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Two Positive Solutions for Kirchhoff Type Problems with Hardy-Sobolev

Critical Exponent and Singular Nonlinearities

Yu-Ting Tang, Jia-Feng Liao and Chun-Lei Tang*

Abstract. We consider the following singular Kirchhoff type equation with Hardy-
Sobolev critical exponent

9 u? A
—la+0d | |Vul"de ) Au=— + 5, TEQ,
Q |z fa|fu
u >0, x €,
u =0, x € 09,

where Q C R? is a bounded domain with smooth boundary 0Q, 0 € Q, a,b, A > 0,
0<vy<1l and 0 < B < (5+7)/2. Combining with the variational method and

perturbation method, two positive solutions of the equation are obtained.

1. Introduction and main result

In this paper, we consider the positive solutions of the Kirchhoff type equation

9 u3 A
—la+b [ |Vulder ) Au= —+ ——, z€,
Q x| fafu
(1.1) w0, zeq,

u =0, T € 092,

where 0 C R? is a bounded domain with smooth boundary 05, 0 € Q, a,b,A > 0,
0<y<land0<pg<(54+7)/2, and 4 is the Hardy-Sobolev critical exponent.
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Liu and Sun [20] considered the following singular Kirchhoff type equation for the first

time
2 u”
- (a + b/ |Vul d:v) Au = )\g(:v)w +h(z)u™, xe€Q,
Q
(12) u > 07 T € Q,
u =0, x € 01,

where 3 < p<5-25,0<s < 1land g,h € C(Q2) are nontrivial nonnegative functions. By

the Nehari method, when A > 0 small, they obtained two positive solutions for (1.2)). Later,
Lei, Liao and Tang studied the critical case of (1.2) with s =0, p =5, A = g(x) =1, and
obtained two positive solutions by using the variational method and perturbation method,

see [12]. In [21], Liu et al. generalized [12] in dimension four, that is,

A
—<a+b/|Vu]2da:) Au=pu’+—"— 2€Q,
Q ||
u > 0, x €,
u =0, T € 09,

(1.3)

where Q C R* is a bounded smooth domain and p > 0. For all 4 > 0, v € (0,1) and
0 < B < 3, they obtained has a positive solution. When u > bS?, v € (0,1/2) and
242y < B < 3, they proved has at least two positive solutions. Moreover, when
s =0, p = 3, the existence and multiplicity of positive solutions for are considered
by Liao et al., see |[19]. And, Li, Tang and Liao [16] studied with0<s<1,p=3
and g € L*°(Q) may change sign in .

To the best of our knowledge, the first work on the Kirchhoff-type problem with critical
Sobolev exponent is from Alves, Corréa and Figueiredo in [1]. After that, the Kirchhoff
type equation with critical exponent has been extensively studied, and some important
and interesting results have been obtained, see [4-8}/10,12H15,17,|18,21-24,27-29].

However, the Kirchhoff type problem with Hardy-Sobolev critical exponent has few
been considered. Inspired by [12,20,21], we study the existence of positive solutions of
. To the best of our knowledge, most of the Kirchhoff type equation with asymptot-
ically 3-linear are subcritical in R3. One of the main feature of is asymptotically
3-linear and critical, the difficulty is due to the lack of compactness of the embedding
H}(Q) — L*(Q,|z| 'dz). And the power of the nonlocal term b( [, [Vu|? dz) Au and the
critical term is equal. Furthermore, because of the singular term =7, the corresponding
energy functional I does not belong to C'(H}(2),R) which leads to the classic critical
point theory for I could not be checked directly. In this article, combining with some anal-

ysis techniques and the definition of solution of (|L.1]), we obtain a positive local minimizer
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solution of (L.1). While 0 < b < A2 and 2+ v < 8 < (5 + 7)/2, combining with the
perturbation method and variational method, we get another positive solution for ([1.1]).
Let A be the Hardy-Sobolev constant, and S be the best Sobolev constant, namely

2
BN ([t 1)
Jluf?

(1.5) S=  jof —
weH (@O} ( [ u dz)'/*

For readers’ convenience, we give the definition of the (C). condition (see Defini-
tion 1.40 in [30]).

Definition 1.1. Suppose ¢ € C1(H(Q),R). For any ¢ € R, {u,} is called a (C), sequence
of 1 in H} (), if ¥(u,) — ¢ and (1 + |Jun||)Y (un) — 0 as n — oo. We say that ¢ satisfies

the (C). condition if every (C). sequence of 1 has a converging subsequence in Hg ().

The energy functional of (1.1)) is defined by

a b 1 [ (uh)4 A (ut)t=
1) = gl + Gt = | S de - 72 |
)= Sl + Sl - § [ S e A [

for all uw € H}(Q), where u* = max{+u,0} and [ul| = ([, |Vu|2d:v)l/2 is the norm of
H(Q). Since 0 < v < 1, the energy functional I is not a C! functional on H}(2). We
say u is a solution of (L.1), if u € H}(Q) with u > 0 and for all ¢ € H{(Q) satisfies

ut)3 ut)—7
(a+b||uH2)/Q(Vu,ch)da:—/Q( )(pd:c—)\/ﬂ(‘xiﬁ pdr = 0.

Our main result is described as follows.

Theorem 1.2. Suppose that a,b >0, 0 <~ < 1, then

(1) when 0 < B < (54 7)/2, there exists A« > 0 such that (1.1) has at least a positive
solution for all 0 < A < Ay;

(2) when 0 <b< A2 and 2+ < B < (5+7)/2, there exist Ax > 0 (Auxe < Ai) such
that (1.1)) has at least two positive solutions for all 0 < A < Ayx.

Remark 1.3. To the best of our knowledge, has not been studied up to now. On
the one hand, is equal to with s = 1 and p = 5 — 2s. In some sense, our
result generalizes [20] to the Hardy-Sobolev critical case. Moreover, is different from
. Comparing with [21], we consider the Kirchhoff type problem with Hardy-Sobolev

critical exponent in dimension three. On the other hand, the Kirchhoff type problem is
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asymptotically 3-linear and critical, it is worth mentioning that our result demonstrates
the relation between the existence of positive solutions and the value range of b, A. It is
worth mentioning that the constraint conditions 0 < b < A 2 and 2+ < B < (5+7)/2
are ensure the existence of the second positive solution. However, we could not obtain the

second solution for (1.1) with 0 < 8 <2+ 4.
Remark 1.4. The more general problem of (1.1) is

5—2s
— <a + b/ |Vul|? dx) Au="2 + M(z)u™", zeQ,
Q

|z[*

(16) u > O, T € Q,

u =0, x € 01,

where Q C R and 0 < s < 2. For all u € H}(Q2), the energy functional of (L.6)) is defined
by

a b 1 (ut)6-2s A _
Ii(u) = = |ul® + ~|jull* - dr — h(z)(u) 7 da.
() = Gl + Jul — 5= [ Fo—de— 2= [ @ty de

According to the first result of Theorem for any 0 < s < 2, we can also obtain that
has at least one positive solution. When s = 0, |12 considered and obtained
two positive solutions. However, we could not obtain the existence of the second positive
solution for with s € (0,1) U (1,2] by the methods of this paper. Because we could
not obtain that I, satisfies the local (C). condition, where I , is the energy functional
of the approximating problem of which is similar to . Similar to , we
have al® + bl* + bl?||ul|? = [ (w;})57% /|z|* do < 19725 /A3~ But we could not solve this
inequality about [ for s € (0,1). When s € (1, 2], it is difficult to obtain the mountain-pass
geometry structure for I, o in H& (©). Thus, the existence of the second positive solution
for (1.6) with s € (0,1) U (1,2] is one of future problems of us.

2. Proof of Theorem

We will divide two parts to complete the proof of Theorem m First, we prove that
with 0 < 8 < (5 + 7)/2 has a positive local minimizer solution in first part. Secondly,
for 0 < b< A2 and 2+~ < B < (5+7)/2, we study the existence of the second
positive solution of in second part. In order to overcome the difficulty of the singular
term u~7, we study an approximating equation of and prove that the corresponding
approximating equation has at least a positive mountain-pass solution. Finally, we prove
the sequence of positive solutions of the approximating equation is convergent in H&(Q)
and the limit is indeed a positive solution of .
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2.1. The existence of the first positive solution

In order to obtain the first positive solution, we give the following important lemmas.

Lemma 2.1. Assume thata >0,b>0,0<v<1,0< 8 < (5+1)/2, then there exist
R,p >0 and A« > 0 such that

(2.1) I(u)|yesy, > p>0, inf I(u) <0
uEBR

for every 0 < A < A, where Sg = {u € H}(Q) : ||u|| = R}, Br = {u € H}(Q) : |Ju]| < R}.

Proof. Let Ry > 0 be a constant such that Q C B(0,Rg) = {z € R? : |z| < Rg}. By
Holder’s inequality and (L.5)), for all u € H}(Q), since 0 < 8 < (5 +7)/2, one has

/(“+)1_7 dx</ W g
o |zff ~Ja |zff

6 (1=7)/6 1 (5+7)/6
<) (f e )

(2.2) R (54+)/6
< 5=/ 1= <47T/ A dr)
0
_ 47'('(5 + fy) (5+v)/6 R(5+7725)/28—(1—y)/2||u||1—'y
35+~ —28) 0 '
By and , we have
(2.3)
_a, 9 b 4_1/(U+)4 A /(W)l_"’
A e
SETIEE Bl I AL (R N T
=ollY g4z T T )82 [3(5+ 4 — 28) "
>

(5—26+7)/2 5+7)/6
= { S - L0 - AR T tn(G ) 18
; Ve (1= 7)S07 35+~ 28)
For all £ > 0, let
2
_ %4y i 3+
H(t) 5 e .
1—64%) (317
](5+’Y)/6

1/2
When 0 < b < A™2, it is easy to obtain a constant R; = [%} > 0 such that

. —~)s1=7/2 — .
max;>0 H(t) = H(R1) > 0. Letting A\; = (;Rél),iM;/Q [3(45;;_%3) H(R,), it follows
that there exists a constant p > 0 such that I(u)|ues,, = p for every A € (0,A1). When
b> A2 from (2.3]) we can see that I(u) — +o0 as ||u|]| — +oco. Therefore, I is coercive on

HE(Q). Obviously, we can find an Re > 0 and a constant p > 0 such that I(u)|uesp, = p



236 Yu-Ting Tang, Jia-Feng Liao and Chun-Lei Tang

—~)s0- o5 1(5+7)/6

for every A € (0, \2), where Ay = (;R(Z)_‘Z;;)//; [3(457:84_3)’8)} H(R3) and H(R3) > 0.
0

Thus, there exist R, A.,p > 0 such that I(u)|,es, > p for every A € (0, ). Choosing

u € B with ut # 0, we have

I(t A 1=y
i L0 _ /(“) dz <0,
t—0+ t1=7 1—vJq |x|B

then I(tu) < 0 for all u™ # 0 and ¢ small enough. Therefore, one has

(2.4) mo = inf I(u) <O0.
UEBR
Then the proof of Lemma [2.1|is completed. ]

Lemma 2.2. Suppose thata > 0,0>0,0<v<1,0<8<(54+7)/2 and 0 < X < A,
(A« defined in Lemma , then I attains the local minimizer mq in HE(QQ), that is, there
exists u. € HL(Y) such that I(u.) =mg < 0.

Proof. First, we prove that there exists u, € Bp such that I (us) = mo < 0. Actually, by
(2.1)), we can infer that

b 1 )
aHuH2+||uH4—/ (u?) dx > p for u € Sg,
2 4 0

4o ||
and
a b L[ (uh)? —
2. Sl + llul* — 5 dr >0 f Br.
(25) P+ gl = [ S de >0 forue B

By the definition of (2.4)), there exists a minimizing sequence {u,} C Bp such that
lim,, 00 I(un) = mo < 0. Clearly, this minimizing sequence is bounded in Bg, up to a

subsequence, there exists u, € Hg () such that

Uy — u, weakly in Hy(Q), u, — u, strongly in LP(Q), 1 < p < 6,
(2.6) Ul 4

|—"’ - % weakly in L'(Q),  wun(2) — us(2) a.e. in Q.
x x
By (2.2)) and (2.6, we have
+ 1=y +)1—vy
(2.7) lim %dm :/ %dm—l—o(l).
n—oo Jo |zl o |zl
Setting wy, = u, — ux, we have
(2.8) [unl® = llwall? + lus|* + o(1),

and

(2.9) lunll* = Nwall* + luall* + 2[lwnl*lwol* + o(1).
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Moreover, by Lemma 4.2 in [9], one has
+14 +14 +14
(2.10) /(“") da::/ (wi) d:c+/ W) o+ o(1).
o |zl o |z 0
If u, = 0, then w, = u,, it follows that w, € Bg. If u, # 0, from (2.8), we obtain
wy, € Bp for n large sufficiently. Hence from (2.5)) one has

b 1 +\4
(2.11) a2 + 2 on ]t — X / W) s,
2 4 0

4 ||
By (2.7)—(2.11)), then we have
mo = I(uy) + o(1)

1

a b b (w;h)*
= I(u) + S llwall? + Zllwnl* + 2w [lus]* - / "
2 4 2 o

|z

1 dx + o(1)

b
> I(u) + §Hwnll2llu*|l2 +o(1)
> I(ux) 4 o(1),
which implies that I(us) < mg. Noting that Bp is closed and convex, thus u, € Bg.
By (2.4), we have I(us) > mg. Thus we obtain I(u.) = mg < 0, that is, u, is a local
minimizer. Then the proof of Lemma [2.2] is completed. O
Now, we have the following conclusion.

Theorem 2.3. Assume thata >0,b>0,0<~vy<1,0<3<(5+4+7)/2, then (L.1) has
at least a positive solution for 0 < A\ < Ax (A« defined in Lemma .

Proof. By Lemma there exists u. € Br C H}(2) such that I(u.) = mgy < 0, we only
need prove that u, is a positive solution of (L.1)). Then for any ¢ € HZ(Q), ¢ > 0, letting
t > 0 small enough, such that u, + t¢ € Bg, we have
1 tp)—1T
0 < lim inf/ (ue + t) ) dx
t—0t Jo t
ut)3
(2.12) = (a+b|]u*H2)/(Vu*,V<p) dx —/ ()’ dx
Q o |z

+ t 1—-vy _ +\1—v
[,
Q |z [Pt

lim sup
L—7 4ot

By the mean value theorem and Fatou lemma, there exists # > 0 such that

+ 1 to) =Y — ()Y + 4 to) Y — ()Y
limsup/ (i +19) éu*) dx > liminf/ (s +1¢) /gu*) dx
>0+ Jo (1 —=)|z|Pt t—0+ Jq (1 —=)|z[°t
+ —
:hminf/ de
-0t Jo ||t

)=
ZA/ be) 79 g,
o |zl
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where § — 0 and (uf + 0to) Y — (uf)Vp as t — 07, and (uf + Otp)Tp > 0.
Consequently, it follows from (2.12)) that

)
(2.13) (a+b||u*H2)/(Vu*,Vgo)dx—/ (W)’ ), —A/ W) 72 4p 50, >0,
Q o |zl o ||
Now, we will prove that (2.13]) holds for any ¢ € H}(Q). By Lemma we know that
I(uy) < 0. Combining with (2.1]), one has u, ¢ Sg, that is, ||u.|| < R. For w,, there exists
o € (0,1) such that (1 + t)u, € Bpg for |t| < 0. Define 7 : [—0,0] by 7(t) = I((1 + t)u.).

Clearly, 7(t) achieves its minimum at ¢ = 0, namely

Jr
(2.14) 7(8)]omo = alluall? + bllu |t — / el — o / W =0,
For any ¢ € H}(Q2) and ¢ > 0, we define ® € HJ () by

® = (ul +ep)t.

Then it follows from (2.13)) and (2.14]) that

H— +)3
0% [t b lfiwn voyde x [ O gae - [0 g,
! Q

o |zff ||

— / (0 + bllusl?) (Vus, V(uF + ) da
{uf +ep>0}

Dt tep) | @HT )
/ +w>0}[ ol T P “*wﬂd

— (/Q_/ungo}) [(a+b||u*|12)(Vu*,V(ui+sso))

+\3 (o + )=
— (u*) (U* "‘5(,0) _ )\(u* )5 (u*—i- +5§0):| d.ilf
|z| |z|
+)1— +)4
o || o |zl

: L whT @],
—l—s/g[(a—i—bHu*H ) (Vus, Vo) — A PE © ]d

|z

- / (a1 bllus|2) (Vauw, ¥ (uF + £9)) da
{uf +ep<0}

+\— +\3(,,+
{uf +ep<0} |z| |z|

N RN CZo L
SE/Q[(a—I—bHu*H (T, V) = A0 - }d

e / (a + bl |2) (Vue, V) da.
{uf +ep<0}
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Since meas({u} +ep <0}) — 0 as e — 07, it follows that

lim (Vuy, V) dx = 0.

e=0" J{uf +ep<0}

Therefore, dividing by € and letting ¢ — 0% in (2.15)), we deduce that

+\—7 +)3
2.16 a + bf|uy Uy, T — x — x> 0.
Q o |7l o ||

By the arbitrariness of ¢, this inequality also holds for —¢, i.e.,

ut) ut)3
(2.17) (a—i—bHu*Hz)/Q(Vu*,Vgo)dx—/\/Q ( |;|)ﬁ cpdx—/Q( % 4p — 0.

]

On the one hand, taking the test function ¢ = w, in (2.17), one has |lu, || = 0, which
implies that u, > 0. Hence, u, is a nonzero solution of ([1.1)). On the other hand, from

(2.16)), one has
—Au, >0 in Q.

Recalling that u, > 0 and u, # 0, by using the maximum principle of the weak solution
(see Theorem 3 in [3]), one has u, > 0 in Q. Therefore, u, is a positive solution of (|1.1)
with I(u,) = mgy < 0. This completes the proof of Theorem O

2.2. The existence of the second positive solution

In the part, we will prove that (1.1) has the second positive solution. It is well known
that the singular term leads to the non-differentiability of the functional I on H}(Q2). In
order to overcome the difficulty caused by the singular term and get the second positive

solution of (1.1]), we consider the following approximating equation
3 A
- a+b/\Vu]2da: Au:u——&—i, x €Q,
0 2| 2] (u+a)
u =0, x € 02

(2.18)

for any o > 0. The energy functional of (2.18|) I, is defined by

a b 1 [ (uh)4 A (ut + )77 =l
IQU—u2+u4—/ dxr — / dz.

Obviously, I, is a Cl-function on HZ(). As well known, there exists a one to one
correspondence between the nonnegative solutions of (2.18)) and the critical points of I,
on HE(Q). More precisely, we say that u € HE(Q) is a solution of (2.18)), if u satisfies

u+ 3
(2.19) (a—i—bHuHQ)/Q(Vu,VLp)d:r—/Q( ) “de—A/Q(S"dxo

] ut +a)lal?
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for any p € H} ().
Now, for any « > 0, we will prove that (2.18]) has a mountain-pass solution. First, we

show that I, satisfies the local (C'). condition.

Lemma 2.4. Suppose thata >0,0<b< A2, 0<~vy<1,0<B<(5+7)/2, then I,

satisfies the (C)c condition on H}(Q) with ¢ € (0 ,ﬁ D)\Q/(HV)), where
2/(1
a(14+) 2RE-2540)2 D (54 y) 1EH/BO]
D= Lt 0
=) \ a5 3G+~ 25)

and Ry is defined in (2.2]).

Proof. Suppose that {u,} is a (C). sequence, for ¢ € (0, 4((1(17‘% - D)\Q/(HV)), ie.,

(2.20) In(up) = ¢, (14 ||unl) I (un) — 0 as n — oco.

First, we prove that {u,} is a bounded sequence. By (12.20)), one has limy, oo (I/, (uy,), u,, ) =
0, that is,

: 2411~ (12 Up, _
dim |G PP - A [ e el <o,

which implies that

(2.21) HILH;O/ oﬂ|x\f3 dx = 0.

Since 0 < v < 1, it follows from the subadditivity that

(2.22) (ut + )™ =™ < ()T, Yue HYDQ).
By (2.2), (2.20)—(2.22), we have
1
c+1>TI(uy) — 1<Ig(un),un) +0o(1)

A (uf +a)t=7 -l
2 n
= —||u dr — dr + o(1
’ nH / |JI’6 ’y 1_’7/9 |x‘/3 ( )

A A [ ()
2 n
—|[Un d d 1

>g|lu I” - a n(5 47) 1%
4 1—~v [36+v—28)

since 0 < 1—+ < 1, which implies that {u,} is bounded in H}(€2). Going if necessary to a

| \/

R((]5+7—2B)/25—(1—7)/2||un||1_7 +o(1),

subsequence, one can get u, — u in H}(2). Up to a subsequence, there exists u € Hg ()
such that

U, — u weakly in H}(Q), u, — u strongly in LP(Q), 1 < p < 6,

up ut
(2.23) ﬁ B weakly in LY(Q), un(x) — u(z) a.e. in Q,
x x

there exists ¢ € LP(2) (1 < p < 6) such that |u,(z)|, |u(z)| < ¢(x), a.e. in Q,
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where the last conclusion is from Lemma A.1 in [26]. From ([2.23]), we obtain

Un
2l (u + a)”

o] _ ()

- O[”{I,"ﬁ - 0[‘(’1-‘6'

Since 1 < (5+483)/(5 — ) < 6, we choose ¢ € LOT4)/(5=5)(Q), we have

o()
@
(5-5)/(5-+48) 58/(5+45)
( / (6()| (5+48)/(5-9) dm) ( / WECROIE dm)
Q Q

) 58/(5+48)

IN

1
a”
1 _
< a|¢’(5+4ﬁ)/(575) (/ ||~/ gy
B(o,Rrg)

C -
a(1130)25(5 2P)/(5+48) Er

(2.24)

IN

5+45)/(5-8)-

From (2.24)), we know ¢(z)/(a”|x|%) € L'(£2). Thus, applying the dominated convergence

theorem, one has

lim “”da;—/ — 1 _dw
n=o0 Jo |a|f(uy + )7 o |z|?(ut + a)7

For given o > 0 and |u|/[|z|?(u} + @)7] < |u(x)]/(a?|z|?), by the dominated convergence
theorem and ([2.23)), we can obtain

u u
2.25 li —  dxr = - dx.
(2.25) oo Jo 2B (ut +a)y /Q|x|ﬂ(u++a>'y !

Let wy, = u, —u, we claim that ||w,|| — 0 as n — oco. Otherwise, there exists a subsequence
(still denoted by ||wy]|) such that

lim [Jwy| =1>0.
n—roo
By I!,(uy) — 0 in (H}(Q2))*, we can deduce that

+ - +)4
ol + W = 3 [ LT g [ L g o),
S o I

By Brézis-Lieb’s Lemma (see [2]) and ([2.25), we obtain

o(1) = allwall* + allull® + bllwall* + bllul* + 2bwn | ul?

(2.26) . /Q W“d@" < /Q %)4 iz + /Q <1T§>4 dx>.
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It also follows from ([2.20)) that
— 1 /
0= lim (1, (un),u)

:aHu||2+b<li_>m / V|2 de +2 lim (an,Vu)daH—/ |Vu\2d:v> lull?

n—o0 Q

+ - +)4
—A/Wudw—/(u) dzx,
o |z o |zl

which implies that

+ - +)4
(2.27) allu]2 + b2 Jul|? + bllull* — )\/ LA e —/ (CADMPAIITY
o || Q

On the one hand, by (2.2)), (2.22)) and (2.27)), one has

a b A (ut +a)t=7 -l 1 [ (uh)4

a, o 1 o0 A / (ut + )77 —al™
> Z _ - —
> Sl - G0l - 12 - dz
A [ (ut+a)
A TY g
T3 /Q w4
A 1—y 1
> 9luf? - 7 g~ L
(2.28) 4 1—7vJo |:U\f3 4
’ (54+7)/6 p(5—=26+7)/2
> Y = 2 | A6 +) By =l - Loy
4 1— [3(5+7-28) Sa—/2 4

\2/(14)

Y
|

a(1+~) 2RE-250)/2 U (54 ) G/BO
aS— 1=/ 3(5+ 7 — 28)

1
— {0
1
= — DX/ b2,

where the last inequality is from the Young inequality. On the other hand, it follows from
(2.26]) and (2.27)) that

L[ (wi)!
(2.29) Ia(un)ZIa(U)+HwnH2+HwnH4+HwnHQWHZ—/Q 2] dx + o(1)

and

(wi)*
(2.30) allwn | + bllwn||* + bllwnl||ul* - /Q FR o(1).

By (2:30) and (T), we obtain
+)4 l4
n

2.31 12 4+ bt + b2 2_/(w dr < —.
(231) ol o1t vl = [ e < 2
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Consequently, for 0 < b < A2, by (2.31)), one has

2 (a + bl|ul|?)A? S aA?
- 1—bA2 — 1—0bA%

It follows from ([2.29)) and (2.30)) that

a b
Io(u) = La(un) — ZHwnH2 - ZHwnH?HUH2 +o(1).

Consequently, for ¢ < (aA)?/[4(1 — bA?)] — DAY+ letting n — 400, we deduce that

a 1
Io(u) =c— Z12 — ZbZQHuH2
a’A? 1
ST —paz 2l

1
< —D)Y/+) _ Zbz?||u|12,

which contradicts to (2.28). Then, u, — u in H}(Q) as n — oo. Therefore, I, satisfies the
(C). condition with 0 < ¢ < (aA)?/[4(1—bA?)] — DAY+, Thus, the proof of Lemma
is completed. O

By Lemma 2.2 in [11], we know that A is attained when € = R? by the functions

(26)1/2

yelw) = 7]

for all € > 0. Moreover, the functions y.(z) solve the equation

ud

—Au = w ° c R3\ {0}.
x
Let
. = (25)1/27 UE(ZL') _ yEC(CU)
Define a cut-off function ¢ € C§°(£2) such that ¢(z) = 1 for |z| < R, ¢(x) = 0 for |x| > 2R,
0 < p(z) < 1, where Bag(0) C Q, set u.(z) = p(z)Us(x), ve = UE—(“T)IM, so that

(Jeo ut/ I de)
oV2/|z|dz = 1. According to Lemma 11.1 in [9], one has

(2.32) lve||? = A + o(e),
and
(2.33) v ||* = A% + o(e).

Next, we prove that the energy functional I, satisfies the mountain-pass geometry
structure on HE(Q).
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Lemma 2.5. Assume thata > 0,0 <b< A2, 0<~vy<1and0 < B < (5+7)/2,
satisfying 0 < a < 1 and R,p > 0, 0 < X < A\ (where A\, R and p are defined in
Lemma . Then the functional I, satisfies the following conditions:

(a) In(u) > p >0 for allu € HL(),
(b) there exists a function ug € HE(Q) such that |lug|| > R and I,(ug) < p.
Proof. (a) From (2.22)), we deduce that
Io(u) > I(u), Yue HY}Q).

Therefore, from (£2.1)), we obtain (a).
(b) For every v. € H}(Q), ve # 0 and t > 0. Using (|2.32|) and ([2.33), we have

2 bt4 4
Lo(tve) = =~ ||va|| + el = | |

A /(tl_”/v —i—al“f—a
L= Jo \$|ﬂ

o+ ot - & [

o) = o~ b2 1 o(e)]
= +o(e)| — - + o(g)],

dx

since b < A~2, which implies that lim; . o I (tv.) = —o0o. Thus, let ug = tgv. choosing
to > 0 sufficiently large such that ||ug|| > R and I,(ug) < p. This completes the proof of
Lemma O

Finally, we estimate the level value of the mountain-pass and obtain the following

conclusion.

Lemma 2.6. Assume thata >0,0<b< A2 0<y<land2+v<p8<(5+7)/2,
then there exists A\g > 0, for all 0 < X\ < Ao, such that

242
(2.34) sup I (tve) < -

T D)+
£>0 4(1 - bA?) PA 7

where D is defined in Lemma [2.4.

Proof. Let X\ < (%)(Hw/z, we have a?A%/[4(1 — bS?)] — DX¥(+7) > 0. Since
1,(0) = 0 and limy_,o0 I4(tv:) = —o0, by Lemma there exists ¢, > 0 such that
I, (teve) = maxyso Lo (tve) > p > 0. Moreover, by the continuity of I, there exist positive
constants t; and to such that 0 < t1 < t. < to. Set I,(teve) = g(t-v:) — Ah(teve), where g
and h are defined by .

t

_€

4

btt

at? 4
3 leell” =

g(teve) = EH 6H2
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and

1 t 1=y _ gl
h(teve) = 5 / (8”5““') E ¢
-7 Ja €z

First, we claim that there exists a constant C7 > 0 (independent of A, €) such that

2A2
g(teve) < a + Ce.

~ 4(1 —bA?)
Indeed, by (2.32) and ([2.33)), it holds that

at? btt td
glteve) = —Ellvel® + —Flleell* =

(A+0( ))tz_ 1 —0A% +o(e) 4

(2.35) S i
' a?A% + o(e)
S I bA 1 o@] O
a?A?
< m + C1e.

Next, we prove that there exists a constant Co > 0 (independent of A, €) such that
h(tove) > CoelTH1=38)/4,

In fact, for § > 2 + v, we have

1 (tve + )77 — a7

h(t.vs) > —— i
et = 1= Y Sl <er/s |z|?
1 (tsvs)l_'y — ol
Z1-4 dx
1= Y |z|<e2/3 |x|ﬁ
>C e1-7)/2 e
> v 1
wj<e2/s (€ + |z))1=7]z]? |x\<52/3 Pk
(1-7v)/2
2.36 c s
( ) > C || <e2/3 (5 _|_52/3) —762@/3 C/ dr
(1-v)/2
€ 28
>
=¢ |:1:\<52/3 82(1 )/3525/3 C/ dr

>Ce P50+ (628
> CeMH+r=48)/6 _ 0 (6-26)/3
> 025(11%*4/3)/67

where C' and (5 are positive constants and independent of A and €. Therefore, combining
(2.35) and (2.36)), we have

a? A2

_ (114+~y—-4B)/6
4(1—bA2)+CI€ Co)de .

I, (teve) = g(teve) — Ah(tzvs) <
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Since 2+ 7 < B < (5+7)/2, let £ = X214, X < (o€ )P AFV/HE==2] it o146 that
Che — CoreM1H+71=48)/6 — 0 \2/(147) _ o, \(14+47=48)/[3(1+7)]
— )\2/(+7) [01 —Cy A4<2+v—ﬁ)/[3(1+v>q
< —DX2/04),

Thus, we conclude that

I (teve) = g(teve) — Ah(teve)

a’A? (1144—48)/6
< -7 _ Y=
= 11— bA?) + Cre — O e
a’A?
< T p)a+)
~ 4(1 —bA2?) A ’

which implies that (2.34) holds provided that 0 < A < Ao where

Cy 3(1+7)/[4(B—v—2)] a2 A2 (1+7)/2
Ao = min Y .
Ci+D 4(1 —bA%)D

Then, the proof of Lemma [2.6]is completed. O

Thus, I, satisfies (C). condition on H}(2) provided that 0 < ¢ < 4((1‘1_7% — DN/ (),

We have the following result.

Theorem 2.7. Suppose thata >0,0<b< A2 0 <y,a<1land2+vy < B < (5+7)/2,
then there exists M > 0 such that (2.18)) has at least a positive u, € H&(Q) with T (ug) >
p (p is defined in Lemma for all 0 < X < Ay

Proof. Let A\ = min{\,, Ao}, Lemmas hold for 0 < A < Ayx. Now, we define

I := {n € C([0,1], Ho)' () | n(0) = 0,n(1) = uo},
= inf 1 t
¢a = Inf max a(n(t)),
where ug = tov. is defined in Lemma By Lemma 2.4 and Theorem 2.1 in [25], there
exists a sequence {u,} C H}(€2), such that

In(up) = co >p and (1 + |Juy|)) I, (un) — 0.
Moreover, from Lemmas and we obtain

p < co < max I,(tug) = max I, (ttgve)
te(0,1] te(0,1]

< sup I, (ttove)

_ A\ p)a2/0+)
e < i—pary P
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According to Lemma we obtain {u,} C H(Q) has a convergent subsequence, still
denoted by {u,}. Assume that {u,} converges to u, € Hg(2). Thus, we have I,(uq) =
¢o > 0 and I/ (u,) = 0, that is, u, is a nonzero solution of . Consequently, uq
satisfies (2.19). Choosing u = u, and ¢ = ug in (2.19), we obtain (a+ b||ua||?)||ug||* =0,
which implies that u;, = 0. Thus, us > 0 and u, # 0. By the maximum principle of the
weak solution (see Theorem 3 in [3]), we obtain that u, is a positive solution of (2.18).
Therefore, the proof of Theorem is completed. O

According to Theorem for every a € (0, 1), has at least a positive mountain-
pass solution {uqs} with In(uq) > p > 0. Thus, there exist {an} C (0,1) with a,, — 0
as n — 0o, such that {u,, } is a sequence positive mountain-pass solutions of with
I, (uq,) > p > 0. Now, we shall prove that the limit point of the sequence of positive
solutions {uq,, } of problem is the second positive solution of with0 < b < A2
and 24y < B < (5+7)/2.

Theorem 2.8. Suppose thata >0, 0<b< A2, 0<y<land2+~v<p<(5+7)/2,
then for any 0 < X < A (A is defined in Theorem [2.7), (1.1) has a positive solution
Usese Satisfying I(ue) > 0.

Proof. Noting that {u,,, } is a sequence of positive solutions of ([2.18]), we have

3

U, A A
_ b A = _9n >minq 1, —— 5.
(64 Blftien [ At rm\'*rxw<uan+-anV'—‘“”1{ Rgzv}

Consequently, we obtain

1 A
—Aug,, > ——————=minq 1, 5 (-
a + bllua, | R

Let e be the positive solution of the following problem

—Auy=1 inQ,
u=20 on 0,

then e(z) > 0 in Q. Therefore, by the comparison principle, one has

(2.38) > 1 inq1 A >0
. U —— 5 min ,—a— ¢ € .
¥ 0t b, |2 RP2
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Furthermore, from (2.2), (2.22)) and (2.37)), we deduce that

(aA)?
A(1 — bA?)

— D)2/(+)

1
> IOln (uan) - 1 <I(/)¢n (uan )7 uan>

_ 1-
= gHuom||2_ a / (ua"+an>1 T—om ’ydl‘

2|8
A Ug,
+ — o dx
4 /Q ’xw(“an + an)?

> gH’U/ ||2 _ A [ 47T(5 +'Y) :|(5+’Y)/6 R(5—2,3+’Y)/25—(17'y)/2Hu Hlf'y

T4l 1—v [3(56+7—-283) 0 ol
which implies that {ug,, } is bounded in H} (). Up to a subsequence, there exists . > 0
with us. € H&(Q) such that

U, — Uss weakly in H(Q), U, — U strongly in LP(Q), 1 < p < 6,
(2.39) ul ul
‘ar — ’*T weakly in L'(Q), g, (2) = tw(z) ace. in Q.
x x

Now, we prove that 1y, — U« in H} () as n — 0o. As usual, let wa,, = Ua, — Usx, We

claim that ||wg,, | — 0 as n — oco. By contradiction, assume that ||wq,,| # 0, then there

exists a subsequence (still denoted by ||wa,,||) such that lim,_, ||wa,, || =1 > 0. Since
Uq,, ué;v
|z|% (uay, +om)? ~ 2P

by the dominated convergence theorem and (2.39)), one gets

u !
lim 3 on dz :/ **B dx.
n—oo Jo |2[P (Ua, + an)? o |zl

From I}, (uq,) — 0 in (H}(Q2))*, we obtain

it 1% + Bl [1* — A / Yo g / Yo 10 of1)
allu, Uu, — Xr — T = 0 .
on on o [P (e, + an) 7 o Tal

Consequently, by Brézis-Lieb’s Lemma, we deduce that

0(1) = allwa, |I” + allwe | + bllwa, |* + bllwe || + 20w, |||

(2.40) 1y 4 s
—)\/ “a“ﬁ do — (/ u**daz+/ Yay dx).
o |zl o |zl o |z

From (2.38)), let n — 0o, we have u., > 0. Since u,,, satisfies (2.19)), choosing u = u,,, and
taking the test function ¢ = ¢ € H}(2) N Co(Q) (Co(f2) is the subset of C() consisting

of functions with compact support in €2), let n — oo, we obtain

- 3
(2.41) (a 4 bI% + b||tss||?) / (Visr, Vo) dz = )\/ u**ﬁqﬁdw + / u**tbd:r.
Q Q Q

] ]
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We will show that ([2.41]) holds for any ¢ € H} (). Indeed, since H{ () N Co(£2) is dense
in H}(Q), for any ¢ € H}(Q) there exists a sequence {¢,} C HL(Q) N Co(Q) such that
¢n — ¢ in H} () as n — oco. For n,m € N7 large enough, replacing ¢ with ¢,, — ¢y, in

(2.41)), we obtain

U**

/r\‘¢" b .

On one hand, since ¢, — ¢, from we can infer that {¢,/(|z|°ul.)} is a Cauchy
sequence in L'(Q2). Hence, there exists 1 € LY(Q) satisfying ¢,,/(|z|?uls) — o in L(Q),
which means that ¢, /(|z|?uls) — ¥(z) in measure. By Riesz’s Theorem, {¢,/(|z|?ul,)}
has a subsequence, still denoted by {¢,/(|z|?ul,)}, such that

Pn

E L

(@ + bI* + b|| 1) / (Vitar, V] — Om) dx =
(2.42) @

(2.43) — P(r) ae x e

On the other hand, since ¢,/(|z[°ul) — ¢/(|z|’uls) ae. in Q, from (2.43)), one has

¢/(|z|Puly) = 1. Thus,
/ ymwu**d %/ |xyﬂu**

as n — oo. Then, taking the test function ¢ = ¢, in and passing to the limit as
n — oo, we deduce that (2.41)) holds for any ¢ € H} (Q)

In particular, choosing ¢ = u. in (2.41)), we have

1—y
(2.44) @t |+ Blfws | A+ O s | / o /u**ﬁ =0
|| Q |zl

From ([2.40|) and (2.44)), we can deduce that

4
w
(2.45) allwa, [I? + bllwa, [I* + bllwa,, [l |* / ~ da = o(1).

o |7

By (1.4) and let n — oo, it follows from ([2.45)) that

4 l4

12 4 bt 4 b2 **2:/w°‘“d
ol 81t + b P = [ T do < 2

Since 0 < b < A™2, one has

(a+blu|?)4? __ad?
1—bA2 1—0bA2

It follows from ([2.45)) and Brézis-Lieb’s lemma that

(2.46) 12

Y

b
(2.47) 1(tt02) = Ty () = 512 = 020 + (1),

a
4
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On the one hand, combining (2.2) and (2.44)), similar to obtain (2.28)), one obtains

I(t)
11 2w 1
> el (= — 5 )\/ Do g — ~ b2 |2
2 11—~ 4 q |z|? 4
1—y 1
> g||’UJ>1<>|<||2 - L u**ﬁ dx — *leHU**HQ
4 1—vJo || 4
5 6 5—28+7v)/2
(2 48) > g”u**H? . A 47r(5 ‘|"7) (5+7)/ unu**nliv . }bl2||u**||2
‘ —4 1—~[3(64+7v—28) S(=)/2 4

Y
\

_ 2/(1+
a(14 ) [2RE2H0/2 /(147) A (5 4) AN/ B \2/(1)
aS—1—)/2 35+~ —28)

1
- Zbleu**HZ

— a2~ Ly e
4

On the other hand, since I,,,, (uq,,) < % — DX¥(47) it follows from (2.46) and (2.47))
that

_ (aA)? 2/(14v) @2 1.9 2
) = 10" 4~ DA T I
(a4)? 2/(147) (aA)? L oo 2
<10 —pay A 10 —pazy g el

1
= 7D)\2/(1+'7) — Zbl2||u**||27

which contradicts to (2.48)). Thus, [ = 0 and our claim is true. That is, uqa, — U in
H}(Q) as n — co. By (2.41)), one has

3

2 _ Uy ¢
(@ + bt )/Q(Vu**,Vqﬁ)d:v—/Q !Ji|¢dx+>\/9 e, dx

for any ¢ € H}(Q). Consequently, u,. is a positive solution of (I.1)). Moreover, one has
I(tyy) = limy o0 1oy, (Uq,,) > p > 0. This completes the proof of Theorem O

Therefore, according to Theorems 2.3 and Theorem [1.2]is proved.
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