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A Characterization of Weighted Carleson Measure Spaces

Hsun-Wu Liu* and Kunchuan Wang

Abstract. Using Frazier and Jawerth’s p-transform, we characterize weighted gener-
alized Carleson measure spaces CM Oy for a weight w and show that the definition
of this space is well-defined by a Plancherel-Pélya inequality. Note that CM O?fu is
the weighted BM O space.

1. Introduction

The general Triebel-Lizorkin spaces Fj"? (homogeneous) and Fj'? (inhomogeneous), a €
R, 0 < p,q < 00, include many well-known classical function spaces. For example, LP =~
FZE)’Q ~ F£’2 when 1 < p < oo, F;’Q ~ Lg‘ and FI?’Q ~ L5 (Sobolev spaces) when 1 < p < oo
and a > 0, HP ~ F£’2 when 0 < p <1, and BMO = E2%2. Here the notation “a~” means
in a (quasi-)normed vector space V' with different norms ||-||, and |- ||, there exist positive

constants ¢; and ¢y such that
cllzlla < [lzlls < c2llzlla

for all x in V.

We say that a cube @ C R" is dyadic if Q = Qjr = {z = (v1,22,...,2,) € R" :
270k < w; < 279 (k; +1),i = 1,2,...,n} for some j € Z and k = (ky, ks, ..., k,) € Z™.
For any pair of dyadic cubes P and @, either P and () are nonoverlapping or one contains
the other. Denote by £(Q) = 277 the side length of Q and zg = 277k the “left lower
corner” of Q. In fact @ = z¢g + [0,277)". For j € Z let 2; be the collection of dyadic
cubes with side length 277 and let 2 be the collection of all dyadic cubes in R™. Thus
2= ez 2;. For a fixed dyadic cube P let 2p be the collection of all dyadic cubes in

R™ which are contained in P.
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For any function f defined on R", j € Z and dyadic cube @ = Qjx, set

fo() =1QI7 2 f((x — 2q) /U(Q)) = 2" f(2z — k),
fix) =2 f(2a),

It is clear that g; * f(zg) = |Q|7"/%(f, 9¢), where (f,g) denotes the pairing in the usual
sense for ¢ in a Fréchet space X and f in the dual of X.

Next, let us consider more general function spaces. For this purpose, let us recall
the @-transform identity introduced by Frazier and Jawerth [6]. Choose a fixed Schwartz

function ¢ satisfying
(11)  supp(@) C{e:1/2< e[ <2} and [B(E) = >0 if3/5<[¢] <5/3,

where ]?is the Fourier transform of f, i.e.,
f© = | fayeda

The existence of such a function was provided by Frazier and Jawerth in [6]. Then

there exists a function ¢ € . satisfying the same conditions as ¢ such that

(1.2) PRECAISLE $(279¢) =1 for £ #0.

JEZ

Thus the @-transform identity is given by

(1.3) F=Y (f Qe

Qe2
where the identity holds in the sense of .’/ (the spaces of all tempered distributions
modulo polynomials), .#p (the subspace of . that each element has all vanishing mo-
ments), By %norm, and Fj"%-norm.

Now due to the Littlewood-Paley characterization, define the homogeneous Triebel-
Lizorkin spaces as follows. Select a function ¢ € % satisfying the conditions above in
. Fora e R, 0 < p,q < oo, and f € '/, define the homogeneous Triebel-Lizorkin
space to be the collection of every distribution f € .#//42 so that the norm Hf”F;z,q is

finite, where

1/q
HfHF;,q = [Z (2ya|801/ * f‘)QI

VEZL r

if 0 < p < o0 and
1/q

1 £l s = sup / 2’m|gok « f(2))) da
Pc2 P

k>—logy ¢(P
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By an inequality of Plancherel-Plolya type, the definition of Fj3"? is independent of the
choice of ¢ satisfying conditions .

In 2009 M.-Y. Lee, C.-C. Lin, and Y.-C. Lin [9] characterized the weighted Carleson
measure space CMOY, for a weight w belonging to the Muckenhoupt class by wavelets.
They lifted sequence spaces to prove that CMOY, is the dual space of HY,. The weighted
Carleson measure space CMO),) is the set of all g € Ll satisfying

loc
1/2
1
lolearog = sup S w2 Y Mg unP b <o 0<psi
Jeg 1€,

where w € Ay (see Definition for the A, weights), 1 is a certain smooth function so
that it is an orthonormal wavelet in L?(w), 2 is the set of all dyadic intervals I;j with
j.k € Z, and 2 is the collection of all dyadic intervals contained in J.

In 2012, C.-C. Lin and K. Wang [10] gave another characterization for the dual of Fj"?
in terms of Carleson measures for « € Rand 0 < p < 1 < ¢ < 0o. The generalized Carleson

measure space C MOy is the collection of all f € .7/ / & satisfying Iflearoge < oo, where

1/q

[flleaoge = sup |p|ma/p= /) / Y QI (f ) xq(@))! da

Qe2p

for 1 < g < oo, and
€

Here x¢ denotes the characteristic function of @ and ¢’ is the conjugate index of ¢, i.e.,
1/q¢+1/q' = 1. Throughout the article, ¢’ is defined as ¢’ = co whenever 0 < g < 1.
They introduced a new kind of sequence space ¢,’?, and then characterized the duals
of f5°? by means of 59, Let us recall the definitions of the sequence spaces f5'¢ defined
in [6].
For o € R and 0 < p,q < oo, the space ff’q consists of all such sequences s = {sg}gc2

satisfying Hs||f-3,q < 00, where

1/q

||S||Jé§z,q = Z(|Q|_a/n_l/2’5Q|XQ)q
QReE2
Lr
if 0 <p < oo and

1/q

Islljzo o= sup 1P [ (1@ Plslgla) do

Qe2p
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As before, the above £?-norm is modified to the supremum norm for 0 < p < oo and

q = oco. For p = g = 00, we adopt the norm
Isll fooe = 5161%!@\*“/"71/2!8@\-

To study the dual of f;’q, they introduced a discrete version of Carleson measure
spaces cp?. For « € R and 0 < p < 1 < ¢ < o0, the space ¢,’? is the collection of all
sequences t = {tq}qeo satisfying |[¢[|.a« < oo, where

1/q

— -1/¢ —a/n— q
el i= sup 4 P20 0 [ 57 (g e/ 2ltg g (a)]” da
Pc2 PQEQP

for 1 < g < o0, and
||t”cg,oo = Sgg’@‘*a/nfl/p+l/2|tc2|

For 1 < ¢ < oo and f € CMOy?, let Sy(f) == {(f.vqQ)}o = {sQ}o = s. Then the

¢-tranform identity shows f = 3" sqvq and | flloaroze = (1Sp(f)llcaa = [I8llegwa. In
particular, | fllcarons = IS(F)lles = I155(F) | jas ~ £l jo. Furthermore, for s € e,

= {<ZSPwP5¢Q>} = ||A8||C;,q,
CMOp™? P Q E

where Ty (s) == > o sQ¥q and A :== {(¥p,pqQ)}qp is (a +ng(l/p —1/¢'),p, q)-almost
diagonal (cf. [6, Lemma 3.6]). They summarized that Ty o Sy|casoa is also the identity
on CMOp™.

In [3-5], Bui and Taibleson defined another weighted version of Triebel-Linzorkin

HJQ(S)HCAiogﬂ::

§:8P¢P
P

spaces. There are some other papers concerning this topic, see [2}7,8] for more details.
Given a weight w, let 2(w) denote the collection of all dyadic cubes @@ C R™ such that
w(Q) = fQ w(Q)dx # 0 and for k € Z, 2,(w) denote the subcollections of 2(w) with
side length 27%. Also, for P € 2(w), 2p(w) denotes the collection of all dyadic cubes Q €
2(w) with Q@ C P and Zp(w) denotes the collection of all dyadic cubes satisfying @ C P
and £(Q) = 27%. Note that 2(w) = ey, Zr(w), and 2p(w) = Uk 1og, e(P) 2Pk ().
In weighted cases, we adopt similar definitions for S, and T, as follows. Define a linear

map S, from .’/ 2 into the family of complex sequences by

(1.4) So(f) = {(f,vQ) Yoe o)
and another linear map Ty, from the family of complex sequences into .7’/ % by
(1.5) Ty({sQ}geow) = Y. sqio.

Qe2(w)
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In this article, we study the weighted generalized Carleson measure spaces via the

p-transform identity. To do so, we first need the following definitions.

Definition 1.1. For o € R, 0 < p, ¢ < +00, and a weight w, we say that f belongs to the
homogeneous weighted Triebel-Lizorkin space Fyil if f € )P satisfies ”fHFaq < 00,

where

for p < o0,

Ectone

1f 1l e == . 1/q
SUD pe 9(w) {]P]* Jp 2oretog, o) (27 |pr * f(2)])Tw(2) dm} for p = oo.

Definition 1.2. Let ¢ € . satisfy the conditions in (1.1)). For « € R, 0 < p < 1,
0 < g < oo and a weight w, the weighted generalized Carleson measure space CMOpw is
the collection of all f € ./ 27 satisfying HfHC’MOf,"l% < 00, where

1 llenrog
1/q

= sup ¢ |P|77/P" 1/q)/ Y QIR v Ixa() w(x) de

Pe2(w) QE2p(w)

for 0 < g < 00, and

I lenrosg = sup [PIH7 sup  [QI7/"12[(f,00)].
Pe2(w) QeZp(w)
In order to prove that the definition of CMOp: is independent of the choice of ¢ € .7
satisfying certain conditions, we need the following Plancherel-Polya inequality (for ¢ = co

and the other case we will give descriptions and prove them in Section .

Theorem 1.3 (Plancherel-Polya inequality). Let ¢, ¢ € . satisfy (1.1). For a € R,
0<p<1<gq<ooand a weight w with doubling exponent B, if f € '/ P satisfies

1/q

sup ¢ [P|IW/PmYO N Yo @ sup G fw))w(@Q) p < oo,

Pe2(w) k=—1log, £(P) Qe2p 1 (w) ueQ

then

1/q
sup ¢ |P|Te/ptd) N > (@ sup |gg * f(u))Tw(Q)
Pe2w) h=—log, ((P) Q€2pp(w) "¢

1/q

~ sup dpO 33 g B+ S (@)

Pe2(w) k=—log, £(P) QE2p 1 (w)
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By the theorem above we can make the following remark.

Remark 1.4. Let ¢, ¢ € & satisfy (1.1). Fora € R, 0 < p <1< ¢ < oo and a weight w
with doubling exponent 3. Denote C'M Op2b () as the collection of all f € &'/ 2 satistying
Ifll MO (p) < defined in Definition [I.2] with respect to ¢. Then, by Theorem

17 learogs )

- 1/q
< sup QIPTIOTUO R T ST (25 supop + f (w)]) (@)
Pe2(w) k=—logy ((P) Q€ Zpp(w)  “€Q
1/q
<C sup [ |p|"1/p-1/d) Z > @ inf (G f(w)])w(Q)
Pe2(w) k=—1log, {(P) Qe2p,(w) ueQ

< Clifllenross )

Similarly, || f]] MO () < Ol fll e MOgg(¢) Py interchanging the roles of ¢ and ¢. Hence
the definition of CMOp:}(p) is independent of the choice of ¢ and, in short form, is
denoted by CMOp:,

In order to obtain a norm equivalence, we need to define a discrete version of weighted
Carleson measure spaces ¢pyh. Before giving the definition of these spaces, let us recall

the weighted homogeneous Triebel-Lizorkin sequence spaces.

Definition 1.5. For a € R, 0 < p,q < oo and a weight w, the space fﬁ‘f, consists of all

such sequences s = {5q}gc2(w) satisfying ||s||f~g,£ < 00, where

1/q

sl o == || D Q17" 2|sqlxq)?

2
©e Lr(w)

if 0 < p < oo and

1/q

Islljeg, == sup 1P [ Z (1Q1/"|sqlxq(@)) " w() da

Pe2(w) Qe2p(

As before, the above ¢9-norm is modified to the supremum norm for 0 < p < oo and

q = 00. For p =g = oo, we adopt the norm

—a/n—1/2

I8l jos = sup |Q Isgl-

Qe2(w)

Next, let us define the weighted generalized Carleson measure sequence spaces.
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Definition 1.6. Let w be a weight. For a € R, 0 < p <1 and 0 < ¢ < oo, the space ¢y
is the collection of all sequences t = {tg}qe.o(w) satisfying [[t[|:g < oo, where
1/q
[t = sup < [P|79/p=1/a) / Z \Ql_a/” it olxq@)| w(z) de
’ Pe2(w) Qe2p( )
for 0 < ¢ < o0, and
HtHég’f ‘= sup ’P’l_l/p sup ‘Q‘—a/n—l/ﬂtQ‘.
’ Pe2(w) QeZp(w)
As a consequence of Plancherel-Polya inequalities, we have a result concerning the

norm equivalence between generalized function spaces and corresponding sequence spaces.

Theorem 1.7. Suppose a € R, 0 < p<1,0< g< 00, w € Ay and ¢, ¢ in % satisfy
and ([L.2)). The linear operators S,: CMOd — e and Ty: éd — CMOpS
defined by and -, respectively, are bounded. Furthermore Ty, o S, is the identity
on CMOpz. In particular, || fllearops = I1S0(Nlleea = 186(Nlljeg, = 1F 112, -

The organization of this article is as follows. We recall weights and some preliminary
results in Section [2. In Section (3], we show the Plancherel-Polya inequalities that give us
the independence of the choice of ¢ for the definition of weighted generalized Carleson
measure spaces. In Section l we show a norm equivalence between C MOy and ¢
Through the article, we use j A k to denote the minimum of j and k, use j V k to denote
the maximum of j and k, and use C' to denote a positive constant independent of the main

variables, which may vary from line to line.

2. Weights

We say that w is a weight if w is a non-negative measurable function on R™. At the

beginning of this section, let us recall the definition of “doubling condition”.

Definition 2.1. A weight w is called a doubling measure, if there exists a constant C' = C,
such that for any § > 0 and any z € R",

(2.1) / w(t)dt < C w(t) dt,
Bas(z) Bs(2)

where Bs(z) is an open ball in R™ centered at z with radius 6. If C' = 27 is the smallest
constant such that the inequality (2.1)) holds, then 3 is called the doubling exponent of w.
Here, we recall the definition of A, weights. For s > 0 and a weight w, define w™* by

fw(@)] ™ if w(z) £ 0,

0 otherwise.

w ¥ (z) =
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Definition 2.2 (A, weights). Let w be a non-negative and locally integrable function on
R™. We say that w € Ay, if [|w||4, is finite, where |[w]|| 4, is defined by

SUP( €8S SUPyeg W | fQ ifp=1,

supQ(@wi )( )dm) if1<p<oo,

where the suprema are taken over all cubes (with sides parallel to the coordinate axes) in
R™. We also set Ao = U1 <pc00 4p-

[w]la, =

Note that we can replace any cubes by any balls in R™ in the last definition. Also note
that when w € A, for 1 < p < oo, w(x)dx is a doubling measure (see [13, Theorem 2.1,
p. 226]).

The following is a characterization of Muckenhoupt A, weights.

Lemma 2.3. Let 1 < ¢ < 00 and w € A,. Then, for every cube @ C R"

Q| < [w(@)][w! ™7 (Q)) V1 < Clq),

where C' is dependent only on the constant of A, condition. Moreover,

(@)q/ w(@Q) & w7 (Q).

Proof. By Holder’s inequality and A, condition, we have, for a cube @ in R"

Q| < </Qw($) dm> La (/Q e i(a) dm>_1/qf
- {[w(@] {“’_("/—”(Q)}ql}w <clql.

That implies
Q7 < w(@)w' 7)) < ClQ,

w(@) (7@
t= |@|< Ql ) =¢

then

Therefore, we have

(u]’%))qlw(@) = (w'f’?@)q/_l Q

1—q/ (¢=1)(¢g'=1)
~ (“’é,“”) Q= ' (@),

and the proof is finished. O
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Also there is a weighted version of Fefferman-Stein vector-valued maximal inequality

for Hardy-Littlewood maximal function M, which is given below.

Proposition 2.4. [1] Let 1 < p,q < o0 and w € A,. There is a constant C = C),
independent of {fi}i such that

((;Mﬁ")”q <C (Z;w)l/q

LP(w) LP(w)

for any {f;}i € LP(w)(£9).

3. Plancherel-Polya inequalities

In this section, we show Plancherel-Polya inequalities that give us the independence of the
choice of ¢ for the definition of weighted Carleson measure spaces. Before proving those,

let us recall a basic estimate of Roudenko [12].

Lemma 3.1. [12] Let w be a weight with doubling exponent 3. If L > [3, then for

r>4(Q), )
/nw(x) (1 + ‘x_er‘>_ dx < cg [ag)r/c?w(x) de.

Now we can prove the following Plancherel-Poélya inequalities.

Proof of Theorem [I.3] Without loss of generality, we may assume a = 0. By the -
transform identity, ([L.3]), we rewrite % x f(u) as

b+ ) = 3 (. 00) / 3i(u — x)o(z) d

Qe2

=3 % 1l enl ~20)) [ Gi(u—)unla ~ ag)do

k€Z Qe 2y,
Using the inequality (B.5) in [6, p. 151],

9—(jNk)(J—n)
(270N + |u — z)”

< 2 Kli—F|

‘/@(u — x)Yp(x — zq) dx

where j A k = min{j, k}, J > f+nand K > (8 —n)V (J — —n), we obtain

(iAK)(J—n)

kEZ QE2)
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Thus, for £(Q) =27
AR (T =) !
—(
sup 5 * <o 2. 2 el Ak) 71k * f(2q)]
keZ Qe 2, —UNK) - |zgr — 2q))
(JAK)(J—n)
<C i e] B * f(2Q)I%,
) T Ty
where the last inequality is followed by Holder’s inequality and
Z Q 9—(Ak)(J—n) o
<C.
oz 2 (“’“ +lzg — xql)’

Denote Tp by
(3.1) Tg = inf |@g * f(u)|?.
ueQ
Since xg can be replaced by any point in () in the last inequality,

9~ (iAk)(J—n)

(SUP 5% f(u ) <cy Y 27H- k”Q‘( UAR) + |zgr — xql)’ fa

kEZ QE2y,

Given a dyadic cube P with £(P) = 27%0  the above estimates yield

Ty (sup 54 >\> @)

j=ko Q'€Z2p;
92— (JAk)(J—n) U)(Q/)
NN ID I I 5 QI Tu(Q)
j=ko Q'€2p j k€L Q€ (270N + |z — aql) w(Q)
:=CFE, + CEs,
where
2— (JAE)(J—n) ’LU(Q/)
2_K‘] kl Q Thw Q
;%Q’ez;pggcy;@k (27670 ““CUQ’_UCQDJ‘ ”UJ(Q) (@)
and
—(Gnk)(J—n) /

—K|j— k| 2 w@)

J=ko Q' €2p ; k<j Q€2

Then Fq can be further decomposed as

92— (JAEk)(J—n) ’LU(Q/)
azimcgg@:p];@e%pk (200§ Jag — zql)? ™ w(@) ¢
2~ GAR)(I—n) (@)
]ZICOQEZQPJ;QH; 0 (2-0M) 1 g —aql)? ™ w(@Q) 9

Qe
= F11 + Eqo.
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There are 3" dyadic cubes in 3P with the same side length as P, so if P’ C 3P then
|P'| = |P| and
Y. Tow(@) <3" suwp Y Tow(Q)
QEZ3p i 6(5,)gzg’€lip) QEZ2ps i,

Let J > 8, k > j and w be a weight with doubling exponent 5. By Lemma we have

/ <1 + W) w(z)dr < 052(]“77)5111(@),

and so
3 9—(INk)(J—n)
Z Y 2 fe ’“' G 71Qlw (@)
j= kOQE«QP] +|$Q/*xQ|)
B —J
j=ko "
< Cw(Q).

Hence

\p|~9/p=1d) gy < ¢|p|9/P- l/q)z Z Z Z 9~ Klji—k|

j=ko Q" €2p ; k>j Q€EZ3p i

9—(ink)(J—n) w(Q)
" <<2<W> g — o) Y@

TQ“’(Q))

<O s [PIOFO S S G (@)
P'e2(w) k=—logy £(P") QE2ps i,

Next, we decompose the set of dyadic cubes {Q : @ N3P = 0,4(Q) = ¢(P)} into
{Bi}ien according to the distance between each @ and P. Namely, for each ¢ € N,

(32)  Bi={P € 2:P N3P =0,((P) = ((P), 2 < |lyp — yp|| < 27FH1},

where yg denotes the center of (). Then we obtain

’p|—q(1/p—1/q’)E12§Ci Z ’p"—q(l/p—l/q’)i Z Z Z 9—K|j—Fk|

=1 P'e€B; j=ko Q’EQPJ' k>3 QGBQPIJC
P'eB;

9—i(J-n)
x <(2_j+ ol ;TQw@)).
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Since w(Q")/w(Q) < C28k—koti) and ||xp — xp|| & 207%0 for P’ € B;, the right-hand side

of the inequality above is dominated by

Ci Z i Z Z Z 25(k—k0+i)2—K(k—j)2—(i—k0)J2_j(J_n)|Q|

i=1 P'€B; j=ho Q'€2p; k>j Q€2p/ ,,
PIEBi

% sup |P/’*!1(1/P*1/q/)z Z Tow(Q)

P'e2(w) k>ko QEZpr

Because there are at most 2042 dyadic cubes in B;, J > 8+ n, K +n > 3 and
Q= Qi

|p|—q(1/p—1/q’)E12

<CQ sup [PTAV/PUO NN Thw(Q)

P e2(w) k>ko QEQP’,k

% Z Z Z 9B(k—ko+i) 9—K(k—j)9—(i—ko)J 9—(J—n)jo—kong(j—k)ngin

i=1 j=ko k>j
<C sup |P/|9/p=1/d) Z Z inf @ * f(u)|?w(Q).
Pre2(w) h=—logy £(P") Qe 2, , <Y

To estimate Fo, for ¢ € N and k < kg, set
(3.3) Gir=1{Q:€(Q)=2"" and zg € 2" P\ 2'P}.
Then |zg — zp| = 2i=ko for Q) € G and

o0 o0 o—K|j—k] 9—k(J=n) w(Q')
B=3 3 X3 Y oran vt m g sl @)@

j=ko Q'€ 2p; k<j i=1 QEC,,

% |Q‘—Q(1/P—1/q/)TQw(Q)'

Since J > 8+n and K > J —n — 3, there are at most 2(i+k—k0)n dyadic cubes contained

in G; 1 and

Q"1 VPV Tpw(Q) < sup | P'|~4/P=1/0) Z Z Trw(R),
P'e2(w) m>—logy {(P') RE2p:.

m
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’Q|—q(1/p—1/q’)E2 <C sup |P1’—q(1/p—1/q') Z Z TQw(Q)
P'e2(w) m>—logy £(P’) QEQP’,m

% Z Z Z 9~ K(j—k)g—(i—ko)J 9—k(J—n)9B(k—ko+i)g—kno(i+k—ko)n
j=ko k<j i=1
<C sup \P'|*q(1/p*1/q/) Z Z inf [Om * f(u)|Tw(Q).
P'c2(w) m>—log, ((P") Q€E2pr ,, ueQ

According to the estimates of F1 and F», we complete the proof. O

For ¢ = 0o and ¢ < 1 we have following results.

Theorem 3.2 (Plancherel-Polya inequality for ¢ = 00). Let ¢, ¢ € .7 satisfy (L.1). For
a€R,0<p<1, ¢=o0c0 and a weight w with doubling exponent B, if f € S|P satisfies
sup |P|*"VP sup  27%sup|@; * f(u)| < oo,

ueQR

Pe2(w) QE2p,;
Jj>—logy £(P)

then
sup |[P|*"YP sup 27%sup |G % f(u)]
Pe2(w) Qe2p; ueQ
j>—logy £(P)
~ sup |P|""Y?  sup  2/%inf |$J x f(u)].
Pe2(w) QE2p ueQ
j=—logy £(P)
Proof. Without loss of generality, we may assume o« = 0. By a similar argument as the
proof of Theorem we have
9—(Ak)(J—n)

(2707 + e — wql)’

Sg£/|¢~5j*f(u)‘ <Cy > 2 KK To,

kEZ QE2),

where J >n, K > J —n and
To := inf |p, .
Q = Inf [@p * f(u)
Given a dyadic cube P with £(P) = 275 the above estimates yield

sp  sup |3+ F(u)]
Q'e2p; ueq’
jZ*lnge(P)
9—(ink)(J—n)

—Kl|j—k|
SO g 2 2 T G g g

Q€2pr; ke7.Qc2
j>—log, {(P) @2k

=CFE+ CE»,
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where A
) 92— —-n
Ei= s 3% 2 KliH|g_ Ty
Q' €2p; ; (270/\]6) + ’:L'Q' - :EQ’)J
. k>j Qe
j=>—logy £(P)
and

9~ (Nk)(J—n)

— —K|j—k|
By Sup Z Z 2 |Q|(27(j/\k) +lzg _$Q|)JTQ‘

Q'€2p; k<jQe2
j2 - log, i(P) VT 92

Then F; can be further decomposed as

9—(AR) (T —n)

(2707 + wg — wql)’

B = sup Z Z Q_K‘j_kl‘@

QE€2p; >iQc2
j>—log, £(P) 27 Q€Lapk

+ osup Yy 2R

Q'€2ri k> 0n3P=0
j>—log, £(P) QE2),

Tq

9—(iAk)(J—n)

. T,
(2-0M9) + |z — aql)” " ©

= Fq1 + Eqo.

There are 3" dyadic cubes in 3P with the same side length as P, so if P’ C 3P then
|P'| = |P|. Thus

PIVE, <P wp Y3 KU

Q'€2pg k>j Plegyp
J2=loga ((P) " y(p'y=i(P)

9—i(J—n)
X - su T
2 T Ry o, T
Pk k>—log, £(P")

< C|P|*—lp Z 9—K(k—j) Qesgp To
j P!k
k2 k>—log, £(P")

<C sup [P supinf @y« f(u)],
P'e9(w) QE2ps ) UEQ
k>—log, £(P")

. 9—i(J—n) ..
since ZQE«EZ}C |Q’W 1S lndependent of k S N.

Next, we decompose the set of dyadic cubes {Q : Q N3P = 0,4(Q) = ¢(P)} into
{Bi}ien as (3.2]). Then we obtain

|P|' P By,
Cf: > P SN oK) 2~/ T
< B sup —Klj— _ T,
=1 P'eB; QE€2r;  }>jQe2p (27 +|zg — zp|)

j>—log, £(P) PeB;
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There are at most 202" dyadic cubes in B; with length £(P). Since |zpr — zp| & 210
for P’ € B;, the right-hand side of the inequality is dominated by

CZ Z Z27K(k‘7j)27kn27(i7k0)¢]2*j(‘]*n) X |P/’171/p sup TQ

- . / QEQ ’
i=1 P'€B; k>j szlogséécP')

Applying this with K +n > J, J > n, and |Q| = \Q/“g," to the last inequality, it

follows that

|P|" P By,
<Cq sup [PTVP sup To |y 2m Moo Tgmalimmgmangmkrngin
Pre2(w) QE2ps i i=1 k>j

k>—log, ¢(P')
<C sup |P'|PTYP sup inf |Qr * f(u)].
P'e2(w) QE2p, UueQ
k>—logy L(P")
To estimate Es, for i € Nand k < j, set G; ; as (3.3). Then |zg—zp| = 2i=ko for Q € Gik
and
92— K|j—k| 2—k(J—n)

By = Sup ZZ Z |Q‘1 1/p 2 k_,_’w DJ‘QHQ‘l_l/pTQ'

QE€2r;  k<ji=1 QG
jZ—logQZ(P) ! Q

Since J > n and K +n > J, there are at most 2(i+k—ko)n dyadic cubes contained in Gj
and
|Q|1_1/pTQ < sup |PPTYP sup Tk,
P'e2(w) ReZ2ps
— log, Z(Pl)

Q' /PE,

<C sup |p/|1—1/p sup To ZZ2—K(j—k)2—(i—ko)J2—k(J—n)2—kn2(i+k—ko)n
P'€2(w) QE2p: ,, kg izl
m>—log, £(P)

<C sup |P|PTUP sup ing@m  f(u)l.
€

P e2(w) Qelps ,, U
—log, £(P")
Combining the estimates of F; and Fy, we prove the theorem. ]

Theorem 3.3 (Plancherel-Polya inequality for ¢ < 1). Let ¢, ¢ € & satisfy (1.1)). For
a€R,0<p<1,q<1 and a weight w with doubling exponent B, if f € '] satisfies

1/q

(o) q
sup ¢ |[P|TO/pmd) N > <2k°‘sup\®k*f(U)!> w(Q) < o0,

Pe2(w) k=—log, £(P) Q€2p 1 ueQ
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then
. q 1/q
sup [PITIITYOST (2’““sup|$k*f<u)\> w(Q)
Pe2(w) k=—logy £(P) QEZp x, ued

1/q

e8] q
< s NP0 ST S (g e s)) @)

Pe2(w) k=—log, (P) Q€2px

Proof. Without loss of generality, we may assume o = 0. By a similar argument as the
proofs of Theorems [1.3] and [3.2] we have

- e oKl 9= (iAk)(J—n) qT
sl Sl <02, 2 AT o —aal? ) @

kEZ QeZ2y,

where J > B/q+n/q, K > (8/q—n)V (J —n/q— B/q) and Ty is as set out in (3.1)).
Given a dyadic cube P with £(P) = 27%0_ the above estimates yield

D3 (sup 55 <>|) @)

J=ko Q'€2p,;

—K|j—k| 2~ UL qw(Q/) w
<y Y OY (2 G0 + og —za)? ) w@ Y

Jj=ko Q'€2p ; kEZ Qc2}

= CE1+CE2,
where
, Y q
o—Klj- k| TW“)(J : w(@)
> Y Yy A o) D
j=ko Q'€2p ; k>j QEZ Q Q
and

i 9—(Ink)(J—n) q w(Q’)
-3 Y S (e BT o) e

J=ko Q' €2p ; k<j Q€2
Then FE7 can be further decomposed as

k276w Tw(@) "
Y Y Y Y ( L g —ag)’ ) w@ @

J=ko Q'€2p ; k>j Q€EZ3p i

—(Nk)(J—n) a '

o Klj—k__2 w(@) .

+¥Q§;Q§@< 2 M’“>+|xQ/—:cQ|>J'Q‘> w(@) @@
QEZy

= E11 + Eqo.
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There are 3" dyadic cubes in 3P with the same side length as P, so if P’ C 3P then
|P'| = |P| and

Z Tow(Q) < 3" sup Z Tow(Q).

P'C3P
QEQng f(P/):g(P) Qeﬂpl,k

Let J > 8/q, k > j and w be a weight with doubling exponent 5. By Lemmawe have

—J
/ <1 + |x2_::Q|> w(z) dr < cg2* P (Q),

and so
9—(iNk)(J—n) ?
o Kli—kl____ Q] w(@)
b o, ( @0 +Jog — zal)?
N _ —Jq
<C Z 2Kq<k7)2]”q2knq/n (1 + ‘xz_fQ‘> w(x) dx
Jj=ko
< Cw(Q).
Hence

|p|—q(1/p—1/q/)E11

—q(1/p—-1/q") o—Klj— kl 2~ GBI ) ’

J=ko Q'€2p; k>j Q€EZ3pk

w(Q')
X Tow
w(Q) 1@ (@)
<C sup |P/]7q(1/p71/q/) Z Z 1nf @k * f(u)|"w(Q).
Pre2(w) k=—logy ((P") QE2pr

Next, we decompose the set of dyadic cubes {Q : @ N3P = 0,4(Q) = ¢(P)} into
{Bi}ien as (3.2). Then we obtain

|p|—q(1/p—1/q’)E12

< Ci Z |p!|~e(/p=1/d)

i=1 P'€B;

Y Y Y (e 20N @)
j=ko Q'€2p ; k>j QE2pr , (277 + [zq — xp|)’ w(Q)
P'eB;

Since w(Q')/w(Q) < C2Pk—ko+i) and ||z pr — zp|| ~ 2°~%0 for P’ € B;, the right-hand side
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of the inequality is dominated by

Ci Z i Z Z Z Qﬁ(k—ko-l-i)Q—Kq(k—j)Q—Q(i—ko)JQ—j(J—n)q’Q‘q

i=1 P'eB,; j=ko Q’EQP’J' k>j Qe"@P’,k
P'eB;

X sup |P/|7a(/p=1/d) Z Z Tow(Q
Pe2(w) k>ko QE2pr ),
Because there are at most 272" dyadic cubes in B;, J > B/q+n, K+ n > Bq and
Q7 = ||,
|p|~a/p=1/d) By,

< C{ sup [P/|TAPTUO NN Thw(Q)

/ O,
Pe2 k>ko QE2py ),

Z Z Z 9B(k—ko+i) 9—Kq(k—j)9—q(i—ko)J 9—q(J—n)jo—kongo(i—k)nggin

i=1 j=ko k>j
<C sup |P/‘fq(1/p71/Q’) Z Z mf 1B * ()] 7w(Q).
Pre2(w) ki=—logy ((P") QE2py .

To estimate Es, for i € N and k < ko, set G; 1 as (3.3). Then |zg — 2p| = 2i=ko for
Q € G, and

- x 9—Kli—klg 9—k(J=n) " w(@)
By = Z Z ZZ Z Q| /p=1/d) ((2”€ + |z —mQ])J> w(Q) <l

j=ko Q'€2p ; k<j i=1 QEG,

% |Q|fq(1/p71/q/)TQw(Q).
Since J > B/q+n/q and K > J —n/q — 3/q, there are at most 2(tk—k0)n qyadic cubes

contained in G, and

Q4P Y Thuw(Q) < sup | P/|~91/P=1/a) Z Z Trw(R)
P'e2(w) m>—logy £(P') RE2pr .

Q|90 /r-1/d) g,

<C{ sup |P|epVO N7 Y Tw(Q)
P'e2(w) m>—logy {(P") Q€E2pr ,,

) 00
Z Z Z 27Kq(jfk)27q(i7ko)J2fkq(an)2,3(k*k0+i)2fknq2(i+k7k0)n
j=ko k<j i=1

<C sup |P/|T9/p=1/d) Z Z 1nf |Pm = f(w)|"w(Q).

Pre2(w) m>—logy {(P') Q€2pr .
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By those estimates above, we have the desired result. O

Remark 3.4. The classical Plancherel-Polya inequality [14] concludes that if {z;} is an
appropriate set of points in R", e.g., lattice points, where the length of the mesh is

sufficiently small, then

[e'e) 1/17
(Z\f(xk)lp> ~ s
k=1

for all 0 < p < oo, with a modification if p = oo.

4. Norm equivalence

In this section, we study the norm equivalence between C MOy and ¢5. Suppose that
w € Asx and let 79 = inf{r : w € A,}. For « € R and 0 < p,q < o0, let H =
max{n,nro/p,n/q}. We say that a matrix A = {agp}q,p is (a,p,¢)-almost diagonal,
denoted by A € ad?(w) if there exists ¢ > 0 such that

(4.1) sup lagr|
Q.P WQP(e)

o= (i) (+irrian)

— { (ﬁg;) (n+e)/2 | (ﬁgg)(n+€)/2+H_n} |

Lemma 4.1. Let a e R, 0 < p < o0, 0 < g< o0 and w € Ax. If A is (o, p,q)-almost

< 00,

where

(4.2)

diagonal, then A is bounded on fﬁg

Proof. We may assume o = 0, since the case implies the general case, and set r =
min(p/rg,q). We shall consider the case r > 1 first. Let A be an (0, p,q) almost diagonal
operator on fﬁ;g with matrix {ag p}gpr. We decompose the matrix operator A as the
sum of A = A, + A;, namely for Q € 2(w)

(AUS)Q = Z aQpsSp and (AlS)Q = Z aQpSp

Pe2(w) Pe2(w)
{P)>4(Q) YP)<(Q)

for s = {sp} € fod. According to Lemma A.2 in [6], with A= H +c and a = r = 1,

‘:L'Q—{L‘p| —H—¢ K(Q) (n+e)/2
(dal=c 2 (557 (m)

Pe2(w
£{P)2£(Q)

< CZQ(j—k)(n-Fé)/?M Z lsplxp | (x) forz € Q,
J<k Pe2;(w)
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when £(Q) = 27*.
Hence, since |Q|~1/2 = 2k=)n/2| p|=1/2 if ¢(P) = 277,

q\ 1/q
luslljog <€ ||| ZWW"*EWM( ) Pl/QspxP) <x>))
)

keZ \j<k PEQj(w LP( )
a\ 1/a
<cId (M| D 1P selxe | (@)
JEL PEQj(w)

LP(w)

by Minkowski’s inequality. Applying the weighted version of Fefferman-Stein vector-valued

maximal inequality which was characterized by Andersen and John [1], we find that
[Aus| joq < Clis]l joq

since ¢ > 1, p > rg and w € Ap.
Next, consider the case for the matrix operator A;. Observe that if /(P) < ¢(Q), then

‘r) <1+ |$Q_95P|> <14 lre Pl

(Q) Q) “Q)
Thus
(1 + W) —H-e - (1 . W)-fr{_gm

and, for Q € Zi(w),

(Ais)gl<C > (1 + |55Q_$P|> e <€(P))(n+6)/2+H—n

|spl
Ry @ i
((P)<(Q)
|:EQ _ xP| ) —H—¢c/4 <€(P) > e/4—n/2
<c Y (1 4 Ire ol “r) 5P|
£{(P)<l(Q)

< CZg(k—j)(—n/2+a/4)M ( Z SPXP) (x) forze Q.
w)

>k Pe2;(
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Hence, since |Q|~1/2 = 2(k=1)n/2| p|=1/2 if ¢(P) = 277,

q\ 1/q
JAis| < Ci[[ DD 2% DM > [P splxe | (@)
kezZ \j>k Pe2;(w)
LP(w)
q\ 1/q
<clId M| D [PTPsplxe | (@)
JEL Pe2;(w)
Lr (w)

by Minkowski’s inequality. Applying Proposition 2.4 we find that
I 4sslljog < Cllsljog

since p,q¢ > 1, p > rg and w € A,,.

The case r < 1 and ¢ < oo is in fact a consequence of the case r > 1. We pick an 7 < r
so close to r that is still satisfied with » = min(p/ro, q) replaced by 7. This means
that p/7 > 1 and ¢/7 > 1, and that the matrix A = {agr} = {lagr|"(1Q|/|P|)Y/?>T/?}
satisfies for a different value of . Define t = {tg}g by tg = |Q|"/>7/?|sg|". Then

1/7

It = Hst-o,q . By the 7-triangle inequality, we have
p,w

Foftn
17
(As)l < | Y- lage[Tlspl”
Pe2(w)
Hence, ||As]| o < ||Zt||lé;~/; Therefore the boundedness of A on fﬁ;g, follows from the
p/Fw

boundedness of A on fz?/,gf/ z By duality, the case ¢ = oo and p > 1 follows from the result
of ¢ = 1 which we have just obtained. Finally, for p < 1 and ¢ = oo, we reduce to the case
p > 1 as before. O

Next let us consider the boundedness of almost diagonal operators acting on weighted
Carleson measure sequence spaces ¢pi. In particular, consider the boundedness of al-
most diagonal operators acting on foao’,qw Under this situation, we always assume H =

max{n,nro/p} in the definition of almost diagonality.

Lemma 4.2. Fora e R,0<p<1,0<¢< o0 andw € Ay, an (a+nq(1/p—1/¢),p,q)-

almost diagonal matriz is bounded on cp'h.

Proof. We may assume o = 0, since the case implies the general case. Let A = {agp}q P
be an (nq(1/p — 1/¢'), p, ¢)-almost diagonal matrix. Write A = A, + A; with

(AUS)Q = Z aQpsp and (AlS)Q = Z aQpsp
Pc2(w) Pe2(w)
(P)24(Q) {P)<U(Q)
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for s ={sp} € cp . Set r =nq(1/p—1/¢). If £(Q) = 27%, then

(walze ¥ (i) (+ maﬁ;ﬁ('@)))_ma (igg;yww el

Pe2(w)
((P)24(Q)
k
<C Z 2(jk)[r+("+5)/2}M( Z 3pxp> (x) forzeq@.
Jj=—00 Pe2;(w)

Hence, since |Q|~1/2 = 2(k=9)n/2| p|=1/2 if ¢(P) = 277,

k
‘Q’_1/2|(Au3)Q’XQ($) C Z 9(i—k)(r+e/2) p s ( Z P1/23PXP) (z)xq ()

PEQ]' (w)
and, by Hélder’s inequality,

| Ays]|, 0 <C sup {|R —r/n Z Z Z k)(r+e/2)
Re2(w)

R k> log, U(R) Q€ 2p 1 (w) j=—00

<o P el ) o) XQ@)w(x)dx}”q

Pe2;(w)
k
<C sw {| RI-/n / oi—k)(r+/2)
Re2(w) R™ >— 10g2 ]_700
q 1/q
X [M< Z |P|_1/2|3p|xp>(x)] w(a:)dx} :
Pe2;(w)

Note that for given R with ¢(R) =279,

q
3 Z 20N+ | NPTV splxp | (2)
k>—logy £(R) j=—00 Pe2;(w)
_ q
Z S 26t/ 290- R0/ | ar (ST (P2 splxp | (x)
j=—o0 k=6 B Pe2;(w)
(o] o !
+ D 20 (S P splxp | (@)
=6 k=j Pe2;(w)
6—1 ' !
<C Y 20U N P splxe | ()
j=—00 Per(w)
- q
O (M D P lselr | ()]
j=6 Pe2;(w)
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Applying Proposition if Py is the cube containing R with ¢(Py) = 277, then we get
q

’R‘—r/n/ Z Z J—k)(r+e/2) M Z ’P’_l/QISP‘XP (JJ) ’U)(JJ) dx

k>—logy £(R) j=—00 Pe2;(w)

R —r/n im B
<C Z 9(j—8)(r+e/2) <||]30”> | Py / /P (‘Pof 1/2|8P0’XP0(x))qw(x)d:L‘
0

j=—00
q

+CIR[” T/n/ > Y P Psplxp() | w(z)de

j>—logy £(R) \Pe2;(w)

SC Z 2] 8)( 7“+€/2) (Gj=é)n(—r/n) |P’ r/n/ (]P0|71/2|5p0|Xp0(x))qw(:c)da:

j=—00 o

q

+C|RT / 3 S P2 splyp(a) | w(z)dr,

f j2 103 ((R) \Pe2;(w)
because |R|/|Py| = 2U~9". Hence
”Au'SHc'g:%) < CHSHC&Z)'
A similar argument for A; yields ||4;s(|,0a < C|s][;0.q - O
p,w P, w

Finally, we can give a proof for Theorem

Proof of Theorem [L.7 For 0 < q < oo and f € CMOyd, let s := {sg}g = Sy(f). Then
the p-transform identity shows f = >, s@iq and HfHC’MO”‘q = 18 (Nllegig = lIsllega-
In particular, Hf”C'MO‘f’g = ||S¢(f)||éi,$ = [|S(f )”faq ~ ||f||Faq. Furthermore, for
s € ipl
IT0(8) lenrony = | spoop <Zsz>wp,m>} = [ Aslaga,
P CMOg P

Qllegg

where A := {(¢p,p0)}to.p is (o + nq(l/p —1/¢'),p, q)-almost diagonal (cf. Lemma 3.6

in [6]) and hence A is bounded on ¢ by Lemma Therefore, S, is bounded from

CM Op’{f, to cp and T, is bounded from cp’ff, to CM Og‘ 4 We summarize that Ty o
¢|C'MO§,‘;3 is also the identity on C MOy, O
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