ATTRACTORS OF SEMIGROUPS ASSOCIATED
WITH NONLINEAR SYSTEMS FOR
DIFFUSIVE PHASE SEPARATION

NOBUYUKI KENMOCHI

ABSTRACT. We consider a model for diffusive phase transitions, for instance,
the component separation in a binary mixture. Our model is described by
two functions, the absolutete temperature 6 := 6(¢,x) and the order pa-
rameter w := w(t, z), which are governed by a system of two nonlinear
parabolic PDEs. The order parameter w is constrained to have double ob-
stacles 0, < w < 0" (i.e., o« and 0" are the threshold values of w). The
objective of this paper is to discuss the semigroup {S(¢)} associated with
the phase separation model, and construct its global attractor.

1. INTRODUCTION

This paper is concerned with a system of nonlinear parabolic PDEs of the
form, referred to as (PSC),

(L) Jpu) + Aw)] - Au+ vp(u) = f(2) in Q i= (0, +00) x 2,
(1.2) wy — A{—rAw + €+ g(w) — N (w)u} =0 in Q,
(1.3) § € f(w) in Q,

ou
(1.4) n + nou = h(x) on ¥ := (0,400) x T,

n
ow 0 ,

(1.5) o = 0, %{7I€A’w + &+ g(w) — N(w)u} =0on X,
(1.6) u(0, ) = up, w(0,) = w, in Q.
Here (2 is a bounded domain in RV (1 < N < 3) with smooth boundary
I' := 0Q; p is an increasing function such as p(u) = —% for —oo < u < 05
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A, g are smooth functions on R and )’ is the derivative of \; 3 is a maximal
monotone graph in R x R with bounded domain D(f3) in R; k > 0, n, >0
and v > 0 are constants; f, h, u,, w, are prescribed data.

This system arises in the non-isothermal diffusive phase separation in a
binary mixture. In such a context, 6 := p(u) is the (absolute) temperature
and w is the local concentration of one of the components; physically, (1.1)
is the energy balance equation, where p(u) + A(w) is the internal energy,
and (1.2) is the mass balance equation with constraint (1.3) for w, where
—kAw 4+ £ + g(w) — N (w)u can be interpreted as the (generalized) chemical
potential difference. The details of modeling are referred, for instance, to [1,
2,7, 10, 12].

In the one-dimensional case, i.e. N = 1, the existence and uniqueness of a
global solution of (PSC) was proved in [10], and in [14] for the case without
constraint (1.3). In the higher dimensional case (N = 2 or 3), any uniqueness
result has not been noticed in the general setting; for a model in which the
mass balance equation includes a viscosity term —pAw,, the uniqueness was
obtained in [10]. Recently, in [6] a uniqueness result was established in a
very wide space of distributions under the additional assumption that

(1.7) A is convex on D(f) and D(p) C (—o0,0].

So far as the large time behaviour of solutions is concerned, we have noticed
a few papers (e.g. [5, 9, 10, 14]) including some results about the w-limit
set of each single solution as time ¢ goes to +oo, but no results, except
[12], on attractors so far for non-isothermal phase separation models; in [12]
the regular case of p was treated, so this result is not applicable to (PSC)
including a singular function p.

In this paper, assuming (1.7), we shall give a new existence result for
problem (PSC) with initial data [u,,w,] in a larger class than that in [10].
Also, based on our existence result, we shall consider a semigroup {S(t)}+>0
consisting of operators S(¢) which assign to each initial data [ue,w,] the
element [u(t), w(t)], {u, w} being the solution. Moreover we shall construct
the global attractor for {S(¢)} in the product space L?(Q2) x H(). Un-
fortunately, the mapping ¢ — S(t)[uo, w,] lacks the continuity at ¢ = 0 in
L?(2) x HY() for bad initial data [u,,w,], which comes from the singularity
of p(u). Therefore the general theory on attractors (cf. [4, 17]) cannot be di-
rectly applied to our case. However, the construction of the global attractor
will be done by introducing a Lyapunov-like functional and by appropriately
modified versions of some results in [4, 17]. Especially, the term vp(u) with
positive v in (1.1) is very important in order to find an absorbing set.
Notation. In general, for a (real) Banach space W we denote by | - |
the norm and by W* its dual space endowed with the dual norm. For any
compact time interval [t,,t1] we denote by C([to,t1]; W) the space of all
weakly continuous functions from [t,,¢;] into W, and mean by “u, — u in
Cw([to,t1]; W) as n — +00” that for each z* € W*, (2%, upn(t) —u(t))w+w —
0 uniformly on [t,, 1] as n — +oo, where (-, )+ w stands for the duality
pairing between W* and W.
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For two real valued functions u, v we define
uAv:=min{u,v}, uVv:=max{u,v}.
Throughout this paper, let © be a bounded domain in RY (1 < N < 3)

with smooth boundary T' := 90, and for simplicity fix some notation as
follows:

H:=L*9Q), H, = {z € L?(Q); /dex = 0}.

V=HYQ), V,:= {zeHl(Q); /dex:O}.

-) : inner product in H.

()

(+,+) : duality pairing between V* and V.
(-,*)o : duality pairing between V_* and V.
()

Jr: inner product in L?(T).
a(v,w) = / Vv - Vwdz for v, w e V.
Q

To : projection from H onto H,, i.e. [m,z](x) := z(x) — Q) Qz(y)dy,
z € H.

Also, we define | - |y and | - |y, by

1
luly == {/ |Vv|2dx+no/ v2df}2 ,veV,
Q r

1
luly, = {/ |Vv|2d:v}2 , v eV,
Q

clearly we have standard relations

and

VcHCV* V,CH,CV/,

in which all the injections are compact and densely defined. Associated with
the above norms, the duality mappings F': V — V* and F,: V, = V' are
defined in the following manner:

(1.8) (Fvu,z) = a(v, z) + ne(v, 2)r for v,z € V,

(1.9) (Fyv, 2)o = a(v, z) for v,z € V.
Clearly, if £ := Fv € H, then v € H?(Q2) and it is a unique solution of

—Av=1/{1in Q,

0
l—knov:OonF;

on
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if £ := F,v € H,, then v € H%(Q) and it is a unique solution of
—Av=/{1in Q,
ov

— =0onT, /vdsz.
on Q

2. EXISTENCE AND UNIQUENESS RESULT FOR (PSC)

Throughout this paper we suppose that p, 8, A, g, K, n, and v satisfy

the following hypotheses (H1) - (H5):

: (H1) p is a single-valued maximal monotone graph in R x R, its do-
main D(p) and range R(p) are open in R and it is locally bi-Lipschitz
continuous as a function from D(p) onto R(p); we denote by p~! the
inverse of p and by p:1 a proper l.s.c. convex function on R whose
subdifferential coincides with p~! in R.

: (H2) B is a maximal monotone graph in R x R which is the subdif-

ferential of a non-negative proper l.s.c. convex function 3 on R such
that

D(f) = [0+, "]
for finite numbers o, ¢* with o, < o*.
: (H3) A: R — R is of C?-class, convex on [0, 0*] and

(2.1) X' (w)u < 0 for all w € [0y, 0*] and u € D(p).

: (H4) g : R — R is of C%-class; we denote a primitive of g, which is
non-negative on [0y, 0*|, by §.
: (H5) k >0, n, > 0 and v > 0 are constants.

Now we give a variational formulation for (PSC).

Definition 2.1. Let f € H, h € L*(I'), u, be a measurable function on
with p(ue) € H and w, € V with B(w,) € L*(Q). Then, for any finite T > 0,
a couple {u,w} of functionsu: [0,T] =V andw: [0,T] = H?(Q) is called
a (weak) solution of (PSC):=(PSC;f, h,us,w,) on [0,T], if the following
conditions (wl1) - (w4) are satisfied.
t (w1) u € L*(0,T;V), p(u) € Cu([0,T]; H), p(u) € LN0,T5V*),
w e L2(0,T; H2(Q))NCyW([0,T]; V) with f(w) € L>(0,T; Ll( ), w' €
L2(0,T;V*) and Aw) € L*(0,T;V*).
2 (w2) p(u)(0) = p(u,) and w(0) = w,.
: (w3) For a.e. t€[0,T] and all z €V,

%(P(U(t)) + AMw(t), 2) + a(u(t), 2)

(2.2) + (nou(t) — h, 2)r +v(p(u(t)), 2)
= (fa Z)'

2 (w4) aw(t) =0 ae onT forae t€[0,T], and there is a function
e L2(0 T; H) such that £(t) € B(w(t)) a.e. on Q for a.e. t € [0,T]
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and
d
(2:3) — (w(t),n) + r(Aw(t), An) = (g(w(t)) + () = N (w(t))ult), An) = 0
for all n € H?(Q) with g—z =0 a.e. on I and for a.e. t €0,T].
A couple {u,w} of functionsu: Ry —V andw: Ry — H?(Q) is called
a global solution of (PSC) (or a solution of (PSC) on R.), if it is a solution
of (PSC) on [0,T] for every finite T > 0.

As easily understood from the above definition, since o, < w < ¢* for any
solution {u, w} of (PSC), the behaviour of g, A on the outside of [0, o*] gives
no influence to the solution and we may assume without loss of generality
that
(2.4)
the support of g is compact in R and A is linear on the outside of [0, c"].
Remark 2.1. From the above definition we easily observe (1)-(3) below.

: (1) For any solution {u,w} of (PSC) on [0,T] we see that

d
—/ w(t)dz = 0 for a.e. t € [0,T],
dt Jo
so that
1/ (t)d 1/ d for all ¢ € [0, T]
— [ w(t)dr = — [ wedx =: m, for a ,T7.
€2 Ja 1Qf Jo ° ¢

This implies that w — m, € Cy([0,T]; V,) and w’ € L(0,T; V).
: (2) In terms of the duality mapping F': V — V* the variational identity
(2.2) is written in the form

d
(2.5) 7 (P(u(®) + Aw(®))) + Fu(t) + vp(u(t)) = f* in V7
for a.e. t € [0,T], where f* € V* is given by
(f*,2) =(f,2) 4+ (h,2)p for all z € V.

: (3) In terms of the duality mapping F, : V, — V" variational identity
(2.3) is written in the form

(2.6) F, 'w!(t) + kFy(mow(t)) 4+ mo[€(t) + g(w(t)) — N (w(t))u(t)] = 0 in H,
for a.e. t € [0,T].

We now introduce some functions and spaces in order to formulate an
existence-uniqueness result. Let u® be the unique solution of

u>® eV;
2.7
&1) a(u®, z) + (nou>® — h, 2)r + v(p(u®>), z) = (f, z) for all z € V;

clearly (2.7) has one and only one solution u> € V for given f € H and
h € L*T). If v > 0, then

(2.8) p(u™) € H.

In case of v = 0 we suppose (2.8) holds.
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Next we define a functional J(-,-) on the set p~t(H) x V := {[z,v]; p(2) €
H,v € V}, by putting

J(z,v) = Jo(2,0) + J1(2,0)

with
To(z) = olp(2) + AW) 4
and
)= | ez = (pl2) + Aw)u)
(2.9)

*’VU|H+/ dx—l—Co,

where ¢, is a (small) positive number determined later and C, is a constant
so that Ji(+,-) is non-negative; in fact, such a constant C, exists, since

(2.10) pt(r) —ru®(x) > p~t(p(u™(2))) — p(u™(2))u™(z)
for all » € R and a.e. z € Q. With the functional J; and a number m, with
0x <my, < 0¥, we put

- 1
(2.11) D(m,) := {[z,v] € p Y H) x V;Ji(z,v) < +00, IQ/dem = mo}
and

(2.12) DM(my) := {[z,v] € D(my); J1(2z,v) < M} for each M > 0.

Also, for a number m, with o, < m, < o*, we put
(2.13)
2€V, p(z) € H, ve H3(Q), v—m, €V,,

; a—v =0 a.e. on I, there is £ € H such that (-
n

e pf(v)ae onQ, —kAv+£€V

Dy(my) := [z, ]

(2.14) DM(my) := {[z,v] € Dy(my); J1(2,v) < M} for each M > 0.

Clearly, D (mo) - DM(mO), D(mo) = UM>0DM(mo) and Do(mo) =

Unr0D ().
First we recall the following theorem which guarantees the uniqueness of

the solution of (PSC).

Theorem 2.1. ([5; Theorem 2.1]) Assume that (H1)- (H5) hold, and let f €
H, h € L*(T') and m, be a number with o, < my, < o*. Let [Ug;, Wei), 1 =
1,2, be initial data in D(m,), and {u;,w;} be any Solutzon of (PSC); =
(PSC; f,hyupi, we;) on [0, T], T > 0, for i = 1,2. Then, with notation
ei(t) := p(ui(t)) + Mwi(t)) fort € [0,T], and for all s, t € [0,T], s <t,

le1(t) = ea(t)[{+ + lwi () — wa ()]s
< el (Jex(s) — ea(s) P + wi(s) — wa(s)[),

where R, := Ry(K,no, A, g) is a positive constant dependent only on K,n,
and the Lipschitz constants of A and g.

(2.15)
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Hypothesis (2.1) of (H3) is essential for the proof of inequality (2.15).
An existence result is stated as follows.

Theorem 2.2. Assume that (H1)-(H5) hold as well as (2.8), and let m, be
any number with o, < m, < o*. Also, let f € H and h € L*(I"). Assume
that

(2.16) nesup D(p) > h(xz) > neinf D(p) for a.e. z €T
and there are constants Ay, A} such that
(2.17)  p(r)(nor — h(z)) > —Aq|r| — A for a.e. x €T and all r € D(p).

Then, for each [uy,w,] € D(my,), problem (PSC) admits a (unique) global
solution {u,w}. Moreover, the following inequalities (2.18) - (2.20) hold.

(2.18) Ji(u +/ lu(r y%dﬁu/: W (7) Bdr < J(u(s), w(s))
for 0 < s <t
p(u(t)) + Aw(t) |7 < Mi(T){|p(u(s)) + A(w(s))[3

+ Ji(u(s),w(s)) + 1}

for 0 < s <t<s+T, where Mi(T) is an increasing function of T € Ry,
independent of initial data [ue, w,| € D(my);

(t = s){Ju(t) — ™[}, + [w' ()7 + vl /Q plu(t))dx|}

(2.19)

220 b [ = ), dr
< My(T) {1 (u(s), w(s))
+lp(u(s)) + Aw(s) = pu)f. +1}

for all s > 0 and a.e. t € [s,s + T, where Ms(T) is an increasing function
of T € Ry independent of initial data [uo, w,) € D(my).

Remark 2.2. From (2.18) and (2.20) of Theorem 2.2 we further derive an
estimate of the form

(t = s){lw(®) () + €@}

< Ms(T){J1(u(s), w(s)) + |p(uls)) + Mw(s)) — p(u) [+ + 1}
for 0 < s <t<s+T, where £ € L? (Ry; H) is the function as in condition
(w4) of Definition 2.1 and M3(+) is a function having the same properties as
M;(+), i =1,2. In fact, since

Ko (mow(t)) + mo€ () = —Fy tw'(t) + mo[N (w(t)u(t) — g(w(t))] =: £(t),
it follows from a regularity result in [3] that
(2.22) w(t)[Fr2(0) + €0 FH < Cr(l€(#)[3r + 1) for ae. t >0

with a constant C independent of initial data [u,, w,] € D(m,) and ¢. Com-
bining the above inequality with (2.18) and (2.20) we conclude an estimate
of the form (2.21) forall 0 <s <t <s+T.

(2.21)
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Remark 2.3. Let {u,w} be the global solution of (PSC) which is given by
Theorem 2.2. Then, we have by estimates (2.18) - (2.21) that

: (i) u is a bounded and weakly continuous function from [§, +00) into V'
for each § > 0;

: (ii) w is a bounded and weakly continuous function from [0, +00) into
H?(Q) for each § > 0;

: (iii) ¢ is a bounded function from [§, +00) into H for each § > 0, and
satisfies that

£(t) € B(w(t)) a.e. on 2 for all ¢ > 0.
Also, we have
(2.23) [u(t),w(t)] € Dy(my) for all t > 0,
which is nothing else but the smoothing effect for solutions.

Remark 2.4. In case m, = o, (resp. m, = o*), it follows that w = m, for
any solution {u,w} of (PSC) on [0,T], since w > m, (resp. w < m,) and
Jo w(t)dz = |Q|m,, and moreover u satisfies

(p(w)(t), 2) + a(u(t), 2) + (nou(t) — h(t), 2)r + v(p(u(t)), z) = (f(t), 2)
for all z € H'(Q) and a.e. t € [0,T]
and u(0) = u,.

3. APPROXIMATE PROBLEMS AND ESTIMATES FOR THEIR SOLUTIONS

The solution of (PSC) will be constructed as a limit of solutions
{wyen, Wyen} of approximate problems (PSC),.y, defined below, as p,e,1m —
0; parameters €,7 concern with approximation p., of function p, while pa-
rameter p concerns with the coefficient of viscosity term, i.e. —uAwy, added
in the mass balance equation.

The main idea for approximation is found in [7, 10, 15], and uniform
estimates for approximate solutions with respect to parameters are quite
similar to those in the above cited papers. Therefore, we mention very
briefly some estimates for approximate solutions. In the rest of this section,
we make all the assumptions of Theorem 2.2 as well as (2.4).

If X is linear, i.e. A = 0, on [04,0%], then the proof of Theorem 2.2 is
very simple. Therefore, in the rest of this section, we assume that

(3.1) A" > 0 somewhere on [o.,0*], D(p) C (—o0,0).

Given real parameters €, € (0, 1], we consider approximations p. and pey,
of p as follows. Putting

D<p) = (T*7T*) for — oo ST* <7”>k Sou

choose two families of numbers {a.;0 < e < 1} with a, = r« and {b,;0 <
n < 1} with b, = 7* such that

Ty <0 < Ao < ap <7To < by < by <by <r*
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if0<e<ée <land0 <17 <n<1, where r, is a fixed number in D(p),
and

a: L rease—0, b, Tr-asn—0.

For each ¢ and 1 we define

p(r) for r > a,
pe(r) =
plag) +r—a. forr < ag,
and
p(by) +r —1b, for r>b,,
pen(r) = ¢ p(r) for a. <r < by,

plas) +r—a. forr < ae.
Note that p.;, is bi-Lipschitz continuous on R and

pen — pe in the graph sense as n — 0 for each fixed ¢,

pe — p in the graph sense as ¢ — 0,

and moreover there is a positive constant C'(g) for each ¢ € (0,1] such that

(3.2) L pen(r) 2 OE), pulr) > O(e).

We write sometimes p, or p,, for p and pe, for pe.
Besides, for £,n € [0, 1], let uZy be the solution of

uzy €V
{ a(ugy, z) + (nougy — b, 2)r + v(pen(udy), 2) = (f, 2) for all z € V.
Clearly, {ug;} is bounded in V, {p.y(ugy)} is bounded in H,
ugy — ug in Voas n — 0 for each fixed € € [0, 1],
and
pen(ugy) — p(ugy) weakly in H as n — 0 for each fixed € € [0,1], if v > 0.
Also, we define functionals Ji.,(-,-) by

Tien(,0) = [ 93 (pen(2))de = (i) + A0).03)

(3.3) )
+ 51Volh + [ 1B(0) +g()}de + C,
for [z.v] € H x V, where pz; is the primitive of po; with pen (16) = p=L(r,)
and C, is a sufficiently large positive constant so that Ji.,, > 0 on H x V for
all ,m € [0,1]; of course, Jioo = J1, udy = u™ and C, is supposed to be the
same constant as in expression (2.9) of Jj.

Now, let us consider approximate problems including p.,,0 <& < 1,0 <
n < 1, and the viscosity term —puAw;, 0 < p < 1, which is formulated below
and referred as (PSC) ey
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Definition 3.1. For 0 < T < +o0o we say that a couple of functions u :=
Upen 2 [0,T] =V and w := wyey = [0, T] — H(Q) is a “solution” of (PSC)uen
on [0,T], if the following properties (wl),en — (W4) uer are fulfilled:
¢ (wl)pen w € WH2(0,T5 H) N CyW([0,T]; V),
we W0, T; H) N C([0,T); V) N L*(0,T; H*(2));
t (02) pen u(0) = woey = {uo V ac} Aby and w(0) = wo;
: (w3)pen for a.e. t €[0,T] and z €V,

(3.4) (pen()'(£) + Mw)'(t), 2) + a(u(t), 2)
' + (nou(t) = h, 2)r + v(peg(u(t)), 2) = (f(t), 2);
: (W) pen u(t) =0 a.e. onT for a.e. t €[0,T], and there is a function

§ =1 Euen € L*(0,T; H) such that
&(t) € B(w(t)) a.e. in Q for a.e. t € [0,T]
and
(W'(t), z — pAz) + k(Aw(t), Az)
— (&(t) + glw(t)) = X (w(t))u(t), Az) =0

for a.e. t €[0,T)] and all z € H?(Q) with % =0 a.e. onl.
n

(3.5)

Clearly, (3.4) and (3.5) are respectively written in the forms (cf. (2.5),
(2.6) in Remark 2.1)

(3:6)  pen(u)(t) + AMw)'(t) + Fu(t) + vpen(u(t)) = f*(¢) in V*

for a.e. t € [0,T], and

(3.7) (Fy '+ plw'(t) + kFo(mow(t)) + mo[€(t) + g(w(t)) — N (w(t))u(t)] = 0
in H, for a.e. t € [0,T].

With functions u2°, (3.6) is also written in the form

(3-8)  pen(u)'(t) + Aw)'(t) + F(u(t) — uZy) + v(pen(u(t)) — pey(udy)) =0
in V* for a.e. t € [0,T].

According to an existence-uniqueness result in [8, Theorem 2.2], for each
w,€,m € (0,1] problem (PSC),, has one and only one solution {uyey, Wyen}
on [0,T7], if the initial data u, and w, are given so that [u,, w,] € Dy(my)
(hence [toen, wo] € Dy(my,) for every e,n € (0, 1]); moreover, wy,., has regu-
larity properties (cf. [10; Lemmas 5.2, 6.2])

( ) wuen € Cw([O7T]7H2(Q))7 wL,sn € LOO(07T7 H) N L2(07T7 V)a
3.9
Euen € L>(0,T5 H).

Now we give some estimates for {uycy, Wyen }-

Estimate (1)
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By regularity (3.9) we can compute rigorously
(3.8) X (upen — ugy) + (3.7) X wep
to get

d s
Ejlen(uusn(ﬂ? wuén(T)) + ’uuén(T) - uan‘%/

+ ’w:mn<7_)’%/; + M’w:mn<7_)’%1

<0

(3.10)

for a.e. 7 € [0, 7. For details, see [10, Lemma 5.1]. The integration of (3.10)
over [0, t] yields

t
Jien(Upey(t), Wyey(t)) + /0 |Upen — u?;’%/dT

(311) +/0t(’wl;€n

< Jien(Uoen, wo) for all ¢t € [0,T7].

%/o* + :U"w:wnﬁl)dT

Estimates (II)

We observe from hypothesis (2.17) that (cf. [7; Lemma 3.1])
pen(r)(nor — h(x)) > —Aglr| — A5 for all r € R and a.e. z € T,

where Ay, Al are positive constants independent of e, n € (0,1]. By using
this inequality we compute

(3-6) X {pey(tpen) + Mwpuen) b
to get
d 2
E|Pen(uu8n(7)) + Mwpen (7))
+ (v = 1) pen(pen (7)) + Mwpen (7)) |}
< kl(’/l){‘uuan(ﬂﬁ/ + ’wuan(T)’%/ + 1}

for a.e. 7 € [0,T], where vy is an arbitrary positive number and k;(v1) is a
positive constant depending on v; but neither of p,e,n7 € (0,1] nor initial
data [u,, w,] € Dy(m,). From (3.12) with (3.11) it follows that

| pen (Upen (1)) + )‘(wusn(t))ﬁ{
< Ri(T){|p(ttoen) + Mwo) F + Jiey (ttoen, wo) + 1}
for all t € [0,T], where Ri(-) : R+ — Ry is an increasing function indepen-

dent of p,e,m € (0, 1] and initial data [u,, w,] € Dy(m,).
In particular, if v > 0, then we obtain, by taking v; = ¢ in (3.12),

Gty 21 nen () M (P et (7)) Nt ()

< ko () {upe (1) = uZ Y + [wpey (T + 1}

(3.12)

(3.13)
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for a.e. 7 € [0,T], where ka(v) is a positive constant depending on v but
neither of u,e,n € (0.1] nor initial data [u,, w,] € Do(my).

Estimates (111)

Next, compute

(3.8) x F_l(pen(uuan) + )‘(wus) - psn(“?%))
to obtain

;dd |pen(Upen (7)) + Mwpen(T)) — Pan(ug)ﬁ/*

o (e (7) = %5, pen(ten (7)) = pen (u5))
o+ (e (7) = 085 My (7)) + 5 oy (e (7))
AWy (7)) = pen ([

< 5 AWhen (7))

for a.e. 7 € [0,T7]. Since

(Upuen (1) — ugy, Pen(Upen (T / Pen(Upien (T / Pen(ucy)

> (uusn( ) snvaT]( sn))
it follows from the above inequality that

L pen (e (7)) + Aty (7)) — penu)

T+
+ V| pen(Upey (7)) + Mwuen (7)) — pan(U?ﬁ)!%/*
+2] [ penltyen(7))d

< k3{’“uan(7—) - U:?;ﬁ‘[ + 1}
for a.e. 7 € [0,T], where ks is a positive constant independent of p,e,n €
(0, 1] and initial data [ue, w,] € Dy(m,). Therefore the integration of (3.16)
over [0, t] yields
t
ety () + A1) = ) e +1 [ [ pen(tsen)itac

< Ro(T){J1en(tosy, Wo) + | p(tioey) + AMwo) — Psn(ug)ﬁ/* +1}

for all ¢ € [0, T], where Ry(-) : R4+ — Ry is an increasing function indepen-
dent of u,e,m € (0, 1] and initial data [u,, w,] € Dy(m,).

(3.15)

(3.16)

(3.17)

Estimate (IV)

Finally, compute the following items (1) - (4):

(1): Multiply (3.8) by ., and integrate over [0, 7] x € for each 0 < 7 < ¢.

pen



ATTRACTORS OF SEMIGROUPS 181

(2): Multiply 4(3.7) by wy,.,, and integrate over [0, 7] x Q for each 0 <
T <t.

(3): Add the results of (1) and (2).

(4): Multiply the result of (3) by 7 and integrate in 7 over [0, t].

Then we have
1 002 / 2 / 2
i{t|uu€n(t) - u€n|V + t|wp,€n(t)’\/o* + t/'L|wp,677|H}
+uvt /Q ﬁen(uysn(t))dm - Vt(pm(ui:;;), U,usn(t))
t t
+ :‘i/o T|Vw;€,7]%1d7' + /0 T(pen(Wen)' u;m])dT

t 1 st
(3.18) < Lg/o T\w;wnﬁ,dwi/o (C—h
+ W Vs + pl ey Fr YT

t t
+V/0 /Qﬁén(uuan)dxd’f—l//o (pen(ug)aupan)d'r

t
—l—/o /QTX/(“’ME”)’stn\QuuandxdT

for all ¢ € [0, T]. For the rigorous derivation of (3.18), we refer to [10, Lemma
5.2].
Here, we use the interpolation inequality

K
(3.19) 2l < SIVf} + Culz

%/o* for all z € Vj,

where C,; is a positive constant depending only on k. Applying (3.19) to the
first term of the right hand side of (3.18), we derive from (3.18) with (3.11)
and (3.17) that

Vo tulw, (0]
] [ penCinen (0] + 5 [ 71Vt
(3.20) 42 /0 (oot )
< R3(T){ J1en(toen, wo) + |p(toey) + A(wo) — pen(ugy)

t
—|—2/ /T/\”(wuan)]w:wn\QuuandxdT
0 Jo

tlupen(t) — uZ[3 + twye, ()

2. +1)

for all t € [0,T], where R3(-) : R+ — Ry is a function having the same
properties as R;(+),i = 1,2.

Remark 3.1. In Estimates (IV), if (4) is replaced by the following (4)":
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(4)" Integrate the result of (3) in 7 over [0, ],
then we have, instead of (3.20),

[taen () — Uy 3 + [1)en (BT

g+ | eyt (1))

t t
(3.21) + ok /0 e, |2, dr +2 /O (pen(ttpen ) ')

< Ko(T, ’P(uoen)‘Hv |uoz-:17|V> |w0‘H2(Q)> | — KAw, + fOIV)
t
+ 2/ / /\”(wugn)\w;bsnﬁumndxdT
0 JQ

for a.e. t € [0,T] and p,e,n € (0,1], where &, is a function in H satisfying
that

—KkAw, + &, € V and &, € B(w,) a.e. Q

and K,(-, -+ ,-) is an increasing function on RJ with respect to all the
arguments. Moreover, just as in Remark 2.2, we note that |wugn(t)\§{2(m +

|€en (t) |3 is estimated from above by the H-norm of

gusn(t) = _(Fo_l + :U’I)wiwn(t) + Wo[)‘,(wuen(t))uuen(t) - g(wusn(t))],
namely,
|wWhen(t) g2y H€uen O E < Cr(|buen(®)[F +1) (cf.(2.22))
< Co(|w)uen (O[T + 12|y ()| F + tpuen(t) 7 + 1)
for a.e. t € [0,T] and all pu,e,n € (0,1],

where C7 and Cy are positive constants. Therefore, it follows from (3.21)
that

|wlL577 (t) ‘%{2 (%)) + ‘gusn (t) ‘%{

(3.22) < Ky(T, ‘P(uoan)’Hv ‘UOEH‘V7 ’wO’HQ(Q)u | — KAw, + &o|v)
T
kit [ N ) 0] Pty
for all ¢ € [0,T), where Kq(-,---,-) is a function on R% having the same

properties as K,(-) and k4 is a positive constant independent of u,e,n €
(0,1].

4. CONVERGENCE OF APPROXIMATE SOLUTIONS AND PROOF OF THE
EXISTENCE RESULT

The solution of (PSC) is constructed in two steps of limiting process as
n— 0and e, u— 0.

In the first step, parameters p and € are fixed, and parameter 1 goes to
0. For each ¢ € (0, 1], we write Ji. for Ji-0 and uZ® for ug.
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Lemma 4.1. Let p,e € (0,1], 0 < T < 400 and [uy, wo] € Do(my). Then
problem (PSC),. == (PSC)ue0 has one and only one solution {uy,., w,c} on
[0,T]. Moreover it satisfies the following energy inequalities (4.1) - (4.3):

t
e (e (8), wpe (1)) + /0 fupe — u®[Zdr

4.1 !
-y [ gty + logziar

< Jls(UOsa wo)
for allt € [0,T], where upe 1= u, A ae;

(4.2) |Pe<uu6(t)>+)‘(wue<t))|12ﬁl < RI(T){‘P(UOE)"‘)‘(“JO)‘%{"‘Jls(uoa:U)O)‘H}
for all t € [0,T7;

tupe () — u®[§ + tw, (83 + tplw), ()%
t
(4.3) +1/t]/ﬂ,65(u#€(t))d:n|+f£/0 e[ dr

< Ry(T){J1(ttoe, wo) + [p(ttoe) + Mwo) — pe(u®)[f+ + 1}

for allt € [0,T]. Here Ri(-) and R3(-) are the same ones as in Estimates
(II), (IV).

Proof. Let {upuen, Wyen}, pt,€,m € (0,1], be the approximate solutions consid-
ered in section 3. Then we now recall such an estimate, essentially due to
[16], for the integral

Tuen(t) := /Ot/ﬂ)‘”(wwn)‘w:wn|2uu€ndxd7'
in [10; the proof of Lemma 5.2] that
@A) unlt) <00 500 w01 [ fuf R+ b1 0)
for all ¢ € [0,7], where ¢; is an arbitrary (small) positive number and
ks(p,61) is a positive constant depending only on p,d1, but not on €,n €
(O’I:t].is easy to see from (3.13), (3.21), (3.22) in Remark 3.1 and (4.4) that
‘Uuen’%w(o,T;V) + ’Pen(“m:‘n)‘%oo(o,T;H)

2 2
+ [ Wpen| oo (0,112 (02)) T |€uenlToo (0.7
(45) / 2 / 2 T / / d
+ |w,usn|L2(0,T;Vo) + ‘w,usn|L°°(0,T;H) + 0 (Pan(uuan) 7uusn) T

< ]Cﬁ = k‘G(T, o, Up, wo)

for e,m € (0,1], where kg is a positive constant depending on 7', p and initial
data [u,, w,] € Dy(m,), but not on g,n € (0, 1]. Also, by (3.2) we have

T
(4.6 | Oenltsen) e = OO o,
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Therefore, for a sequence {n,} with 7, | 0 (as n — 400), some functions
uye € WH2(0,T; H)NCy ([0, T]; V), wye € Cou([0,T); H2(Q))NWLH2(0,T; V)N
WLe(0,T; H) and &,y € L>(0,T; H) it follows from (4.5) and (4.6) that

Upen, — Upe in C([0,T]; H) N Cy([0,T]; V)

(4.7) _ 19
and weakly in W+(0,T; H),
(48) Wyen, — Wpe in C([0,T); V) N Cy([0,T); H*())
' and weakly in W2(0,T;V)
and
(4.9) Euenn — Eue weakly™ in L°(0,7T; H);

these imply that pe, (Uuen,) — pe(upe) weakly™ in L°°(0,7; H) and that
Eue € Blwye) ae. on [0,T] x Q, since &ep, € B(Wyep,) a.e. on [0,T] x Q.
Besides, it is easily inferred from the above convergences (4.7) - (4.9) that
{upe, wye} is a (unique) solution of (PSC),. on [0, T]. By the way, since u,,. <
0 a.e. on [0,T] x €, condition (H3) implies that X" (wyey, ) W, [Pt < 0
a.e. on [0,7] x €, so that

T
lim sup /0 /Q TA”(w#Enn)|wLEU7L]2uugnnd:vd7

n—-4o0o

T
wio)  Stmsw [ [ N ), P, — wic)dodr

n—-+0o00

. ’ 2
< const. lim sup \u,wnn - Uus|C([0,T];H) : |wpsnn|L2(0,T;L4(Q))
n—4o0o

=0.

Now, passing to the limit in (3.11) and (3.13) and (3.20) as 7,, — 0, we have
by (4.10) inequalities (4.1), (4.2) and (4.3). =

Remark 4.1. By combining (3.21) and (3.22) in Remark 3.1 with (4.10)
for the solution {ue, w,:} of (PSC),. we have the following estimate:

e () — [ + [y (O[T + plwe (O + v /Q pe(tpe(t))de|

(4.11) + /i/ot ’VML5|§-}dT + Q/Ot(pg(uua)’, U/us)dT
< Ko(T, |p(tioe) | i, [tioe|v s [wol 2y, | — Awo + &o|v)
for a.e. t € [0,T;
(4.12) e ()l + [€e (D)7
< Ki(T, |p(toe) |1, |toe vy [wol 2 () | — Awo + Eolv)

for all ¢t € [0,T], where K;(-,---,-) : R%. — Ry, i = 1,2, are increasing
functions with respect to all the arguments.
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Proof of Theorem 2.2. First assume that [u,, w,] € Do(m,). In this
case we can use the estimates (4.11) and (4.12) in addition to (4.1) - (4.3).
Therefore, for suitable sequences {uy,} and {e,} with u, | 0 and ¢, | 0
(as n — +00) and some functions u € L>®(0,7;V), p € L>®(0,T; H), w €
Cy([0,T); H*(Q)) and ¢ € L*>(0,T; H), the solution {u,,w,} of (PSC),
= (PSC),,,.¢,, converges to the couple {u,w} in the sense that

(4.13) uy, — u weakly™ in L>°(0,T;V),

(4.14)  pp = pe, (un) — p in Cyp([0,T]; H) and weakly in WH2(0,T;V*),

(4.15) wy, — w in C([0,T]; H) N Cy ([0, T]; H*(Q)),
(4.16) w), — w' weakly™ in L>(0,T;V.)),
(4.17) §n = Eupe, — & weakly™ in L>°(0,T; H).

By the standard techniques of the maximal monotone operator theory, it
follows from (4.13) and (4.14) that p = p(u) and u,, — u in Cy,([0,T]; V') (cf.
[10; the proof of Theorem 2.3] and [15;Remark 1.3]), and also from (4.15)
and (4.17) that £ € B(w) a.e. on [0,T] x Q. Now, it is easy to see that the
limit {u,w} is a solution of (PSC) on [0,7], and estimates (2.18) - (2.20)
hold for s = 0 < t < T and M;(T) = Ry(T), M2(T) = R3(T), by Lemma
4.1.

Secondly, consider the general case of [u,,w,] € D(m,). In this case,
choose a sequence {[uok, Wor]} in Dy(m,) such that

p(tor) = p(uo) in H, wep — we in V, Ji(Upk, Wor) — J1(Uo.w5)

as k — +o00. As was shown above, for each k problem (PSC;f, h, uok, wor)
has one and only one solution {ug,wy} on [0,7] and it satisfies inequalities
(2.18) - (2.20) and (2.21) for s = 0 < ¢t < T'. Therefore, there is a subsequence
of {ug,wy}, denoted by {ug,wy} again, with some functions u, p,w and &
such that

up — u weakly in L?(0,T;V)

4.18
(4.18) and weakly™ in L*°(6,T;V) for every 0 < 6 < T,

(4.19) p(ug) — p weakly™ in L>°(0,T; H),

(4.20) wy, — w in C([0,T]; H) N Cyw(([0,T); V), weakly in L?(0,T; H*())
and in Cy([6, T]; H*(Q)) for every 0 < § < T,

w), — w' weakly in L*(0,T; V)

4.21
( ) and weakly™ in L*°(5,T; V") for every 0 < § < T,

& — & weakly in L*(0,T; H)

(4.22)
and weakly™ in L°°(6,T; H) for every 0 < 0 < T.
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Just as in the first step, (4.18) and (4.19) imply that p = p(u) and
(4.23) up — uin Cy([0,T]; V) for every 0 < 0 < T,

and (4.20) and (4.22) imply that £ € G(w) a.e. on [0,T] x Q. Also, con-
vergences (4.18) - (4.22) are enough to show that {u,w} is a solution of our
problem (PSC) on [0,T] and satisfies (2.18) - (2.20) for s =0 <t <T. We
finally get a global solution {u,w} of (PSC), since T is arbitrary.

Inequalities (2.18) - (2.20) for s > 0 and T' > 0 are immediately obtained
by taking s as the initial time. =

5. THE ATTRACTOR FOR THE SEMIGROUP ASSOCIATED WITH (PSC)

Based on Theorem 2.2, for each t > 0 we can define a mapping S(t) :
D(mo) = D(myo) by

(5.1) S(t)[uo, wo] = [u(t), w(t)], [uo, wo] € D(my),
where {u,w} is the global solution of (PSC;f, h, u,, w,).

Theorem 5.1. Assume that (H1) - (H5), (2.16) and (2.17) are satisfied.
Let 0. < m, < o*. Then the family {S(t)} = {S(t);t > 0}, defined by
(5.1), satisfies the following properties:

2 (a) {S(t)} is a semigroup defined on D(m,), i.e.

S(0) =1 on D(my,), S(t+s) = S(t)S(s) on D(m,) for any s,t > 0.

2 (b) Let 0 < 6 < T < +o0. Then S(-)[z,v] € Cu([6,T);V x H*(Q)) for
any [z,v] € D(m,). Moreover, if [zn,v,] € D(my),n =1,2,--- [z,v] €
D(my), {Ji(zn,vn)} is bounded, p(z,) — p(z) weakly in H and vy, — v
weakly in V as n — +o00, then

(5.2) S()[zn,vn] = S()[z, 0] in Cuw([6,T];V x H*(Q))
as n — +00.

: (c) For each M > 0, DM(m,) is positively invariant for {S(t)} (i.e.
S(t)DM(m,) € DM(m,) for all t > 0), and in particular,

(5.3) S(t)DM (my) € DM (my) for all t > 0.

Proof. Assertion (a) is a direct consequence of the global existence and
uniqueness result (cf. Theorems 2.1 and 2.2) for (PSC), and assertion (c)
follows from (2.18) - (2.21) and (2.23). The proof of assertion (b) is exactly
same as that of the second step in the proof of Theorem 2.2; see (4.20) and
(4.23). =

The main result of this paper is stated in the following theorem.

Theorem 5.2. Assume that (H1) - (H5) with v > 0, (2.16) and (2.17) are
satisfied. Let o, < my, < o* and let {S(t)} be the semigroup on D(m,)
defined by (5.1). Then there exists a subset A of Dy(m,) such that
: (i) A is compact and connected in H xV, and is bounded in V x H?(2);
2 (i) A is invariant for {S(t)}, i.e. A= S(t)A for allt > 0;
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2 (ii) for each subset B of D(my,) with supy, »ep{Ji(z,v) + [p(2)|3} <
+o00, and for each € > 0 there exists a finite time Tg. > 0 such that
dist gxv (S(t)[z,v], A) < e for all [z,v] € B and all t > Tg,
where distgxy (-, ) stands for the distance in H X V.

In this paper, we say that a set A is a global attractor for the semigroup
{S(t)}, if it has properties (i), (ii) and (iii) of Theorem 5.2. The key for the
proof of Theorem 5.2 is to find an absorbing set B, for the semigroup {S(¢)}.
To do so we prove a lemma under the same assumptions of Theorem 5.2.

Lemma 5.1. (1) There is a positive constant N, such that
(5.4) H‘ﬂow(t)‘%/o—i-/ Blw(t))dx < No{|w'(t)|vs +|u(t) g +1}, a.e. t >0,
Q

for all global solutions {u,w} with initial data [ue, w,| € D(my).
(2) There are positive constants 5,61 and Ny such that

%{Jl(U(tMU(t)) +eolp(u(t)) + Mw(t) |3}
(5:5) e {1 (u(b), w(t)) + olp(u(t)) + A(w(t)) [3}
< Ny, ae. t>0,
for all global solutions {u,w} with initial data [uy, w,] € D(my).
Proof. (1) We multiply (2.6) by mow(t)(= w(t) — m,) to get
(F; ! (), mow(t)) + rlmow(®)[3, + (€0, w(t) — mo) + (g(w(®)), w(t) —m,)
= (N (w(t)u(t), w(t) —m,) for a.e. t > 0.

This implies that (5.4) holds for some constant N, independent of initial
data [ue, w,] € D(m,), since

(¢t w(®) = ma) = | Blu(®)de = |23ma).

|(Fy ! (t), mow(t))| < comst.[w'(t)]v;
and
|(N (w(t))u(t), w(t) — me)| < const.|u(t)|q.
(2) By the definition of subdifferential p=! of ,0:1, we observe that

[ ™M plu®))de = (plu(t)) + Aw(®), u™)

= (p(u™) +A(w(t))aU(t))+/Qp:1(p(uo°))d$
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where k7 is a positive constant independent of any solution {u,w} of (PSC)
with [ue, w,] € D(m,). Combining (5.4) and (5.6), we see that
Ji(u(t), w(t)) < ks{lu(t) — u™[3, + [w'(8)]7;
+ [p(u(t)) + Mw(t))|3; + 1} for a.e. t >0,

where kg is a positive constant independent of any solution {u,w} of (PSC)
with [u,, w,] € D(m,). Besides, recall the inequalities

d

(5.7)

(5-8) %Jﬂu(t),w(t)) + u(t) — u™ + |wl(t)]%/0* <0 for a.e. t > 0,
and
59) L ou(t) + M) + Zlofut)) + Aw(e)f

< kao{lu(t) = u[} + lw(®)} +1}

for a.e. t > 0, which are derived from (2.18) and (3.14), respectively. In
(5.9), note from (5.4) that |w(t)|} can be estimated by const.{|w'(t)|ys +
|u(t)| + 1}, so that

(1)) + Mw(O) % + 2 lpult) + M)
< ko{|u(t) — u™ [ + [/ (t)[F + 1}

for a.e. t > 0, where kg is a positive constant independent of all solutions
{u, w} of (PSC) with [ue,w,] € D(my,).
Now, compute (5.8) + &, x (5.10) with g, = ﬁ to obtain

%{Jl(u(t),w(t)) +eolp(ult)) + Aw(t) [}

1
o {lu(t) = w5 + W' (0], + 13

(5.10)

(5.11)
Ve, 9
+ 222 p(u(t)) + Alw(0)
<1
for a.e. t > 0. Therefore, putting
1 ve, v
=min{—,—, — dN =1
€1 mln{2k8,4k8,4}an 1 ,

we obtain (5.5) immediately from (5.11). m

Remark 5.1. In general, for a solution {u,w} of (PSC) we do not know
the absolute continuity of J; (u(t), w(t)) in time ¢. But it follows from (2.18)
of Theorem 2.2 that Ji(u(t),w(t)) is of bounded variation (hence almost
everywhere differentiable in ¢) and its derivative £ J;(u,w) is integrable on
each bounded interval of R, and

J1(u(t),w(t)) — Ji(u(s),w(s)) < /t diTJl(u, w)dr for any 0 < s <t < 400.

Therefore inequality (5.5) makes sense. Also, inequality (5.9) similarly makes
sense.
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Now we fix the functional

T(5,0) = Ji(2,0) + colpl=) + AWy
with &, in (2) of Lemma 5.1. For the simplicity of notation we write
J(S(t)[to, wo)) for J(u(t),w(t)), {u,w} being the global solution of (PSC)
with initial data [ue, w,] € D(my,).
Lemma 5.2. There exists a subset B, of D(m,) such that

: (a) sup J(z,v) < 400,
[2,v]€B,
: (b) for any subset B with supy, yep J(2,v) < +00, there exists a time
tg > 0 such that

S(t)B C B, for all t > tp.
Proof. From (5.5) of Lemma 5.1 it follows that

N
J(S(t)[z,v]) < e J(z,v) + 6—1 for all t > 0 and all [z,v] € D(m,).
1

Now, take a subset
Ny
B, :={[z,v] € D(my); J(z,v) <1+ ?}
1
Then, B, clearly satisfies properties (a) and (b). =

Lemma 5.3. Let B be any subset of D(m,) with supy, ,ep J(2,v) < +00,

and 0 be any positive number. Then Bs = UtzgS(t)BHXV is in Dy(my),
compact in H x V, bounded in V x H?(Q)) and
sup J(z,v) < +oo.
[z,v]€Bs

Proof. By Lemma 5.2, there is a finite time ¢, > 0 such that S(¢)B C B, and
S(t)B, C B, for allt > t,. Hence, if t > 2t,+6, then S(¢)B = S(0)S(t—t,—
0)S(to)B C S(§)B,. By (2.18) - (2.23) of Theorem 2.2 and Remarks 2.2, 2.3,
S(8)B, is in D,(m,), bounded in V x H?(Q) and SUP[; v]es(8)B, I (2: V) <
+o00. Therefore, By 5 := Ut22t0+55’(t)BHXV is in D,(m,), compact in
H x V, bounded in V x H?(§) and SUPL[. v)€ By, 45 (7, V) < +00. Applying
again (2.18) - (2.23) with s = 0 and T' = 2t, + ¢, we see that the set

Bsot 46 = U S(t)B
§<t<2t0+5

has the same properties as By y5. Consequently Bs (C Bat,+5 U Bsat,+6)
has the required properties. =

Proof of Theorem 5.2. The construction of A is quite standard. In fact,
we shall show that the set

(5.12) A=NUsos, "

s>01>s
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is the required one, where B, is the absorbing set found by Lemma 5.2. By
(5.12) it is clear that

[z,v] € A if and only if there are sequences {t,} with
tn, T 400 as n — 400

and {[zn,vn]} C B, such that

S(tn)[zn, vn] = [z,v] in H x V.

Moreover, on account of Lemmas 5.2 and 5.3, we see that A C D,(m,) N By,
and in (5.13) the sequences {t,,} and {[zn,vn]} can be chosen so as to satisfy
further that for some [2, 0] € Dy(m,)

S(tn)|zn, vn] — [2,v] weakly in V x H?(Q),
(5.14) {

(5.13)

[2n, V] — [2, 7] weakly in V x H?(1),
sup,,>1 J(2n, vn) < 400, sup,>1 J(S(tn)[2n, va]) < +oo0.

(i) By Lemma 5.3, for each s > 0, By := UtZSS(t)BOHXV is compact in
H x V and bounded in V x H%(Q), so is A.

Next, by contradiction we show the connectedness of A. Assume that A
is not connected in H x V. Then there would exist two compact sets A; and
As in H x V such that

AU Ay = A, AlﬂAQZ(Z), AZ#Q), 1=1,2.
Let X; := [2",v"] € A; for i = 1,2, and choose by (5.13) and (5.14) sequences
{ti} with ¢/ 1 +o00 and X! := [z}, v%] € B, N D,(m,) such that
S(t) X! — X' weakly in V x H%(Q),

sup J(S(t)X}) < 400, i =1,2.
n>1

(5.15)

Without loss of generality we may assume that
th<t2 <ty t2—t,>1, foralln=1,2--.

Putting X2 := S(t2 — t1)X2, we have

(5.16) S(tX2 (= 5(t2)X2) — X2 weakly in V x H(Q)
and by Lemma 5.3
(5.17) sup J(X2) < 4o0.

n>1

Consider the segment
Ln(r) =7X)+ (1 -7)X2, 7€10,1].
Then, we easily observe from (5.15) - (5.17) that

(5.18) L,(7) € Dy(my), T €[0,1], sup J(Ln(7)) < +00.
T7€[0,1],n>1

This implies by (b) of Theorem 5.1 that S(t}k)Ln(T), T € [0,1], is a con-

tinuous curve combining S (t) X} and S(t1)X2 in H x V. Now, take -

neighborhoods U} of A; for i = 1,2, for a sufficiently small number € > 0 so
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that Ul NU2 = (). In this case, S(t1) X} € Ul and S(t1)X? € U2 for all suf-
ficiently large n (cf. (5.15),(5.16)). Hence there is a sequence {7,} C (0,1)
such that

(5.19) S(tL)Ly(m,) ¢ UL UUZ.
Besides, by Lemma 5.2, choose a positive number ¢, such that
S(to)Ln(T) € B, for all 7 € [0,1], n=1,2,--- .

Since S(tL)Ln(7) = Stk —t,)S(to)Ly(T) C S(tL — t,) By, it follows from
Lemma 5.3 that {S(t.)Ln(7);7 € [0,1],n > n,} is bounded in V x H%(Q)
for all sufficiently large n,. Therefore, by (5.13), any accumulation point of
{S(tV)L,(7);n > n,} in H x V belongs to A. This contradicts (5.19).

(ii) First we prove S(t)A C A for allt > 0. Let X := [z, v] be any element
of A. Then, there are sequences {t,} with ¢, T +oo and {X,, := [z, vn]}
satisfying the properties in (5.13) and (5.14). We note by (b) of Theorem
5.1 that for t > 0

S(t 4 tn) X, = S(t)S(tn) X, — S(t)X weakly in V x H2(Q).

Hence S(t)X € A by (5.13) again. Thus S(¢)A C A.

Conversely, we show A C S(t)A for t > 0. Let X := [z,v] be any element
of A. Then, there are sequences {t,} and {X,, := [zp,vp]} C Do(m,) N B,
satisfying (5.13) and (5.14). Now, by Lemmas 5.2 and 5.3, {Y,, := S(t, —
t)Xn;n > no} is bounded in V x H%(Q) and sup,,>,,, J(Yn) < oo (if n, is
sufficiently large), so we may assume that Y;, — Y weakly in V x H%(Q) for
some Y € A. Applying (b) of Theorem 5.1 we see that

S(t)Y;, — S(t)Y weakly in V x H?(Q),

so that X = S(¢)Y, since S(t)Y,, = S(t,)X,, — X weakly in V x H?(Q) by
(5.13). Thus A C S(¢t)A.
(iii) By Lemma 5.2 it is enough to show that

distgxv (S(t)[z,v], A) — 0 uniformly in [z,v] € B, as t — +o0.
But this is evident from the definition (5.12) of A. =
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