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Variable Anisotropic Hardy Spaces and Their Applications

Jun Liu, Ferenc Weisz, Dachun Yang* and Wen Yuan

Abstract. Let p(-): R™ — (0, 00] be a variable exponent function satisfying the glob-
ally log-Holder continuous condition and A a general expansive matrix on R™. In this
article, the authors first introduce the variable anisotropic Hardy space H z(')(R”) as-
sociated with A, via the non-tangential grand maximal function, and then establish its
radial or non-tangential maximal function characterizations. Moreover, the authors
also obtain various equivalent characterizations of Hg(')(R"), respectively, by means
of atoms, finite atoms, the Lusin area function, the Littlewood-Paley g-function or
gx-function. As applications, the authors first establish a criterion on the bounded-
ness of sublinear operators from H Z(')(R”) into a quasi-Banach space. Then, applying
this criterion, the authors show that the maximal operators of the Bochner-Riesz
and the Weierstrass means are bounded from H Z(')(R") to LP()(R™) and, as conse-
quences, some almost everywhere and norm convergences of these Bochner-Riesz and
Weierstrass means are also obtained. These results on the Bochner-Riesz and the

Weierstrass means are new even in the isotropic case.

1. Introduction

The main purpose of this article is to introduce and to investigate the variable anisotropic
Hardy space on R"™. Due to the celebrated work [11-13] of Calderén and Torchinsky
on parabolic Hardy spaces, there has been an increasing interest in extending classical
function spaces from Euclidean spaces to some more general underlying spaces; see, for
example, [28]31},32,/58,59,61,(65,/76]. Let A be a general expansive matrix on R™. Recall
that the anisotropic Hardy space H (R") with p € (0, 00) was first introduced by Bownik
[6], which is a generalization of the parabolic Hardy space studied in [11]. Later on,
Bownik et al. [7] further extended the anisotropic Hardy space to the weighted setting.
For more progresses about this theory, we refer the reader to [25,[38]|44H48} 65, /66] and

their references.
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On the other hand, as we all know, the variable function spaces have found their
applications in fluid dynamics [1,/2,/57], image processing [14,33,/64], partial differential
equations and variational calculus [9}23,/63] and harmonic analysis [4,(18}21,|75]. Recall
that, as a generalization of the classical Lebesgue space LP(R™), the variable Lebesgue
space LP()(R™), in which the constant exponent p is replaced by an exponent function
p(-): R — (0,00], can be traced back to the well-known article [56] of Orlicz and was
also systematically studied by Musielak [51] and Nakano [53[54]. Since then, a lot of
interesting work on the theory of function spaces with variable exponents arose (see, for
example, [17,120,/26,136]). In particular, the variable Hardy space HP()(R™) with p(-)
satisfying the so-called globally log-Hélder continuous condition was first introduced and
investigated by Nakai and Sawano [52]. Then Sawano [60], Zhuo et al. [84] and Yang
et al. [81] further completed the theory of this space. Independently, Cruz-Uribe and
Wang [19], with some slightly weaker conditions on p(-) than those used in [52], also
studied the variable Hardy space Hp(')(R"). For more progresses about function spaces
with variable exponents, we refer the reader to [5,22434,35,55,69,73-75,82},83,85] and their
references. In particular, Zhuo et al. [83] introduced the variable Hardy space HP()(X)
on an RD-space X, with p(-) € (n/(n + 1),00), and established the real-variable theory
of this space. Recall that a metric measure space of homogeneous type X is called an
RD-space if it is a metric measure space of homogeneous type in the sense of Coifman
and Weiss [15,/16] and satisfies some reverse doubling property, which originates from Han
et al. [32] (see also [31] and [80] for some equivalent characterizations). However, the
real-variable theory of HP()(X), with p(-) € (0,n/(n + 1)], is still unknown.

To give a complete real-variable theory of variable Hardy spaces in anisotropic setting,
in this article, we first introduce the variable anisotropic Hardy space H Z(') (R™) associated
with some expansive matrix A, via the non-tangential grand maximal function, and then
establish its radial or non-tangential maximal function characterizations. In addition,
we also obtain various real-variable characterizations of HZ(')(]R”), respectively, by means
of atoms, finite atoms, the Lusin area function, the Littlewood-Paley g-function or g3}-
function. As applications, we first establish a criterion on the boundedness of sublinear
operators from HZ(')(R”) into a quasi-Banach space. Then, applying this criterion, we
further show that the maximal operators of the Bochner-Riesz and the Weierstrass means
are bounded from H Z(')(R") to LP()(R™). This implies some almost everywhere and norm
convergences of these Bochner-Riesz and Weierstrass means. We point out that all results
on the Bochner-Riesz and the Weierstrass means are new even in the isotropic case and
the real-variable characterizations of H Z(')(R”) have proved important in [46] in the study
on the real interpolation between Hﬁ(')(R") and L (R™).

To be precise, this article is organized as follows.
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In Section [2] we first present some notation and notions used in this article, including
variable Lebesgue spaces and some known facts on expansive matrixes from [6]. Then
we introduce the variable anisotropic Hardy space H Z(')(R”) via the non-tangential grand
maximal function.

The aim of Section 3| is to establish the characterizations of HZ(')(R”) by means of
the radial or the non-tangential maximal functions (see Theorem below). To this
end, via an auxiliary inequality (see Lemma below), which originates from [3], and
the boundedness of the Hardy-Littlewood maximal function as in below on LP()(R™)
(see Lemma below) with p(-) satisfying the so-called globally log-Hélder continuous
condition (see and below) and 1 < p_ < p; < oo, where p_ and p; are as
in below, we first show that the LP()(R™) quasi-norm of the tangential maximal
function TéV(K’L)( f) can be controlled by that of the non-tangential maximal function
MéK’L)( f) for any f € §'(R™) (see Lemma below), where K is the truncation level, L
the decay level and S’'(R™) denotes the set of all tempered distributions on R™. Using this,
the monotone convergence property for increasing sequences on LP()(R™) (see Lemma
below) and the boundedness of the Hardy-Littlewood maximal function on LP() (R™) again,
we then prove Theorem (3.10

In Section [4f via borrowing some ideas from those used in the proofs of [6, p. 38,
Theorem 6.4] and [52, Theorems 4.5 and 4.6] as well as [83, Theorem 4.3], we obtain the
atomic characterization of HZ(')(R”). For this purpose, we first introduce the variable

anisotropic atomic Hardy space H Z(')’q’s (R™) in Definition below and then prove
HA(')(Rn) — HZ(')?‘LS(RTL)

with equivalent quasi-norms (see Theorem below). Indeed, we first present the density
of the subset LZ(R™) OHZ(')(R") in Hfl(')(R”) for any g € [1,00] N (p4+, 00] (see Lemma
below). By this density and the Calderén-Zygmund decomposition associated with non-
tangential grand maximal functions on anisotropic R™ from [6, p. 9, Lemma 2.7] as well
as an argument similar to that used in the proofs of [6, p. 38, Theorem 6.4] and [52,
Theorem 4.5], we then prove that HZ(')(R") is continuously embedded into Hf‘(')’oo’s(R”)
and hence also into Hﬁ(’)’q’s(R”) due to the fact that each (p(-),o0,s)-atom is also a
(p(+), ¢, s)-atom for any g € (1,00). Conversely, as a special case of [83, Proposition 2.11],
we first obtain that some estimates related to LP()(R") norms for some series of functions
can be reduced into dealing with the L?(R™) norms of the corresponding functions (see
Lemma below), which plays a key role in the proof of Theorem and is also of
independent interest. Then, using this key lemma and the anisotropic Fefferman-Stein
vector-valued inequality of the Hardy-Littlewood maximal operator My, on LP()(R™)
(see Lemma below), we prove that Hf‘(')’q’S(R”) C Hﬁ(')(R") and the inclusion is

continuous.
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Section 5| is aimed to establish a finite atomic characterization of HZ(')(R") (see The-
orem below). To be precise, via borrowing some ideas from those used in the proofs
of |45, Theorem 5.7] and [44, Theorem 2.14], we prove that, for any given finite linear
combination of (p,q, s)-atoms with ¢ € (max{p+,1},00) (or continuous (p, oo, s)-atoms),
its quasi-norm in HZ(')(R”) can be achieved via all its finite atomic decompositions. This
extends [50, Theorem 3.1 and Remark 3.3] and [30, Theorem 5.6] to the present setting

of variable anisotropic Hardy spaces.

In Section |§|, by the anisotropic Calderén reproducing formula (see Lemma below)
and the way same as that used in the proof of Theorem we first establish the Lusin
area function characterization of Hfl(')(R”) (see Theorem below). Then, using this
and an approach initiated by Ullrich [68] and further developed by Liang et al. [43] and
Liu et al. [48], together with the anisotropic Fefferman-Stein vector-valued inequality of
the Hardy-Littlewood maximal operator My, on LP()(R™) (see Lemma below), we
establish the Littlewood-Paley g-function and g}-function characterizations of H Z(')(R”)
(see Theorems and below). We point out that the aforementioned approach, via
a key lemma (see Lemma below) and an auxiliary function g .(f) (see below),
shows that the LP()(R™) quasi-norm of the Lusin area function can be controlled by that

of the Littlewood-Paley g-function.

As applications, in Section [7} we first establish a criterion on the boundedness of
some sublinear operators from Hﬁ(') (R™) into a quasi-Banach space (see Theorem be-
low). Then we recall a general summability method, namely, the so-called anisotropic
f-summation defined by a single function 6 (see and below). Moreover, under
some assumptions on 6, using the criterion established in Theorem [7.I, we show that
the maximal operator of the #-summability means is bounded from H Z(')(R”) to LPO) (R™)
when p_ satisfies below. As consequences, some almost everywhere and also 520 (R™)
norm convergences of the 6-means ng f are presented. In addition, two special cases of the
f-summation are investigated, namely, the Bochner-Riesz and the Weierstrass summabil-
ities.

Finally, we make some conventions on notation. We always let N := {1,2,...}, Z; :=
{0}UN and 0, be the origin of R". For any multi-index 8 := (B1,...,3s) € (Z4)" =: 27,
let |B] := 51 + -+ + Bn. We denote by C' a positive constant which is independent of the
main parameters, but may vary from line to line. The notation f < g means f < Cg and,
if f < g < f, then we write f ~ g. For any ¢q € [1, 00|, we denote by ¢ its conjugate index,
namely, 1/q+ 1/¢' = 1. In addition, for any set E C R™, we denote by EC the set R® \ E,
by xg its characteristic function, by |E| the n-dimensional Lebesgue measure of E and by
$F the cardinality of E. For any s € R, we denote by [s] the largest integer not greater

than s.
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2. Preliminaries

In this section, we first recall some notation and notions on dilations and variable Lebesgue
spaces (see, for example, [6,/18,21]). Then we introduce the variable anisotropic Hardy
space via the non-tangential grand maximal function.

We begin with recalling the notion of expansive matrixes from [6].

Definition 2.1. A real n x n matrix A is called an expansive matriz (shortly, a dilation)
if

min |A| > 1,
A€o (A)

here and hereafter, o(A) denotes the set of all eigenvalues of A.

Let b := |det A|. Then it follows, from [6, p. 6, (2.7)], that b € (1,00). From the
fact that there exist an open ellipsoid A, with |A| = 1, and r € (1,00) such that A C
rA C AA (see [6, p. 5, Lemma 2.2]), we deduce that, for any k € Z, By := A*A is open,
By, C rBy, C Byy1 and |By| = b*. For any € R” and k € Z, an ellipsoid = + By, is called
a dilated ball. In what follows, we always let B be the set of all such dilated balls, namely,

(2.1) B:={r+Bp:xeR" keclZ}
and
(2.2) ri=inf{l € Z:r* > 2}.

The following notion of the homogeneous quasi-norm is just [6, p. 6, Definition 2.3].

Definition 2.2. A homogeneous quasi-norm, associated with a dilation A, is a measurable

mapping p: R" — [0, 00) satisfying
(i) if 2 # O,, then p(z) € (0, 00);
(ii) for each x € R", p(Ax) = bp(x);
(iii) there exists an H € [1,00) such that, for any z,y € R", p(z +y) < H[p(z) + p(y)].

For a given dilation A, by [6, p. 6, Lemma 2.4], we may use the step homogeneous

quasi-norm p defined by setting, for any x € R”,

(2.3) p(z) = Z ijBj+1\Bj () when z # 0y, or else p(0,) :=0
JEZL
for convenience.

For any measurable function p(-): R™ — (0, o], let

(2.4) p— = essinfyepn p(v), py :=esssup,cgnp(z) and p:=min{p_,1}.
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Denote by P(R"™) the set of all measurable functions p(-) satisfying 0 < p_ < p; < 0.

For any p(-) € P(R"), the variable Lebesque space LPC)(R™) is defined to be the set
of all measurable functions f such that g,.)(f) < oo, equipped with the quasi-norm
||f||Lp(.)(Rn), where, for any measurable function f, the modular functional o,.)(f) and
the Luzemburg (also called Luzemburg-Nakano) quasi-norm ||f||Lp(.)(Rn) of f are defined,
respectively, as op(.)(f) :== [gn | f(2) P(*) dg: and

1Nl o)y == inf{A € (0,00) : 0y (f/A) < 1}

Let C°8(R™) be the set of all functions p(-) € P(R™) satisfying the globally log-Hélder

continuous condition, namely, there exist Ciog(p), Coo € (0,00) and ps € R such that, for

any x,y € R,

(2.5) Ip(@) —p)] < 1 flff,(ﬁ Y
and

(2.6) (o) = ol < e

Recall that a Schwartz function is a C*°(R™) function ¢ satisfying, for any m € Z4

and multi-index o € Z"},
[@llam := sup [p(z)]"[0%(z)| < oc.
z€R™

Denote by S(R™) the set of all Schwartz functions, equipped with the topology determined

by [ - |
topology. For any N € Z, let

a,m}aezi,meZJrv and S'(R™) the dual space of S(R™), equipped with the weak-x

SN(R") :={p € S(R") : [[¢lla < 1, |a| < N,£ < N},
equivalently,

peSNR") = olsymn = Sup sup [10%p ()| max{1, [p(«)]V}] < 1.
a|<N zeR™

In what follows, for any ¢ € S(R") and k € Z, let () := bFp(AF-).
Let A_, A\t € (0,00) be two numbers such that

1< Ao <min{|A: A€ 0(A)} <max{|A\|: A€ d(A)} < At.

We should point out that, if A is diagonalizable over C, then we may let A_ := min{|}| :
A€ o(A)} and Ay := max{|A| : A € 0(A)}. Otherwise, we may choose them sufficiently

close to these equalities in accordance with what we need in our arguments.
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Definition 2.3. Let ¢ € S(R™) and f € S'(R"). The non-tangential maximal function

M, (f) with respect to ¢ is defined by setting, for any x € R,

(2.7) My(f)(x) == sup |f*op(y)]
yex+ By ,k€Z

Moreover, for any given N € N, the non-tangential grand maximal function My(f) of
f € S'(R™) is defined by setting, for any = € R™,

My(f)(z) = sup My(f)(z).
PESN (R™)

We now introduce variable anisotropic Hardy spaces as follows.

Definition 2.4. Let p(-) € C'%(R") and N € NN [|(1/p — 1)Inb/InA_| + 2,00), where
p is as in (2.4). The variable anisotropic Hardy space H Z(')(R”) is defined as

HYO(RY) == {f € S'(R") : M (f) € LPO(R™)}
and, for any f € HY(R™), let [1£1] oo gy = IMn (D) o -

Remark 2.5. (i) The quasi-norm of H ﬁ(')(R”) in Deﬁnition depends on N, however, by

Theorem below, we conclude that the space H Z(')(R") is independent of the choice of

N aslongas N € NN[|(1/p—1)Inb/InA_] +2,00). In addition, when p(-) = p € (0, 00),

the space Hi(')(R") becomes the anisotropic Hardy space H%(R") from [6] and, when

A :=dI,x, for some d € R with |d| € (1,00), here and hereafter, I, denotes the n x n

unit matriz, the space Hz(')(R") goes back to the variable Hardy space studied in [19,52].
(ii) Very recently, via the variable Lorentz spaces £P():40)(R™) in [24], where

p(-); q(-): (0,00) = (0,00)

are two measurable functions, Almeida et al. [3] introduced the variable anisotropic Hardy-
Lorentz spaces HP()4()(R™, A) on R™. As was mentioned in [35, Remark 2.6] (see also [46,
Remark 2.11(ii)]), the space £P():4()(R™) in [24] never goes back to the space LP()(R™),
since the variable exponent p(-) in £P():4()(R") is only defined on (0, c0) while not on R™.
Thus, it is easy to see that the space H’ Z(')(R”), in this article, is not covered by the space
HPOAC(R™) A) in [3]. We should also point out that the space HZ(')(R”), in this article, is
also not covered by the variable anisotropic Hardy-Lorentz space H Z(')’q(}R") investigated
in [44,46], since the exponent ¢ € (0, c0] in Hﬁ(')’q(R") is only a constant.

(iii) Recall that Li et al. [39-41] studied the anisotropic Musielak-Orlicz Hardy space
H%(R™) with a Musielak-Orlicz growth function ¢: R™ x [0,00) — [0,00). Similarly
to |74, Remark 2.8], we know that, if

(2.8) o(z,t) :== t"@®  for any z € R" and ¢ € (0, 0),
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then H%(R™) = HZ(')(R”). However, a general Musielak-Orlicz growth function ¢ sat-
isfying all the assumptions in [39-41] may not have the form as in . On the other
hand, as was pointed out in |74, Remark 2.14(iii)], it was proved in [77] that there exists
a variable exponent function p(-) satisfying and which were required in this
article, but () is not a uniformly Muckenhoupt weight which was required in [39-41].
Thus, the anisotropic Musielak-Orlicz Hardy space H7%(R™) in [39H41] and the variable

anisotropic Hardy space H Z(')(R”) in this article can not cover each other.

3. Maximal function characterizations of H Z(')(R”)

In this section, we characterize HZ(')(R”) by means of the radial maximal function Mg
(see Definition below) or the non-tangential maximal function M, (see (2.7)). We

begin with the following notions of some auxiliary maximal functions from [6].

Definition 3.1. Let K € Z, L € [0,00) and N € N. For any ¢ € S, the mazimal functions
Mg(K’L)(f), M(;K’L)(f) and TéV(K’L)(f) of f € 8'(R™) are, respectively, defined by setting,
for any x € R”,

MR (@)= swp |( 60 (@)] [max{1 p(A @)} 7 (67,
keZ,k<K

MéK’L)(f)(a;) = sup sup |(f * ¢r)(y)] [max{l, p(Any)}] -t (14 b FK)=L
keZ, k<K ycx+By

PNEL) oy (f * 1) (v)] (Lot
o kez k<K yekn [max{ L, p(A—*(z — ))}]" [max{1, p(A—Ky)}]"

Moreover, the mazimal functions M]?,(K’L)(f) and M](\,K’L)(f) of f € §'(R™) are, respec-
tively, defined by setting, for any = € R”,

My (@)= sup MYEP () ()

pESN (R™)
and
MEP (@)= sup M (F)(2).
¢ESN (R”)

Let L .(R™) be the collection of all locally integrable functions on R". Recall that the

1
loc

Hardy-Littlewood mazimal operator Myy,(f) of f € L
r € R,

(R™) is defined by setting, for any

1 1
(31)  Muw(f)(z) :==sup sup /y+Bk FG)ldz= swp o /B 1£(2)] dz,

keZ yea+ B, | Bl cEBEDB
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where B is as in (2.1)).
The following Lemmas through are just |3, Lemma 2.3|, [46, Lemma 3.3], [74,

Remark 2.1(i)] and [18, Corollary 2.64], respectively.

Lemma 3.2. Let K € Z, N,L € N, r € (0,00) and ¢ € S(R™). Then there ezists a
positive constant C, independent of K, N, L, r and ¢, such that, for any f € §'(R"™) and
r € R™,
N(K,L r K,L r
[P (@) < e ([P (0)]') @),

where My, is as in (3.1).

Lemma 3.3. Let p(-) € C'°8(R").

(i) If 1 < p_ < py < oo, then, for any given s € [1,00) and any f € L) (R™),

sup HAX{:ce]R" :Mw (f)( 33)>>\}‘

A€(0,00) LerO) (R™) = LepO @)

where C' is a positive constant independent of f;
(i) If 1 < p_ < py < 0o, then, for any given s € [1,00) and any f € L0 (R™),
IMun () pors ny < CllF Il owts @y
where C is a positive constant independent of f.
Lemma 3.4. Let p(-) € P(R™). Then, for any s € (0,00) and f € LPO)(R™),
PN 2o ny = N7 e00) eny -
In addition, for any A\ € C and f,g € LPO(R™), [Af ey ey = (A | o) (mny and
1+ 900 @y < IFIT00 gy + 1900 gy

where p is as in (2.4)).

Lemma 3.5. Let p(-) € P(R™) and {f}reny C LP)(R™) be any sequence of non-negative
functions satisfying that f, as k — o0, increases pointwisely almost everywhere to some
f e LPO(R™) in R™. Then

1f = fell ooy = 0 as k — oo,

From Lemmas and we easily deduce the following conclusion, the details
being omitted.
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Lemma 3.6. Let p(-) € C'°8(R"™). Then there exists a positive constant C such that, for
any K € Z, N,L €N, ¢ € S(R") and f € §'(R"),

)

< CHM;K’”(f))

LPC)(R) LPO) (R

We also need the following two technical lemmas, which are just [6, p. 45, Lemma 7.5

and p. 46, Lemma 7.6], respectively.

Lemma 3.7. Let ¢ € S(R™) and [,, ¢(x)dx # 0. Then, for any given N € N and
L € [0,00), there exist an I € N and a positive constant Cn,1), depending on N and L,
such that, for any K € Z, f € S'(R™) and x € R™,

M?(K’L)(f)($) < C(N’L)qusV(K,L) (f)(z).

Lemma 3.8. Let ¢ € S(R") and [,, ¢(x)dx # 0. Then, for any given M € (0,00) and
K € Zy, there exist L € (0,00) and a positive constant C(k,m), depending on K and M,
such that, for any f € S'(R™) and x € R,

(3.2) MP (f)(@) < Cuae,anymax{1, p(z)}] 7.

Definition 3.9. Let ¢ € S(R") and f € S'(R™). The radial mazimal function M(g(f) of
f with respect to ¢ is defined by setting, for any x € R",

Mg(f)(x) = sup | f * ¢y, (2)].

kEZ

Moreover, for any given N € N, the radial grand mazimal function MY (f) of f € S'(R™)
is defined by setting, for any x € R",

MR (f)(z) := et Mg(f) ().

Now, it is a position to state the main result of this section.

Theorem 3.10. Let p(-) € C'°8(R") and ¢ € S(R™) with [5, ¢(x)dx # 0. Then, for any
f € S'(R™), the following statements are mutually equivalent:

() f e H(R");
(it) My(f) € LPOR™);
(iii) MI(f) e LPO(R™).
Moreover, there exist two positive constants C1 and Ca, independent of f, such that

£ 1l z7p0 ey < CoIMI(F)I Lo gy < CLlIMo ()]l Lot gy < Coll 7o) oy
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Proof. Due to the obvious facts that (i) implies (ii) and that (ii) implies (iii), we next only
need to show that (ii) implies (i) and that (iii) implies (ii).

We first prove that (ii) implies (i). Indeed, notice that Lemma with N € N and
L = 0 implies that there exists an I € N such that, for any K € Z,, f € §'(R") and
x € R", it holds true that M?(K’O)(f)(m) < TéV(K’O)(f)(a:). Thus, by Lemma we

conclude that, for any K € Z4 and f € S'(R"),

(3.3) |79 )

M)

5| ~
LrC)(Rn) ™ Lr() (R™)

Letting K — oo and applying Lemma to (3.3]), we obtain

1M ()| ot ey S 1M ()| o) ey

which, combined with [6, p. 17, Proposition 3.10], implies that, if (ii) holds true, then (i)
also holds true.

Next we prove that (iii) implies (ii). To this end, let Mg(f) € LPO)(R™). Then, for any
M e (1/p—,00) and K € Z4, by Lemma we know that there exists some L € (0, 00)
such that (3.2]) holds true and hence MéK’L)( f) € LPO(R™). Indeed, by Lemma we
have

p p

s

< [ MR s,

Lp(')(]Rn)

p (K,L)
LP(‘)(]R”) + keZN HM¢ (f)XBk+1\Bk LP(')(R")

p —kpM p
S HXBluch)(Rn) + Zb P HXBk+1\BkHLp(‘>(Rn)
keN

< ) b ReMpk R oo
k€Z+

Thus, M"Y (f) € LPO(R™).

On the other hand, from Lemmasand we deduce that, for any given L € (0, ),
there exist some I € N and a positive constant C3 such that, for any K € Z; and
fes' R,

|a7 B )

<l

L) (Rn LPO(RP)
For any fixed K € Z, let

By = {z € R M0 (1)) < O (1))

with Cy := 2C3. Then, since

T e N L] .
it follows that
(3.4) MDD gy = P2 L
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holds true.
For any given L € (0,00), by a proof similar to that of [45, (4.17)], we find that, for
any t € (0,p_), K € Zy, f € S'(R") and z € Fk,

(35) PaP ) < vt (10 0] ) )

which, together with (3.4)), Lemma [3.4] (3.5)) and Lemma [3.3[(ii), further implies that, for
any K € Z, and f € S'(R"),

(K.L) | < Iy En)  m ~ (| [0 (1))
82Dy S P sy~ 2T
t
(3.6) HL [ ¢ (f)] LPO) /8 (R

t

< | [peeso )’

) 2225

Lp()/t(Rn LrO)(Rm)

Letting K — oo in (3.6]), by Lemma we conclude that

1M ()| 1o @y S IMG | 1o (e

which shows that (iii) implies (ii) and hence completes the proof of Theorem O

4. Atomic characterizations of H Z(')(R”)

In this section, we establish the atomic characterization of Hz(')(R"). We begin with

recalling the definition of anisotropic (p(+), g, s)-atoms from [46].

Definition 4.1. Let p(-) € P(R"), ¢ € (1, 00] and

(4.1) s€ H(pl_ - 1) hllnAb_J ,oo> nZ,.

An anisotropic (p(+), q, s)-atom is a measurable function a on R™ satisfying

(i) suppa C B, where B € B and B is as in (2.1));
(i) llallzony < [BIY9/I1XBI 1oe) ony;
(iil) Jgn a(2)x” dz = 0 for any v € Z77 with |y] < s.

In what follows, we call an anisotropic (p(+), g, s)-atom simply by a (p(-), g, s)-atom.
Now, using (p(+), g, s)-atoms, we introduce the variable anisotropic atomic Hardy space
Hfl(')’q’s(R") as follows.
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Definition 4.2. Let p(-) € C5(R"), ¢ € (1,00, s be as in and A a dilation.
The wvariable anisotropic atomic Hardy space Hz(')’q’s(R") is defined to be the set of all
f € S'(R™) satisfying that there exist {\;}ien € C and a sequence of (p(-), ¢, s)-atoms,
{a;}Yien, supported, respectively, on {B®};cny € B such that

f = Z )\iai in S,(Rn)

€N

Moreover, for any f € HZ(')’q’S(R")y let

py1/p
= [Ailx B -
1000 gy 2= it {Z [ |

= L IxsollLeo @ny PO (R7)

where the infimum is taken over all decompositions of f as above.

To establish the atomic characterization of H Z(’) (R™), we need several technical lemmas
as follows. First, by a proof similar to that of [6, p. 21, Theorem 4.5], we easily obtain the

following property of Hﬁ(')(R”), the details being omitted.

Lemma 4.3. Let p(-) € C'%5(R") and N € NN[[(1/p—1)Inb/InA_ |+ 2,00), where p is
as in (2.4). Then HZ(')(R”) C S'(R™) and the inclusion is continuous.

The following Lemmas and are just [46, Lemma 4.3] and [6, p. 9, Lemma 2.7],

respectively.

Lemma 4.4. Let r € (1,00]. Assume that p(-) € C'°8(R™) satisfies 1 < p_ < py < oo.
Then there exists a positive constant C such that, for any sequence { fr. }ren of measurable

functions,

1/r
(i)

keN

1/r
<C (Z | fe |T>

with the usual modification made when r = oo, where Myy, denotes the Hardy-Littlewood

mazximal operator as in (3.1)).

Lr() (Rm)

Lemma 4.5. Let Q C R™ be an open set with |Q| < oco. Then, for any m € Zy, there

exist a sequence of points, {xk}ren C Q, and a sequence of integers, {ly}ren, such that
(1) @ =Ugen(@k + Be,);
(ii) {xr + Be,—r}ren are pairwise disjoint, where T is as in (2.2));

(iii) for each k € N, (x, + By, 4ym) N Qb =0, but (v + By tm+1) N Qb £ 0;
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(iv) for anyi,j € N, (x; + Bo,ym—2-) N (xj + By, om—2r) # O implies |6; — L] < 7;
(V) there exists a positive constant R such that, for any i € N,
8{j € Nt (zi + Bym—20) N (2 + Bpjpm—2r) # 0} < R.

Observe that (R™, p,dx) is an RD-space (see [32,80]). From this and [83, Propo-
sition 2.11 and Lemma 4.8], we deduce the following Lemmas and which play
an important role in this section and are also of independent interest, the details being

omitted.

Lemma 4.6. Letr(-) € C°8(R™) and q € [1,00]N(ry,00] withry as in [2.4). Assume that
{M\i}ien C C, {B(i)}ieN C B and {a;}ien C LYR™) satisfy, for any i € N, suppa; C B,

|B®]|1/a
laill La@ny < 77—
IXB® | Lre) (mn)
and
ry 1l/r
{Z[ [Ailxpw ]} -
= L Ixsollro@n LrO) ()
Then

11/r A\ ry 1/r
[Z’)\iaﬂr <C {Z [' i ] } :
) Lr@)

pe o = | Ixsollro@n -

where C is a positive constant independent of \;, B and a;.
Lemma 4.7. Let p(-) € C'°8(R™) and q € [1,00] N (p4,00] with py as in (2.4). Then
HZ(')(R") N LYR™) is dense in Hﬁ(')(R”).

Now we state the main result of this section as follows.

Theorem 4.8. Let p(-) € C'°8(R™), ¢ € (max{py,1},00] with py as in [2.4), s be as in
@) and N € NN [|(1/p—1)Inb/InA_| + 2,00) with p as in [@A). Then HY(R") =
HZ(')’Q’S(R") with equivalent quasi-norms.

Proof. First, we show that

(4.2) HAO45(R?) ¢ HEO(R™).

To this end, for any f € HZ(')’%S(R"), by Deﬁnition we know that there exist {\; }ieny C
C and a sequence of (p(-), ¢, s)-atoms, {a; }icn, supported, respectively, on {B®},en C B
such that

=Y Xa; inS'R")

1€N
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p}l/P
Lp()

Then, by [46, (4.8)], it is easy to see that, for any N € NN [[(1/p—1)Inb/InA_] +2,00)
and x € R",

and

|\ilX g
L1l gorsaos emy ™ Ixz® Lo gy
HYO (Rn) Z.GZN x| Lr) (mn) (&")

My (f)(@) <Y INIMu(a:) (@) xar por () + Y I Mu (@) (@) x ar gy ()

ieN ieN
1/p
(4.3) S {Z[I/\iIMN(az)( )X ar g ()] }
€N
|Ail
+ Mur(xpo»)(z)]” =11 + I,
2 T Ty M Oc0)(2)
where p is as in ,
Inb InXx_ 1
(4.4) B = <ln)\+s+1> ™) >E

and My, denotes the Hardy-Littlewood maximal operator as in ({3.1]).
For the term Ij, by the boundedness of My on L"(R"™) with r» € (1,00] (see [45),
Remark 2.10]), Lemma [4.6| and [46, Remark 4.4(i)], we conclude that
(4.5) Hallzoe @y S 11 gooras gy
To deal with I, by Lemmas [3.4] and [.4] we find that
/8|

all sy ~ {Z i [MHL<><B@>><x>1ﬂ}

ieN IXp® HLP< ) (R™) L6p()

py /P
< Z |\ilx B
o TS | s oo @y
Lr() (Rn) €N LP(')(]R")

This, combined with (4.3) and (4.5]), implies that

A

Z \)\ ’XB()
lIx

B® |l zr) mny

~ e gy

£ 7o oy ~ IMN P oo @y S MF Mo -

Thus, (4.2) holds true.
We now prove that HZ(')(R”) C Hi(')’q’s(]R"). To this end, it suffices to show that

(4.6) HYO(R™) < HED S (Rm),
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due to the fact that each (p(-), 0o, s)-atom is also a (p(-), ¢, $)-atom and hence HZ(')’OO’S(R”)
C HZ(’)?qu(Rn).

Next we prove (4.6) by two steps.

Step 1. In this step, we show that, for any f € HZ(')(R”) N LY(R™) with ¢ €

(max{p+, 1}5 OO],
(47) 171 0 gy S 100

holds true.

To prove , we borrow some ideas from those used in the proofs of [6, p. 38,
Theorem 6.4] and [52, Theorem 4.5]. For any k € Z, N € NN[|(1/p—1)Inb/InA_|+2,00)
and f € H2(R") N LY(R), let

(4.8) Q= {z € R": Mn(f)(z) > 2F}.
Then, by Lemma with m = 67, we know that there exist a sequence {xf}ieN C Qg

and a sequence {/¥};cn C Z such that

(49) = (e + By
€N
(zF + Bzf—f) N (372C + BZ?_T) =( for any i,j € N with ¢ # j;
(zF + Bk 6:) N QE =0, (2F+ Bk L grq1) N QE # (0 for any i € N;
(zF + Bz§+47) N (:L‘;C + B€§+4T) 4 implies |¢F — E§“| <7
(4.10) £{j € N: (@F + Buyur) N (@5 + Byyyr) #0} <R forany i €N,
2 J
where 7 and R are same as in Lemma [4.5]
Let n € S(R™) satisfy that suppn C B;, 0 <n <1and n=1on By. For any i € N,

k€ Z and z € R, let 0 (z) := (A= (z — r¥)) and

0 (2)

ZjeN 77?(95)'

Then it is easy to see that {Gf}ieN forms a smooth partition of unity of 2. For any

(4.11) 0% (z) ==

r € Z4, denote by P,.(R™) the linear space of all polynomials on R™ with degree not
greater than r. By an argument similar to that used in [45, p. 1679], we conclude that
there exists a unique polynomial P¥ € P,.(R") such that, for any Q € P,(R"),

1 o 1 kot =1 [ pk :
W(ﬁ Qo;) = 05 (@) dx<Pz , Q7)) = o 05(@) de Jar P (2)Q(x)0; () du.
For each i € N and k € Z, let b¥ := [f — PF|6F and
(4.12) gWi= =Y b ==Y~ PO = fxge + ) PO

1€EN ieN 1€EN
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From this and an argument same as that used in [45, p. 1679], we deduce that H g
< 2% and Hg(k)HLOO(R") —0as k — —oo.

Fix some N € NN[[(1/p—1)Inbd/InA_]+2, c0) large enough such that (InA_/Inb) Np_
€ (1,00). Notice that f € LI(R™) = H%(R™) with ¢ € (max{py,1},00] (see [6, p. 17]),
where HY%(R™) denotes the anisotropic Hardy space from [6]. Then, repeating the proof
of [6, p. 31, Lemma 5.7] with some slight modifications, we find that, for any k € Z,
{3, of men Converges in HY%(R™) and hence converges in &'(R™). By this, a proof
similar to those of |6, p. 27, Lemma 5.4 and p. 28, Lemma 5.6], , , and
, we conclude that, for any k € Z and = € R",

My <Z bf) ) < ZMN ka+sz )+ ZMN X(x +sz

€N €N 1EN

S My (f)(@)xa, (@) +28 >0 Y (A ) Natin,

€N J €Z+

oo ey

c(z)

+27')

()

+2T+j+1\B£§+2T+j

S M (f)(2)xey (x)

k Nk thqort NI
+ 2 E E VG e b ( 7) lnb XkarBZk
lGN ]€Z+

(z)

+2f+j+1\B/z§+2f+j

‘.Tf + BgHNln)\,/lnb

< My (f) (@) xq, (x) + 2 EZN (oo — by T

< My () (@)xa, (@) + 20 Y [MHL Xut45,)(0)
€N

NlnA_/Inb

Thus, from the fact that (InA_/Inb)Np_ € (1,00), Lemma (4.9, (4.10) again and
the definition of €, it follows that, for any k € Z,

w(x)

S M () (@)xa  po @ny +

Lp(~)(Rn)

5 Mt o, )0

ieN Lr()(R™)
S IMN () @)xeull oo @ny + 125x00 oo @@r) S M8 () (@)x0 | o) gn)-

:|N1n)\_/lnb

This, together with (4.12]), further implies that, as k — oo,
-z ()
1€N 1€EN

By this, the fact that Hg(k)HLOO(Rn) — 0, as k — —o0, and Lemma we have

F=Y [g(’““) — g(’“)] in S'(R").

kEZ

=

— 0.
LP(‘)(R")

A HZ()(Rn)
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On the other hand, for any k € Z, i € N and P € P,(R") with r € Z, let

1/2
= 71 2)|20% (z) dz
(113) 1Pl = [ T o P >d] ,

where 6% is as in (£.11). Then, by an argument same as that used in [6, p. 38] (see
also [45, pp. 1680-1681]), we find that

F= Y[ =] = TN ok = o PO | = 20Dkt SR,
kezZ kEZ ieN JEN keZ ieN

where, for any 4,7 € N and k € Z, szjJrl is the orthogonal projection of [f — Pf“]@f on
P,(R") with respect to the norm defined by (4.13) and h¥ is a multiple of a (p(-), 00, 5)-

atom satisfying

(4.14) / ) hE(x)Q(x)dz =0 for any Q € P.(R"),
(4.15) supp b C (2} + By y4,)

and

(4.16) ‘ [ ok

where C is a positive constant independent of k and 3.
Now, for any k € Z and 7 € N, let

~ —1
(4.17) AF = 02’f’ and o = [Aﬂ hk,

X.rk-‘rB
o TPk ar Lp() (R™)

where C is as in (4.16). Then, by (4.14), (4.15) and (4.16)), we easily know that, for any

k€ Zandi €N, af is a (p(-), 00, s)-atom. Moreover, we have

F=Y> Xa} inS R

k€EZ ieN
In addition, from (4.17)), (4.9)), (4.10) and the definition of 2, we further deduce that

k py 1/p

Z Z |)\z |XI§+BZ§+4T

keZ ieN HX&C%B@?“* 2w e LP() (RM)

- S11/p r 1/p

k - k

o1 >3 o1 CXSIIY  B Y ) o

LkeZ ieN ! L) (R7) LkeZ LP() (RP)

- 1/p r 1/p

k

~ 2(2 XQk\QkH)p] S |(IM(f) ZXQk\Qk+1]

Lk€Z Lr() (R™) LkEZ Lr()(R™)

S UM gy ~ 157 ey
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This implies that holds true.

Step 2. In this step, we prove that also holds true for any f € H Z(') (R™).

To this end, let f € Hﬁ(')(R”). Then, by Lemma we know that there exists a
sequence {f;}jen C HZ(')(R") N LYR") with g € (max{p4, 1}, 00] such that f =3 f;
in HZ(')(R”) and, for any j € N,

£l o) gy < < 2°” JHfHHpo (&)

Notice that, for any j € N, by the conclusion obtained in Step 1, we find that f; has an

atomic decomposition, namely,

=Y "N MFal* in S'(RM),

k€Z ieN

'7k ')k 3 .7k
where {)\f }keZ,z’eN and {ag }kGZ,iEN are constructed as in (4.17)). Thus, {af }kEZ,iEN
are (p(-), 00, s)-atoms and hence we have

f= Z Z Z A{’kag’k in S'(R")

JjeEN k€Z ieN

and
l/g

1wy < | 2 W5l gy | S 10y

JjeN

which implies that (4.7]) holds true for any f € H Z(')(R”) and hence completes the proof
of Theorem [4.8 ]

5. Finite atomic characterizations of Hf‘(') (R™)

In this section, we establish finite atomic characterizations of HZ(') (R™). We begin with
introducing the notion of variable anisotropic finite atomic Hardy spaces H fl(ﬁ)n (R™) as

follows.

Definition 5.1. Let p(-) € C°8(R"), ¢ € (1, 00], s be as in and A a dilation. The
variable anisotropic finite atomic Hardy space HZ(’E)I’IQ’S(R") is defined to be the set of all
[ € S'(R") satisfying that there exist I € N, {\i}icp1,jnn € C and a finite sequence of
(p(+); g, s)-atoms, {a; }ic[1,nnn, supported, respectively, on {B(i)}ie[l,l}ﬂN C B such that

1
f=> Xa; inS'R".
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Moreover, for any f € Hf‘(g;lq’s(R"), define

I B py /P
. i | X B
£l o) as gy := Inf e ;
Hi g (®) ; HXB(i)HLP(-)(Rn)
= Lp(-)(Rn)

where p is as in (2.4) and the infimum is taken over all decompositions of f as above.

The following conclusion is from Theorem [.8 and its proof, which is used in the proof
of Theorem [5.4] below.

Lemma 5.2. Let p(-) € C°8(R"), ¢ € (1,00], s be as in [@.1) and T as in [2.2). Then, for

any f € Hp(')(R”)ﬁLq(R") there exist {/\?}kez sen C C, dilated balls {xf+B€k}k6Z ien C

B and (p(-), 00, s)-atoms {ak }keZzeN such that
=22 M,
kEZ ieN

where the series converge both almost everywhere and in S’'(R™),

(5.1) suppal C oF + B yry Q= U (:1:5c + By y,) foranyk €Z andieN
i J
jeN

with Q. as in (4.8),

(5.2) (zF + Bszr) N (a:éC + Bg;?fT) =0 foranyk€Z andi,j €N with i # j,
and
(53)  #{j €N (@ + Buyy) N (@h + Buyy) 20} <R Jor any i €N

with R being a positive constant independent of k and f. Moreover, there exists a positive

constant C, independent of f, such that, for any k € Z, i € N and almost every x € R",

(5.4) Afaf(x)j < 02"
and
|>\ﬂXxf+B£;?+4T 2y e
(5.5) ZZ I I : < C||f”Hp< )(Rn)
ez ien | WXak+By , NP0 (R)
: LpO) (Rm)

with p as in (2.4).
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Remark 5.3. For any i € N, k € Z and r € Zy, let 0¥ and P,.(R") be the same as those
used in the proof of Theorem For any f € Hﬁ(')(R”) N LY(R™) with ¢ € (1,00], by
an argument same as that used in the proof of Theorem we also conclude that there
exists a unique polynomial PF € P,.(R") such that, for any Q € P,.(R"),

(f.QOF) = (PF,Q6r) = - PF(2)Q(2)6f () da.

In addition, for any 4,57 € N and k € Z, we let the polynomial Pf;rl be the orthogonal
projection of (f — Pf“)@f on P.(R™) with respect to the norm defined by (4.13)), namely,
Pfjl is the unique element of P.(R™) such that, for any @ € P,.(R"),

[ @ - Pr@] k@@l @ s = [ P @)@l @) ds

R

and, for any ¢ € N and k € Z,

k k\pk k k k
M = (f — PRyoE =3 [(f _ PRk Pl.jrl} g1,
JEN
We always denote by C'(R") the set of all continuous functions. Then we obtain the
following finite atomic characterization of H Z(')(R"), which extends |50, Theorem 3.1 and

Remark 3.3] to the present setting of variable anisotropic Hardy spaces.

Theorem 5.4. Let p(-) € C'8(R™), q € (max{p,1},00] with py as in 2.4) and s be as
in @).

(i) If ¢ € (max{p4,1},00), then || - HHZ(EB’EI'S(R") and || - ”HZ<‘>(R") are equivalent quasi-

norms on Hz(ygr’lq’s(R");
(i) |I- ||H£<g,oo,s(Rn) and ||- HHZ“)(R*L) are equivalent quasi-norms on HZSQAW’S(R")DC(R").

Proof. Assume that p(-) € C'°8(R"), ¢ € (max{p4,1},00] and s is as in (@.1). Then it

follows, from Theorem @ that HZ("ﬁ);lq’s(R”) C HZ(')(R”) and, for any f € Hz(,h)r’lq’s(R”),

£l w0 Sl ee).ais mmy - Thus, to prove Theorem we only need to show that, for
H, " (R™) Hy qn” (R™)

any f € HAEg;lq’s(R") when ¢ € (max{p4,1},00) and, for any f € [HZEQQM’S(R") N C’(R”)]
when ¢ = o0,
10 00y S W00y

We prove this by three steps.
Step 1. Let ¢ € (max{p4,1},00]. Then, without loss of generality, we may assume

that f € HZ(E’Q’S(R”) and || f]| = 1. Clearly, there exists some K € Z such

n HZ(')(R'/L)

that supp f C Bk because f has compact support, where By is as in Section [2| In the
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remainder of this section, we always let NV := [(1/p—1)Inb/InA_| +2 and, for any k € Z,
let
Oy = {x e R": My(f)(z) > 2k} .

Since f € Hz(')(R") N LI(R"), where g := ¢ when ¢ € (max{py,1},00) and § := 2 when
q = 00, it follows, from Lemma that there exist {)\f} wezien C C and a sequence of

(p(+), 00, s)-atoms, {a”’f}kEZ,ieN’ such that
(5.6) F=Y>" Aa}
keZ ieN

holds true both almost everywhere and in 8'(R™) and, in addition, through
also hold true.

By this and an argument similar to that used in Step 2 of the proof of [45, Theorem 5.7]
(see also [44], (4.9)]), we conclude that there exists a positive constant C5 such that, for

any T € (BK+4T)E,

(5.7) My (£)(@) < CslIxBic | o -
Then, for any k € (E, oo] N Z, we have

(5.8) O C Breyar,

where 7 is as in (2.2) and

(5.9) k= sup {k: €7 :2F < C5”XBK||Z;(')(R")}

with C5 as in (5.7)). Using this A/%, we rewrite ([5.6)) as

i oo
F= Y 3 M+ >N =h+o,

k=—00 i€N k=T 1 €N

where the series converge both almost everywhere and in S’'(R™). From this and an
argument same as that used in Step 2 of the proof of [44, Theorem 2.14|, we further
deduce that there exists a positive constant Cg, independent of f, such that h/Cs is a
(p(-), g, s)-atom for any p(-) € C'°8(R"™), g € (max{p4,1},00] and s being as in (LI)).

Step 2. This step is aimed to prove (i). For this purpose, for any kg € (7%, o0) NZ and
ke [k+ 1,k NZ with k as in (5.9), let

ko
Ihogey = {i €Nz li| + k] < ko} and Ly = > > Maj.
k=k+19€1(kg k)
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On the other hand, for any ¢ € (max{p+, 1}, 00), by an argument similar to that used in
Step 4 of the proof of |45, Theorem 5.7], we know that ¢ € LI(R™). This further implies
that, for any given e € (0, 1), there exists a ko € [7% + 1,00) N Z large enough, depending
on ¢, such that [( — {()]/eis a (p(-), ¢, s)-atom and hence f = h + ) + [{ — L)) 18 a
finite linear combination of (p(-), ¢, s)-atoms. From this, Step 1 and (5.F)), we deduce that

k py 1/p
ko NilXakam,,, 7]
HfHHP(‘)van(Rn) S 06 + Z Z * +€ 5 13
A,fin I ||Xx’.€+B & HLP(‘)(R")
k=k+1%S (ko k) LT LPC) (R™)

which completes the proof of (i).

Step 3. In this step, we prove (ii). To this end, assume that f € HAEEI’IOO’S (R"M)NC(R™).
Thus, by , we know that, for any k € Z and i € N, a? is continuous. In addition,
from the fact that there exists a positive constant C', n), depending only on n and N,
such that, for any = € R"”,

My (f)(x) < Cpon)ll fll oo @),

it follows that the level set , is empty for any k such that 2% > Cln, )| fll oo mny- Let

~

k := sup {k eZ:2F < C(n7N)HfHLoo(Rn)} .

Then we conclude that the index & in the sum defining ¢ runs only over k € {%+ 1,... ,g}

Notice that f is uniformly continuous. Then, for any e € (0,00), we can choose a
d € (0,00) such that |f(z) — f(y)| < € whenever p(z — y) < 6. Furthermore, for this e,
define

k k
0 = Z Z MeaF and £ = Z Z Mrak,
k=k+1icE"® k=k+1ie B

where, for any k € {E—i— 1,... ,E},
E%k’é) = {z eN: T > 5} and Egm) = {z eN: T < 5}.

Clearly, it follows, from (5.2)) and (5.8, that, for any fixed k € {7% +1,... ,E}, EYC’E) is
a finite set and hence ¢{ is a finite linear combination of continuous (p(-), 0o, s)-atoms.
Then, by (4.6|), we have

p) /P

R
(5.10) >y

S ||f||H2(>(R")
k=k+1icE{"®)

||X9:§+Be;_c HLP(‘)(R”)
’ Lr() (Rn)
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Moreover, by an argument same as that used in Step 4 of the proof of [44, Theo-
rem 2.14], we conclude that there exists an € € (0, 00) small enough such that f = h+£{+£5
gives the desired finite atomic decomposition of f. Then, from and the fact that
h/Cs is a (p(+), 00, s)-atom, we further deduce that

This finishes the proof of (ii) and hence of Theorem O

6. Littlewood-Paley function characterizations of H Z(')(R”)

In this section, we characterize Hz(')(R”) by means of the Lusin area function, the
Littlewood-Paley g-function and the Littlewood-Paley gy-function, respectively. We begin
with recalling the following notion of Littlewood-Paley functions (see, for example, [40,45]).

Assume that ¢ € S(R") is a radial function such that, for any o € Z% with |a| < s,
where s e NN [|(1/p—- —1)Inb/InA_],00) with p_ as in (2.4),

(6.1) (x)z%dx =0
R”

and, for any £ € R\ {671}7

(62) S [ataye| =1,

kEZ

here and hereafter, A* denotes the adjoint matrix of A and gg the Fourier transform of ¢,

namely, for any £ € R™,

~

(6.3) 0(6) == | ¢(x)e ™ du,

R’ﬂ
where ¢ := /—1 and, for any = := (z1,...,2,), { == ({1,..., &) € R", - §:= D" | ;.
Then, for any f € S'(R™) and X € (0,00), the anisotropic Lusin area function S(f), the
Littlewood-Paley g-function g(f) and the Littlewood-Paley g3-function g3(f) are defined,
respectively, by setting, for any x € R",

S(f)(@) = [Z v |

keZ z+ B

1/2 1/2
!f*¢k(y)\2dy] , 9(f)(@) = [Z!f*qﬁk(w)\Q]

kEZ

and

b A 1/2
G(F)(x) = {Zbk I =1 |f*¢k<y>12dy} .

= p(z —y)
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Recall also that f € S'(R") is said to vanish weakly at infinity if, for any ¢ € S(R™),
[*¢; = 0in S'(R") as j — —oo. In what follows, we always denote by Sj(R™) the set of
all f € S'(R™) vanishing weakly at infinity.

Then the main results of this section are stated as follows.

Theorem 6.1. Let p(-) € C'°8(R™). Then f € HZ(')(R") if and only if f € S{(R™)
and S(f) € LPO(R™). Moreover, there exists a positive constant C' such that, for any

OIS s gy < 1 g gy < CUSCH ot

Theorem 6.2. Let p(-) € C'°8(R™). Then f € Hf‘(')(R”) if and only if f € S{(R™)
and g(f) € Lp(')(]R”). Moreover, there exists a positive constant C' such that, for any
f c Hz(.)(Rn),

CH gD oo @ny < £l o0 gny < CllIE Lo gn)-

Moreover, by Theorems [6.1] and [6.2] and an argument similar to that used in the proof
of |46, Theorem 2.10], we easily obtain the following result, the details being omitted.

Theorem 6.3. Let p(-) € C'°8(R™) and X € (1 + 2/ min{p_,2},00) with p_ as in ([2.4).
Then f € Hﬁ(')(R”) if and only if f € SH(R™) and gi(f) € LPO(R™). Moreover, there
exists a positive constant C' such that, for any f € Hﬁ(')(R”),

CTHGE N oo @ny < M1l oy < CUIREN 20 emy -

Remark 6.4. We should point out that, in [42, Theorem 4.8], via the g}-function, Liang et
al. characterized the Musielak-Orlicz Hardy space H¥(R™) with ¢: R™ x [0,00) — [0, 00)
being a Musielak-Orlicz growth function (see |42, Definition 2.3]). As was mentioned
in [42, p. 428], the range of X\ in [42, Theorem 4.8] coincides with the best known one
of the gy-function characterization, namely, A € (2/p,00) with p € (0, 1], of the classical
Hardy space HP(R™). However, it is still unclear whether or not the gi-function, when
A € (2/min{p_,2},1+ 2/ min{p_, 2}|, can characterize Hz(')(R"), since the method used
in the proof of Theorem does not work in this case, while the method used in [42,
Theorem 4.8] strongly depends on the properties of uniformly Muckenhoupt weights, which
are not satisfied by t*¢) with p(-) € C18(R™) (see |74, Remark 2.14(iii)]).

To prove Theorem we need several technical lemmas. First, by a proof similar to
that of |74, Lemma 6.5] with some slight modifications, we obtain the following conclusion,

the details being omitted.

Lemma 6.5. Let p(-) € C°%(R"). Then HZ(')(R”) C SH(R™).
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The following Calderén reproducing formula is just [8, Proposition 2.14].
Lemma 6.6. Let s € Z, and A be a dilation. Then there exist ¢,v € S(R™) such that

(i) suppy C By, [pnxT@(x)dx = 0 for any v € Z'y with |y| < s, §(§) > C for any
Ee{reR" :m<p(x) <t}, where 0 <m <t <1 and C € (0,00) are constants;

(ii) suppzZ is compact and bounded away from the origin;

(ili) for any € € R*\{0,}, Yrez D((ADROB((A*)*E) = 1, where A* denotes the adjoint

matrix of A.
Moreover, for any f € SY(R™), f = 1ez [ *Ur* o in S'(R™).
The following lemma is just |8, Lemma 2.3].
Lemma 6.7. Let A be a dilation. Then there exists a set
Q= {QQCR":kEZ,aeEk}

of open subsets, where Ey. is certain index set, such that

(i) for each k € Z, ‘R" \ U, Qg} =0 and, when o # 3, QF N QE =0;

(ii) for any o, B, k, £ with £ > k, either Q% N Q% =0 orQ’, c Q’Z;;

(iii) for each (¢, ) and each k < €, there exists a unique o such that Qg c Qk;

(iv) there exist some v € Z\Z, and u € N such that, for any Q¥ with k € Z and o € Ey,,
there exists g € QF such that, for any x € QF,

TQk + Bug—u C Q]; Cr+ ka-i—u-

In what follows, we call Q := {ngé}kez o, from Lemma dyadic cubes and k the
level, denoted by £(QF), of the dyadic cube Q¥ for any k € Z and o € Ey.

Remark 6.8. In the definition of (p(-), g, s)-atoms (see Definition [4.1]), if we replace dilated
balls B by dyadic cubes, then it follows, from Lemmal[6.7] that the corresponding variable
anisotropic atomic Hardy space coincides with the original one (see Definition in the

sense of equivalent quasi-norms.

Now we prove Theorem

Proof of Theorem [6.1] We first show the sufficiency of this theorem. For this purpose, let
f € S{(R™) with S(f) € LPO)(R™). Then we need to prove that f € Hi(')(R”) and

(6.4) 11l 7o (y S ST 2o emy-
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To this end, for any k € Z, let Q. := {x € R": S(f)(z) > 2¥} and

!Q\

Q. = {QGQ |QOQk|> and ’Qka+1|§|éQ’}

It is easy to see that, for any Q € Q, there exists a unique & € Z such that Q € Q.
Denote by {Qf}l the collection of all mazimal dyadic cubes in Qp, namely, there exists
no Q € Qg such that Qf C Q for any i.
Then, by Lemmas and and an argument similar to that used in the proof of
the sufficiency of [46, Theorem 5.2], we conclude that
F=>) Naj inSRY,
keZ 1
where, for any k € Z and 4, A} ~ 2k||XBfHLP(‘>(R") with the equivalent positive constants
independent of k and 7 and af is a (p(+), g, s)-atom satisfying, for any ¢ € (max{p, 1}, 00),
k€ Z, 1 and v € Z'} as in Definition

suppa¥ ¢ BF = Tk + Byg(gry-1)+utsr With v and u as in Lemma [6.7(iv),

o
La(R")

From this, Theorem the mutual disjointness of {Qf }keZi, Lemma iv), the fact
that ‘Qf N Qk‘ > ’Qf /2 and [46, Lemma 5.4], we further deduce that

<HXB |BF|Y/4 and /af(:v)aﬂdxzo.

Lr() (R™)

)\ X Bk 2 1/8
B}
Wy~ {55 ] )
™)
A keZ ieN ||XBk||Lv(>(Rn) L @)
- p- I/B » 1/2
S [P opalCamE T3 ()]
LkeZ ieN _ LrO) (R™) k€Z €N Lr() (R™)
- 11/2|2/2 1/2(|2/2
P p
EE ) T3 (Frera)]
| kcZ ieN ] LQP(')/E(]R") k€Z ieN L2p(-)/£(R")
- 1/p 1/p
p ] p
S Z(2kXQk)‘| ~ [Z (2kXQk\Qk+1) ]
LkEZ Lp(,)(Rn) kEZ Lp(~)(]Rn)
1/p
<8 [ka\nm] ~ IS 2w ey
k€EZ LrC) (R™)

which implies that f € HZ(')(R”) and holds true. This finishes the proof of the
sufficiency of Theorem

Next we show the necessity of this theorem. To this end, let f € HZ(')(R"). Then, by
Lemma we know that f € S{(R™). On the other hand, it follows, from Theorem
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that there exist {\;},en C C and a sequence of (p(-),q,s)-atoms, {a;}ien, supported,
respectively, on {B®};cy C B such that

f = Z )\ial- in S/(Rn)

1€EN

| Al x 2
| X B(%)
{5 2] )

ieN HXB(Z’) ||LP(-)(Rn)

and

Lr()(Rn)
Then, by [46, (5.10)], we find that, for any x € R",

S()@) <D INilS(@) (@)X wpo (@) + D [Nl (@) ()X aw iy ()

ieN ieN
1/p
(6.5) S {Z [\)\i’S(ai)(ﬂﬁ)XAme(x)]p}
ieN
+> S | (M (x g ) ()]

= Ixpo e @ny

where w := u — v 4+ 27 with v and v as in Lemma p is as in ([2.4),

5= Inb st ln)\_>1
A 77 mb ~ p

and My, denotes the Hardy-Littlewood maximal operator as in ({3.1]).
By (6.5) and an argument same as that used in the proof of Theorem 4.8, we further

conclude that
IS m) S 1 a0 gy
which completes the proof of the necessity and hence of Theorem O
Recall that, for any given dilation A4, ¢ € S(R™), ¢t € (0,00), j € Z and any f € §'(R"),

the anisotropic Peetre mazimal function ((ﬁj f)+ is defined by setting, for any z € R",

N (29, LR ]
O3 = e T

and the g-function associated with (¢} f): is defined by setting, for any z € R",

1/2
% 2
(6.6) g (N)(@) = <[5 )] ;
JEL
where, for any j € Z, ¢;(-) = b (A7 ).
To prove Theorem we need the following estimate, which is just [44, Lemma 3.6]

and originates from [68].
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Lemma 6.9. Let ¢ € S(R™) be a radial function satisfying (6.1) and (6.2)). Then, for any
given No € N and r € (0,00), there exists a positive constant C(Ny,r), which may depends
on Ny and r, such that, for any t € (0,Ng), L € Z, f € S'(R"™) and x € R™, it holds true

that
|(drte* [)(y)]" J
(14 bfp(x — y)]ir

[(P7f)e(x)]" < C(Noﬂ,) Z kaorka/

keZ, R

We now prove Theorem

Proof of Theorem [6.2 First, let f € HZ(')(R”). Then, by Lemma we know that
f € S§(R™). In addition, repeating the proof of the necessity of Theorem with some
slight modifications, we easily find that g(f) € LPO)(R™) and [|g(f)| oe n) S |l Il gny
Thus, to prove Theorem by Theorem we only need to show that, for any f €
S)(R™) with g(f) € LPO(R"),

(6.7) HS(f)HLp(J(Rn) S ||g(f)||Lp<<>(Rn)

holds true. Notice that, for any f € Sj(R"), ¢ € (0,00) and almost every x € R",
S(f)(x) < gi+(f)(x). Thus, to show (6.7)), it suffices to prove that

(6.8) ”gt,*(f)||Lp(~)(Rn) S Hg(f)HLP(-)(R")

holds true for any f € S{(R™) and some t € (1/ min{p_, 2}, 00).

Now we show (6.8). To this end, assume that ¢ € S(R") is a radial function and
satisfies and (6.2). Obviously, ¢ € (1/ min{p_, 2}, co) implies that there exists r €
(0, min{p_, 2}) such that ¢ € (1/r,00). Fix Ny € (1/r,00). By this, Lemma [6.9] and the

Minkowski inequality, we know that, for any = € R™,

1/2
ge(f)(2) = {Z [<¢2f>t(w>]2}

keZ
2/r 1/2
é jeZz:+ e [1+ bEp(z —y)]tr
1/r
. r 2/r r/2
< p—i(Nor—1) p2k/7 {/ |(¢]+k‘ * f)(y)] dy} :
jezz; é e [L+0Fp(z —y)]tr

which, together with Lemma implies that

”gt*(f)”;%(O(Rn)

o /p7/2
—j(Nor—1) 2k /r |(¢j+k * f)(y)]" /
20 [Zb L ne ) ]

JEZy kEZ

P

<

Lr()/r(Rm)
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, 2r r/2||2
—j(Nor—1 2k /r (D4 * )W)
52()]( or=1)p Zb / {/ [1+ka = )]”dy
jez kEZ R™ P y
+ Lr()/m(R)
2/7‘ T/2 B
S Z b—j(Nor—l)g ZbZk/r Zb—itr/ | ‘(d)jJrk *f)<y)‘r dy 7
jezy kEZ ieN p(-=y)~bi=r
Lp() /7 (Rn)

where p(- — ) ~ b~% means that {z € R" : p(z —y) < b=*} when i = 0, or {z € R" :
b=kl < p(z —y) < bF} when i € N. Then, by the Minkowski inequality again and
Lemma [4:4] we further conclude that

||gt * )||Lp( ) (R™)

2/r r/2||R
5 Z b—j(NoT’—l)B Zb—it’r‘ ZbZk/r [/ |(¢]+k *f)(y)l’! dy]
= ieN kez p(-—y)~bi=h
Lp()/7(Rn)
r/2||2
< 3 o Zb(l_mi{Z[MHL(I%M*J‘IT)]Q/T}
JEZ 4 ieN keZ Lr()/m(R™)
r/2||2
Z p—i(Nor—=1)p Zb (1—tr)ip (Z |¢j+k * f] ) ~ ||g(f)|‘2%(-)(]R")'
JELy 1€EN kEZ Lr()/m(R™)
This implies that holds true and hence finishes the proof of Theorem O

7. Some applications

As applications, in this section, we first establish a criterion on the boundedness of sublin-
ear operators from H Z(')(R”) into a quasi-Banach space. Applying this criterion, we then
give some applications for the anisotropic summability of Fourier transforms introduced
in [44].

Recall that a quasi-Banach space B is a complete vector space equipped with a quasi-

norm || - ||5, which satisfies
(i) Ifllz =0 if and only if f is the zero element of B;

(ii) there exists a positive constant L € [1,00) such that, for any f,g € B,
1f +glls < LI fll5 + llgls)-

Clearly, a quasi-Banach space B becomes a Banach space when L = 1. In addition, for any
given v € (0, 1], a quasi-Banach space B, with quasi-norm ||-||5, is called a y-quasi-Banach
space if there exists a constant x € [1,00) such that, for any m € N and {f;}I"; C B,, it
holds true that H > leZ% <Ky Hfl||?37 (see [37.(78,,79]).
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Let B, be a vy-quasi-Banach space with v € (0,1] and Y a linear space. An operator
T from Y to B, is said to be B,-sublinear if there exists a positive constant C' such that,
for any m € N, {A\}"; C C and {f;}[*; C Y,

and || T(f) —T(9)lls, < CIT(f — g)lls, (see [37,[78,79]). Obviously, if T" is linear, then T
is By-sublinear for any v € (0, 1].

< IPITEIE
=1

v
By

As an application of the finite atomic characterization of Hﬁ(')(R") obtained in Sec-
tion [5| (see Theorem [5.4)), we establish the following criterion for the boundedness of

sublinear operators from H Z(')(]R") into a quasi-Banach space B,.

Theorem 7.1. Let p(-) € C'°8(R"), ¢ € (max{py,1},00], v € (0,1], s be as in (A1) and

B, a ~y-quasi-Banach space. If one of the following statements holds true:

(i) q¢ € (max{p4+,1},00) and T": Hz(gr’lq’s(R”) — B, is a B -sublinear operator satisfying
that there exists a positive constant C7 such that, for any f € HAEgI’lq’S(R”),

(71) T, < ol oy

(i) T HZ(’&OO’S(R”) NC(R™) — B, is a By-sublinear operator satisfying that there exists
a positive constant Cg such that, for any f € Hz(gfo’s(R”) NC(R™),

IT(5) 5, < CallFl 0y

then T uniquely extends to a bounded B, -sublinear operator from HZ(')(R”) into By. More-

over, there exists a positive constant Cy such that, for any f € HZ(')(R”),

IT(Hlls, < Coll £l oo -

From Theorem we easily deduce the following conclusion, which extends the cor-
responding results of Meda et al. [50, Corollary 3.4] and Grafakos et al. [30, Theorem 5.9]
as well as Ky [37, Theorem 3.5] to the present setting, the details being omitted.

Corollary 7.2. Assume that p(-), q, v, s and B, are as in Theorem . If one of the

following statements holds true:

(i) ¢ € (max{p4,1},00) and T is a By-sublinear operator from Hz(gf’s(R") to B, sat-
isfying that
sup{||T'(a)|5, : a is any (p(-),r, s)-atom} < oc;
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(ii) T is a By-sublinear operator defined on continuous (p, oo, s)-atoms satisfying that

sup{||T(a)||s, : a is any continuous (p(-), o0, s)-atom} < oo,

then T has a unique bounded B-sublinear extension T from Hﬁ(')(R") to By .

To prove Theorem we need the following density of H Z(') (R™), which can be easily
obtained by Lemma and a proof similar to that of [45, Lemma 5.2], the details being

omitted.

Lemma 7.3. Let p(-) € C'°8(R™). Then HZ(')(IR{") NCX(R™) is dense in Hﬁ(')(R"), here
and hereafter, C2°(R™) denotes the set of all infinite differentiable functions with compact

supports.
We now prove Theorem

Proof of Theorem [7.1] We first prove (i). To this end, assume that ¢ € (max{p+,1},0)
and f € Hp(')(R”) Then it follows, from the obvious density of Hz(gr’lq’s(R") in HZ(')(R”),
that there exists a Cauchy sequence {fx}reny C H Z() *(R™) such that

Jm {1 = fll o) gay = 0-
By this, (7.1)) and Theorem (i), we find that, as k, ¢ — oo,
IT(fe) = T(Fo)lls, S NT(Fe = Fo)lls, S e = fell yry oo gny ~ It = Foll oo ey = 0

which implies that {T(fx) }ren is a Cauchy sequence in B,. Thus, there exists some h € B,
such that h = limy_,oc T'(f) in By by the completeness of B,. Then let T'(f) := h. By
this, (7.1)) and Theorem [5.4[i) again, we further conclude that

y

IT (),  timsup [JTCF) = TC)IE, + I, | < timsup |7C)1

k—o00
<
hiisiprkHHp()qe(Rn) khm ||fk‘||Hp() R") HfHH;D() R")

which completes the proof of (i).

We now prove (ii). Indeed, by Lemma and an argument similar to that used in
the proof of |45, Theorem 6.13(ii)], it is easy to see that (ii) holds true. This finishes the
proof of (ii) and hence of Theorem O

Next, we investigate the anisotropic summability of Fourier transforms. Recall that
the classical #-summation was considered in a great number of articles and monographs;
see, for example, Butzer and Nessel [10], Grafakos [29], Trigub and Belinsky [67] and
Feichtinger and Weisz [27.{70-72] and the references therein.
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Let f € LP(R™) for some p € [1,2]. Then the Fourier inversion formula, namely, for

any x € R",
fl@)= [ fF)er™tat
]Rn

holds true if f € LY(R"), where ]/"\ denotes the Fourier transform of f as in (6.3)). This

motivates the following definition of summability. We always assume that
(7.2) 0cCoR), O(-))eL'R"), 60)=1 and 6 is even,

where Co(R) is the set of all continuous functions f on R satisfying that limp, o | f(7)] =
0. Let A* be the transposed matrix of A. The m-th anisotropic 0-mean of the function
f € LP(R™), with p € [1,2], is defined by setting, for any m € Z and = € R",

o~

(7.3) o f () = /n O(|(A") ™" ul) f(w)e*™ " du.

Let 6p(x) := 0(|z|) for any = € R™ and assume that

(7.4) 6y € L' (R").

It was proved in [44] that, for any m € Z, f € L}(R") and = € R", we can rewrite o2, f as
o fw) =" [ FORA @~ o)t

Moreover, we can extend the definition of the anisotropic 6-means to any f € LP()(R™)
with p_ € [1,00) by setting, for any z € R,
of flz) =b" | flz— )0 (A™)dL.
R

Then we define the mazimal 0-operator o by setting, for any f € Lp(')(R”) with p_ €
[1, 00),

0 0
o, f = sup ‘O’mf‘.
meZ

As an application of Theorem[7.1] we obtain the following boundedness of the maximal
f-operator from HZ(')(]R”) to LPO)(R™).

Theorem 7.4. Let 6 and 6y be, respectively, as in (7.2) and (7.4) satisfying that there
exists a positive constant B € (1,00) such that, for any o € Z% and x € R™\ {0,},

1000 ()| < Cra x|,

where C 4 gy is a positive constant independent of x. If p(-) € Co8(R"),

Inb Inb
(75) ,B S <1n)\700> and - S <Bh’1)\7oo> s
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then there exists a positive constant C,_ , ), with p— and p4+ as in (2.4), such that, for

any f € HZ(‘)(R”), ‘

Proof. By Theorem (i), to show Theorem it suffices to prove that, for any f €
HP(')yQ:S(Rn)
A fin )

LP() Rn S C(p_’p"')HfHHZ(')(R")'

(7.6) ‘

prooeny ~ M s

with s being as in large enough and ¢ € (max{py,1},00) to be chosen later, where
p+ is as in

To this end, assume now f € HZ() *(R™). Then it follows, from Definition that
there exist I € N, {\; }ie1,7jnny € C and a finite sequence of (p(-), g, s)-atoms, {a;}ic, 7,
supported, respectively, on {B(i)}ie[l,l}mN C 9B such that [ = Zfil Aia; in 8'(R™) and

Al "

(| X B

(7.7) HfHHp( ), e S(Rn) HHB] } ,
pa XB@ Il LrC) (R7) Lr()

) (R™)
where p is as in (2.4). It is easy to see that
0
‘ f’ LrC)(R™)
(7.8) S Z INilo?(ai)X 4 o )X (A Bye
=1 LrC) (R™) Lr() (Rn)
=1; + L.

We first deal with I;. For this purpose, choose g € LPO)/2) (R™) with 191l ; o2/
1 such that

®n) S

[ Gz} XATBG)

/n Z A ’7 2ai) x)}BXATB(U (x)g(x) dx.

LP( )/P Rn

Then, by the Holder inequality, we know that, for any u € (1,00) satisfying that p; <
up < ¢, it holds true that

L) S

ZP\ |p[ az} Xar B

LP(')/E(Rn)

~ S (%) @) xar o (@)g () d
=1
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I
S | [o%(a } Xar5o
1

SZIMP

From this, the boundedness of ¢f on L"(R™) with r € (1, 00), Deﬁnition and the Holder

inequality again, we further deduce that

Lu(Rn) ||XATB(¢)9||Lu/(Rn)

R”) ”XATB<Z)||Lq/(q up) Rn ||XATB( g”LU ]Rn)’

I
—p o)y | (aup)/(aw)
(QEPEDS Zp\z“BHXB(i)HL;(»)(Rn) A™BU) ‘A BY ”XATB<'i)9HLu’(Rn)
=1
- - ) [
~ Z\)\z’\g|l><3u>HL;@(Rn) A™B X459l Lo (g
=1
I . © 1 , 1/u/
~ ;|2 ol 5y mm |[ATBY z)|% dx
;| ol oo 4789 | g [l o
o 1/u/
<Zm ool [ o) [Min o) @] " a0
» —p o 1/u/
Z\)\H*HXB@HL;(.)(R”) Xar B Muw(g )} S
g L g LEO/) (g

On the other hand, it follows, from p,/p € (0,u), that (p(:)/p)’ € (v',00]. By this,

Lemmas (ii) and w the fact that ||g||L(p(A)/£)/(Rn) < 1, [46, Remark 4.4(i)] and (7.7),
we conclude that

I 1/p
-P 1/p
Il SJ Z |Ai|£||XATB(i) HL;(»)(Rn)XB(i) HgHL<;(‘)/£)I(]Rn)
i LP(')/Q(Rn)
I T 1ey 1/
<{ _ilxarpo
~ —1 HXB(Z‘)HLP(-)(RTL)
(7.9) i=1 L i LoO) (&)
I T 12y 1/
- {Z _ Pilxgo }

For I, by an argument similar to that used in the proof of [44, (5.10)], we easily find
that, for any ¢ € [1,I]NN and x € (ATB(i))E7

(7.10) 02(ai)(@) < X500 ot gmy (M (e ) ()] A=/ 12
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with 5 as in (4.4). Then, from ([7.5)), (7.10), Lemmas and it follows that

I

I S Z Al [Ix e

i=1
I

> [l A
i=1

)}Bln/\,/lnb

-1
LrO) (R™) [MuL(xpo X(ATB@)C

Lr()(R™)

—Inb/(BInA_) :|51H>\_/lnb

Lp(~)(]Rn) MHL(XB(‘L'))

N

Lr() (R™)
InA_

ﬁ Inb

Inb

I BlnA_
“1n n BlnA_/Inb
N { Inb/(81 Af)MHL(XB(i))} }
i=1

|:|>\7,"1n b/(BlnA_) ||XB(’i) Lr() (Rn)

I Inb/(BlnA_)
[ Al Ix B L;(-)(Rn)XB(i>]

—1

I py /P

{Z [ [ Ailx B ] }

— | IxB@ lrer @n) L)
which, combined with ([7.8]) and (7.9), further implies that ((7.6)) holds true. This finishes
the proof of Theorem [7.4] O

N

InA_
PO BTy (R™)
BlnA_/Inb

AN

<

LPOBIA_/ b ()

N

~ I g ey

Remark 7.5. If A := dI,,x, for some d € R with |d| € (1,00), then Inb/InA_ = n and
Theorem [7.4] goes back to the classical result with 8 € (n,00) and p € (n/B,00) (see
Weisz [72]). The classical result was proved in a special case, namely, for the Bochner-
Riesz means, in Stein et al. [62] and Lu [49]. For the same case, a counterexample was

also given in [62] to show that the same conclusion is not true for p € (0,n/f].

The following Corollaries [7.6] and [7.7] can be deduced from Theorem [7.4] and an argu-
ment same as that used in the proofs of [44, Corollaries 2.19 and 2.20], respectively, the
details being omitted.

Corollary 7.6. With the same assumptions as in Theorem if f e Hz(')(]R”), then

o f converges almost everywhere as well as in the LPC)(R™)-norm as m — co.

Corollary 7.7. With the same assumptions as in Theorem if f € HZ(')(R") and
there exists a subset I C R™ such that the restriction f|; € L'C)(I) with r_ € [1,00), then

1i_r>n o f(z) = f(x) for almost every x € I as well as in the LP)(I) quasi-norm.

Notice that, if p_ € (1,00), then HZ(')(R”) = LPO)(R") with equivalent quasi-norms
(see [83, Corollary 4.20]). Thus, Corollary further implies the following result, the
details being omitted.
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Corollary 7.8. Besides the same assumptions as in Theorem [7.4], suppose that p_ €
(1,00) and f € LPO)(R™). Then

lim of f(x) = f(x) for almost every x € R™ as well as in the LPV)(R") quasi-norm.
m—0o0

Remark 7.9. Corollaryfor the Bochner-Riesz means in the classical case (namely, when
p(+) = a constant € (0,00) and A := d1,,«, for some d € R with |d| € (1,00)) can be found
in Stein et al. [62] as well as Lu |49] and Weisz [72].

As special cases, we next consider two summability methods. For any « € (0,00) and

v € N, the Bochner-Riesz summation is defined by setting, for any ¢t € R",

1— [t when [t| € (1,00),
0 when |t| € [0,1].

The following conclusion follows from [44, Lemma 2.24] and Theorem the details
being omitted.

Theorem 7.10. Let 6y be as in (7.11) and p(-) € C°8(R™). If

c . n—1 Inb _n—l—l p c Inb
CETTVUT2 s T 2 ) T P a2 rat1/2) )

then there exists a positive constant C,_ .y, with p_ and py as in (2.4), such that, for
any f € HZ(')(R"),

The Weierstrass summation is defined by setting, for any ¢t € R",

0
o.f

LPC) (R™) < C(p—’p“')HfHHZ(')(R")'

(7.12) Oo(t) := e I1P/2,

It is known that %(m) = ¢ 17P/2 for any € R"™. Then the following result follows
from |44, Lemma 2.27] and Theorem the details being omitted.

Theorem 7.11. Let 0y be as in (7.12). If p(-) € C'°8(R™) and p_ € (0,00), then there
exists a positive constant C,_,, ), with p— and py as in (2.4), such that, for any f €

Remark 7.12. Let 6y be as in (7.11) or (7.12). Then the corresponding conclusions in
Corollaries [7.6] through [7.§| hold true as well, the details being omitted.

0
o.f

LPC) (R) < C(P—7p+)"f“Hg(')(Rn)'
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