DYNAMIC BOUNDARY CONTROLS OF A ROTATING
BODY-BEAM SYSTEM WITH TIME-VARYING
ANGULAR VELOCITY

BOUMEDIENE CHENTOUF

Received 7 December 2003 and in revised form 24 February 2004

This paper deals with feedback stabilization of a flexible beam clamped at a rigid body and
free at the other end. We assume that there is no damping and the rigid body rotates with
a nonconstant angular velocity. To stabilize this system, we propose a feedback law which
consists of a control torque applied on the rigid body and either a dynamic boundary
control moment or a dynamic boundary control force or both of them applied at the
free end of the beam. Then it is shown that the closed loop system is well posed and
exponentially stable provided that the actuators, which generate the boundary controls,
satisfy some classical assumptions and the angular velocity is smaller than a critical one.

1. Introduction

The aim of this paper is to study the stabilization of the system presented in Figure 1.1.
This system, introduced in [2], consists of a disk (D) with an elastic beam (B) attached
to its center and perpendicular to the disk plan (see Figure 1.1). The disk (D) rotates
freely around its axis with a nonconstant angular velocity, and the motion of the beam
(B) is confined to a plane perpendicular to the disk. Such systems arise in the study of
large-scale flexible space structures and are well known as a rotating body-beam system.
To stabilize this system, we propose a feedback law composed of either a dynamic
boundary control force or a dynamic boundary control moment (or both of them) ap-
plied at the free end of the beam while a control torque is present on the disk. With
classical assumptions (see [19, 20]) on the actuator which generates the boundary con-
trols, we prove that for any given angular velocity smaller than a critical one, the beam
vibrations are forced to decay exponentially to zero and the disk rotates with a desired an-
gular velocity. This is important because exponential stability is a very desirable property
for such structures. Additionally, this result permits, on one hand, to have a wide class
of exponentially stabilizing controllers. On the other hand, the dynamic nature of the
proposed boundary controls provides extra degrees of freedom in designing controllers
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Figure 1.1. The body-beam system.

which could be exploited in solving control problems among which are pole assignment,
disturbance rejection, and so on. From a practical viewpoint, one way of implementing
the dynamic controls is to use gas jets at the tip of the beam and control the gas pressure
by a dynamic actuator [19].

The global system is governed by the beam equation (PDE) nonlinearly coupled with
the dynamical angular momentum equation (ODE) of the disk (D), that is,

pyit+ Ely e = pw?(t)y,
)’(O,f) = )’x(O, t) = 0)
EIyxxx(l: 1) = 1109:(1),

(1.1)
—Elye(l,t) = 0,0,(2),

_ 05(t) - 2pw(t) sy 200

w(t)
I +P||y||]%2(0)l)

>

where the positive constants [, EI, p, and I are, respectively, the length of the beam,
the flexural rigidity, the mass per unit length of the beam, and the disk’s moment of
inertia; where w(t) is the angular velocity of the disk at time ¢, while y(-,t) is the beam’s
displacement in the rotating plane at time t. Moreover, «; and a, are two nonnegative
constants such that

o +ay #0, (1.2)

and O (1), ®,(¢), and O3(¢) are, respectively, the control force, the control moment, and
the control torque to be determined so that the solution’s energy of the resulting closed
loop system decays to zero in a suitable functional space.

The stabilization problem of the body-beam system has been extensively studied in the
literature. In [2], the authors showed that with structural damping and without control,
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the body-beam system has a finite number of rotating equilibrium states. Later, Bloch and
Titi [3] showed that in the more difficult case of viscous damping, a linear inertial man-
ifold exists for the body-beam system. By taking into account the effect of damping, and
for any constant angular velocity smaller than a critical one, an exponentially stabilizing
feedback torque control law has been given in [24]. In the same case, and by adding a
boundary force control, the system is also stabilizable for any constant angular velocity
[25]. The stabilization problem of similar systems has been studied in [17, 18, 20]. For in-
stance, in [20], the author considered a linear rotating body-beam subsystem, which is a
reduced model of (1.1), by assuming that the angular velocity of the disk is constant, and
thus the angular momentum equation of (1.1) is omitted. In this case, the author pro-
posed dynamic boundary controls at the free end of the beam to obtain an exponential
stabilization result. However, the presence of a force control was there necessary to achieve
exponential stability. Later, for the body-beam system without damping, exponential sta-
bilization was established in [16] as soon as at least one of two boundary controls (force
or moment) is present at the free end of the beam with, in addition, a control torque of the
disk. Recently, it was shown in [9] that the body-beam system without damping can be
asymptotically stabilized by only a nonlinear feedback torque control law. The last result
on this subject was obtained in [7] where the authors propose a wide class of nonlinear
controls to establish the exponential stability of the body-beam system.

The main contribution of this paper is to show that the body-beam system is exponen-
tially stabilized by means of a control torque on the disk and dynamic boundary controls
(force and/or moment) applied at the free end of the beam. To prove this main result,
we first consider a decoupled subsystem and use LaSalle’s principle together with Ing-
ham’s inequality [12] to show the strong stability of the subsystem. Next, the frequency
domain method [11] and a compact perturbation result [22] are used to obtain the ex-
ponential stability of the subsystem. Finally, the exponential stability of the global system
is shown. This generalizes earlier results due to [16, 20]. More precisely, in this work, the
angular velocity of the disk is not assumed to be constant, contrary to [20]. In addition,
we are able to conclude the exponential stabilization even if one only applies a dynamic
control moment at the free end of the beam with of course a control torque on the disk.
This is not the case in [20], since the presence of control force was impossible to cir-
cumvent for the exponential stability. Furthermore, the controls proposed in [16] (static
feedback) can be obtained by deleting the actuator state in our dynamic controls. How-
ever, we forewarn the reader that as in [16], the decay rate, although exponential, is not
uniform.

Now we briefly outline the content of this paper. In Section 2, we propose a dynamic
feedback law satisfying classical hypotheses and we formulate the global closed loop sys-
tem as a standard form of evolution equation. Next, we prove in Section 3 the existence
and uniqueness of solutions for the global system. The key step is to show the well-
posedness of a decoupled subsystem, and then we consider an appropriate Lyapunov
function. Section 4, containing the essential part of the paper, is devoted to establishing
the strong stability and uniform stability of the decoupled subsystem. Finally, we prove
in Section 5 the main result, namely, the exponential stability of the global closed loop
system. Our conclusions are given in Section 6.
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2. Preliminaries and main result

In order to stabilize system (1.1), we propose the following feedback control law as long
asa; #0fori=1,2:

Oi(t) = ¢ wi(t) + dui(t), i=1,2,
wi(t) = Ayw;(t) + bu(t), i=1,2, (2.1)
03(t) = —y(w(t) — wy), foreach wy €R,

where y is a positive constant and, for i = 1,2, w; € R" is the actuator state, A; € R"*"
is a constant matrix, b;,¢; € R™ are constant column vectors, the superscript T stands for
the transpose, d; € R is a constant real number, and the input u;(t) is defined as

ul(t) =)/r(l:t)) uZ(t) :yxt(lat)) teR*. (22)

Note that, for i = 1,2, &; = 0 in (1.1) means that the corresponding boundary control
©;(t) is not applied, and therefore the corresponding controller given by the first two
equations of (2.1) is absent. It is also important to recall that we assume throughout this
paper that a; and a, are two nonnegative constants such that a; + a, # 0, that is, at least
one of the dynamic boundary controls in (2.1) is applied.

As in [20] (see also [19]), when a; # 0, i = 1,2, the following hypotheses are assumed
to be satisfied throughout this paper. For i = 1,2,

(H.I) all eigenvalues of the matrix A; are in the open left half-plane,
(H.IT) the triplet (A;, b;,¢;) is both observable and controllable,
(H.III) d; = 0; moreover, there exists a constant y; such that d; = y; > 0 and the transfer
function

Gi(s)=d;+ C,-T (SI —Ai)ilbi (2.3)
satisfies
R{Gi(iw)} >y, i=12, ueR, (2.4)

where R denotes the real part. Furthermore, when d; > 0, we assume y; > 0 as
well.

Remark 2.1. (1) Assumption (H.III) implies that the transfer function G; is a strictly
positive real function for i = 1,2. Now we will give a more explicit description of the
transfer function G;(-). Indeed, one can write G;(iu) = R(u) +iJ(u), where J denotes
the imaginary part. Then, it follows immediately from (2.3) that for g sufficiently large,

I(w) =0("), (2.5)
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where for a function J and for y sufficiently large, we denote by O(J(¢)) any function
satisfying O(J(¢)) < KJ(u) for some positive constant K. Furthermore, combining (2.4)
and (2.5) yields

Ru) >y, R() —ypi asuy— . (2.6)

(2) Using the well-known Kalman-Yakubovich lemma, one can conclude that, given
any symmetric positive definite matrix Q; € R"*", there exist a symmetric positive defi-
nite matrix P; € R"*" and a vector g; € R" such that

AlPi+PA; = —qiq] — €:Q;,

. 2.7
Pibi— 2 =\~ yigs 27
2
for €; > 0 sufficiently small [23].
We now turn to the formulation of the problem. Let

H} = {f € H"(0,]); f(0) = f,(0) =0} forn=2,3,..., (2.8)

and let & be the state space, defined by
¥ =HixL*(0,) xR" xR™ xR = # xR, (2.9)

equipped with the following inner product:

((}’aZ’Wl’Wz’w)’ (}7,2,1/7/1,11/2,(7))>
- Il( i=2 (2.10)

El Yy s+ pzZ)dx+2 Z Wl Pw; + w@.
0 i=1

Note that the norm induced by this scalar product is equivalent to the usual one of the
Hilbert space H(0,1) x L?(0,1) x R™ X R™ X R by means of (2.8) and the properties
of the matrix P;, i = 1,2 (see part (2) of Remark 2.1). Next, setting z(-,t) = y¢(+,¢) and
O(1) = (y(-,1),2(-, 1), w1 (1), w2 (1), w(t)), the closed loop system (1.1)—(2.1)—(2.2) can be
written into the following abstract form:

(1) = AD(t), (2.11)
where 9 is an unbounded linear operator defined by

B(A) = {D = (y,z, w1, wp,w) € Hy x HZ x R™ x R™ x R;
— Elygx(D) + i [c] wi + diz(1)] = 05 (2.12)
EIyxx(l) ta [C2TW2 + dzzx(l)] = 0}’

and for ® € G(A),

AP = (z,—% Jewer + @2y, Aywr + brz(D), Ayws + bzzx(l),0> + RO, (2.13)



112 Dynamic boundary controls of a rotating body-beam
where % is a nonlinear operator in & defined by

—y(w—ws) = 2pw(y,2)1200))
I +P||y||]%2(0,l)

BO = (0, (w? — 0%)y,0,0, ) VO e%. (2.14)

The main result of this paper is the following theorem.

THEOREM 2.2. Assume that d; >0 whenever the feedback gain a; >0, for i = 1,2. Then,
for each desired angular velocity w.. satisfying |ws| < (1/1%)/12EI/p and for each initial
data ®y € D(A), the solution O(t) of (2.11) exponentially tends to the equilibrium point
(0y¢, w4 ) in X ast — oo,

3. Well-posedness of the problem

In this section, we study the existence and uniqueness of the solutions of (2.11). First,
consider the following subsystem in the space # = Hg x L*(0,]) x R™ x R™:

¢t(t) :Aw*¢(t)) ¢(0) = (/50) (31)
where A+ is an unbounded linear operator defined by

D(A“) = {‘P = ()’,Z,waz) € H{} XH(% X R™ x R™;
- EI)/xxx(l) toa [C{WI + dlz(l)] = 0; (32)
Elye(l) + az[c; wa +dazi(1)] = 0},

and for ¢ € D(A®~),
w EI 2
A9 = (z,—? Yerer + @2y, Ay 4+ brz(D), Ayws + bzzx(l)>. (3.3)

One can claim that % = Hg X L2(0,1) x R™ x R"™, endowed with the inner product

I i=2
(EIyxxux — pwl yy + pzz)dx +2 Z a;w! Pw;,

i=1

<(}’>Z,W1,W2), ()7,2,1'7/1,1'7’2»% = JO

(3.4)

is a Hilbert space, provided that the assumption |wy | < (1/1?),/12EI/p of Theorem 2.2 is
satisfied. The following lemma concerns the well-posedness of system (3.1).

LEMMA 3.1. Assume that |ws | < (1/12),/12EI/p. Then

(i) the linear operator A®+, defined by (3.2)—(3.3), generates a Cy-semigroup of contrac-
tions eA” on J = P(Aw+),

(ii) for any initial data ¢o € D(A®+), system (3.1) admits a unique strong solution ¢(t) =
e ¢o € W(A“*) forall t > 0 such that (-) € C'(R*;9€) n C(RT;D(A%*)); more-
over, the function t — ||A®*¢(t)l5 is decreasing,

(iii) for any initial data ¢o € ¥, system (3.1) has a unique weak solution $(t) = 2" ¢ €
% such that ¢(-) € CO(R*;9).
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Proof of Lemma 3.1. (i) Let ¢ = (y,z, w1, w2) € D(A®*). Using the inner product (3.4),
one can obtain after a double integration by parts,

i=2
(A @) g = Zerw Pi(Aiwi+ biui(t)) = ELyxn(Dun (£) + ETyu (Dua (), (3.5)

where u;(t) is given in (2.2). From the boundary conditions in (3.2) and the properties
(2.7), it follows that

i=2
(A% $,¢) 4 z“l(m”' —w, q,) Zoc,y, (t) = > aiew! Qiwi. (3.6)
i1

Therefore, the operator A+ is dissipative. Next, using Lax-Milgram theorem [4], one can
prove that R(I — A“+) = J€. Thus, Lumer-Phillips theorem implies that A“~ generates a
Co-semigroup of contractions e”* on % = D(A®«).

Claims (ii) and (iii) are direct consequences of semigroups theory [4, page 105].

Now we are ready to deal with the global system (2.11).

LEMMA 3.2. Assume that |ws| < (1/1*)\/12E1/p. Then, for any initial data ®y € %, the
closed loop system (2.11) has a unique mild global bounded solution ®(t) € &. In return, if
Dy € D(A), there exits a unique classical global solution O(t) € D(A).

Proof of Lemma 3.2. 1t is clear that the original system (2.11) can be written as follows:

o)) _| (A% O ¢(1)

(w(t) 1o o) 2 e (3.7)
where A®* and % are defined by (3.2)—(3.3) and (2.14), respectively. Since the linear
operator A“+ generates a Co-semigroup of contractions e4”" (see Lemma 3.1) and since
R is continuously differentiable [24] it follows that for any @g = (¢, wo) € &, there is
a unique local mild solution @(-) = (¢(-),w(-)) € C([0, T];¥) of (3.7), for some T >0,

given by the variation of constant formula [21] We now show that this solution is global.
To this end, we define the “energy” function

i=2
Zocw Piw; + Id(w wy)’ ——w pr
(3.8)

+%(w W) przdﬁ J(pyﬁEIyxx)d

We claim that this function is a reasonable choice of Lyapunov function. Indeed, one can
check that there exists a positive constant K such that for all ® € &, we have £(®) >

K ||CD||§€, provided that |w | < (1/1?),/12EI/p. On the other hand, the regularity theorem
[21] implies that each local solution of (3.7), with initial data in %(s{), is a strong one.
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Moreover, a straightforward computation leads us to claim that for any initial condition
Dy € D(A), the corresponding strong solution ® of (3.7) satisfies

i=2
%g(@) = —y(w — w*)z = EIyxxx(l)ul +E1yxx(l)u2 +22(xi(P,-(A,-wi + biui),wi),
i=1

(3.9)

where u; is given in (2.2). This, together with the boundary conditions of system (2.11)
and the properties (2.7), gives

2

1

d
L@ = —y(w-w)’ -

, 2 =2
T 2 T
“i(\/di = Yilli — W qz‘> = D aiyiuf = > aiew] Qwi.
-1

o (3.10)

i=1

Consequently, & is a Lyapunov function. Hence, the solution of (2.11) stemmed from
D € D(A) exists globally in a classical sense and is bounded. Finally, one can show that
each weak solution exists globally and is bounded. O

4. Stability of the subsystem (3.1)

In this section, we will show that the subsystem (3.1) is exponentially stable on . To do
so, we first establish the strong stability.

4.1. Strong stability of ¢/4”". Using LaSalle’s invariance principle for infinite-dimen-
sional systems [10], we will prove the strong stability of e/A*". Note that this result has
been obtained in [20] by means of the method of separation of variables. An alternative
proof is given in this subsection by using Ingham’s inequality [12]. First, using the com-
pactness of the canonical embedding i: 2 (A®*) — ¥ and the well-known result of Kato
[13], one can readily show the following lemma.

LEMMA 4.1. Assume that |w, | < (1/1%),/12EI/p,

(i) the operator (A“+)~! exists and is a compact one on ¥,
(ii) the resolvent operator (AI — A®+)~1: I — J€ is compact for any A > 0, and the spec-
trum of A“+ consists only of isolated eigenvalues with finite multiplicity.

We have the following proposition.

PROPOSITION 4.2. Assume that |w,| < (1/1*)\/12E1/p and d; > 0 when &; >0 for i = 1,2.

The semigroup e is strongly stable on ¥, that is, for any initial condition ¢y € ¥, the
corresponding solution ¢(t) = e'A"" ¢o of (3.1) satisfies [|p(t)ll3 — 0 as t — +oo.

Proof of Proposition 4.2. By a standard argument of density of 2 (A®+) in ¥ and the con-
traction of the semigroup e*4", it suffices to prove Proposition 4.2 for any initial data
$o € D(A®+). Let ¢(t) = """ ¢y be the solution of (3.1). It follows from Lemma 3.1(ii)
that the trajectory of solution {¢(#)}+¢ is a bounded set for the graph norm and thus
precompact by virtue of Lemma 4.1(ii). Applying LaSalle’s principle, we deduce that
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w(¢o) is nonempty, compact, and invariant under the semigroup e*4“*, and, in addition,
e ¢y — w(¢o) as t — +o0 [10]. In order to prove the strong stability, it suffices to show
that w(¢y) reduces to zero. To this end, let ([)o = (J0,20, W15, W2,) € w(¢hy) C D(A“*) and
let (5(1‘) = (J(, 1), (1), W1 (1), W2 (1)) = €A™ gEo € 9(A“*) be the unique strong solution
of (3.1). We claim that gﬁ(t) = 0, and therefore g50 = 0. To see how this goes, recall that it
is well known that ||</§(t)||% is constant [10], and thus (d/dt)(llgg(t)lléf) =0, that is,

(A ¢,d)g = 0. (4.1)

Without loss of generality, we assume that a; = 0, a; > 0 (the case a; = 0, a; >0 is sim-
ilar). This implies, on one hand, that u; and w; are omitted and, on the other hand,
dy,y> > 0 by means of the assumption of Proposition 4.2 and hypothesis (H.III). Com-
bining (3.6) and (4.1), we deduce that w, = 0 and j is a solution of the system

P)~/tt + EIj’xxxx = Pwi }7)
7(0,£) = yx(0,£) = 0,

- ~ 4.2
Feelbt) = Preellt) = 0, (42)
(}7()0))5}1‘()0)) = ()70)2()) S Hg XHg,

with the additional condition
Fu(lt) = 0. (4.3)

Obviously, to deduce the desired result ¢(¢) = 0, it suffices to show that y = 0 is the only
solution of (4.2)—(4.3). To do so, we will use the same techniques as in [8]. For simplicity,
assume that p = EI = [ = 1. Then consider on the space L?(0,1) the operator B, defined
by
By
By = @ - wiL @(BO) = {f € H4(0’1); f(O) = ﬁc(o) = fxx(l) = ﬂcxx(l) = O}'
(4.4)

It is easy to check that the operator By is maximal, monotone, and selfadjoint with com-
pact resolvent on L*(0,1). Hence, By admits an infinity of real eigenvalues 0 < 1; <
Ay < - -+, such that (A,) — 400 as n — +oco and the associated eigenfunctions v;,vs,...
form an orthonormal basis of L2(0,1).

Now, we introduce a Hilbert space 3, = H x L?(0,1) with the inner product

1

(2217, = | O — kg 220 (4.5)

Next, consider the linear operator Ay associated to system (4.2), namely, Ag = (%, ¢)
with @(Ag) = D(By) X H. Clearly, the operator Ay is skew-adjoint with compact resol-
vent on #,.. Moreover, y € o(Ay) if there exists a nontrivial V = (y,z) € @(A) such that

Boy = -y, y €%D(Bo),
z= ‘bl)/

(4.6)
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Consequently, the eigenvalues u, and the associated eigenfunctions of Ay can be de-
duced from those of By as follows: y, = +i\/A, and V,, = (v, £i\/A,v,), for n € N*, Ob-
serve that || anlég* =2\, for any n € N*. Therefore, in order to have an orthonormal
basis of ¥, and for convenience, we set y, = N Uon = —i\A,, for n e N*, and V,, =
(1/72M0) Vs —inAnvn)s Vo = (1/32A,) (Vi in/Aav,). Obviously, the solution of (4.2) is
given by

(7, 71) () = > Cpe ™'V, (4.7)

nez

where C,, = ((§0,20), Vi) 3¢, (for the complexified scalar product in (4.5)), for any n € Z*.
One finds that for n € N*, C,, = a, + ib,, and C_,, = a,, — ib,,, where

1 1
an = \/% JO (Poy Vi, — W% Jovn ) dx, b, = % L Zovadx. (4.8)

After an easy computation, we get from (4.7) and (4.8),

i (an cos (\/7t) + b, sin (\/7t)) (4.9)
(—ansm <\/7t> +b, cos <\/7t))\/—v,,, (4.10)

where the series (4.9) and (4.10) converge in H§ and L?(0, 1), respectively, uniformly in ¢.
Following the method used in [8], we will prove that a, = b, = 0 forany n = 1,2,..., and
thus (5(t), 7:(t)) = (0,0). Indeed, (7(0), 7(0)) = (jo,20) being in Hi x H{ (see (4.2)), one
can claim that

|\PV18 H

yi(t) =

IZ vneHO, Z = 7:(0 \/—vaneHo (4.11)

n=1

Since (vu/+/An)n=1 is an orthonormal basis for H3, one can verify that the series defining
7:(t) in (4.10) converges in H§ uniformly in ¢. By continuity of the trace operator u —
u,(1) in HZ, (4.3) reads

Pu(L,t) = < a, sin (\/7t) + b, cos ((t))vnx (1) = Z Cuetr'y, (1) = 0.
nez
(4.12)

Furthermore, the eigenvalues A, and the eigenfunctions v, of By satisfy the following
properties (see the appendix for a proof):

(v, (1) 40, n=1,2,.... (4.13)

n+1
n—+oo

Now, let Sy (t) = ZZ?:]N Cpetnty, (1), t > 0. We know from (4.12) that limy_ 1 Sy (f) =
uniformly in ¢t € [-T,T]. Then, using Ingham’s inequality [12], we deduce that there
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exists a constant x > 0 such that EZ?XN [Covy (1)]? < KLTT ISy (£)|%dt. Therefore

S Cov (]* <0 as N — +oo. (4.14)

nez

This, together with (4.13), means that C, = 0 for any n € Z, and thus (J, j¢) = 0. The
proof of Proposition 4.2 is complete. O

Remark 4.3. Obviously, the case aya; > 0 is a consequence of the case a; = 0, a; >0 or
o, =0, 07 >0.

LAY*

4.2. Exponential stability of e**"". The following technical result is crucial.

THEOREM 4.4. Assume that |ws| < (1/1*),/12EI/p and d; > 0 when a; > 0 for i = 1,2. Then,
the semigroup e'"A"" is uniformly exponentially stable on .

Proof of Theorem 4.4. We consider two cases, a; # 0 and o; = 0.

First, for a; # 0 (the force control is present in (1.1)), the exponential stability of e*4**
has been established in [20] by using the multiplier method. Second, if &; = 0 (only the
moment control is applied), then w; is omitted everywhere; for instance, the state space
of the subsystem (3.1) is %, = H§ x L*(0,1) x R™ equipped with the inner product (3.4)
with omission of wy, that is, ((y,2z,w2),(¥,2,W2))3, = fé(EIyxx)?xx — pwlyy + pzZ)dx +
20 W3 Pyws, and the operator A®+ (see (3.2)—(3.3)) is denoted by Ag*, that is,

@(AS)*) = {(}/:Z,Wz) EHg XH& XRHZ;

yxxx(l) =0; EIyxx(l) t o [C;WZ + dZZx(l)] = O}’

. EI 0
AY (rzw) = <Z>_7)/xxxx+wiy)A2W2+b2Zx(l)> V(y,2,w2) € D(Ay*).

(4.15)

Note that the coefficients ds, y, are positive by means of the assumption of Theorem 4.4
and hypothesis (H.III). Our goal is to show the uniform stability of the semigroup e/4" .
To do so, we have tried to use the multiplier technique without much success. However,
one will use Huang’s result [11] which corresponds to the frequency domain method. For
this, consider the operator Ay = Aj* — w% K with @(Aq) = D(Ay*), and K is an operator
on # defined as follows:

K(y,z,w2) =(0,9,0) forany (y,z,w2) € ¥,. (4.16)

Obviously, the operator K is compact on 9, and the operator A, satisfies all the proper-
ties of Ay*, particularly Lemmas 3.1 and 4.1 and Proposition 4.2. Hence, A, generates a
strongly stable semigroup of contractions denoted by e*4¢. This leads us to claim that if the
semigroup e'4 is uniformly stable, then so is the semigroup e4” [22]. In return, as has
already been mentioned, e/ is a strongly stable semigroup of contractions, and hence, in
order to obtain its uniform stability, we only have to show (see [11, Theorem 3, page 51])
that

sup {[| (i — Ao) [l g,y3 1 € R} < o, (4.17)
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where || - ||, is the operator norm. For simplicity and without loss of generality, we
assume that EI = p = [ = a, = 1. Consider then the resolvent equation, that is, given y €
R and (f,g,§) € #Hy, we seek (y,z,w2) € D(Ap) such that (iul — Ag)(y,z,w2) = (f,£,8).
Note that the resolvent estimate (4.17) can be derived as a consequence of the existence
of a positive constant M, independent of g, such that

1
[, s P12y 2 3P| = MU ol + gl +1ED, (418

which immediately gives (4.17). Using the known result of continuity of the function
A= [[(A = Ap) !l for any A € p(Ay) [21], it suffices to establish the estimate (4.17) for |u|
large. The proof, inspired by the work of Chen et al. [5] (see also [6]), is divided into 3
steps. Hereafter, || - |/12(0,1) is denoted by || - ||

Step 1. The aim is to estimate || y.|l, namely, to prove that for # large,

[yxell < My (|| fexll + NN+ 1€1) (4.19)

for some positive constant M. To accomplish this, let 4 = 7%, where 1 € R (the estimates
for y = —u? are similar). Thus the resolvent equation yields

Yuxxx =1y =i f+ g
Yer(1) +in2 Gy (in?) yx (1) = Gy (in?) fo(1) + cL (i’ — A,) 'E =0,
¥(0) = yx(0) = yxx(1) = 0, (4.20)
z=ir'y-f,
wy = in?(in?] — A) " baye(1) = (i — Ay) ™ ba (1) + (ig?] — Ay) &,

where G (+) is given by (2.3). Consider now the following two systems of linear differen-
tial equations:

P =Y =i’ f +g,

$(0) = $2(0) = §1x(0) = P (0) = 0, (4.21)
yxxxx - 7’]4)7 =0,
4.22
yxx(l) +i1’[2G2(i112)5/x(]) =1, ( )
_j/xxx(l) =17,
where
= =P Ga (i) jx(1) = Jus(D+ Go(0P) oD = S (P = 42) 6

= )A’xxx(l)-
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Clearly, if #(x) and y(x) are the solutions of (4.21) and (4.22), respectively, then y(x) =
$(x) + 7(x) satisfies (4.20). Furthermore, the unique solution of (4.21) is

N (" 5. . ;
Jx) =3 L 7~ [sinh (n(x — 7)) = sin (n(x - 7)) (i’ f (7) + g (7)) d, (4.24)
whereas the general solution of (4.22) is given by
P(x) = We™ + Xe"™ + Ye " + Ze '~ (4.25)

Here W, X, Y, and Z are to be determined from the boundary conditions of (4.22) which
lead us to a linear system M(w X v z)T = (00 »)T, where the superscript T stands for
the transpose and M = (m;j)1<;, j<4 is @ matrix whose elements are

mi=1, mp=1, mpsz=1, myu=1, my=1, my=i my=-1, my=-i
ms1 = [ +in’ Gapy l€", msy = [ + 1’ Gagi) 1€, sz = [ — in® Gagigr) Je 7",

3 21 ,—i 3 - 3 i 3, _ - 3 —i
mzs =1’ Gaipy — 1"l mur=—ne, myp=in’e", myz=ne™, my=—ip’e .

(4.26)
Note that for 7 large, det M # 0 (see (4.37)), and hence
w X X U3 —U14 0
) X X —pas —pu || O
= (i+ 1)n*(detM)™! , 4.27
Y (i+ Dy (detM) XX —U3zz U3 r ( )
Z X X —U43  —UHa4) \I2
where X denote unnecessary elements for subsequent calculations and
#13 - ,7@"’1 + ineiirl + (l+ 1)7’]@7”; [,123 = l.]/lerl + (l+ 1)7’]671}7 + 7767;1;
pia = i[ 141Gy (in?) [+ [1 = 4Gy (in?) e ™+ [i+ 1+ (1 — D)nGy(in®) e ",
p2s = [i=nGa(in®) Je" + (i = D[1 = nGy (i) | + [inGy (in*) — 1], ws)
sz = —ine™ — (i+1)ne — e, phas = (i+ 1)ne +nel +ine ™", '
paa = [1+ 3Gy (in?) e+ [(i+1) + (i — V)nGy(in?) e +i[ 1 — nGa(in*) Je™,
paa = (1 =) [1+7Gy (in?) " + [ 1 +inG, (in*) 1e" — [i+nGa(in?) le .
After differentiating and using integration by parts twice in (4.24), we get
11716’7’6 1
Jerlx) = 7 L e " [ifer(r) +g()]dT+ O (7 [I] furl | + llgI]),
. i I L _
i) = = s felo) + T | i) g0l OO e+ gl D), (429)

1

1
o) = & [ 50 i+ g+ Ol + g
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Combining (4.23) and (4.29) and using (2.5)—(2.6) yield
= —%[iGz(inz) +17'] Ll e (ifer(7) + (1) dT +O(|| furl | + g 1) + O (1 181),
(4.30)
o= [ i) g+ O ol N, (431)
We now define A by

A=—(i+ D’ {[iGa(in®) + 1~ Jurs +pa}
=i+ 1){ - e"2in’Gy(in*) + (i+ D + e 217Gy (in?) — (i+ Dy?] = 2(i+ 1)pPe "}
(4.32)

From the properties of the transfer function G,(-) cited in (2.5) and (2.6), it follows that
the dominant term of A is 7, that is,

A=0(). (4.33)
Moreover, using the known inequality |a + b| > |a| — |b]| for (4.32) yields
Al = V2[2i’ Gy (in?) + (i + Dn* | = |20 Ga(in?) = (i+ D | ] (4.34)

for # large. Combine now (2.5), (2.6), and (4.34). As a result, we obtain after a straight-
forward calculation,

Al = M(y2) 1 (4.35)

for y sufficiently large and for a positive constant M depending on y,. Furthermore, it
follows from the definition of the matrix M that

detM = —iPel (A+2(i+ DyPe™) = 2n*e V1 — (i+ 1)n? G, (in?) — in]

. 4.36
— 2t WU (i = )Gy (in?) — in] + 8in®, (30

where A is defined in (4.32). Except for the first term —#e"A of (4.36), all the others are
bounded by O(5°) for # sufficiently large. Consequently,

detM = —1e"A+ 0 (1), (4.37)
which implies, by (4.35), that
(detM)™' = =53¢ 1(A) 1+ 0 (e 1) =0(y5e7"). (4.38)

We now estimate W (see (4.25) and (4.27)). Clearly, system (4.27) gives W = (i +
1)n?(det M)~ (p13r1 — paar2). Combining (4.30)—(4.32) and the first estimate of (4.38),
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we deduce that

Wegs i@ g+ 2005 ) [ e life) +g(e))de

+(i+ Dy (det M)~ a3 [O(|] fl |+ l1g11) + O (72 1EN) ] = 12O (|| frxl| + NI -
(4.39)

But p13 and py4 (see (4.27)) are bounded by O(y). This, together with (4.33) and the
second estimate of (4.38), implies that (4.39) can be written as follows:

1 (! . 5 5
W= “ap o e [ifrr(7) + g(0)]dr + O(n 2 ][] fuxl [ + lIgN]) + O (772 IE]).
(4.40)
Now, our aim is to derive estimates of X, Y, and Z. Using once again (4.27), we have
X = —(i+ 1)n*(det M)~ (up371 + paar2). Then, one can show from (4.30), (4.31), and the

expressions of p3, p4 that the coefficient of the dominant term €', appearing in ga3r) +
UaaT, is zero. Indeed, we have

X = (detM) 'O (e [[| fuxl| + liglI]) + O (e |€1)

- B (4.41)
=0(n (|| fuel + g I]) + O (= *1€1),
where the second estimate is obtained by means of (4.38). Similarly,
Y =2 = 00y (|| fuell + lgl]) + Oy €1). (4.42)

Now, we are ready to estimate || yx.|l. Recall first that, by construction, y(x) = y(x) +
y(x), where y(x) and y(x) are given by (4.24) and (4.25), respectively. Then it follows
from (4.29) and (4.40)—(4.42) that

1 172
[yaell = {0 (e[| fuxl [ + 1 11]) +@(;r3e*’v|g|)}<I0 emdx)

1 1/2
O full+ 18D + 00 218D} (| e2vax) (443)
O fll + gl +O (7218 1)
= 0(1Ifull+ g1 +O 218D

As a result, we arrived at the desired estimate (4.19) of Step 1.

Step 2. The goal is to derive an estimate of ||z||, where z = in?y — f (see (4.20)), that is,
llzll < Ma(ll fuxll + llgll + |€]) for a positive constant M,. In return, ||zll < n2|lyll + Il f1I.
Thus, it suffices to estimate #?|| y|l. To this end, one can show in a similar way as for the
estimate (4.29) that

. -3 1
(x) = —#f(x) + L JO 1D (£ (1) + g())dr + O || funll + g ]). (4.44)
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Combining (4.25), (4.40)—(4.42), and (4.44), we obtain
Iyl =021 F I+ 0 (7> [[] fxl |+ N1

OO e MLl + 1201 + Oy e e (|

0

1 12
ez”xdx>

1 12 (4.45)
+ {0 (2 {1] fusl | + l1g1T) +@(;7—4|;:|)}<J0 e—2nxdx>
+ 002 (Il [+ g I1T) + O (74 1E1),
which implies that 72yl = O( fuxll + Ig}) + 072 |€]). Thus
lzll < 2yl + 11 = O fuell + gl + O (72 D). (4.46)

This achieves Step 2.
Step 3. All we need to do is to establish that |w,| < Ms(|l fuxll + lIgll + 1&]) for a positive
constant M3, where w; is defined in (4.20). This immediately yields

[wal = Oy [ 1b2) + O (2| faxl [ [ b2]) + O (52 1€1)

=0(]y(D)]) +0 (72| furl ) + O(721E)). (4.47)

Using the second estimate of (4.29) and (4.40), (4.41), and (4.42) and arguing in the same
way as for (4.43), we get

(D) = —,7izfx(1)+46—;:2 Ole*“(ifn(r)+g(r>)d7+@(n’2[||fxx||+||gH])
+nWe'l +inXe — qYe " — inZe * (4.48)
= O( [l fuxl | + g I]) + O (1 IE1).
This, together with (4.47), gives
(w2 | =0~ [|| fuxl| + llgl1]) + O (172 1€]). (4.49)

After all these three steps, the desired estimate (4.18) follows easily. The proof of
Theorem 4.4 is complete. O

5. Stability of the global system

Proof of Theorem 2.2. Recall first that the solution ®(¢) of the global system (2.11) (see
also (3.7)) stemmed from @ = (¢g,wy) € D(s4) can be written as O(t) = (¢(t),w(t)),
where ¢(t) = (y(+,1), y:(+,1), w1 (t), w2(¢)) is the unique solution of the subsystem (3.1)
perturbed by the operator (w? — w2 )K (see (4.16)), that is,

(1) = [A% + (0 () - ) K] (1) (5.1)
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and w(#) is solution of the ordinary differential equation

o(t) = —y(@ = ws) =2p () (¥, ye) 120
I +P||y||]%2(0,1) .

(5.2)

Furthermore, the Lyapunov function & (see (3.8)) is nonincreasing. Hence, the integral
+00

o (w(t) — wy)*dt converges and the solution (¢(£),w(t)) is bounded in ¥. This im-
plies, thanks to (5.2), that the function w(t) — w, and its derivative (d/dt)(w(t) — wx) are
bounded. Consequently, using Barbalat’s lemma [14], the three properties of w(t) — wx
cited above lead us to claim that lim;_ . w(f) = ws. Thus, for all € > 0, there exists T
sufficiently large such that for any t > 7,

|0?(t) — 0’| <e. (5.3)

As mentioned in Theorem 4.4, the subsystem (3.1) is exponentially stable, and therefore
there exist (uniform) constants M, i > 0 such that

e || ) < Me ™ V=0, (5.4)

where || - [|¢@e) is the operator norm. Now, we return to the subsystem (5.1). Given a
positive real number 7, the solution of (5.1) is given by

B(t) = e DA (1) + Jte(t_smw* (0*(s) — w2 )Kp(s)ds (5.5)

T

for any t > 7. This, together with (5.3) and (5.4), implies that

t
llo()ll5e = Me # D[ (7)]l5 +6ML e H1] |6 (s)] 5 ds. (5.6)

Therefore,

t
e 9(0) e = 1169y + € | 11eF0(6)]cts. (57)
Using the fact that ¢(t) is bounded, one can apply Gronwall’s lemma to (5.7) to get

[[¢()] 3¢ < M| p(7)][5pe~E- M=) (5.8)

for any ¢ > 7. Now, we choose € so that y — €M > 0, and hence ¢(t) is exponentially stable
in #€. Finally, returning to the differential equation (5.2), one proves analogously to [24]
that w — w4 — 0 exponentially in R. Indeed, (5.2) implies that

le"ld (w(t) —wy) | < w(T) — wy |

t 2
+ L e/l [Iyd—’; |w(s) — ws | + po |w(s) | ||y(5)||Lz||yz(5)||Lz]d(5- )
5.9
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Using the definition of the norm of ¢(#) and (5.8), we have

YOl )l < 1@ < (MIp(r)][5) e 26, (5.10)

It remains to substitute (5.10) into (5.9) and use Gronwall’s lemma to obtain the expo-
nential stability of w(t) — wx. This achieves the proof of Theorem 2.2. [l

Remark 5.1. The decay rate obtained in Theorem 2.2, although exponential, is not uni-
form. This is due to the fact that the constants of the decay rate depend on the initial
condition @y = (¢o,wo).

6. Conclusion

In this paper, we have proposed a feedback law which stabilizes a body-beam system in
the case where the rigid body is rotating with a nonconstant angular velocity. We have
shown that if the angular velocity is smaller than (1/1?),/12EI/p, the system is exponen-
tially stable as soon as a control torque is applied to the rigid body and either a dynamic
boundary control moment or a dynamic boundary control force or both of them act on
the free end of the beam. This result improves those obtained in [20] for nonconstant
angular velocity and in [16] (static feedback case) for dynamic controls.

An interesting research problem would be the extension of the results presented in
this paper to nonlinear dynamic controls. This question is motivated by the fact that, in
practice, the input amplitudes are constrained by the power of the actuators which go
into nonlinear saturations [1]. Therefore, the stability of such systems should be assured
with nonlinear controls. This will be the subject of a forthcoming paper.

Appendix

Proof of (4.13). It is easy to see that A, is an eigenvalue of the operator By if and only if
there is a nontrivial element v, € 9 (By) satisfying the following system:

vnxxxx - 0”4VW = 0’ (A.l)
¥(0) = 7,,(0) = 0, (A2)
anxx(l) = vnxx(l) = O) (A.3)
where
oy = A + w3 (A.4)

The general solution of (A.1)—(A.2) is
v, = Cy (cosho,x — coso,x) + C; (sinho,x — sing,x), (A.5)

where C; and C; are to be determined by means of (A.3), that is,

sinho,l —sino, cosho,+coso,| (C1\ (0 (A.6)
cosho,l+coso, sinho,+sino, ) \C,) ~ \0/° ’
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Thus, v, is an eigenfunction of By if
coshoy, coso, +1=0. (A.7)

Using the results of Langer [15], one can check that the asymptotic estimate of solu-
tions of (A.7) is given by g, = (n+1/2)m + O(e™"), which, together with (A.4), implies
that limy,— 1o [\ Asr1 — v/Au| = 0. We prove now that each eigenfunction v, of By satisfies
v, (1) #0,n=1,2,... (the proof of v,(1) # 0 is similar). Suppose the contrary is true, that
is, v, (1) = 0, and therefore (A.5) yields C;(sinho, + sino,) + C;(cosha, — cosa,) = 0.
Combining this last equation with system (A.6), one can show that C; = C, = 0, which
contradicts the fact that v, is an eigenfunction. O
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