given by

1
(2, ) = (2(0), y(0)) + / E(t)g(t) dt
for all =,y € WH2([0, 1], R™).

In the sequel, we shall need the following lemma for formulas to define the adjoint
mappings M* A* and B*.
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Lemma 5.1. [44] Lemma 2.3] Suppose that M* is the adjoint mapping of M. Then, the

following assertions are valid.
(i) The mapping M is continuous;

(i) M*(a,u) = (A*(a,u), B*(a,u)), where B*(a,u) = —BTu, and

)
A*( —<a—/AT t) dt;u + AT dT—/AT )
0

for all (a,u) € R™ x LI([0,1],R™).

Using a similar technique to the proof of |18 Corollary, p. 52|, we obtain the following

result.

Lemma 5.2. Suppose that the assumption (H2) is satisfied and ¥ € X = WLP([0,1],R").
Then, the equation

T = / AT (D z(r)dr + %
has an unique solution in X.

By Lemma the mapping A is surjective and the set F is not empty.
The following lemma gives the second-order Fréchet differentiability of the objective

function.

Lemma 5.3. Suppose that the assumption (H1) is satisfied. Then, the functional J is
second-order Fréchet differentiable around (Z,w) and V.J(Z), V2J(Z) are given by

(i) VJ(z) =VJ(z,u) = (J(z,0), J,(T,u)) with

and

V2 (Z)2z
= /0 (Law(t,T(1),0(1)2? () + 2Lau (t, T(t), u(t)) 2 (t)u(t) + Luu(t, T(2), w(t))u?(t)) dt

forany z = (z,u) € X xU = Z.
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Proof. By the assumption (H1), the functional J is second-order Fréchet differentiable
around (Z,w) and V2J(%) is given by
V2 (Z)z2z
1
= / (Lo (8, 2(t),u(t))2%(t) + 2L (¢, T(t), W(t)) 2 (t)u(t) + Lyu(t, T(t), u(t))u(t)) dt
0

for any z = (z,u) € X x U = Z (see |21} Proposition A]). We now compute J,,(Z,u) and
J:(Z,w). It is easy to verify that

Taking any h € W1P([0, 1], R"), we have

1
o (T, @) h = /0 Lo (t, 7(t), a(t))h(t) dt.

Integrating by part yields

Jo (@, T)h = h(l)/Ole(t,a:(t),u(t))dt - /01 [/Ot Lz(s,x(s),u(s))ds} h(t) dt

Hence,

1 1 )
Jo(Z,u) = (/0 Lx(t,az(t),u(t))dt,/o L,(t,z(t),u(t)) dt—/o Lx(s,x(s),u(s))ds>

1 1
- ( / La(t,2(t),a(t)) dt, / Lx<s,x<s>,u<s>>ds).
0 )

Thus, the proof of the lemma is complete. O

Given » € X, we put M = |[|z[lo = max,c(o ) |z(t)|. By the assumption (H3), there
gn > 0 such that |g,(t, z)| < g, for all z € R with |z| < M. By the

Taylor expansion, we get
’g(tvx(t))‘ < \g(t,x(t)) -9 t,O)’ + ]g(t,O)\
T

(
= 192(t,0@)x(8))2(t)] + |g(¢, 0)]
< lgp M+ g(t,0)].

exists a constant [ It
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This implies that g(-,x) € LP([0, 1], R™).
The following lemma gives the second-order Fréchet differentiability of the constraint

function.

Lemma 5.4. Suppose that the assumption (H3) is satisfied. Then, the functional G is

second-order Fréchet differentiable around Z = (Z,u) and
(i) V2G(2)22 = ()22, V2 = (z,u) € X x U = Z;
(ii) w* o VG(Z) = w* o VG (T, u) = (w* o Gx(T,u), w* o Gy (T, w)) is given by

w* o Gyu(Z, 1) = bw*,

1 1
w* o G,(T,u) = (/0 w*(t)g,(t) dt, /(.)w (1)g,(7) d7'>

for any w* € Li([0, 1], R™).
Proof. We first prove that the functional G is Fréchet differentiable around z = (Z,w) and
VG(T, 1) = (9,(),0).
Fixing any h € X, v € U, we choose a positive M > ||h|o + ||Z]|o. We have
|G(Z + h,u+v) — G(Z,u) —g,(-)h — bv|?
= /01 lg(t, T+ h) — g(t,T) — g=(t,7)h|P dt.
By the mean value theorem,
|G(Z+ h,u+v) — G(z,u) — g,(-)h — bv||?
1) 1 P
= /0 /0 9o (t, T+ Oh)hdO — g, (t, T)h

dt
1 1 p
g/ (/ ]gx(t,:c+0h)h—!h(t,x)h]d@) dt
0 0

1,1
< / / |92(t, T 4+ Oh)h — g.(t,7)h|P dOdt.
0J0

By the assumption (H3), there exists l43s > 0 such that inequalities in (H3) are fulfilled.
This implies that

1 ,1
||G(m+h,u—|—v)—G(x,u)—gx(-)h—vapS/O/O 12, 10hP|h|P 6.

For any t € [0, 1], we have

h(t):h(0)+/0 h(r)dr.
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So,

1
[A(8)] < A (0)] + < [r(0)] + /O h(t) dt’ < R(0)] + [IAellp = [1Fe]1,p-

/Ot h(r) dr

Hence,
17llo < [[7l1p-

Since |0] <1, [A|P < [|Al[g and [[A]lo < [|h[l1p, We get

IG(T + h, 1+ v) = G(@,1) = g, ()h = bol|” < 1, ([R5 ]IRIG

< IR

‘Lp + ||UHp)p-

So,
|G(@ + h,u+v) — G(@,1u) — g, (-)h — bv||
12]l1p + llvllp

< lgnrllhllp-
Hence,

|G(@ + h,u+v) — G(@,u) — g, (-)h — bv||
1]l p + [0y

=0 as [l + [lv], = 0.

Therefore, the functional G is Fréchet differentiable and

We now show that VG is continuous on a neighborhood of (z,w). In fact, for each (o, ug)
in a neighborhood of (Z, @), for any sequence z,, = (Tn,un) — 20 = (20, up) in X x U and

for any z = (x,u) € Z with ||z]|z < 1, we have

IVG(2n)z = VG(20)z]l}, = /01 (92 (¢, 2n) — ga(t, 20))z|” dt.
Using the assumption (H3) and the similar technique to the above, we can show that
[VG(2n)z — VG(20)2][h = 0 as n — oo.
This implies that VG is continuous at zg. Also by the assumption (H3), we can prove that
H(z,u)=g,(-,z,u) and K(x,u)=">b

are Fréchet differentiable and H, K are of class C! around (%, u). So, the functional G is

second-order Fréchet differentiable around z = (Z, ), which is given by

V3G(2)2z = Gpp()2?, Vz=(z,u) e X xU = Z;
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this is the assertion (i) of the lemma. For any w* € L9([0,1],R™), we now compute
w* o VG(z,u). We have

w* o VG(7,u) = (w* 0 g,(-), bw™).
Taking any h € X = W1?([0,1],R"), we have
1
W 0g () = [ w0t .
Integrating by part yields

(w*og,(-),h)

1) [ wr g [ ([ warrar) hioya

_ /0 Lt (). (6 dt ( h(0) + /O L) dt) - /0 1 ( /0 o (1)7.(7) d7> (t) dt

-(/ L (07, (0) i) o)+ | 1 (f ot (0,0 dt / ()7, () ar ) i) d
( ) o

1 1 1
_ / W (0)7,() dt ) h(0) + / ( / w*(T)gx(T)dT> (t) dt
0 0 t
Hence,
1 1
wog,() = [ wwmma, /( W) )
Thus, the proof of the lemma is complete. ]

We have the following result on the regularity condition for the problem (|1.1)—(L.4]).

Lemma 5.5. Suppose that the assumptions (H2)-(H4) are satisfied. Then, the reqularity
condition is fulfilled, that is,

VG(E)(EE) - QGE) = U.

Proof. We have
Q(G(2)) = cone(Q — G(z)) = Q(g() + bu).

So, the proof will be complete if we can show that
VG(z)(E(zZ)) — Q(g(-) + bu) = U.

Taking any v € U, we now represent

v=0v'—v%, where v',0? € Q.
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By the assumption (H4), there exists v € LP([0, 1], R™) such that
5.()@—F) +bu+ () ~v' €@,
where x and u are satisfied the state equation (|1.2]) and the initial condition ({1.3)). Define

d

G ()@ =)+ b(u —u) +g(-) +bu — v
9.() (@ —T) + bu+7g() —v' +0°,

We see that d € @ and
9:()(@ =) +b(u —u) — (d— (g(-) + bu)) = v.
We note that
z—z=(x,u) — (Z,u) = (r — T,u — 1) € E(Z),
9:()(x =) + b(u —u) € VG(Z)(E(z))
and
d—(g(-) + bu) € Q(g(-) + bu).
Hence, the proof of the lemma is complete. O
We have the following result on the polyhedricity of Q.
Lemma 5.6. The following formula holds:
T(Q,G(2)) N (¢")*" = cllcone(Q — G(2)) N (¢)], Y¢* € N(Q:G(2)).

Proof. The inclusion cl[cone(Q — G(2)) N (¢*)*] € T(Q,G(%Z)) N (¢*)* being trivial. We
have to prove other one. Note that cone(Q — G(z)) ={v e U : v+ G(z) € Q,V~v > 0}.
Now fix ¢* € N(Q; G(%)) and let vy € T(Q,G(%)) N (¢*)*. For € > 0, we define

vo(t) if G(2)(t) + evo(t) <0,

0 otherwise.

ve(t) =

It is clear that v, € cone(Q — G(2)) N (¢*)*. Letting € — 0, we have v (t) — vo(t) a.e. t €
[0,1]. The Dominated Convergence Theorem gives that ve — vg in U = LP(][0, 1], R™).

Hence, the proof of the lemma is complete. O

Proof of the main result. It is easy to prove that J, G are continuous. From Lemma [5.2
to Lemma we see that all assumptions of Theorem {4.3| are fulfilled. Take any (z,u) €
O(z,u). By Lemmal[5.3) VJ(z) = VJ(z,1) = (Jo(T, ), Ju(T,@)), where

1

1
Ju@ ) = Tu() and Jo(77) = </O Lm(t)dt,/(.)

L.(7) d7'> .
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So,
VJ(Z)z = VJ(Z,u)(z,u) = Jo(T,u)x + J,(T,0)u
(5.1) 1 1 1 . 1
= :1:(0)/0 L,(t)dt —1—/0 [/t L,(7) dT] x(t) dt +/0 L, (t)u(t) dt.
By the condition (C1), z(0) = 0 and (5.1), we get
(5.2) VJ(Z)z = 0.

From the condition (C2), we have

) )
x—/ AxdT—/ Budr = 0.
0 0

(5.3) Mz =0.

This is equivalent to

By the condition (C3) and |1, Theorem 8.5.1], we have
(5.4) VG(Z)z =g,z +bu e T(Q; G(T,u)).

Combining (5.2), (5.3) and (5.4]), the condition z € C(Z) of Theorem is fulfilled.
According to Theorem there exist w* € U* = LI([0,1],R™) and z* = (a,v) € R™ x
L9(]0,1],R™) such that the following conditions are fulfilled:

(al) (Adjoint equation)
VJ(Z) + VG(E)"w* + M*(a,v) = 0;

(a2) (Non-negative second-order condition)
V2 (Z)2z + (w*, VG (Z)22) > o(w*, T*(Q; G(Z), VG(Z)2));
(a3) (Complementarity condition)
(w*,G(Z)) =0; w"e N(Q;0).
By the complementarity condition, we have
(ww) <0, YVweQ.

It is equivalent to

1
(5.5) /0 w*(tw(t)dt <0, Ywe Q.
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We will show that
w*(t)v <0, Vov<0,ae. tel01].

On the contrary, suppose that there exist a set D C [0,1], u(D) > 0 and vy < 0 such that
w*(t)vg >0, Vte D.

Choosing
vg ifte D,
0 iftel0,1]\D.

v(t) =

Then, v € Q and
1
/ W (#)o(t) dt = / w* (#)vo dt > 0,
0 D
which contradicts (5.5)). Thus,

w*(t)v <0, Vv<0, ae tel01]
This is equivalent to
(5.6) w*(t) >0 ae tel0,1].

By the complementarity condition, we get

/O "W ()(@(t) + b1 df = w0 G(z) = 0.
We also have w*(t)(g(t) + bu) < 0 a.e. t € [0, 1]. Hence,
(5.7) w*(t)(g(t) +bu) =0 ae. te[0,1].
From and , we obtain the complementarity condition of Theorem We have
VGZ)'w* =w* o VG(Z) = w* o VG(T,u) = (w* 0o Gx(T,u), w" o Gy (T, w)).
From Lemmas and the adjoint equation (al) is equivalent to

([ Ta(t)dt + [ w (07, () dt + a— [ AT(t)o(t) dt = 0,

S Tam) dr 4 [ 0t (7)g,(7) dr + 0() — [} AT(F)o(r) dr =0,
Lu(-) + bw*(-) = BT(-)u(-) = 0

=v(0), v(1)=0,

= L) dr = [ AT (o) dr — o) — [ 0t (g, (7) dr.
Lu(-) + bw*(-) = BT (-)v(-) = 0.

\
S
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This implies that

v e WM(0, LR, v(1) =0, Lu() = () +AT(Jo() — w ()7.()

and

Lu(-) = BT()o(") + bw*(-) = 0.
By Lemma the set of Lagrange multipliers A(Z) = {(w*,z*)} is unique and inde-
pendent of z. Thus, we obtain the adjoint equation and the stationarity condition with
respect to u of Theorem From the regularity condition of theorem, the linear mapping
VF(Z) is onto. By Lemma and [5, Proposition 3.54], the problem f satisfies
the strong extended polyhedricity condition at z. By Corollary we get

(5.8) V2J(Z)2z + (w*, V2G(Z)22) > 0, VzeO(3).

By Lemmas [5.3 and [5.4] we have
= / [Ls (02%(8) + 2Lu(Ox(t)u(t) + Lo (%)) d
+ /1 W* (1) ()2 (t) dt >0, ¥ (z,u) € OF,7);

0

this is the non-negative second-order condition of Theorem The proof of Theorem

is complete. O

6. Some examples
To illustrate Theorem [2.3] we provide the following examples.
Example 6.1. Let
X = Wh1/A((0,1],R?), U = L"5([0,1],R?).

Consider the problem

J(x,u) = /01(331 + u11/5 + 11/5) dt — inf
(6.1) subject to @1 = 2x1, Z2 = x3 + uz, x1(0) =0, 22(0) =1, z1 +u3 >0, ug > 0.
Suppose that (Z,w) is a locally optimal solution of the problem. Then,
T =(0,¢); @=(0,0).
Indeed, by Example the function

11/5

L(t,x,u) = 2% +u, 11/5

+
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is satisfied the assumption (H1) and

11
Lo(t,z,u) = (221,0), Ly(t,z,u) = E;(u?/5,ug/5% Lou(t,z,u) = Lug(t, z,u) = 0

and
1/5
20 66 |, 0
Ly (t,z,u) = , Lyu(t,z,u) = —

From (6.1)), we have

2 0 0 0
A= ., B= . b= —1.
0 1 0 1

It is easy to see that the condition (H2) is also satisfied. Moreover, by (6.1))

g(t,x) = (—1‘1,0),
we have

_ 0
Gy = Lo ’ gm(t,fﬂ): [U] [

il
U 6] [6]
So, the assumption (H3) is valid. For each v = (v, v9) € Q C L'/5([0, 1], R?), there exists
u = (uy,u) = (—v1, —vo) € L/5([0,1],R?) such that
()@ =) + bu+7() —v = (=21 +71,0) — L(u1,u2) + (=71,0) — (v1,v2)
= (=21 — w1 — v, —ug — v2) = (=21, 0),

where x1(t) is a solution of equations &1 (t) = 2x;(¢) and z1(0) = 0. So z1(¢) = 0. Hence,

9:()(x —7) +bu+7(-) —v=(0,0) € Q.

Therefore, the assumptions of Theorem are satisfied. Assume that (Z,w) is a lo-
cally optimal solution of the problem. By Theorem there exist w* = (w},w3) €
L1/6([0,1],R?) and v = (v1,v2) € WHH/6(]0,1],R?), v1(1) = 0, v2(1) = 0 such that the

following conditions are fulfilled:
(a*) Adjoint equation:
01() + 201 () +wy () = 271(-) = 0,

(6.2) va() +v2(-) =05

(b*) Stationarity condition with respect to u:

(63) SmO —wi() =0,
(64 SO = () — wi() = 0

5
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(c*) Non-negative second-order condition:

1
(6.5) / [Qxf(t) + %a}/ B2(t) + %aé/f’ug(t) dt>0 forall (z,u) € O, 0);
0

(d*) Complementarity condition:
wi(-),wy(-) 20 and  wi()(T1(-) +m()) =0, wy(-)ua(:) =0.

Consider the following four cases:
Case 1: wi(t) = 0 and wi(t) = 0 a.e. ¢t € [0,1]. Substituting wi(t) = 0 into (6.3)), we

have

1—;@1(-)6/5 0.

This implies that () = 0. Thus,

By (6.2) and v2(1) = 0, we have va(t) = 0. Substituting w3(¢) = 0 and va(t) = 0 into
(6.4), we get uz(t) = 0. From the condition

To(t) = Ta(t) + ua(t),

and o (t) = 0, we have Zo(t) = !¢, Since T2(0) = 1, we obtain To(t) = e'. Substituting
w1 (t) = 0 and ua(t) = 0 into (6.5]), we get

1
/ 2 dt >0, V(xu) € OF ),
0
this is always satisfied. Thus, if (Z,%) is a locally optimal solution of the problem then
7z =(0,¢'); w=(0,0).

Case 2: wi(t) = 0 and ua(t) = 0 a.e. t € [0,1]. Substituting wj(¢) = 0 into (6.3)), we

have w;(t) = 0. From the condition
Ty(t) = Ta(t) +a(t)

and
ﬂg(t) =0, EQ(O) =1,

we have Ta(t) = e'. In Case 1, we checked that if (Z,%) is a locally optimal solution of the
problem then
7 =(0,¢e"); @@= (0,0).
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Case 3: wy(t) =0 and 71 (t) + ui(t) = 0 a.e. t € [0,1]. Similarly as in Case 1, we can
check that if (Z,u) is a locally optimal solution of the problem then

7= (0,¢"); u=(0,0).

Case 4: Z1(t) + u1(t) = 0 and uz(t) = 0 a.e. t € [0,1]. Since Z1(t) = 0, we have
u1(t) = 0. In Case 3, we checked that if (Z,w) is a locally optimal solution of the problem
then

z=(0,¢"); @=(0,0).

The following example shows that if the second-order necessary condition is not satis-

fied, then the admissible couple is not solution even it satisfies first-necessary conditions.

Example 6.2. Let
X =wh([0,1],R?), U= L3(0,1],R?).
Consider the problem
1
J(x,u) = / <ui1)’ — /21 +ub) + u%) dt — inf
0
(6.6) subject to &1 = 2z, £9 = x3 + ug, x1(0) =1, 22(0) =1, 21 +u; >0, ug > 0.

Suppose that (Z,u) is a locally optimal solution of the problem. Then, by first-order

optimality conditions, we obtain

T = (th,et); u = (1,0),

or
T = (62t7 et); u = (07 0)7
or
7= (2 el); w=(—e,0)
If we let
= (e @t =(1,0),
or

f2 — (th,et); EQ — (_e2t,0)

then (z!,u!) and (z2,u?) do not satisfy the second-order optimality conditions. Hence,
(z', ') and (x2,w?) are not locally optimal solutions of the problem. Thus, if (Z;%) is a

locally optimal solution of the problem, then

z = (e?,eh); uw=(0,0).
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Indeed, by Example [2.2] the function
Lt w,u) = uf = /2(1+u}) + 3

is satisfied the assumption (H1) and
u’
Lu(t,z,u) =3 | u? —vV2—— 2 |,
V1+uy

Ly(t,xu) =0, Lyy(t,z,u) = Lyg(t,z,u) = Ly (t,x,u) =0,

10 4
Qu — \/5 2u; +5uf
Luu(t,x,u) —3 1 (14u$)y/1+ub

0 2U2

From , we have

2 0 00
A= , B= . b=—1.
0 1 0 1

It is easy to see that the condition (H2) is also satisfied. Similarly as in Example we
can prove that the conditions (H3) and (H4) are also fulfilled. Hence, the assumptions
of Theorem are satisfied. Assume that (Z,u) is a locally optimal solution of the
problem. By Theorem there exist w* = (w?, ws) € L>?([0,1],R?) and v = (v1,v2) €
W3/2([0,1],R?), v1(1) = 0, v2(1) = 0 such that the following conditions are fulfilled:

(a}) Adjoint equation:
01(-) +201() +wi () =0,

(6.7) Va(-) +v2(-) = 05

(b}) Stationarity condition with respect to u:

920 3u () W () =
(6.8) 3ui() = V2 g 0 =0
(6.9) 35(-) = va(1) — w3 () = 0;

(c¢}) Non-negative second-order condition:

1 —1 _
(6.10) /0 !<6u1(t) - \/5(1 TIZ((?);L 1151111(72(15)) WA(t) + 6uz(t)u§(t)] dt >0
uy uy

for all (z,u) € O(7,u);
(d}) Complementarity condition:

wi(-),wy(-) 20 and  wi()(T1(-) +m()) =0, wy(-)ua() =0.
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Consider the following four cases:
Case 1: wi(t) = 0 and wj(t) = 0 a.e. ¢t € [0,1]. Substituting wj(t) = 0 into (6.8)), we
have .
32 (t) — VA LU —
1+ ud(t)
This implies that @ (¢) = 0, or u;(t) = 1. By (6.6)),
T1(t) =231 (t) <= T(t) = e

Combining this with the condition Z1(0) = 1, we get ¢ = 0. So 1 (t) = €. Thus

or
fl(t) = €2t, ﬂl(t) =1.

By (6.7) and v2(1) = 0, we have va(t) = 0. Substituting w3(¢) = 0 and va(t) = 0 into
(6.9), we get us(t) = 0. From the condition

To(t) = Ta(t) + ua(t),

and s (t) = 0, 12(0) = 1 we have Ta(t) = e!. Thus, if (Z,%) is a locally optimal solution

of the problem, then by first-order optimality conditions, we obtain
T= (") uw=(0,0),

or

(6.11) /01 —gu%(t) dt > 0.

But, is not fulfilled if u; =1 and (x,u) € ©(7,u). Hence,
z=(e¥e); u=(1,0)

is not a locally optimal solution of the problem. Substituting
ui(t) =0 and w2(t)=0

1
/ 0dt >0,
0

into (6.10]), we obtain
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this is always satisfied. Thus, if (Z,%) is a locally optimal solution of the problem then
z = (e?,eh); uw=(0,0).

Case 2: wi(t) = 0 and wa(t) = 0 a.e. t € [0,1]. Similarly as in Case 1, we can prove

that if (z,u) is a locally optimal solution of the problem, then
T = (¥ el); uw=(0,0).

Case 3: wi(t) = 0 and T1(t) + ui(t) = 0 a.e. t € [0,1]. Since 71 (t) = e*, we have
u1(t) = —e*. By (6.7) and ve(1) = 0, we get va(t) = 0. Substituting w3(t) = 0 and
va(t) = 0 into (6.9)), we get Wy(t) = 0. From the condition

iQ (t) = T2 (t) —+ U9 (t),

and Ta(t) = 0, T2(0) = 1, we have To(t) = ef. Substituting u;(t) = —e?' and wuy(t) = 0

into (6.10)), we obtain

1 —20t —8t
6e + 15e
6.12 —6e 2t — /2 > uZ(t) dt > 0.
(6.12) /0 ( (1+e 121 e 12 1) di 2

But, (6.12)) is not fulfilled if u; = —1 and (z,u) € ©(Z,w). Hence,

T= (@) = (~e*,0)

is not a locally optimal solution of the problem.
Case 4: T1(t) +ui(t) = 0 and uz(t) = 0 a.e. t € [0,1]. Since 71(t) = e*, we have

u1(t) = —e?. Similarly as in Case 3, we can show that
= () 1= (—e%0)

is not a locally optimal solution of the problem.

7. Conclusions

We studied second-order necessary optimality conditions for an optimal control problem
with nonconvex cost functions and state-control constraints. In order to achieve these
conditions, we first established an abstract result on the second-order necessary optimality
conditions for a mathematical programming problem and then we derived the second-order
necessary optimality conditions for an optimal control problem. The main result of this

paper is illustrated by two examples.
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