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We consider an abstract coupled evolution system of second order in time. For any positive value of the initial energy, in particular
for high energies, we give sufficient conditions on the initial data to conclude nonexistence of global solutions. We compare our
results with those in the literature and show how we improve them.

1. Introduction

A coupled Klein-Gordon system, in electromagnetic theory,
was first introduced in [1]. Posteriorly, further generalizations

u (0, x) = uy (x),
(KG) 1
u, (0,x) = u; (x),

v(0,x) = vy (x),

v, (0,x) = v, (x),

on R x RN, wherea; > 0, m; # 0, K;(x) 20, x e RN, i =
1,2,and p > 1,9 > 1. The existence and uniqueness of weak
solutions of (KG), as well as characterizations for blow-up and
globality, by means of the potential well method for values
of the initial energy smaller than the mountain pass level,
were proved in [2]. In the same paper, sufficient conditions
were given to obtain blow-up for arbitrary positive values

have been studied. In particular, the following system was
analyzed in [2]

(1, — Au+ mfu +K,(x)u=a,(p+1) VT )P,

Ve = Av+ oy + K, (x) v =a, (g + 1) [ulP* [v]7 1y,

@

of the initial energy. The purpose of our work is to study
an abstract hyperbolic coupled system and improve some
results about nonexistence of global solutions presented in
the literature for some concrete systems. In particular, we
shall improve some blow-up results presented in [2], for the
problem (KG). Precisely, we consider the following abstract
problem:
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( Pu,, + Au=F (u,v),

Qv +Bv=Gu,v),

u (0) = uy,

(P) 1 )

u, (0) = uy,

v(0) = v,

LVt 0) = Vi
on R, where we assumed that the operators
P:W, — W,,
Q: Wy — Wy,
, 3
AV, —V,,
B:Vy— Vg
are linear, continuous, positive, and symmetric, where
V,cW, CH,
(4)
Vp CWq CH

are linear subspaces of the Hilbert space H with inner
product (-, -) and norm || - ||. Here, H', ng, Wé, VA, V1; are the
corresponding dual spaces and we identify H = H'. Then,
! !
HcW,cV,
L ©)
H cWq C V.

By means of the operators P, Q, A, and B, we define the
following bilinear forms:

P (u, w) = (P, W)y, »

luliy, = 2 (w,u),

Yu,w € Wy,
@ (V, iD) = (Qv’ w)WQxW(’) >
IV, = @ (v ),
Yv,w € W,
> Q)
(6)
o (1, w) = (Au, Wy, v 5
luly, = o (uu),
Yu,w € Vy,

B (v, ) = (Bv, w)vg% ,
Iy, = B (v,v),

Vv, w € V3.
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We assume that there exists ¢ > 0, such that

(HO) Nully, + IV, = ¢ (Hualfy, + IvI5y, ) .
YV (u,v) € Vy x V.

The nonlinear source terms F : V, x Vz — Hand G : V; x
Vz — H, are such that F(0,0) = 0 = G(0,0), and (F,G) :
(V4 x Vg) x (V4 x Vi) — H x H is a potential operator with
potential # : V,, xV; — R, thatis, F(u, v) = 0, % (4, v) and
G(u,v) = 0, (u,v), and they satisfy

(H1) (F (u,v),u) + (G, v),v)—rF (u,v) =0,

(8)
YV (u,v) € Vy x Vg,

where r > 2 is a constant.

2. Functional Framework

We shall analyze qualitative properties for a set of solutions
of problem (P). To this end, we define the phase space

I = (Vyx Wp) x (Vg x Wp). 9)

We assume that the following local existence and uniqueness
result is met.

Theorem 1. For every initial data ((uy,u,),(vy,vy)) €
I, there exists T > 0, and a unique local solution
(g, u1), (Voo v1)) ¥— ((w, 1), (v, ) € C([0,T); ), uu(t) =
(d/dtyu(t), v(t) = (d/dt)v(t), such that problem (P) is satisfied
in the following sense

%g’(u(t),wHﬂ(u(t),w) =(F@u(),v),w),

(10)
%@(i’(f),@+95’(1/(t),w) =(Gu),v (), w),

a.e. in (0, T) and for every (w, W) € V4 x Vg. Furthermore, the
following energy equation holds for T >t > t, > 0,

E(u (to) S U (to) vV (to) 7 (to))

=Eu(t),u(t),v(),v(t)

= 2 {l @R, + Ok} Two e, g
Jw(®).v®)
= WO, + O, } - 7 60,7 @),
Remark 2. Problem (P) is invariant if we reverse

the time direction: ¢ +— —t. Indeed, the solution
backwards  ((u(t), u(t)), (v(t), v(t))), t < 0, with
initial data ((ug, 1), (vy,vy)) is the solution forwards
((u(=t), u(=t)), (w(=t), v(-1))), -t > 0 with initial data
((uo, _u1)’ (Vo, _Vl))~
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An important set of solutions are the equilibria, that is,
solutions independent of time: &t = 0 = 7. In this case, (1, v)
satisfies

9 (u,w) = (F (u,v),w),
(12)
A (v,w) = (G (u,v),w),

for every (w, W) € V, x Vj. In particular, for w = u, @ = v,

lully, = (F (w, ), ),
(13)
Iy, = (G (,v),v),

and then

I(wv) = llully, + VIS, = (F (w,v),u) = (G (4,v),v)
=0.

By (HO), (u,v) = (0,0) is an equilibrium. The set of
equilibria (u,v) # (0,0), with minimal energy is called
ground state, and the corresponding value of the energy
is the mountain pass level denoted by d; see [3]. For the
problem (KG), the sign of I(u, v,) characterizes either blow-
up in finite time or boundedness of solutions if E, =
E(ugy,uy,v,v;) < d. Indeed, blow-up and boundedness
properties hold if, I(u,, v,) < 0and I(uy, vy) > 0, respectively;
see [2]. Similar analysis have been done to prove similar
characterizations for coupled systems of wave equations with
linear and nonlinear damping terms; see [4-8] and references
therein, just to cite some works of the abundant literature
in the field. The qualitative analysis of the solutions with
high energies is almost unknown. There are some works that
prove blow-up if I(u,,v,) < 0 and some other conditions
on E; and the initial data are satisfied; see for instance [2].
Similar theorems have been proved in [6, 9-11], for damped
systems of semilinear wave equations. The purpose of this
work is to improve considerably the existing results for blow-
up for systems (P), with high energies. We shall generalize the
technique used in a previous work for a single equation; see
[12].

3. Nonexistence of Global Solutions

We consider the following orthogonal decomposition of the
velocities

AL NN
el
. 15)
y= 209,
vy,

where P(u,h) = 0 and @(v,h) = 0. Then, we define the
functionals

PP
R(ui) = =22
= T,
o (16)
Sty < 120

2
vl

3
Consequently,
Il = IRl + R (w,5),
7)
I R (| .
Iy, = Hh"WQ +S (7).
Also, we define
¥, @) = ul,
% ) = vy,
(18)

Y(wv) =Y )+, ()

(P (u,11) + @ (v, 7))

D (u,u,v,v) =c¥ (u,v) +
( ) (u, v) ¥ 0v)

where ¢ > 0 is the constant in H(0). We also define the
following functions

N | S
Mg (u, i, v,v) = ECD (u, i, v, v)

q
_ fw,v)<M> ,
r O (u,u, v, v)
for g > 0,
L 1 L.
wy (1, v,v) = =D (u, 11, v, ¥)
2 (19)

Ac¥ (u, v) >(r_2)/2
(D (u) l:t’ V) 1./) ’

—E‘I’(u,v)(
r
for A € (0,1),
oo 1 o
o, (u,u,v,v) = E(D(u, o, v, V) — 7‘1’(14, V),
for v > 1.

If P(u, 1) + Q(v, ) > 0, we notice that g +— nq(u, u, v, V) is
strictly increasing, A +— y, is strictly decreasing, and v +—
o, is strictly decreasing. They have the following relations

;}inlh (U2, v, V) = 1z (s 11, v, V)
(20)
IIITIIUV (u, L.l, v, V) = }70 (u) L‘l, v, V) >
y)—

and o,(u, 2, v, ) < no(uiv, V) < oot v,v) <
wy (u, 11, v, V).

For the (KG) system, a recent work [2] proved blow-
up of solutions with initial energy: E, < (c(r —
4)/2r)¥(uy, vy). We observe that (c(r — 4)/2r)¥(uy, vy) <
(c(r=2)/2r)¥ (uy, vy) < o(ug, Uy, vy, v;). Here, we shall prove
nonexistence of global solutions of the (P) system with initial
energy o, (g, Uy, vy, V) < Ey < py (g, Uy, v, v,), for some
v* > land A* € ((r — 2)/r, 1). Furthermore, we shall prove
that for any positive value of the initial energy there are initial
data implying nonexistence of global solutions.



Theorem 3. Consider any solution of problem (P) in the sense
of Theorem 1. Assume that hypotheses (HO) and (H1) are met
and that
2 2
ol + 1vollw, > 0.

P (ug,uy) + @ (vy,vy) > 0,

(21)

are satisfied. Then, we construct the nonempty interval

1
Fo = () € <0> E‘D (“o’”1>Vo’V1)> ) (22)

where

c¥ (ug, vo) ) ,

&y = 0,0 (s ty, v vy) = 2 ( Y+ (2/(r-2))

r-2 (q)(”m”pvo)"l))

(23)

Bo = - (”o’”p"oﬂ’l) = o Je

for some (r = 2)[/r < A* < 1andv* > 1, and we have the
following assertions.

(i) If the initial energy is such that E, € ., then the
maximal time of existence of the solution is finite.

(ii) For fixed ¥ (uy, v;),

P (ugt) + Q(vo 1) = [Fo| = By —ag  (24)
is strictly increasing, and

lim o, =0
Plug,uy )+Q(vy,v,)—00

1
= lim = = O (up, uy, Vo, V1)l
9’(u0 1 )+Q(vy,v,)—00 ﬁO 2 ( 070 1)
(25)
lim " = 00,
P(ug,u)+Q(vy,v;)—00
. =2
lim A= .
Plug,uy)+Q(vy,v,)—00 r

Corollary 4. Assume that hypotheses of Theorem 3 are met.
For every number & > 0, we can choose initial data with
Pluy, uy) + Q(vy, v,) large enough, so that & € .7, and then
the corresponding solution with E, = & exists only up to a finite
time.

4. Proofs

Proof (of Theorem 3). First, we will assume that the solution
is global and then, by means of a differential inequality
in terms of ¥, we shall get a contradiction. Then, assume
that W(u(t), v(t)) exists for any + > 0. We observe that
(d/dt)¥ (u(t), v(t)) = 2(P(u(t), u(t)) + Q(v(t), ¥(t))). Now, we
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define €(t) = ¥ 24 (u(t), v(t)), and due to (21), we have
that for t > 0, close to zero, the following inequality holds

r—2

d
Ze0=-

D gy v(t)) \y(u(t) v(t) =

RERCD
PR (), v (1))
(P u@),u@)+QWw(E),v()) <O.

By energy equation and hypotheses (H0) and (H 1), we obtain

2

L w0, () =

y 2 (Il Oy, + 17 (O,

~ 1w ®,v®)) =2 (I Oy, + 17Oy,
I(u (t))) +2rEy — 2rEy > (r +2)

SR (0), (1)) + S (), 7 (1) + (r-2)
(lu®F, +1v®)l, ) - 2rE,.

r+2 {((d/dt) ¥, (u (1)’ (27)

4 W) (u (1))

| (@/dn ¥, (v 1))
¥, (v (1)

+¥, (v(t))) - 2rE,.

2
JT+2 <((d/dt)‘l’(u(t))) >+C(r_2)
4 W (u(t),v(t))

W (u(t),v(v)) - 2rE,,

} +c(r—2) (¥ ()

where we used the following
2
<‘I’z v®) ‘1’ (u(®) =¥, (u() 5 \Pz v (t))>
20

d 2
(S0 @) Bow

d 2
H(Snow) Buo

> 2%, (u(h) Y, (v(t))

d ¥, (v (1)
<E\P1 (u “”) ¥, (1)

d R AMG)
¥ <&q’2 W”) %, (v (D)

‘1’1 () - ‘Pz (v (1) =
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> 25, (1) 2

(o) (B
(o) G )

2
> (i\l’l (u@) + %\Pz (v (t))) =

\Pz (v(@) =

dt
((d/dD) ¥, ()’ ((d/dD)Y, (v (1))’
W, (u (1)) W, (v (1)

_ ((@/d) ¥y (u(®) + (d/dt) ¥, v )’
- Wy (u (D) +¥, (v(©)

_ (@/d) ¥ @), v®))’
Yw®,v@)

Then,

d? (T =2 (re2)/4
Eg(t) - (T\P (u (t),V(t))>
(T2 (A Y ), v )

4 W (u(t),v ()

2

2
jz‘l’(u ), v(t))> < —c%?(t) +E,

r (7’2— 2) @ (1))

and since (d/dt)&(t) < 0, we get
( L )) (’"Tz) (2B, 810 (1) - 5 (1)

+ Co>

where

C, = <%z<o>>2

2
(7’ —42) (2E0?2r/(1’—2) (0) _ ng (0)) )

(28)

(29)

(30)

(31)

We shall prove that there exists a constant p, > 0 such that

= Fo > = U,
> 0 5 =

Hence,

0<G[)<—pt+Z(0), Vt=0

(32)

(33)

(34)

which is impossible for any t > £(0)/p,. Then, the solution

only exits up to a finite time.

Next, we prove that (32) is satisfied. To this end, we
consider the right-hand side of (30) and define, for s > 0,

_(r-2? (2B -
4

F(s) = cs) +Cy,

and we notice that
F(s)=2F (sp), V¥s=0,

with s, = (c(r — 2)/2rE)" "% > 0, and

F(s) = =2 2) (25" = e5,) + Cy,

c(r—2)>r/2
=—(r-2)E + Cyp»
r-2) 0< 2rE, 0

Also,

(r—2)° 2/2

—(r+
(ol +Inl,) (=

+ @ (v, Vl))z
(r - 2)2 -r/2
(280 (Il + Ivli,)

—(r-2)/2
= (i, +Ioli,) )

Cy =

(g 1)

(35)

(36)

(37)

(38)

We observe that (32) is satisfied if pg = F(sy) > 0, which is

characterized by

r

) 5 (D)2
< (lluoliy, + Ivoli,)

(P (g uy) + Q@ (vy, V1))2

>

2 2 —(r-2)/2
+¢ (ol + Ivoliy,)

and it is equivalent to

c(r=2)¥ (ug vy) (r=2/2
Ey+ [ 2 e t)
2rE,

c¥ (”0’ Vo)
r

< %(D (MO,MI,V(), Vl) >

where

o (”0’ Uy Vo> Vl) =c¥ (“o» Vo)

(P (g, uy) + A (vy, Vl))z.

2 (c(r-2)\"2"? ) 5 \T/2
2(52)  aro (i + ol

¥ (1o, vp)

(39)

(40)

(41)



Now, in order to guarantee that (40) is satisfied, we define, for
s >0,

(42)

c(r=2)¥ (ug vp) >(r_2)/2 ¥ (ug, vp)
; )

./V(S)ES+(

2rs

We observe that /(s) — oo as either s — 0 or s — 00,
and

N(s) =N (s)) = %‘I’(uo,vo), Vs >0, (43)

for s; = ((r — 2)/2r)c¥(uy, vy). Moreover, by (21), there exist
exactly two different roots of #'(s) = (1/2)D(uy, Uy, vy, V1)s
denoted by «, and f3;, such that

1
0<ay<s <pf< 5®(u0,u1,vo,v1),

1 1
E\P(MO’VO) <H(s) < ECD (g, U5 Vs V1) (44)

Vs e I = (g fy)> S# 5,

And since J/ is strictly monotone for s < s; and s > s,
it follows that, for fixed ¥(u, v,), the interval %, grows as
P(uy, u,) + Q(vy, v,) grows. Precisely,

1
im —@ (uy, uy, vy, vy) — =0
Plutg 1ty ) +6(vg,v,)—00 2 ( 0“1 Y0 1) ﬁO (45)
= lim .
Pug,uy )+Q(vy,v)—00

Then, (32) holds if and only if the initial energy satisfies
1
N (Ey) < Ed) (g, Uy, Vo V1) » (46)

that is, if E; € 7. This proves that the maximum time of
existence must be finite if the initial energy is within this
interval.

Next, we shall find the values of &, and f3,. Remember
that these are the roots of A (s) = (1/2)D(uy, u;, vy, v;). To
find &, we consider the function

1
0, (tg, 4y, v, V1) = ECD (t4o> 141, o5 1)
) (47)
c
- T\Ij (19 o) »

defined for v > 1, and the equation
1
N (o, (g, 1, vp,v1)) = EQ (14> 11, vp> 1) (48)

which holds if and only if

1 _ 2 0, (g, 1, Vo, v1) (49)
=2 c(r-2) W (14, vo)
which is equivalent to
- q) > > >
24 <7’ 2) L _ (142 11> Vo Vl)_ (50)
r r ) 922 ¥ (ug, vp)
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We notice that

2 r—2 1
f(S)E ;S+<T>m —> 00 (51)

ass — 0and s — oo. Also, min,q, f(s) = f(1) = 1.
Moreover,
@ (ug> Uy, Vo V1)

¥ (g v0) > 1. (52)

Then, the equation for v has two roots and only one is bigger
than 1. Furthermore, at this root, »* > 1,
oy = 0, (14, 1y, Vo, V1)

:(c(r—Z)‘I’(uo,vo)> 1

o - @/-2) (53)

im v* = oo.
Pug,uy)+A(vy,v)—00

Next, we consider the function

U (”0: Up Vs Vl)

o (”0”/‘1’ Vo> Vl)

N =

(54)
AcY (ug, vy) )(7_2)/2
@ (u4g, g, Vs 1) )

defined for (r — 2)/r < A < 1, and the equation

- ;‘I’(uo,vo)<

1
N (wr (g, Uy, v, 1)) = zq) (140> 11, vp, v1) (55)

which is equivalent to

c c(r=2)  ¥(upvp) e

=¥ (15, )

r 2r (w415 v, vy)
(r=2)/ 6)
r=2)/2

\P >
=S (g, vy) (A F o v0) ,
r D (up, 4y, vp> V1)
and it is characterized by
r-2_,H (o> 1415 Vo0 V1) (57)

2r @ (ug, g, Vs V1)

which holds if and only if

g(/\ ¥ (ug, vp) )r/z T2 (58)
o )

r (tg» Uy, Vo v r
Notice that
Q(A)‘Z(A ¥ (ug, vo) )”2
r\ O (ugupvevy) ) (59)

Ky =A- =2
-
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are strictly monotone increasing, and

g(0) > h(0),
g() <h(1).

(60)

Then, there exists one and only one A* € ((r — 2)/r, 1) where
g(A™) = h(A™). Moreover,

Bo = mr- (“0’“1>V0’V1)

_ <(r— 2)(13(140,141,1/0,1/1)) 1

2r A’ (61)

lim A=
Plug,uy)+Q(vy,v,)—00 r

O
Proof (of Corollary 4). Since
P+0Q— co=
ay — 0, (62)
By — o0
then, for every & > 0, there exists M > 0, such that
P+0>M=
(63)

&ey= (o Bo)-

Hence, the corresponding solution with initial energy E, = &
satisfying (21) exists only up to a finite time.

Remark 5. For small energies, E, < d, the potential well
method characterizes the qualitative behavior of any solution
in terms of the sign of I(uy,v,); see [4-8]. In particular,
blow-up is characterized if I(u,,v,) < 0. Let us examine the
situation for any positive value of the initial energy.

Assume that hypotheses of Theorem 3 are met. From
energy equation, (HO), (H1), (21), E, < f3,, and since (r —
2)/r < A* < 1, we obtain

I (ug,vy) = 2Ey - “”1"51/}, = v ”fQO + 2K (ug, vp)

— (F (ugs ) » thy) — (G (115 ) » vp)
< 2, - ( |93(“0>2”1)|2 . |@(V0>2v1)|2>
ol ol

—(r—2) F (ug, v,)

(P (g, uy) + Q (v, Vl))2
¥ (1, vo)

<2f, -

—(r—2) F (ug, v,)

7
_ (r = 2) @ (g, Uy, vp, 1)
rA*
B (2 (g wy) + @ vy, Vl))z
¥ (ug, o)
—(r=2) F (ug,vp) -
(64)
Let us assume that
%(uoﬂ’o) > ! ZC\P (um V()) s (65)
r_

and then

I (ug,vp) <—<1— r;f)@(uo,ul,vo,vl) <0. (66)
r

Hence, if the source term is large enough at the initial data,
the inequality I(uy,v,) < 0 is a necessary condition for
nonexistence of global solutions. However, it seems that the
condition I(u, v,) < 0, alone, does not imply nonexistence of
global solutions for high energies; see [2, 6, 9-11]. Moreover,
we did not require the sign of I(uy,v,) in the proof of
Theorem 3.

From Corollary 4, global nonexistence for small positive
energies is obtained if 9P(uy, u;) + Q(v, v;) is large enough
and, consequently, since

{2 (Eo + F (49, y)) — ("uonf/A + ""0"\2/3)} ¥ (g, vp)

> (P (ug,uy) + @(Vo"’l))z >

67)

then F#(uy,v,) must be also sufficiently big. Then, by the
previous discussion, I(u, v,) < 0is implied. Apparently, only
for energies E, < d, the condition I(u, v,) < 0 characterizes
the nonexistence of global solutions of problem (P).

Remark 6. We shall prove the following lower bound for f3,

2
B, > %(‘@ (”0’;‘]1() +Q(vo: 1)) . (68)
Ug» Vo)
This inequality is equivalent to
rA"
(25 1) (@ o) + €0’
4 (69)

< ¥ (ug, vp) -



In order to prove it, let us define, for any s = (P(uy, u,) +
@(vy, v,))* > 0, the positive function

I(s) = (:/}*2 - 1> s>0, (70)

and we remember that A* is a function of s, defined implicitly
by

r/2 _
Iy T R
r (O r
where
s
Oy =c¥y + —,
0 =Cty ¥
Yo =¥ (1, o) » (72)

D, =0 (”0»”1’V0>V1)‘

On the other hand, from Theorem 3 we know that
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Then, from the definition of A* and @,

r/2
lim s ()x* &>

g ) =

r—2s—00 D,
(74)
/2
2 . a2\
= lims( A > 0 =0.
r— 250 ¥y +s
Also,
limI(s) = 0. (75)

Consequently, there is some s* € (0, 00), such that I(s*) =
MaX¢ g o0)/(5). After some calculations, we find that

s*:c‘I’z( (r-2)(1-1%) )
O\ —(r-2)1-1%) )’
(o))
o g (A= (r=2))(1-A7
K )_C\I’°< AT —(r-2)(1- A7) )
and consequently
I(s) <I(s*) <c¥:, foranys>0. (77)

5. Some Examples

5.1. Nonlinear Klein-Gordon System. Klein-Gordon systems
like (KG) were studied in [2, 4-11], where blow-up results
were proved. We shall illustrate how Theorem 3 is applied for

lim A* = 7= 2 each one of these systems.
dmA ==
' (73)
limA* = 1. 5.1.1. Wang [2]. We rewrite the system (KG), introduced at
s—0 the beginning of this work, as follows:
(o, — ahu+ amtu+ aKy (x)u=a, (p+1) VT [ulf " u,
Vg — Av+msv+ Ky (x) v =al (g + 1) [ulP* v,
. 4 0,%) = uy (x),
(KG)”™ - (78)
ut (0) x) = ul (X) >
V(O,X) = 1/0 (X) >
Lvt (O’X) = Vl (X) >
on R x R, where & = a(p+1)/a(q+ 1)"1; =a,/(q+1). Vg = {v eH' (IRN) : J K, (x)v(x)dx < oo} .
Here, P = al;, Q = I; = the identity operator, H = W), = RN
Wg = Ly(RY), and (-,-), = || - |5 are the inner product and (79)
the norm square in L,(RY), respectively. Also,
Au = —ahu + amiu + aK, (x)u Finally,
Bv = —-Av + am’v + aK (x) v,
2 ’ F(u,v) = a; (p+1) T P,
(80)

V,= {u c H' (RN) : JRN K (x)u(x)dx < oo},

Guv) =a,(q+1)ulP v
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Hypothesis (H0) holds with ¢ = min{mf , m%},
ey, + IV, = e IVally + (V15 + (e fuell; + 1¥113)
> c (e llull; + IVI3) (81)

2 2
= c (Ilulfy, + VI, )

Hypothesis (H1) holds with r = p + g + 2 > 4, since the
potential operator # of (F, G) is

H () = ay (T 1wl (82)
and then,
(F(u,v),u), + (G (u,v),v), —rF (u,v) = 0. (83)

Theorem 1 is true and nonexistence of global solutions is due
to blow-up; see [2] for the details, where some bounds on p, g
are required. Consequently, by Theorem 3, if the initial data
satisfy

2 2
o (luglls + [1voll, > O,
ll + bl -

a (ug, y), + (v5, 1), > 0,

and the initial energy is such that

min {3} (p + ) (auuoui - ||v0||§> .
0

(p + q + 2) P¥ 2/(p+q)

ptq . 2 2
< T(oras20r (prar2) A <m1n {ml,mz} (85)

(o (149 ”1)2 + (Vo Vl)z)z ) ’
o + Ivoll5

then the solution blows up in finite time in the norm of .
We notice that as a(u, uy), + (v, v1), grows, then v* grows,
and consequently the lower bound of E,, is close to zero, and
also the upper bound grows. That is, by Corollary 4 for every
positive initial energy E,, there exist initial data satisfying
(84) such that the solution blows up. This result is new in
the literature. Sufficient conditions have been given before.
Indeed, blow-up is proved in [2] if (84) holds, I(u,,v,) < 0,
and the initial energy is such that

(ool + Ivoll2) +

min {ml’mZ} (p+9)
2(p+q+2)

0 < Ej < (e fuoll; + o) -~ (86)

In Theorem 3 we did not assume any sign of I(u, v,) and f3,
is larger than the upper bound on E,, given in [2].

5.1.2. Liu [6]. For the corresponding linear damped problem
of (KG) blow-up was proved under the same sufficient
conditions given in [2] for high energies, and for E, < d by
means of the potential well method.

5.1.3. Korpusov [10]. A Klein-Gordon system with linear
damping was analyzed with source terms of the form

F(u,v) =4(u+av) +2bu?,
(87)

G (4, v) = 4a (u + av) + 2bu’v,

where a > 0, b > 0. Hypothesis (H1) holds with r = 4, and
the potential operator

H () = lu+av|; +b w3, (88)

and then,

(F (u,v),u), + (G(u,v),v), —4F (u,v) = 0. (89)
Blow-up of solutions was proved if (84) holds with « = 1,
I(ugy, vy) < 0,and

1 (P (ug,uy) + Q (v, vy) —

wY (u, Vo))2
2 W (14, vy) ©0

>

E, <

where y is the coefficient of the linear damping term in the
system studied in [13]. If 4 = 0,

1 (P (g uy) + @ (v, )’
2 W (1, vp)

E, < < By» (1)

where the second inequality is the lower bound for S,
obtained in Remark 6. Hence, Theorem 3 improves the result
presented in [10].

5.1.4. Aliev and Yusifova [9]. A system of several equations
with linear damping was studied. If we consider only two,
without damping, these are like those in (KG)* with aé =1,
and hypothesis (H1) holds with r = p+ g+ 2 > 2, because
p > 0and g > 0. The blow-up of solutions is proved in [9] if
(84) holds, with « = 1, I(u, v,) < 0, and

(p+9q)

0 s a2 Ul oli,) < o 92

0

where ||1,t0||W (p+1)||u()||2 and ||v0||W (q+1)||v0||2 Again,

Theorem 3 improves the result presented in [9].

5.1.5. Wu [1I]. A system like (KG) with a linear damping
was studied with no particular source terms. However, these
are assumed to satisfy (H1) with r = 2 + 46 > 2, some

= (r—2)/4 > 0. Blow-up is proved for high energies, under
the following conditions: I(u,, v,) < 0 and

r

P22 (), +

r—2

lutoly + ol

(vo, Vl)z) >

(93)

E, > 0.

These conditions are more restrictive than the ones assumed
in Theorem 3.
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5.1.6. Ye [8], Benaissa et al. [4]. Klein-Gordon system like
(KG) was studied with nonlinear damping and degenerated
nonlinear damping terms, respectively. In both papers, blow-
up was showed for energies E;, < d, by the potential well
method and the following source terms were considered

Fu,v)=a, (u+ v)z(p“) (u+v)+a, |u|p |v|er2 u,
(94)
G w,v) =a; (u+v)* P (w+v)+a, VP [ul”?,

with p > -1, a4, > 0 and g, > 0. Hypothesis (H1) holds with
r =2(p + 2) > 2, and the potential operator

F (u,v)

2(p+2
2(p+2

p+2) k (95)

)
)+ 2a, ||uv||erz

ay [lu+v

1
2@+ﬂ(
and then,

(F (u,v),u), + (G (u,v),v), —2(p+2) F (u,v) = 0. (96)

Hence, Theorem 3 and Corollary 4 are applied and blow-up
is proved for the undamped case in [4, 8], for high energies.

u(0,x) = uy (x),
(GB) 1
u, (0, x) = uy (x),

v(0,x) = vy (x),

v (0,x) =v; (x),

on R x RY, where a; > 0, ; >0, i = 1,2,3, m; >0, j =
1, 2. For the physics of the problem we refer to [13, 14].

u(0,x) = uy (x),
(GB)" 1
u, (0, x) = uy (x),

v(0,x) = vy (x),

LV, (0,x) = v, (x),

on R x RY. Then,

Pi=((-A)" +oyly) 1,

Abstract and Applied Analysis

5.1.7. Wu [7], Gan and Zhang [5]. By means of the potential
well method, blow-up was showed for solutions of systems
like (KG), with E;, < d, without damping, and with linear
damping, respectively. In those papers, particular cases of the
following source terms were considered

F(u,v) = (al [ul*? + a, [ulP™! |v|p+1) u,
(97)
2 -1 1
G (uv) = (ay [/ +a, [P [ul”*) v,

with p > 0,4, > 0, and a, > 0. Hypothesis (H1) holds with
r =2(p+ 1) > 2, and the potential operator

1 2(p+1) 2(p+1
H () = s (ay [l 307 +ay IWIGET)
2(p+1) (98)
1
+ 2, Juvl7}),
and then,

(F(u,v),u), + (G(u,v),v), =2(p+1)F (u,v) =0. (99)

Hence, Theorem 3 and Corollary 4 are applied and blow-up
is proved for the undamped case in [5, 7], for high energies.

5.2. Generalized Boussinesq System. We consider the system

(1, — o, Au — 2y Au,; + o A*u+ myu + AF (u,v) = 0,

Ve = BLAY = By Avy, + By A + myv + AG (4, v) = 0,

(100)

Applying (~A)™" to the system above, we get

'((—A)_1 + (x21d) Uy + (—cx3A +my (A + oclld) u=Fuv)),

(8" + Boly) vy + (=Bs A +m, (-8 + By ) v = G (w, ),

(101)

Au = (—oc3A +m, (-A) " + oclld) u,

Qi =((-0)"+By1y) v,



Abstract and Applied Analysis

Bu = (=ByA+my (-0)" + By1,) v,

(102)
and H = L,(RY),
Wp =W,
={uel,(RY): (-8 ueL,(RV)},
(103)
Va=Vp
={ueH' (RY): (-A)ueL,(RY)}.
Moreover, if
lul? = @ w), = (0w, -0)u),  (104)
then
leeliy, = el + ot lual3
lully, = o IVull +my Jull’ + o lull; »
(105)

2 2 2
Vi, = VI + B VI3

2 2 2 2
VI, = Bs IVVI; + my vl + By vl

Consequently, hypothesis (H0) holds with ¢ = min{m,,
o, /oy, my, B/ B,}. We assume that the source terms (F,G)
and the corresponding potential operator % do not have any
particular form but they satisty (H1). We do not know any
reference proving an existence and uniqueness result for this
system. We assume that Theorem 1 is true then nonexistence
of global solutions is due to blow-up. By Theorem 3 and
Corollary 4 for every positive initial energy E,, where

1
E, = 2 ("”1”1 to, "”1”2 tas "V”O"i *m ||u0||i

1
T o "”0”;) + 5 (""1 "i + B2 | ||§ + s "V"oni (106)

tm, ""0”1 + By ||V0”§) ~ K (ug, vg)
there exists initial data such that

2 2 2 2
letoll, + etz fluol; + Ivll, + Bz [voll; > 0- 107
(upouy), + 0, (”o>”1)2 + (v 1), + B2 (o Vl)z >0

imply the nonexistence of global solutions in the norm of 7.
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