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Abstract. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d− 1.

In this paper, we study the non-positivity for the Hilbert coefficients of parameter

ideals in the ring A. Moreover, we establish a bound for the Castelnuovo-Mumford

regularity of associated graded ring of A with respect to parameter ideal in terms of

the first Hilbert coefficient and the dimension.

1. Introduction

Let (A,m) be a noetherian local ring of dimension d and J an m-primary ideal of A. Let

`(·) denote the length of an A-module. The Hilbert-Samuel function of A with respect to

J is the function HJ : Z→ N0 given by

HJ(n) =

`(A/Jn) if n ≥ 0,

0 if n < 0.

It is well known that there exists a unique polynomial PJ(x) ∈ Q[x] (called the Hilbert-

Samuel polynomial) of degree d such that HJ(n) = PJ(n) for n� 0. We can always write

PJ(n) of the form

PJ(n) =

d∑
i=0

(−1)i
(
n+ d− i− 1

d− i

)
ei(J).

Then, the integers ei(J) is called Hilbert coefficients of J .

If denote by G(J) =
⊕

n≥0 J
n/Jn+1 the associated graded ring of A with respect to J

and ai(G(J)) = sup{n | H i
G(J)+

(G(J))n 6= 0}, then the Castelnuovo-Mumford regularity

of G(J) is defined by

reg(G(J)) = max{ai(G(J)) + i | i ≥ 0}.

Received November 3, 2018; Accepted January 21, 2019.

Communicated by Keiichi Watanabe.

2010 Mathematics Subject Classification. Primary: 13D45, 13D07; Secondary: 14B15.

Key words and phrases. Hilbert coefficients, the depth of associated graded rings, parameter ideals,

Castelnuovo-Mumford regularity, postulation number.

The author is partially supported by a fund of Vietnam National Foundation for Science and Technology

Development (NAFOSTED) under grant number 101.04-2015.32.

1115



1116 Cao Huy Linh

The aim of this paper is to study the non-positivity of the Hilbert coefficients and

establish a bound for the Castelnuovo-Mumford regularity of associated graded ring in

terms of Hilbert coefficients.

Hilbert coefficients contain structural information of rings and modules, so they have

been attracted an attention of many mathematicians. In 2008, Vasconcelos [22] named

e1(J) the Chern coefficient. It is well known that the Chern coefficient e1(Q) ≤ 0 for

every parameter ideal Q (see Mandal-Singh-Verma [14]), while other Hilbert coefficients

of parameter ideal would be positive. However, if depth(A) ≥ d− 1, McCune [16] showed

that e2(Q) ≤ 0 for every parameter ideal Q. In [20], Saikia and Saloni proved that if

depth(A) ≥ d − 1, then e3(Q) ≤ 0 for every parameter ideal Q. In [16], McCune also

proved that if Q is a parameter ideal such that depth(G(Q)) ≥ d− 1, then ei(Q) ≤ 0 for

i = 1, . . . , d. Recently, Saikia-Saloni [20] and Linh-Trung [13] proved that if depth(A) ≥
d − 1 and Q is a parameter ideal such that depth(G(Q)) ≥ d − 2, then ei(Q) ≤ 0 for

i = 1, . . . , d. This result is an improvement of the Mccune’s result in [16].

In [4], Elias proved that depth(G(Qk)) is constant for k � 0. We denote this number

σ(Q). By giving a criterion for the σ(Q) ≥ s, we get the first main result on the non-

positivity of Hilbert coefficients of parameter ideal.

Proposition 3.5. Let (A,m) be a noetherian local ring of dimension d ≥ 2 and depth(A) ≥
d− 1. Let Q be a parameter ideal such that σ(Q) ≥ d− 2. Then ed(Q) ≤ 0.

This implies that if d = 4, depth(A) ≥ 3 and σ(Q) ≥ 2, then ei(Q) ≤ 0 for i = 1, 2, 3, 4.

From Proposition 3.5, it follows an early result of Saikia-Saloni [20] and Linh-Trung [13].

As a consequence, it follows that if d ≥ 3 and depth(A) ≥ d − 1, then ei(Q) ≤ 0 for

i = 1, 2, 3.

Next, we want to establish a bound for the regularity of G(Q) in terms of Hilbert

coefficients. It is well known that the regularity of G(Q) provides bounds for some impor-

tant invariants such as postulation number, relation type, reduction number. There have

been many results relate to this issue. In [18], Rossi-Trung-Valla used Hilbert function to

establish a bound for the regularity of G(m) in terms of extended degree and dimension.

Later, this result was extended on the class of m-primary ideals (see [2, 10, 11]). In [12],

Linh-Trung gave a uniform bound for the regularity of associated graded ring with re-

spect to parameter ideal in generalized Cohen-Macaulay ring. Goto-Ozeki [6] used the

result of Linh-Trung [12] to establish a uniform bound for Hilbert coefficients of parame-

ter ideal in generalized Cohen-Macaulay ring. They also proved that a ring is generalized

Cohen-Macaulay if and only if Hilbert coefficients ei(Q) of parameter ideals are finite, for

i = 1, . . . , d. It is natural to ask the following question:

Is there any bound for the regularity of associated graded ring G(Q) in terms of Hilbert

coefficients ei(Q) for i = 1, . . . , d?
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In this paper, we establish a bound for the regularity of associated graded ring G(Q) in

terms of the first Hilbert coefficient e1(Q) in the case the ring A satisfies depth(A) ≥ d−1.

Theorem 4.5. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d−1.

Let Q be a parameter ideal of A. Then

reg(G(Q)) ≤

max{−e1(Q)− 1, 0} if d = 1,

max{[−4e1(Q)](d−1)! + e1(Q)− 1, 0} if d ≥ 2.

From this we get bounds for the postulation number and relation type of a parameter

ideal in terms of the first Hilbert coefficient.

The paper is organized as follows. In Section 2, we prepare some facts relate to Hilbert

coefficients and regularity. In Section 3, we prove the non-positivity for Hilbert coefficients

of parameter ideals. In Section 4, we establish a bound for the regularity of associated

graded ring with respect to parameter ideal in terms of the first Hilbert coefficient.

2. Preliminary

Let R =
⊕

n≥0Rn be a finitely generated standard graded algebra over a noetherian

commutative ring R0. Let R+ =
⊕

n>0Rn. Let E be a finitely generated graded R-

module with dim(E) = d. Denote by H i
R+

(E) the i-th local cohomological module of E

with support ideal R+. Define

ai(E) :=

max{n | H i
R+

(E)n 6= 0} if H i
R+

(E) 6= 0,

−∞ if H i
R+

(E) = 0.

The Castelnuovo-Mumford regularity of E is the number

reg(E) := max{ai(E) + i | i ≥ 0}.

If the basic ring R0 of R is artinian, hE(n) := `(En) denote the Hilbert function of E.

The unique polynomial pE(X) for which hE(n) = pE(n) for n � 0 is called the Hilbert

polynomial of E. It is written in the form

pE(n) =

d−1∑
i=0

(−1)i
(
n+ d− i− 1

d− i− 1

)
ei(E),

where ei(E) for i = 0, 1, . . . , d − 1 are integers, called the Hilbert coefficients of E. The

postulation number p(E) of E is defined to be the integer number

p(E) = max{n | hE(n) 6= pE(n)}.



1118 Cao Huy Linh

A relationship between Hilbert function and Hilbert polynomial is given by the following

formula (see [15, Lemma 1.3]):

hE(n)− pE(n) =

d∑
i=0

(−1)i`(H i
R+

(E)n).

From this formula, we get the following inequality.

Lemma 2.1. With assumption as above, we have

p(E) ≤ max{a0(E), . . . , ad(E)} ≤ reg(E).

Now, let (A,m) be a noetherian local ring of dimension d and J be an m-primary ideal

of A. A numerical function

HJ : Z −→ N0, n 7−→ HJ(n) =

`(A/Jn) if n ≥ 0,

0 if n < 0

is said to be a Hilbert-Samuel function of A with respect to the ideal J . It is well known

that there exists a polynomial PJ ∈ Q[x] of degree d such that HJ(n) = PJ(n) for n� 0.

The polynomial PJ is called the Hilbert-Samuel polynomial of A with respect to the ideal

J and it is written of the form

PJ(n) =

d∑
i=0

(−1)i
(
n+ d− i− 1

d− i

)
ei(J),

where ei(J) for i = 0, . . . , d are integers, called Hilbert coefficients of J . In particular,

e(J) = e0(J) and e1(J) are called the multiplicity and Chern coefficient of J , respectively.

Denote

n(J) = max{n | HJ(n) 6= PJ(n)}.

Let G(J) =
⊕

n≥0 J
n/Jn+1 denote the associated graded module of A with respect to

J . Then,

ei(G(J)) = ei(J) for i = 0, . . . , d− 1.

Lemma 2.2. [2, Lemma 3.5]

n(J) = p(G(J)).

Let d = dim(A) ≥ 1, L = H0
m(A), A = A/L and J = JA. We have

`(A/Jn) = `(A/(Jn + L) + `(Jn + L/In)

= `(A/J
n
) + `(L/Jn ∩ L).

Since `(L) <∞, In ∩ L = 0 for n� 0. Thus,

`(A/Jn) = `(A/J
n
) + `(L) for n� 0.

This allows us to state the following lemma.
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Lemma 2.3. If d = dim(A) ≥ 1 then

(i) ei(J) = ei(J) for i = 0, . . . , d− 1;

(ii) ed(J) = ed(J) + (−1)d`(L).

If d = 1 and I = Q is a parameter ideal of A, then A is Cohen-Macaulay. This implies

that e1(Q) = 0. From this we get the following corollary.

Corollary 2.4. If dim(A) = 1 and Q is a parameter ideal of A, then

e1(Q) = −`(L).

An element x ∈ J \ mJ is said to be superficial for J if there exists a number c ∈ N
such that (Jn : x) ∩ Jc = Jn−1 for n > c. If A/m is infinite, then a superficial element

for J always exists. A sequence of elements x1, . . . , xr ∈ J \mJ is said to be a superficial

sequence for J if xi is superficial for J/(x1, . . . , xi−1) for i = 1, . . . , r. Suppose that

dim(A) = d ≥ 1 and x ∈ J \ mJ is a superficial element for J , then `(0 :A x) < ∞ and

dim(A/(x)) = dim(A) − 1 = d − 1. The following lemma give us a relationship between

ei(J) and ei(J), where J = J(A/(x)).

Lemma 2.5. [19, Proposition 1.3.2] Let A be a noetherian local ring of dimension d ≥ 2

and J be an m-primary ideal of A. Let x ∈ J \ mJ be a superficial element for J and

J = J(A/(x)). Then

(i) ei(J) = ei(J) for i = 0, . . . , d− 2;

(ii) ed−1(J) = ed−1(J) + (−1)d`(0 : x).

3. The non-positivity of Hilbert coefficients of parameter ideals

Through this section, let (A,m) be a noetherian local ring of dimension d, I be an m-

primary ideal of A and y1, . . . , yd ∈ I. For i = 1, . . . , d − 1, let Ai = A/(y1, . . . , yi) and

Ii = IAi. Denote by G(Ik) the associated graded ring of Ak with respect to Ik.

Lemma 3.1. [9, Lemma 2.2] Let (A,m) be a noetherian local ring and I be an m-primary

ideal of A. For 1 ≤ k ≤ d− 1, let y1, . . . , yk be a superficial sequence for I. Then,

depth(G(Ik)) ≥ 1 if and only if depth(G(I)) ≥ k + 1.

Let J be an ideal of A. In [4, Proposition 2.2], Elias proved that depth(G(Jk)) is

constant for k � 0. We call this number σ(J). The following lemma gives whenever the

number σ(J) is positive.
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Lemma 3.2. Let J be an m-primary ideal of A. If depth(A) ≥ 1 then σ(J) ≥ 1.

Proof. Without loss of generality, we may assume that the residue field A/m is infinite.

Suppose that x is a superficial element for J . Then y = xk is also a superficial element for

I = Jk. Since depth(A) ≥ 1, Jk : x = Jk−1 for k � 0. To prove σ(J) > 0, we show that

depth(G(Jk)) = depth(G(I)) > 0 for k � 0. Indeed, for all k � 0 and n ≥ 1 we have

In : y = Jnk : xk = (Jnk : x) : xk−1 = Jnk−1 : xk−1

= · · · = Jnk−k = Jk(n−1) = In−1.

Therefore depth(G(I)) > 0. This implies that σ(J) > 0.

However, the depth(A) ≥ s does not imply σ(J) ≥ s for s ≥ 2. The following

proposition gives a criterion for σ(J) ≥ s.

Proposition 3.3. Let (A,m) be a noetherian local ring of dimension d ≥ 3 and depth(A) ≥
r. Let J be an m-primary ideal and x1, . . . , xs be a superficial sequence for J , 2 ≤ s ≤ r.

For k � 0, let I = Jk and y1 = xk1, . . . , ys = xks . Set Ai = A/(y1, . . . , yi) and Ii = IAi.

The following conditions are equivalent.

(i) σ(J) ≥ s;

(ii) (Ins−1 : ysAs−1) = In−1
s−1 for all n = 2, . . . , s;

(iii) In ∩ (y1, . . . , ys) = (y1, . . . , ys)I
n−1 for all n = 2, . . . , s.

Proof. (i)⇒ (ii). Denote G(Is−1) the associated graded ring of As−1 with respect to Is−1.

By Lemma 3.1, depth(G(I)) ≥ s if and only if depthG(Is−1) ≥ 1. This is equivalent to

(In+1
s−1 : ysAs−1) = Ins−1 for all n ≥ 1; so, the implication from (i) to (ii) is evident.

(ii) ⇒ (i). By [7, Lemma 2.4], ai(G(I)) ≤ 0 for k � 0 and for all i ≥ 0. Let y∗1 denote

the initial form of y1 in G(I). From [21, Lemma 2.3], we have

ai+1(G(I)) + 1 ≤ ai(G(I)/y∗1G(I)) ≤ max{ai(G(I)), ai+1(G(I)) + 1}.

But

H i
G(I)+

(G(I)/(y∗1G(I))) ∼= H i
G(I1)+

(G(I1)) for all i = 1, . . . , d− 1

and a0(G(I1)) ≤ a0(G(I)/(y∗1)). Therefore ai(G(I1)) ≤ 1 for i ≥ 0. Similarly argument,

we get ai(G(Ij)) ≤ j for all i ≥ 0 and j = 1, . . . , s. By Lemmas 2.1 and 2.2, n(Ij) ≤ j for

j = 1, . . . , s. From an exact sequence

0→ (In+1
s−1 : ysAs−1)/Ins−1 → As−1/I

n
s−1

ys→ As−1/I
n+1
s−1 → As/(I

n+1
s )→ 0,
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we get

`(In+1
s−1 : ysAs−1/I

n
s−1) = `(As/(I

n+1
s ))− `(As−1/I

n+1
s−1 ) + `(As−1/I

nAs−1)

= `(As/I
n+1
s As)− `(InAs−1/I

n+1As−1).

Since n(Is−1) ≤ s− 1, n(Is) ≤ s and ei(Is) = ei(Is−1) for i = 0, 1, . . . , d− s,

`(In+1As−1 : ysAs−1/I
nAs−1) = 0 for all n ≥ s.

Therefore

(3.1) In+1As−1 : ysAs−1 = InAs−1 for all n ≥ s.

From the hypothesis and (3.1), it follows that In+1As−1 : ysAs−1 = InAs−1 for all n ≥ 1.

Thus depth(G(Is−1)) ≥ 1. Applying Lemma 3.1, we get depth(G(I)) ≥ s.
(ii) ⇒ (iii). Suppose that

(Ins−1 : ysAs−1) = In−1
s−1 for all n = 2, . . . , s.

Consider the case s = 1. From In : y1 = In−1, we have y1(In : y1) = y1I
n−1. This implies

In ∩ (y1) = y1I
n−1. So, the implication holds for s = 1.

By induction on s, we may assume that

In ∩ (y1, . . . , ys−1) = (y1, . . . , ys−1)In−1.

From (Ins−1 : ysAs−1) = In−1
s−1 and ys forms As−1-regular, we get

Ins−1 ∩ (ysAs−1) = ysI
n−1
s−1 .

Thus

[In + (y1, . . . , ys−1)] ∩ (y1, . . . , ys) = ysI
n−1 + (y1, . . . , ys−1).

Therefore

[(In + (y1, . . . , ys−1)) ∩ (y1, . . . , ys)] ∩ In = ysI
n−1 + (y1, . . . , ys−1) ∩ In.

It follows that

In ∩ (y1, . . . , ys) = ysI
n−1 + (y1, . . . , ys−1) ∩ In.

From inductive assumption, (y1, . . . , ys−1) ∩ In = (y1, . . . , ys−1)In−1. So, we obtain

In ∩ (y1, . . . , ys) = (y1, . . . , ys)I
n−1.

(iii) ⇒ (ii). Suppose that

In ∩ (y1, . . . , ys) = (y1, . . . , ys)I
n−1.
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It follows that

[In + (y1, . . . , ys−1)] ∩ (y1, . . . , ys) = (y1, . . . , ys)I
n−1 + (y1, . . . , ys−1).

From this we can write

Ins−1 ∩ (ysAs−1) = ysI
n−1
s−1 .

Hence

ysAs−1[Ins−1 : (ysAs−1)] = ysI
n−1
s−1 .

Since depth(As−1) ≥ 1,

Ins−1 : (ysAs−1) = In−1
s−1 .

In [4, Theorem 2.4], Elias proved (i) is equivalent to (iii).

Proposition 3.4. Let (A,m) be a noetherian local ring of dimension d ≥ 1 and Q be a

parameter ideal of A. Then e1(Q) ≤ 0.

Proof. See [14].

Proposition 3.5. Let (A,m) be a noetherian local ring of dimension d ≥ 2 and depth(A) ≥
d− 1. Let Q be a parameter ideal such that σ(Q) ≥ d− 2. Then ed(Q) ≤ 0.

Proof. Let I = Qk for k � 0. By [5, Proposition 2.8], we have ed(Q) = ed(I). We

have σ(Q) = depth(G(I)) ≥ d − 2. By [7, Lemma 2.4], ai(G(I)) ≤ 0 for all i ≥ 0.

Since Q is a parameter ideal, ad(G(I)) ≤ −1. On the other hand, by [8, Theorem 5.2],

ad−2(G(I)) < ad−1(G(I)) ≤ 0. Let R = A[It] =
⊕

n≥0 I
n denote the Rees algebra of A

with respect to I and R+ =
⊕

n>0Rn. By [1, Theorem 4.1] and [1, Theorem 3.8], we have

(−1)ded(Q) = (−1)ded(I) = PI(0)−HI(0) =
d∑

i=0

(−1)i`(H i
R+

(R)0)

=
d∑

i=0

(−1)i`(H i
G(I)+

G(I)0) = (−1)d−1`(Hd−1
G(I)+

G(I)0).

This implies that ed(Q) = −`(Hd−1
G(I)+

(G(I))0) ≤ 0.

Corollary 3.6. Let (A,m) be a noetherian ring of dimension d = 4 and depth(A) ≥ 3.

Let Q be a parameter ideal of A such that σ(Q) ≥ 2. Then

ei(Q) ≤ 0 for all i = 1, 2, 3, 4.
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Proof. First, from Proposition 3.4, we have e1(Q) ≤ 0. Applying Proposition 3.5, we get

e4(Q) ≤ 0.

Now, we need to show e2(Q) ≤ 0 and e3(Q) ≤ 0. Suppose that Q = (x1, x2, x3, x4).

Without loss of generality, assume that A/m is infinite and x1, x2 is a superficial sequence

for Q. For each i = 1, 2, let A1 = A/(x1), A2 = A/(x1, x2) and Qi = QAi. Then

dim(Ai) = 4−i andQi is a parameter ideal ofAi. Since depth(A) ≥ 3, depth(Ai) ≥ 4−i−1.

By Lemma 3.2, σ(Qi) ≥ 1. By applying Proposition 3.5, we obtain

e4−i(Q) = e4−i(Qi) ≤ 0 for i = 1, 2.

So, e2(Q) ≤ 0 and e3(Q) ≤ 0.

If A is a noetherian ring of dimension d ≥ 3 and depth(A) ≥ d − 1, by analogously

arguing as the proof of Corollary 3.6 we obtain the following corollary.

Corollary 3.7. Let (A,m) be a noetherian local ring of dimension d ≥ 3 and depth(A) ≥
d− 1. Let Q be a parameter ideal of A. Then

ei(Q) ≤ 0 for i = 1, 2, 3.

By [4, Proposition 2.2], σ(Q) = depthG(Qk) ≥ depthG(Q) for k � 0. From Theo-

rem 3.6 and [4, Proposition 2.2], we get the following corollary.

Corollary 3.8. Let (A,m) be a noetherian local ring of dimension d ≥ 2 and depth(A) ≥
d− 1. Let Q be a parameter ideal of A such that depth(G(Q)) ≥ d− 2. Then

ei(Q) ≤ 0 for i = 1, . . . , d.

Proof. It is well known that e1(Q) ≤ 0 and ed(Q) ≤ 0. If d ≤ 4, the corollary is proved by

Corollary 3.6. If d > 4, we need to prove that ed−i(Q) ≤ 0 for i = 1, . . . , d− 2. Indeed, let

Q = (x1, . . . , xd). Without loss of generality, assume that A/m is infinite and x1, . . . , xd is a

superficial sequence for Q. For each i = 1, . . . , d−2, let Ai = A/(x1, . . . , xi) and Qi = QAi.

Then dim(Ai) = d − i and Qi is a parameter ideal of Ai. From depth(A) ≥ d − 1,

depth(Ai) ≥ d − i − 1. Since depth(G(Q)) ≥ d − 2, depth(G(Q)) ≥ d − i − 2. By [4,

Proposition 2.2], σ(Qi) ≥ depth(G(Qi)) ≥ d− i− 2. By applying Proposition 3.5, we get

ed−i(Q) = ed−i(Qi) ≤ 0 for i = 1, . . . , d− 2.

Hence ei(Q) ≤ 0 for i = 2, . . . , d− 1.

Notice that Corollary 3.8 is an early results of Saikia-Saloni [20, Corollary 3.2] and

Linh-Trung [13, Theorem 2.9].

The assumption depth(A) ≥ d−1 is very important. The following example show that

some Hilbert coefficients of parameter ideal would be positive if the ring A is not almost

Cohen-Macaulay.
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Example 3.9. [16, Example 3.7] Let A = k[x, y, z, u, v, w]/I, where I = (x + y, z −
u,w) ∩ (z, u− v, y) ∩ (x, u, w) and Q = (u− y, z + w, x− v). Then A is an unmixed ring

of dimension d = 3, depth(A) = 1 and Q is a parameter ideal with

PQ(n) = 3

(
n+ 2

3

)
+ 2

(
n+ 1

2

)
+ n.

In particular, e2(Q) = 1 > 0.

4. Bound for the regularity in terms of the first Hilbert coefficients

Let (A,m) be a noetherian local ring of dimension d. Let Q be a parameter ideal of A. In

this section, we will establish a bound for the regularity of G(Q) in terms of e1(Q) and d

in the case depth(A) ≥ d− 1. First, we need to give a bound for Hilbert-Samuel function

of A with respect to Q.

Lemma 4.1. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d− 1.

Let Q be a parameter ideal of A. For all n ≥ 1,

`(A/Qn) ≤
(
n+ d− 1

d

)
e(Q)−

(
n+ d− 2

d− 1

)
e1(Q).

Proof. Let L denote the largest ideal of finite length of A. From the equality

`(A/Qn) = `(A/(Qn + L)) + `(Qn + L/Qn),

we get

`(A/Qn+1) ≤ `(A/Qn+1 + L) + `(L).

If d = 1, then A/L is an one-dimensional Cohen-Macaulay ring and L = H0
m(A). By

Corollary 2.4, e1(Q) = −`(L). Therefore

`(A/Qn+1 + L) + `(L) = (n+ 1)e(Q)− e1(Q),

which proves this case.

If d > 1, let Q = (x1, . . . , xd) and assume that x = x1 is superficial for Q. Let

A = A/(x), Q = QA. Then e(Q) = e(Q) and e1(Q) = e1(Q) by Lemma 2.5. Using

induction on d we may assume that for all i ≥ 1,

`(A/Q
i
) ≤

(
i+ d− 2

d− 1

)
e(Q)−

(
i+ d− 3

d− 2

)
e1(Q)

=

(
i+ d− 2

d− 1

)
e(Q)−

(
i+ d− 3

d− 2

)
e1(Q).
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From the exact sequence

0→ Qi+1 : x/Qi → A/Qi x→ A/Qi+1 → A/(Qi+1, x)→ 0,

we get

`(Qi/Qi+1) = `(A/Qi+1)− `(A/Qi) ≤ `(A/(Qi+1, x)).

Using the above inequalities we obtain

`(A/Qn) =
n∑

i=1

`(Qi−1/Qi) ≤
n∑

i=1

`(A/(Qi, x))

≤
n∑

i=1

[(
i+ d− 2

d− 1

)
e(Q)−

(
i+ d− 3

d− 2

)
e1(Q)

]
=

(
n+ d− 1

d

)
e(Q)−

(
n+ d− 2

d− 1

)
e1(Q).

For every parameter ideal Q of A, it is well known that `(A/Q) ≥ e(Q). The Cohen-

Macaulay difference of A with respect to Q is defined by

I(Q,A) = `(A/Q)− e(Q).

Denote

I(A) = sup{I(Q,A) | for all parameter ideals Q of A}.

By Corollary 2.4, if dim(A) = 1 and Q is a parameter ideal of A then

e1(Q) = −`(H0
m(A)).

This implies that if A is an almost Cohen-Macaulay ring of dimension d ≥ 1 and Q =

(x1, . . . , xd) is a parameter ideal of A which x1, . . . , xd−1 is a superficial sequence for Q,

then

e1(Q) = e1((xd), A/(x1, . . . , xd−1)) = −`(H0
m(A/(x1, . . . , xd−1)))

is independent on xd. This gives us the following bound.

Lemma 4.2. Let A be a noetherian local ring of dimension d ≥ 2 and depth(A) ≥ d− 1.

Let x1, . . . , xd−1 be a subsystem of parameter of A and J = (x1, . . . , xd−1). For all n ≥ 1,

I(A/Jn) ≤ −
(
n+ d− 3

d− 2

)
e1(Q).

Proof. We can add an element xd to the subsystem x1, . . . , xd−1 such that x1, . . . , xd−1, xd

is a system of parameters of A and let B := A/(xd). Then

`(A/(Jn, xd)) = `(B/JnB).
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By Lemma 4.1,

`(B/JnB) ≤
(
n+ d− 2

d− 1

)
e(J,B)−

(
n+ d− 3

d− 2

)
e1(J,B).

Put Q = (x1, . . . , xd). We have e(J,B) = e(Q,A). Without loss of generality we may

assume that the residue field of A is infinite and x = xd is superficial for Q. Since A is

almost Cohen-Macaulay, e1(QB) = e1(Q). Therefore,

`(A/(Jn, xd)) ≤
(
n+ d− 2

d− 1

)
e(Q)−

(
n+ d− 3

d− 1

)
e1(Q).

By the associative formula for multiplicity,

e((xd), A/Jn) =
∑
p

`(Ap/J
nAp)e((xd), A/p),

where the sum is taken over all prime ideals p ⊇ J with dim(A/p) = 1. Since Ap is a

Cohen-Macaulay ring with dimAp = d− 1 and JAp is a parameter ideal of Ap,

`(Ap/J
nAp) =

(
n+ d− 2

d− 1

)
`(Ap/JAp).

It follows that

e((xd), A/Jn) =

(
n+ d− 2

d− 1

)∑
p

`(Ap/JAp)e((xd), A/p)

=

(
n+ d− 2

d− 1

)
e((xd), A/J)

=

(
n+ d− 2

d− 1

)
e(Q).

Hence

I((xd), A/Jn) = `(A/(Jn, xd))− e((xd), A/Jn) ≤ −
(
n+ d− 3

d− 2

)
e1(Q).

Since e1(Q) is independent on xd, this implies

I(A/Jn) = sup I((xd), A/Jn) ≤ −
(
n+ d− 3

d− 2

)
e1(Q).

Corollary 4.3. Let A be a noetherian local ring of dimension d ≥ 2 and depth(A) ≥ d−1.

Let x1, . . . , xd−1 be a subsystem of parameter of A and J = (x1, . . . , xd−1). For all n ≥ 1

and t ≥ 1,

`(Jn : xtd/J
n) ≤ −

(
n+ d− 3

d− 2

)
e1(Q).
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Proof. We have

I((xtd), A/Jn) = `(A/(Jn, xtd))− e((xtd), A/Jn).

By [3, Theorem 4.7.4] and [3, Theorem 4.7.6],

e((xtd), A/Jn) = `(A/(Jn, xtd))− `(Jn : xtd/J
n).

Therefore

I((xtd), A/Jn) = `(A/(Jn, xtd))− [`(A/(Jn, xtd))− `(Jn : xtd/J
n)]

= `(Jn : xtd/J
n).

Thus, by applying Lemma 4.2 we get

`(Jn : xtd/J
n) = I((xtd), Jn) ≤ I(A/Jn) ≤ −

(
n+ d− 3

d− 2

)
e1(Q).

Lemma 4.4. Let A be noetherian ring of dimension d ≥ 1 and depth(A) ≥ 1. Let I be

an m-primary ideal of A and x be an superficial element for I. If reg(G(I/(x)) ≤ m, then

there exists an integer t such that

reg(G(I)) ≤ m+ `(Im+1 : x/Im) + `(Im+t+1 : xt/Im+1).

Proof. Applying [10, Theorem 2.7] and [12, Lemma 2.2], we get the inequality in the

lemma.

Theorem 4.5. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d−1.

Let Q be a parameter ideal of A. Then

reg(G(Q)) ≤

max{−e1(Q)− 1, 0} if d = 1,

max{[−4e1(Q)](d−1)! + e1(Q)− 1, 0} if d ≥ 2.

Proof. Suppose that Q is an ideal generated by system of parameter x1, . . . , xd. Let

L = H0
m(A). If d = 1, then by [12, Theorem 2.3] we have

reg(G(Q)) = max{`(L)− 1, 0}.

But in this case e1(Q) = −`(L) by Corollary 2.4. Hence

reg(G(Q)) = max{−e1(Q)− 1, 0}.

If d ≥ 2, we first consider that A is a Cohen-Macaulay ring, then reg(G(Q)) = 0.

Therefore, we may assume that A is not a Cohen-Macaulay ring. Then depth(A) = d− 1,

so e1(Q) ≤ −1. Without loss of generality we may further assume that the residue field of
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A is infinite. Then we may choose x = xd ∈ Q \mQ such that x is superficial for Q. Let

A = A/(x) and Q = QA. Since A is not Cohen-Macaulay, A is not a Cohen-Macaulay

ring. Because A is an almost Cohen-Macaulay ring and dim(A) = d ≥ 2, e1(Q) = e1(Q).

Let m = reg(G(Q)). By Lemma 4.4, there exists an integer t such that

reg(G(Q)) ≤ m+ `(Qm+1 : x/Qm) + `(Qm+t+1 : xt/Qm+1).

Set J = (x1, . . . , xd−1), we have

Qm+1 : x/Qm = ((xQm + JmQ) : x)/Qm

= (Qm + (JmQ : x))/Qm

∼= (JmQ : x)/(Qm ∩ (JmQ : x)).

Since Jm ⊆ Qm ∩ (JmQ : x), we obtain

`(Qm+1 : x/Qm) ≤ `(Jm : x/Jm).

On the other hand,

Qm+t+1 : xt = (xtQm+1 + Jm+1Qt) : xt = Qm+1 + (Jm+1Qt : xt),

`(Qm+t+1 : xt/Qm+1) = `(Qm+1 + (Jm+1Qt : xt)/Qm+1)

= `((Jm+1Qt : xt)/Qm+1 ∩ (Jm+1Qt : xt)).

Notice that

(Jm+1Qt : xt) ⊆ (Jm+1 : xt) and Jm+1 ⊆ Qm+1 ∩ (Jm+1Qt : xt).

This implies

`(Qm+t+1 : xt/Qm+1) ≤ `(Jm+1 : xt/Jm+1).

So,

reg(G(Q)) ≤ m+ `(Qm+1 : x/Qm) + `(Qm+t+1 : xt/Qm+1)

≤ m+ `(Jm : x/Jm) + `(Jm+1 : xt/Jm+1).

Applying Corollary 4.3, we get

reg(G(Q)) ≤ m−
(
m+ d− 2

d− 2

)
e1(Q)−

(
m+ d− 1

d− 2

)
e1(Q)

≤ m− (m+ 1)d−2e1(Q)− (m+ 2)d−2e1(Q).

If d = 2, we may put m = −e1(Q)− 1 and obtain

reg(G(Q)) ≤ −3e1(Q)− 1 = (−4e1(Q))(2−1)! + e1(Q)− 1.
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If d > 2, by using induction on d we may assume that

m = reg(G(Q)) ≤ [−4e1(Q)](d−2)! + e1(Q)− 1.

From Lemma 2.5, we have e1(Q) = e1(Q). Thus m ≤ (−4e1(Q))(d−2)!+e1(Q)−1. Because

m ≥ −e1(Q) and −e1(Q) ≥ 1, we obtain

reg(G(Q)) ≤ m− (m+ 1)d−2e1(Q)− (m+ 2)d−2e1(Q)

≤ −me1(Q)− (m+ 1)d−2e1(Q)−
d−2∑
i=0

(
d− 2

i

)
(m+ 1)d−2−ie1(Q)

≤ −
d−2∑
i=0

(
d− 1

i+ 1

)
(m+ 1)d−2−ie1(Q)

≤ −
d−1∑
i=1

(
d− 1

i

)
(m+ 1)d−1−ie1(Q)i

≤ (m+ 1− e1(Q))d−1 + e1(Q)− 1

≤ [−4e1(Q)](d−1)! + e1(Q)− 1.

By Lemmas 2.1 and 2.2, n(Q) ≤ reg(G(Q)). From this we get the following corollary.

Corollary 4.6. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d−1.

Let Q be a parameter ideal of A. Then

n(Q) ≤

max{−e1(Q)− 1, 0} if d = 1,

max{[−4e1(Q)](d−1)! + e1(Q)− 1, 0} if d ≥ 2.

Let R(Q) be the Rees algebra of A with respect to Q. Ooishi [17, Lemma 4.8] proved

that reg(G(Q)) = reg(R(Q)). Represent R(Q) = A[T ]/J , where A[T ] is a polynomial ring

and J is a homogeneous ideal of A[T ]. The relation type reltype(Q) of Q is defined as

the largest degree of the minimal generators of J . It is well known [21, Corollary 1.3 and

Proposition 4.1] that

reltype(Q) ≤ reg(R(Q)) + 1 = reg(G(Q)) + 1.

Therefore, we obtain the following bounds for the relation type of Q in terms of n(Q).

Corollary 4.7. Let A be a noetherian local ring of dimension d ≥ 1 and depth(A) ≥ d−1.

Let Q be a parameter ideal of A. Then

reltype(Q) ≤

max{−e1(Q), 1} if d = 1,

max{[−4e1(Q)](d−1)! + e1(Q), 1} if d ≥ 2.
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