HYPERBOLIC DIFFERENTIAL-OPERATOR EQUATIONS
ON A WHOLE AXIS
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We give an abstract interpretation of initial boundary value problems for hyperbolic
equations such that a part of initial boundary value conditions contains also a differ-
entiation on the time ¢ of the same order as equations. The case of stable solutions of
abstract hyperbolic equations is treated. Then we show applications of obtained abstract
results to hyperbolic differential equations which, in particular, may represent the lon-
gitudinal displacements of an inhomogeneous rod under the action of forces at the two
ends which are proportional to the acceleration.

1. Introduction

The first attempt to give an abstract interpretation of hyperbolic problems such that a
part of boundary value conditions may contain the differentiation on the time was done
in [8] for almost periodic solutions and oscillations decay cases, and in [5] for hyperbolic
differential-operator equations on a finite interval. In this paper, we continue this study to
the case of differential-operator equations on a whole axis. In particular, we find sufficient
conditions for which the solution of the considered problems is stable.

Let H and F be Hilbert spaces. The set H @ F of all vectors of the form (u,v) where
u € H and v € F, with usual coordinatewise linear operations and the norm

() yop = (lullZ + Iv112) " (1.1)

is a Hilbert space and called the orthogonal sum of Hilbert spaces H and F.
For the operator A closed in a Hilbert space H, the domain D(A) is turned into a
Hilbert space H(A) with respect to the norm

1/2
luallrcay := (Nl + 1Aml?) ™

(1.2)
If H, and H are two Hilbert spaces where H; C H, then H, can be represented as the
domain D(S) = H; of a suitable positive definite selfadjoint operator S in H (see, e.g.,
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100  Hyperbolic differential-operator equations on a whole axis

[4, Remark 1.18.10/3]). Then, by [4, Theorem 1.18.10], the interpolation space

(Hy,H)g, =H(S"Y). (1.3)

2. Hyperbolic differential-operator equations

We give, in this section, an abstract interpretation of initial boundary value problems
for hyperbolic equations such that a part of boundary value conditions contains also the
differentiation on the time .

Let H and H”, v = 1,...,s, be Hilbert spaces. Consider the following Cauchy problem
(abstract “initial boundary value problem”):

L(Dy)u:=u"(t)+Bu(t) =0, (2.1a)
Ly(D)u:= (Ayu()” +Apu(t) =0, v=1,...,s (2.1b)
u(0) = uo, u'(0) = uy, (2.1¢)

where t € R; B is an operator in H; A, and A,, are operators from a subspace of H into
H"; and u(t) from R into H is an unknown function. Note that operators B, Ao, and A,,
are, generally speaking, unbounded.

A function u(t) is called a solution of problem (2.1) if the function ¢ — (u(t), A1ou(t),...,
Agu(t)) fromRinto H® H! @ - - - ® H* is twice continuously differentiable, from R into
H(B)®H'!® - - - ® H® is continuous, and u(t) satisfies (2.1).

We say that problem (2.1) is stable if each of its solution u(t) with uy € H(B), u; €
H(B), is bounded, that is,

lu@)l|<C, teR (2.2)

Consider a system of operator pencils corresponding to (2.1a) and (2.1b);

L(A):=AM+B,

LV(A) = AA,;Q +A,n, v=1,..,s, (23)

where A is a complex number.

THEOREM 2.1. Let the following conditions be satisfied:

(1) Bis a closed operator in a Hilbert space H with a dense domain D(B); the embedding
H(B) C H is compact;

(2) the operators A,y from (H(B),H)1,, into H” act boundedly and Ay, v = 1,...,s,
from H(B) into H” act boundedly;

(3) the linear manifold {v | v := (u,Aiou,...,Axtt), u € D(B)} is dense in the Hilbert
spacce Ho H' @ - - - & H;
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(4) forallu € D(B), v € D(B),

(Bu, V)i + (A, A1ov) i + - - - + (A, AgV) s

(2.4)
= (u,Bv)u + (Aot Aav) o + -+ - + (Agott, AV) s
(5) for allu € D(B),
0 < (Bu,u)y + (Alzu)Alou)Hl i (Aszllesou)Hs = CH”H(ZH(B),H)I/M§ (2.5)

(6) some real number Ay is a regular point for the operator pencil L(A): u — L(A)u :=
(LM u,Li(Mu,...,Ls(A)u), which acts boundedly from H(B) onto Ho H' & - - - ® H';
(7) (u1,Avour,..., Aqour) € Im(BY2), where

DB):={v|v:=(u,Awu,...,Agu), u€ D(B)},

2.6
B(M,Alou,...,Asou) = (Bu,Alzu,...,Aszu) ( )

is an operator in the Hilbert space ¥ := H® H' & - - - & H* and from condition (5),

it follows that (Bv,v) = 0, for all v € D(B);
(8) up € H(B), u; € (H(B),H)1/2,.

Then there exists a unique solution u(t) of problem (2.1) such that the function t —
(u(t), Arou(t),...,Aqou(t)) from Rinto H® H' @ - - - @ H® is twice continuously differen-
tiable, and from R into H(B) @ H' & - - - @ H® is continuous, and for t € R, the following
estimate holds:

@]+ [[u” O]+ D [ (Awu®)” || + || But)]|
y=1 (2.7)

< C(|1Buol|+ lluol |+ 141]] 15,111, )

consequently, problem (2.1) is stable.

Proof. Consider, in the Hilbert space 3 := H® H' @ - - - @ H¥, the above-mentioned op-
erator B. Then the Cauchy problem

v (t) +Bv(t) =0,

v(0) = vy, v'(0) = vi, (2.8)
is equivalent to the Cauchy problem (2.1), where v := (1o, A10uo,...,As0Uo), V1 := (U1,
Ayous,...,Aou). Indeed, let u(t) be a solution of problem (2.1). Then, v(f) = (u(t), A1ou(t),
...»Asu(t)) is a solution of problem (2.8). Conversely, let v(¢) be a solution of problem
(2.8). Since v(t) € D(B), then v(t) := (u(t),Arou(t),...,Axu(t)), where u(t) € D(B), for
all t € R. Substituting v(¢) into (2.8), we get that u(t) satisfies (2.1).
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By virtue of condition (3), D(B) is dense in . By virtue of condition (4), for ¥ =
(i, Avodiss...,Apii) € D(B), ¥, = (fi2,A1oila,...,Awily) € D(B),

(BV1,72) g = (Bity, i) jy + (Arziin, Arola) g+« - - + (Agiin, Asolz) e
= (@11, Bity) y + (Aroti, Arziy) gy + -+ - + (Aol Apiln) s (2.9)
= (71,B72) 4.

Consequently, the operator B is symmetric. In turn, equation
Av+Bv=F, F:=(f,fi,..r fs), (2.10)
where v = (u,Aou,...,Au), is equivalent to the system

L(Ao)u=Aou+Bu=f,

(2.11)
L,,(Ag)u=/\0Av0u+Av2u=f,,, v=1,...,s.
By virtue of condition (6), problem (2.11) has a unique solution
u=LMAo) " (fsfirr o). (2.12)

So, a solution of (2.10) has the following form:

v= (L) " (fsfireeor f)rALM0) " (f fireor fo)serAL(A0) ™ (fs fireon )
(2.13)

Hence, the operator B is closed and the image Im(A¢l + B) = 9, where I is the identity
operator in . By virtue of [3, Chapter Y, Section 3], the operator B is selfadjoint. From
condition (5), it follows that (Bv,v) = 0, v € D(B). Consequently, the operator B is self-
adjoint and nonnegative. By condition (7), B~"2v; is well defined. Then, problem (2.8)
has a unique solution v(t) € C?(R; #(B),¥) and

v(t) = cos (tBY?) vy +sin (BY2) B2y, (2.14)

where cos(tBY2)v = [;° cos(tA2)dE(A)v, sin(tB?)v = [, sin(tAY?)dE(A)v, and E(1) is
the spectral decomposition of the selfadjoint operator B.

Obviously, vy € #(B). Show now that v; € ¥ (B"?). From the definition of the op-
erator B, it follows that #(B) C H(B) ® H' @ - - - @ H®. By Section 1, (H(B),#)12, =
J(BY2). Then,

H(B'?) = (9(B),%)120 C (H(B),H),, ®H' & - - & H" 2.15)
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Assume, first, that v = (u,Aou,...,Aou) € D(B), that is, u € D(B). Then, by virtue of

conditions (2) and (5) and the property of interpolation spaces: #(B) C (#(B),#)1/2,2 C
¥, we get

2
Ve = [IBY2¥]l5 + w11 = (B2, B2v) g0 + (v,v)5¢ = (Bv,v)ae + (v, V)%
S

s
= (Bu,w)y + > (At Ayo) gy + (us )y + > (Asotty Asoth) g (2.16)
v=1 v=1

2
< Cllull sy my s

Now, vy := (u1,AoU1,...,Asou1), where u; € (H(B),H)1/2,2. Then, there exists a se-
quence u" € H(B) such that

lim || = ]| 1) 1,0, = 05 (2.17)

since the space H(B) is dense in (H(B),H)1/2,. Moreover, 4" is a fundamental sequence,
that is, lim, . lt" — u™ ||(H(B),H),,, = 0. By (2.16), we get

" = v"|s¢mrny < Cllu" - umH(H(B),H)l/z,z’ (2.18)
where v"* = (1", Ajou",...,Axu™). Therefore, the sequence v" is a fundamental in the Hil-
bert space #(B'/?). Hence, v" converges in #(B'/?), that is, there exists v = (#,A 0%, ...,
Agui) € #(BV?) such that lim,,—« [|[v" — ¥||3¢e12) = 0. In particular,

lim " =4l 3y ), 0, = O- (2.19)

Then, by virtue of (2.17), % = u; and, therefore, v = v;. Hence, v; € #(B"?). Moreover,
writing (2.16) for v" and passing to the limit when n — oo, we get that

Ivllser2y < Cllulla),H), (2.20)

is also true for v = (1, A1ot,...,Axu), forall u € (H(B),H)1/2,2-

Since
V' (£) = B2 sin (£B2) vy + cos (£B2) v,
V' (£) = —Bcos (£B2) vy — BY2 sin (£B2) v, (2.21)
then
v+ [y @)+ |Bv(®)]] < C(||vol| + [[v1]] + [|Bvo| | + | [BY?11]]) .

< C(|[voll +[|v1 5y + |IBwol]), tER.

From this, by (2.20) and condition (2), the statement of the theorem follows. O
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Consider now such a formulation of problem (2.1), which allows us to insert the first-
order derivative into (2.1a). Let H and H”, v = 1,...,s, be Hilbert spaces. Consider the
following Cauchy problem (abstract initial boundary value problem):

L(Dy)u:=u"(t) + Au' (t) + Bu(t) = h(¢),
Ly(Do)u:= (Ayu(t)” +Apu(t) = hy(t), v=1,...,5s (2.23)
u(0) = uo, u'(0) = uy,

where t > 0; A and B are operators in H; A, and A,, are operators from a subspace of H
into H”; u(t) from [0, c0) into H is an unknown function; h(t) and h,(t) from [0, o) into
H and H”, respectively, are given functions. Note that operators A, B, Ay, and A,; are,
generally speaking, unbounded.

Consider, in the Hilbert space % := H® H' @ - - - ® H¥, operators A and B given by
the equalities

D(A):=D(A)eH'®- - o H",
Au,vy,...,vs) := (Auy,0,...,0),
D(B):={v|v:=(u,A10U,...,Axgu), u € D(B)},
B(u,Aou,...,Aqgu) := (Bu,Apu,...,Aou).

(2.24)

THEOREM 2.2. Let the following conditions be satisfied:

(1) B is an operator in a Hilbert space H with a dense domain D(B); A is an operator in
H with D(A) D (H(B),H)\/2,2; the embedding H(B) C H is compact;

(2) the operators Ay, v = 1,...,s, from (H(B),H)12, into H” act compactly, and the
operators Ay, v =1,...,s, from H(B) into H” act boundedly;

(3) the linear manifold {v | v := (u,Aioth,...,Aqott), u € D(B)} is dense in the Hilbert
space HoH' @ - - - ® H;

(4) forallu € D(B), v € D(B),

(Bu, V)i + (At A1ov) o + - - - + (A, Agv) s

(2.25)
= (,BV)u + (Ao, AaV) gy + - - - + (Asott, AV) s
(5) for all u € D(B) and some C, ¢ # 0,
Cllulla )by, = (B )m + (Arath, Agtd) g + - - - + (Agu, Aou) s (26)
2.2

> Al + [ Avoul [ + - - - + || Asoul[1);

(6) some real number Ay is a regular point for the operator pencil L(A): u — L(A)u :=
((AI+B)u,(AM1o+A12)u,...,(AAg + Ax)u), which acts boundedly from H(B) onto
HeH'®---oHS

(7) A is a skew-symmetric operator in H, that is, A*u = —Au, u € D(A), and A from
(H(B),H)1, into H is bounded;



Yakov Yakubov 105

(8) h € W,((0,00);H) N L1 ((0,00);H), hy € W;((0,00); H) N L1 ((0,0); H”), v = 1,2,
for some p > 1;

(9) ug € H(B), uy € (H(B),H)1/2,.

Then there exists a unique solution u( ofproblem (2.23) such that the function t —
(u(t), Arou(t),..., Aqgu(t)) from [0,00) into H® H' & - - - & H* is twice continuously differ-
entiable andfrom [0,00) into H(B) ® H' @ - - - & H* is continuous, and for the solution the
following estimate holds:

||“(t)||(H(B),H)1,2,2+||“ ||+Z|| oul(t

<C<||“0H(H B),H) 122 ||u1||(HB)H)1/22+”h”L1 0,00); +Z||h I Ooo)Hv)> Vt=0,

v=1
(2.27)
consequently (since H(B) C (H(B),H )12, C H), problem (2.23) is stable.
Note that substituting t = —7, 7 > 0, one can consider problem (2.23) for ¢ < 0 too.

Therefore, in fact, Theorem 2.2 is true for t € R.

Proof. Consider, in the Hilbert space 3% := H® H' @ - - - @ H¥, the above-mentioned op-
erators A and B. Then the Cauchy problem

v (1) + AV (1) +By(t) = f(1),
v(0) = vo, v (0) = vy, (2.28)

is equivalent to the Cauchy problem (2.23), where v := (1o, A10Uo,...,As0Uo), v1 := (U1,
Agou,..., Aqur), f(t) := (h(£),h1(t),..., hs(t)), and v(t) := (u(t), Alou(t) »Asou(t)) (for
the proof see the proof of Theorem 2.1).

Apply Theorem A.1 (see the appendix) to problem (2.28), where A := A, B := B. It was
proved in Theorem 2.1 that the operator B is selfadjoint.

From condition (5), it follows that (Bv,v) > ¢(v,v), v € D(B). Consequently, the op-
erator B is selfadjoint and positive-definite. So, by conditions (1), (2), and (3), conditions
(1) and (2) of Theorem A.1 are fulfilled.

From the proof of Theorem 2.1, it follows that #(B"?) c (H(B),H)pp, ®H' @ - - - @
H¢. This implies, by conditions (1) and (7), D(A) > D(BY?), the operator A from #(B'/?)
into # is bounded and is skew-symmetric. Hence, condition (3) of Theorem A.1 is sat-
isfied. From condition (8), it follows condition (4) of Theorem A.1. Similar arguments
to those in the proof of Theorem 2.1 gives us that vo € #(B), v; € H(B'?), that is, the
last condition (5) of Theorem A.1 is satisfied too. So, on each interval [0,T], we have a
unique solution v(t) € C?([0, T]; #(B), #(B'?), %) of problem (2.28). In order to get the
estimate of Theorem 2.2, one should use the proof of Theorem A.1 from the appendix.
In particular, it follows from the proof that

v(t) Vo b 0
(V,(t)> _ gt (m) + L Ry (f(f)) dr, (2.29)
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where o = (_OB _IA). Moreover,

t
v Ollgeqeey + 1" Olle = 11volleqgray + vl + L 1f llged. (2.30)

Using conditions (2), (8), and (9), and the inequality (2.20), we get the estimate of the
theorem. U

3. Initial boundary value problems for hyperbolic equations

Consider, in the domain R x [0,1], an initial boundary value problem for the hyperbolic
equation

L(Dy)u:= DXu(t,x) — Dy(b(x)Dsu(t,x)) =0, (t,x) € Rx[0,1],
Li(D;)u:= aD?[u(t,0)] + Dyu(t,0) =0, tER,
Ly(Dy)u:= BDi[u(t,1)] + Deu(t,1) =0, teR,

u(0,x) = up(x), Dwu(0,x) =u;(x), xe€]l0,1],

(3.1)

where a, 8 are real numbers, D; := 9/0t and D, := 9d/0x.

This problem was considered, by a different approach, in [1]. As it was mentioned
in [1], “physically, such a problem may represent the longitudinal displacements of an
inhomogeneous rod under the action of forces at the two ends which are proportional
to the acceleration. In particular, this situation is realized if there are massive loads at the
ends (see, e.g., [2, Chapter 12]) and in this case we have o < 0 and > 0.”

THEOREM 3.1. Let the following conditions be satisfied:

(1) b € C'[0,1]; b(x) >0 for x € [0,1];

(2) a<0,5>0;

(3) up € W3(0,1), uy € W5(0,1);

(4) [y w1 (x)dx — ab(0)u1 (0) + Bb(1)u; (1) = 0.

Then there exists a unique solution u(t,x) of problem (3.1) such that the function t —
(u(t,x),u(t,0),u(t,1)) from R into L,(0,1) & C & C is twice continuously differentiable, and
from R into W3(0,1) & C ® C is continuous, and for t € R the following estimate holds:

[|u(t, ')||L2(0,1) +|[Dru(t, ')||L2(0,1) + [ D [u(t,0)] | + | D [u(t, )] |

(3.2)
+||D3,ult, ')||L2(0,1) = C(H”OHW;(O,U + ||“1||W21(0,1)>’

consequently, problem (3.1) is stable.

Proof. Apply Theorem 2.1. Consider, in the Hilbert space H := L,(0,1), an operator B
given by the equalities

D(B):= W3(0,1),  Bu:=—(b(x)u'(x))". (3.3)
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Taking H! := —(b(0)/a)C, H? := (b(1)/B)C, and

Aqou := au(0), Axou:= ﬁu(l)’

A12u2= u'(O), A22u1= u'(l), (3.4)
problem (3.1) can be rewritten in the form (2.1), where u(t) := u(t, -) is a function with
values in the Hilbert space H := L,(0, 1), and ug := uo(+), ty := u ().

From [4, Section 3.2.5], it follows that condition (1) of Theorem 2.1 is satisfied. From
(4, Section 4.3.1], it follows that (W3(0,1),L,(0,1))1/22 = W3 (0,1). Then condition (2)
of Theorem 2.1 is satisfied too. Condition (3) of Theorem 2.1 follows from Theorem A.2
(see the appendix). We prove conditions (4) and (5) of Theorem 2.1. For u; € W3(0,1),
U € W22(0, 1), we have

(Bub”Z)Lz(o,l) + (AIZMI:AIOUZ)_(;,(O)/,X)C + (AZZUI:AZOUZ)(b(l)/ﬁ)(C

0 dx dx B

1 L dup(x) -
= L ul(x)dii (b(x) dujiX) ) dx — b(x)u} (x)uz(x) |(1) (3.5)

- —jl 4 (b(x)m)uz(x)dX— 29 0) @+ s 0B

+10(0) (b)) [ — b(O)u; (0)200) + b(1)usy (1uz(1)
= (u1,Bua) 1, 0,1) + (Arot1,A1h2) _p0y/mc + (A20t1,A2212) (1105
that is, condition (4) of Theorem 2.1 is satisfied. For u € W7(0,1), we have
(Bu,t)1,0,1) + (A2t Arott) _y(0)/a0c + (221 Azol) (1180
= Ll b(x) |u' (x)] *dx = b(o)u (x)u(x) | o — b(O)' (0)u(0) + b(1)u' (Nu(D) (3.4

1
= J b(x)|u' (x) |2dx > 0.
0
On the other hand, fol b(x)|u (x)|2dx < Cllul|? p that is, condition (5) of Theorem 2.1

wio,1
is satisfied too. Denote

L) u:= A +B)u = Au(x) — (b(x)u' (x)),
Li(M)u:= (A9 + A1) u = dau(0) +u'(0), (3.7)
Lz()t)u = (/\Az() +A22)u = )Lﬂu(l) + u'(l).

From Theorem A.3 (see the appendix), it follows that for any € > 0, there exists R, >0
such that for all complex numbers A which satisfy |A| > R, and lying inside the angle

—mHe<argA<m—e, (3.8)
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the operator IL(A) : u — L(A)u := (L(A)u, Ly (A)u, Ly(A)u) from W3(0,1) onto L,(0,1) &
—(b(0)/a)C & (b(1)/B)C is an isomorphism, that is, condition (6) of Theorem 2.1 is sat-
isfied. Condition (7) of Theorem 2.1 is fulfilled in view of condition (4) (see for details
[1]). Condition (8) of Theorem 2.1 follows from condition (3). So, for problem (3.1), all
conditions of Theorem 2.1 are fulfilled and the statement of Theorem 3.1 follows. a

We present now an application of Theorem 2.2. Consider, in the domain [0,00) X
[0,1], an initial boundary value problem for the hyperbolic equation
L(Dy)u := D} u(t,x) +ia(x)D;u(t,x) — Dy (b(x)Dyu(t,x)) + c(x)u(t,x)
=h(t,x), (t,x)€[0,00)x[0,1],
Ly (Dy)u:= aD}[u(t,0)] + Deu(,0) = by (£), t € [0,00), (3.9)
Ly(Dy)u = BDy[u(,1)] + Dau(t,1) = (1), t € [0,00),
u(0,x) = up(x), Du(0,x) =u(x), xe€][0,1],

where «, f3 are real numbers, i = /=1, Dy := d/0t, D, := 9/0x.
THEOREM 3.2. Let the following conditions be satisfied:

(1) a€ C[0,1] and is real-valued; b € C'[0,1], b(x) > 0 forx € [0,1]; ¢ € C[0,1], c(x) >
0 forx € [0,1];

(2) a<0,5>0;

(3) h e W,((0,00);L5(0,1)) N Ly ((0,00); L5(0,1)), hy € W, (0,00) N Ly (0,00), v = 1,2,
for some p > 1;

(4) ug € W2(0,1), u; € W3(0,1).

Then there exists a unique solution u(t,x) of problem (3.9) such that the function t —
(u(t,x),u(t,0),u(t, 1)) from [0, c0) into L,(0,1) @ C & C is twice continuously differentiable,
and from [0,00) into W3(0,1) & C @ C is continuous, and for the solution the following
estimate holds:

[lut, ')||L2((),1) +||Deult, ')||L2(0,1) + | De[u(t,0)]] + [ De[u(t, 1)] |

o] 2 o]
< C(Ilollwgion +lnllwgion + | 10 ode+ X | Im@1de), vezo,
v=1
(3.10)

consequently, problem (3.9) is stable.

Note that this theorem, as Theorem 2.2, is also true for t < 0 and, therefore, for t € R.
Proof. Apply Theorem 2.2. Consider, in the Hilbert space H := L,(0, 1), operators A and
B given by the equalities

D(A) :=L,(0,1), Au:=ia(x)u(x),

D(B) := sz(O,l), Bu:= _(b(x)u,(x)),‘FC(x)u(x)_ (3.11)



Yakov Yakubov 109

Taking H' := —(b(0)/a)C, H? := (b(1)/B)C, and Ajou := au(0), Ayu := Bu(l), Ajau :=
u'(0), Apu:=u'(1), problem (3.9) can be rewritten in the form (2.23), where u(t) :=
u(t,-) and h(t) := h(t,-) are functions with values in the Hilbert space H := L,(0,1), and
®0:=@o(+), p1:= ¢1(-).

From [4, Section 3.2.5], it follows that D(B) is dense in H, and the embedding H(B) C
H is compact, and from [4, Section 4.3.1] it follows that (W3 (0,1),L,(0,1))1/22=W3 (0, 1).
Therefore, condition (1) of Theorem 2.2 is satisfied. It is well known that the embedding
Wk(0,1) c C™[0,1], k >m >0, is compact (see, e.g., [4, Section 4.10.2, formula (15)]).
Then condition (2) of Theorem 2.2 is satisfied too. Condition (3) of Theorem 2.2 follows
from Theorem A.2 (see the appendix). We prove conditions (4) and (5) of Theorem 2.2.
Foru e WZZ(O, 1),ve W22(0,1), we have

(Bu,V)1,01) + (A2t Arov) —oya)c T (AZZM:AZOV)(b(l)/ﬁ)(C

T Jol d%c (b(") dz;x) )V_x)dx + Ll () u(x)v(x)dx

_ b(0)  ,

B

J (x)* (b( )dV(X) )dx+ Jl c(x)u(x)v(x)dx — b(x)u (x)v(x)] (1,
0

2w (0)av©) + 22y (1B

(3.12)

+u(x) (b(x)v'(x)) | § = b(O)u' (0)¥(0) + b(1)u' (1)v(1)

= (1, BV)1,0,) + (A0, A12V) _ 0w + (A201A227) 41805

that is, condition (4) of Theorem 2.2 is satisfied. For u € W3(0,1), using conditions (1)
and (2) and that W} (0,1) c C[0,1] is bounded, we have

(Bu, )1, 0,1) + (A2t A1ot) _y0)/mc + (A2t A2ott) 511/ c

_ Jl b(x)|u (x)| dx + Jl c(x) | u(x) |Pdx — b(x)u' (x)u(x) |
0 0
= b(0)u' (0)u(0) +b(1)u' (1)u(1)

1 1

:J b(x)|u'(x) |2dx+J0 c(x) | u(x) |2dx (3.13)
fmln{xrerhl)r}]b(x) r%n c(x)}llull o)

> (Ilull?, g,y — b(0)ec| u(0)|* +b(1)Bu(1) )

= Cz(”””i(o,n + ||A10”||27(b(o)/a)«: + ||A20”||?h(1)/,3)([3)’ Ac # 0.

On the other hand, fol b(x)|u (x)|*dx + fo x)|u(x)?dx < Cllull2 p that is, condi-
tion (5) of Theorem 2.2 is satisfied too. Condition (6) of Theorem 2 2 is checked as in
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the proof of Theorem 3.1. We check condition (7) of Theorem 2.2. Take u,v € D(A) =
L,(0,1). Then,

1

1
(Au,v) 1,00 = J ia(x)u(x)v(x)dx = — JO u(x)ia(x)v(x)dx

0
= (u, _AV)L2(0,1)~

(3.14)

Conditions (8) and (9) of Theorem 2.2 are trivial. So, for problem (3.9), all conditions of
Theorem 2.2 are fulfilled and the statement of Theorem 3.2 follows. O

Appendix

Consider, in a Hilbert space H, the Cauchy problem for the second-order hyperbolic
differential-operator equation

L(D)u:=u"(t)+Au'(t)+ Bu(t) = f(t), t€][0,T],

, (A.1)
u(0) = go, u'(0) = g1,
and the characteristic operator pencil
L(A):=A*+1A+B. (A.2)

THEOREM A.1 (see [7, Theorem 6.4.3]). Let the following conditions be satisfied:

(1) B is a selfadjoint positive-definite operator in a Hilbert space H;

(2) the embedding H(B) C H is compact;

(3) A is a skew-symmetric operator in H, that is, A*u = —Au, u € D(A); the operator A

from H(BY?) into H is bounded;

(4) f € W,((0,T);H), where p > 1;

(5) g0 € D(B), g1 € D(B?).

Then, problem (A.1) has a unique solution u € C*>([0,T];H(B),H(BY?),H), and the
solution can be expanded to the series

«© Axt

u(ty = ¢

~ 2 2 2
kot BV 2aue || | A [

X ((Bgo — kg1, Uk) —)ij e*AkT(f(‘r),uk)dT> Uk,

t (A3)
0

where A are purely imaginary eigenvalues and uy. are the corresponding eigenvectors of oper-
ator pencil (A.2), and the series converges in the sense of the space C*([0, T]; H(B), H(B"?), H).

Denote

Nv
Ayou s = “Vu(mv)(o) +/;yu(mv)(1) + z 5vju(m")(xvj) +Tou, v=1,...,m. (A4)
j=1
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THEOREM A.2 (see [7, Theorem 3.6.2]). Let the following conditions be satisfied:

(1)m=1,m,=0,0<s<m;
(2) a system of functionals (A.4) is p-regular with respect to a system of numbers w; :=
2 G=1/m) i = 1,...,m, that is,

0(1(();"1 P (xla)g/ll ﬁlw;nil PR ﬁlwml
#0, (A.5)
(xmw’inm - amwglm ﬁmwgi"l “ e ﬁmwmm
where p = m/2 if mis even, p = [m/2] or p = [m/2] + 1 if m is odd, x,; € (0,1) and,

for some q € (1,), functionals T, in W3" (0,1) are continuous.

Then, the linear manifold
{(u,v) lue C[0,1], Ayu=0,v=s+1,....,m, v:= (Apu,...,Aou) }, (A.6)

is dense in the space Wg(O, 1) + Cs, € < min{m,}.

Consider a principally boundary value problem for an ordinary differential equation
with a variable coefficient in case when the spectral parameter appears linearly in the
equation and can appear in boundary-functional conditions

LV)u:=Au(x) +a(x)u'™ (x) + Bul, = fx), x€(0,1), (A.7a)

Nv
L(A)u:= 1 (ocvu(’”V)(O) + By ™ (1) + > 8™ (x,) + Tvu)

p (A.7b)

+Twu=g, v=1,..,s

N,
Lyu:= a,u™)(0) + Bou™) (1) + z 8,,ju(’””) (%) + Tyu=0, v=s+1,...,m,  (A.7c)
i1

wherem>1,m, <m-—1, xyj € (0,1), 0 < s < m, Bisan operator in L,(0,1), T, and T
are functionals in L,(0,1).
THEOREM A.3 (see [6]). Let the following conditions be satisfied:

M)m=Lm,<m-10<s<m;

(2) a € C[0,1]; a(x) # 0; a(0) = a(1); sup,¢ o1 argalx) — infrefo,1)argalx) < 2m if m is
even; sup, (o) arga(x) — infye(o,1)arga(x) < if m is odd;

(3) forall e >0,

I1Bullr,0,1) < ellullwyro,n) + Ce)lull0,1), we Wi(0,1); (A.8)
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(4) functionals T, in W3"(0,1) and functionals T,y in W3*¢(0,1), for some ¢ >0, are
continuous;
(5) system (A.4) is p-regular with respect to a system of numbers w; = 2™ ((=1/m) j =
1,...,m (see Theorem A.2).
Then for any € > 0, there exists R, > 0 such that for all complex numbers A which satisfy
[Al > R, and for m = 2p lying inside the angle,

ULy sup arga(x)+e<argld < T g+ inf arga(x) — ¢, (A.9)
2 x€[0,1] 2 x€[0,1]

for m =2p +1 lying inside the angle,

mm + sup arga(x)+e<argd< m +m+ inf arga(x)—e, (A.10)
2 eo 2 xe[0,1]

and for m = 2p — 1 lying inside the angle,

UL sup arga(x)+e<argl < Ty inf arga(x) — ¢, (A.11)
2 x€[0,1] 2 x€[0,1]

the operator L(A) : u — L(A)u := (L(A)u, Ly (M)u,...,Ls(AM)u) from W3*((0,1); Lyu=0, v =
s+1,...,m) onto L,(0,1)+C* is an isomorphism, and for these A for a solution of problem
(A.7), the estimate

N S
leell wrrco,1) + 1A (”uan(O,l) + z |Avou|) < C(£)(||f||L2(o,1) + Z lg |) (A.12)

=1 =1
is valid, where A, is defined by (A.4).

Note that if boundary-functional conditions (A.7b) and (A.7c) are principally local,
that is, @, = 0 or 3, = 0 for all v = 1,...,m, then the condition a(0) = a(1) should be
omitted.
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