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We introduce the two-dimensional quaternion linear canonical transform (QLCT), which is a generalization of the classical linear
canonical transform (LCT) in quaternion algebra setting. Based on the definition of quaternion convolution in the QLCT domain
we derive the convolution theorem associated with the QLCT and obtain a few consequences.

1. Introduction

The linear canonical transform (LCT) plays an important role
in various fields of optics and signal processing. In some
papers, the LCT is also known as the affine Fourier, the
ABCD, and Moshinsky-queue transforms. The LCT can be
considered as a generalization of many mathematical trans-
forms, such as Fourier, Laplace, fractional Fourier, and Fres-
nel transforms. Many fundamental properties of the LCT
have been investigated like translation, modulation, convolu-
tion, correlation, and uncertainty principles (see, e.g., [1-8]).

The quaternion linear canonical transform (QLCT) is a
generalization of the linear canonical transform (LCT) using
quaternion algebra. According to definitions of the quater-
nion Fourier transform (QFT), there are basically two ways
of obtaining the QLCT: the (right-sided) quaternion linear
canonical transform and the (two-sided) quaternion linear
canonical transform. The (right-sided) quaternion linear
canonical transform is obtained by substituting the Fourier
kernel with the right-sided QFT kernel in the LCT definition.
Some important properties of the quaternion linear canonical
transform such as the Parseval’s theorem, reconstruction
formula, and uncertainty principles are also discussed (see
[9-14] and the references mentioned therein). However, there
is no literature for establishing the convolution theorem
associated with the QLCT as far as we know.

Therefore, it is worthwhile to study the convolution
theorems associated with the QLCT, which can be useful in

signal processing theory and application. Our main objective
of the present paper is to establish convolution theorems for
the QLCT which are generalizations of the related classical
ones. We will accomplish this task by using the properties
of quaternions and combining the LCT convolution and the
QFT convolution definition [15]. In the beginning, we make
a definition of the QLCT and obtain the relationship between
the QLCT and QFT. Based on the convolution definitions of
the LCT and QFT, we propose a new definition convolution
for the QLCT and obtain its convolution theorem. We empha-
size that the proposed convolution definition is different from
the one studied in [16]. The definition uses the kernel of the
classical fractional Fourier transform which is commutative
with quaternion signals.

2. Basic Facts about Quaternion Algebra and
Quaternion Fourier Transform

Quaternions are hypercomplex numbers, which can be writ-
ten in the following form

H=1{q=qy +iq, +ja, + ka3 qp-q1-9» 95 € R}, (1)

where {1,1,j,k} is a basis of H and obeys the following
multiplication rules:

ij = —ji=k,
jk = —kj =1,
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For a quaternion q = q, +iq, + jg, + kq; € H, the conjugate
g of the quaternion q is given by

q=qo—iq; —jq, — kqs. (3)
and satisfies
qp = Pq. (4)

From (3) we obtain the norm or modulus of g € H defined as

lal = \ag = @2+ & + & + & ®)

It is not difficult to see that

lap| = lal |p|, Vp.q € H. (6)

Like in complex case, the inverse of g € H \ {0} is given by

g =5 ”)
al

Every quaternion-valued function f : R* — H can be
written as

f(x) = fo(x)+if, (x) +jf, (%) +kf; (x), xR (8)

where f, f1, f,> and f; are real-valued functions. A quater-
nion module L? (R?; H) is then defined as

L (R%H) = {flfi[R{2 _’H’JRZ |f|de<oo}, ©)

1< p<oo.

Definition 1. The QFT of f € LY (R?;H) is the transform
gq{f} € Ll([R{z; H) given by the integral

Fq {f}(w) = JRz e—iwlxlf (x) e gy w0

dx = dx,dx,.

Here & is called the quaternion Fourier transform operator
or the quaternion Fourier transform.

Definition 2. The inverse QFT of g ¢ LY(R%H) is the
transform 9’;1{57} € L'(R? H) given by the integral

1
(2n)?

9’;1 [g] (x) = JRz eiwlxlg () D% g (1)

where w € R* and dw = dw,dw,. Here 97;1 stands for the
inverse QFT operator.
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3. Quaternion Linear Canonical Transform
and Its Convolution Theorem

In this section we first introduce the two-dimensional quater-
nion linear canonical transform (QLCT). We then make a
convolution definition in the QLCT domain and derive a
convolution theorem related to the QLCT.

3.1. Definition of QLCT. Based on the definition of the two-
sided quaternion Fourier transform (QFT) and its properties
[17-22], we obtain a definition of the QLCT. We also can
derive useful properties of the QLCT using fundamental
relationship between the QFT and QLCT. Denote by SL(2, R)
the special linear group of degree 2 over R, that is, the group
of all real 2 x 2 matrices with determinant one. Let

s> s>

as bs
A, = (a,b cs,ds)=< d)eSL(Z,R), s=1,2. (12)
C

S N

When b, b, # 0, we define the kernel K, of the QLCT by

Ky, (xp, ;)

L i1/2)(@ /)51~ )01+ /b))

\27h, i

Ky, (%5, @,)

(13)

=L @)@l )6)

- \27h)j

Observe that we can write the imaginary units above of the
form

N
(14)
\ﬁ _ J)
These facts yield
1 ~ e—i(n/4)
\2mbi  \27h,
. (15)
1 P Ie)

\271hyj B \27mb,

Definition 3 (QLCT definition). The QLCT of a quaternion
signal f € L'(R* H) is defined by

F

A, @)
J[Rz Ky, (x, @) f (%) Ky, (x5, ;) dx, bb,+0 (16)

. 2 . 2
Vd dy D f (d w), dyw,) @@ bk, = 0.

. 2 . 2
Because /291 and %129 are chirp signals in signal
processing, then we always work for the case bb, # 0.
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The inverse transform of the QLCT above is then described
by

f )
“ 17)
= JRZ K (wy,x,) F avA, {fHw) Ky (w0, x,) dw.

This form is equivalent to

1
f@)= NEZox

—i(1/2)((ay /by)x} ~(2/by) %, 0, +(dy /by )w}) 1
.JRze 1/01)%7 1)X Wy +(dy /0y 1gA1’AZ {f}(w) (18)

1 =3(1/2)((a2/by) 23— (2/b,) x,0,+(d, [b;)w3)
X e ) 2 2)XWa 4, 2 dw’
\-271b,j
where A]' = (d, b, —¢;,a;) and A} = (d,, —by, —6,, ).
It directly follows from (8) and (15) that

F o (@) = —

\2mh i

_ J 2 U@l =l e) (£ () 4 i f,
R

+if> (%) +kf; (x))

w L JA/)(@ /)= ) daf)}) g
\27mbyj
1

\2mhi

. JRZ ei(l/z)((al/bl)xf—(z/bl)x1w1+(d1/b1)wf)f0 (x)

X

L (@bl vty )6} 4
\27b,j
1

+
\2mh i

) J A/ /)52y, +(dy /o)) £ (%)
RZ

X

L (@bl )l 4
\27byj
1

\2mhi

. JRZ ei(l/z)((“l/bl)xf_(z/bl)xlw1+(d1/b1)wf)f2 (x)j

X

L (@)l vty )6} 4
\27b,j
1

\2mh i

. J D @/b)xi-@lb)xetd/b)ed; £ () j
RZ

X

3
1 ; 2 )
. —e](l/2)((122/bz)xz—(Z/@)x2w2+(d2/b2)w2)dx
\2mhyj
= giupAz {fO} ((U) + i'gilﬂl,A2 {fl} (w)
* gﬂpAz {fo} @]+ igﬂl,Az {3} (@)j.
19)

In the rest of the paper, we always assume that 97%) A, i
. . H

fori = 0,1,2,3 are real-valued function or 97A1,A2 {fi} €

LY(R?%; R).

Theorem 4. If f(x) € LY (R?;H), then ?ﬂl)Az{f}(w) is con-
tinuous on R>.

Proof. See [9]. O

Similarly, one can obtain the following result.
Theorem 5. Ifgﬂl’AZ{f}(w) e LYR%H), then f(x) is

continuous on R2.

3.2. Convolution Theorem for QLCT. In the following we first
define the convolution for the QLCT. It is an extension of the
convolution definition from the LCT (see [5, 6]) to the QLCT
domain. We then investigate how the QLCT behaves under
convolutions.

Definition 6. For any two quaternion functions f,g ¢€
LY(R?;H), we define the convolution operator of the QLCT
as

(f xg) )

20
_ J ei(ﬂl/b1)f1(t1—x1)f t) g (x—1t) ej(ﬂz/bz)fz(tz—xz)dt‘ (20)
RZ

As a direct consequence, we get the convolution theorem
associated with the QLCT, which is expressed as

Theorem 7. Let f,g € L'(R*H) be two quaternion-valued
functions. Then we have the QLCT of the convolution of f and
g in the form

F o, 1f * 9} (@)
= \2byie A ((F, {fo} (@)
+iFy 4 AN} @) (T4, 4, 190} @)
+j T 4 102} @) + (Fh 4 {fo} (@)
17, (1) @) (iF54 4, 191} @)

+ kgﬂ’;,Az {95} (“’)) + (jgﬂ’;,Az {2} (@)
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+ kgH’{,Az {£:} (w)) (97%’142 {90} (@) where the matrix parameters
+j9—ﬂl,A2 9.} (‘U)) + (jgﬂ’;,A; {2} (w) A = (“1 _bl)
t =
q d
Tk () @) (15 4 {91} @) L (22)
and A’ <a2 B 2)
& —j(d,w3[2b, s = .
+ k‘/ﬂpAz {gs} (w)))e 1(d/2 )\[21byj, 2 ¢ d,
(21

Proof. 1t directly follows from (16) and (20) that

Fhoadf 2@ = |

) JRZ L 2@ )=l e o a0 £ (1) g (x _ p)

\2mh i

1 ei(1/2)((a2/bz)xﬁ—(Z/bz)xzwﬁ(dz/bz)wﬁ)ei(ﬂa/bz)tz(tz—xz)dtdx

X
\27b,j (23)
L (o /o)t (t—xp) i /2b)x2 —i(2/2b i(d, /2by )w?
=J J 00 (10 205, 0P s J ) £ (4 0 p)
R JrR? +/27b;i
L @/ttt s /205 (212 )0s i 2606} g g
\271b,j
Letting x — t = z, (23) can be rewritten as
1 —i(a, /b)t1z, _1(1/2)((a, /b)) (z,+4,)*=(2/by) (2, +t ), +(dy [by)w?)
gl « (w)zj el(al/llzle 1/01) (21t 1) (21w, +(d, /0y )wy
ALA, {f g} R? \/Fbll
x({fo®+ify O} +if, ®) +kf5 (1) ({90 (2) +jg, (2)} + g, (2) + kgs (2))
« J L i@/t J1/2) (@ /b)) -/ et or (o 0))) g7 16
R? +/27h)j
1 —i(a, /b)tz, _1(1/2)((a,/by)(z,+£))*=(2/by) (2, +t)w, +(d, /by w?) . .
— e llle 1/P1/ =178 1/\=1TH)% 111X (t)+l (t) (Z)+ (Z)
ij \/Fbll (fO fl ) (gO 19> )
« J L i@/t J1/2) (@) e+t~ @/ et or (o 0))) g7 16
R? +/27h)j
1 —i(a, /b)t1z, _1(1/2)((a,/by)(z,+t,)*=(2/by) (2, +))w +(d, [by)w?) . .
+ e lllle 1/P1/ =178 1/\=1TE /Wy lllx( (t)+l (t)l (Z)+k (Z)
,[RZ \/Fbll fO fl (gl 93 ) (24)

1 - e—i(aa/bz)tzZzei(1/2)((aa/bz)(Zz+t2)2—(2/bz)(Zz+tz)wz+(dz/@)w§)dzdt
21hyj

+ X

2 2

THT
-

. . 2 2
e—l(ﬂl/bl)flzl 81(1/2)((“1/b1)(21+t1) =(2/by)(zy+t))w, +(dy /by )wy) x (sz () + kf3 (t)) (gO () + ng (Z))

27 i

1 - e—i(aa/bz)tzZzei(1/2)((aa/bz)(Zz+t2)2—(2/bz)(Zz+tz)wz+(dz/@)w§)dzdt
21hyj

+ X

2 2

THT
-

. . 2 2
e—l(ﬂl/bl)flzl 81(1/2)((“1/b1)(21+t1) =(2/by)(zy+t))w, +(dy /by )wy) x (sz () + kf3 (t)) (iéh (z) + k93 (Z))

27 i

1 - e‘j(“’z/bz)tzzzej(1/2)((a’z/bz)(Zz+t2)2—(2/52)(Zz"'tz)wz*'(dz/bz)w%)dzdt.
21hyj

X
2
]
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Simplifying this result we have

1

> +/2mhji

% J L @B /2h) (0 /) j(dr03/28) (0,23 /26,) ;o) 1, 3¢
2mb

H i(at3/2b) -i b)) i(d,wi/2b) i(ayz}/2b)) ~i b, . .
gAl,AZ {f * g} ((U) — JR el(al 1/ 1)e ity / 1)61( 1‘01/ 1)el(a121/ 1)e i(zyw;/by) (fO (t) + lfl (t)) (go (Z) +]g2 (Z))

+

1a1t /2b) —1(t1w1/b1 i lwf/zbl)ei(alzf/zbl)e—i(zlwl/bl)( (t)+i (t) i (Z) +k (Z)
27rb11 fo f1 @) (ig g5 (2))

J L J@8/2b) (a1 /6y) i3 /20,) (@ 23/26,) - @a0albs) g 7 14

R? \/Zﬂb]
1

(25)
. 2 . 2 .

+ J 1 (a,t}/2b ) l(flwl/b1)el(d1w1/2b1)el(ﬂ121/2b1)e—1(21“’1/bl) (sz t) + kf3 (t)) (go () + ng (Z))

R? \/Zﬂbll
» J L i@t} /2h) ity o) e [ 2) (@23 28s) 3 (eawa ) g g

R? +/27b,j

1 A t3/2b) it /by) i W2 /2by) i(a,22[2b) —i(ziw,/by) (s .

+J 1 1 1W1/0y 1017200) M2, 1200) 1@ 1(]fz(t)+kf3(t))(lg1(2)+kg3(2))

R2 /27, i

L @8 /26) (01 /6) (03 /20) j(@:23/26,) =300, 6r)

XJ ela’zz Jiywy e]zz e]zz (2,0, dzdt.

R2 +/271b,j

Applying properties of kernel function of the QLCT we
obtain
. . 1 . . .
f}v‘ﬂ A {f * g} (w) = J el(ulti/zbl)e i(t 0, /by) (fO ) + ifl (t)) .el(ulzf/ﬂh)e l(lel/bﬂel(d]‘L’f/Zb]) (90 (2) +ig, (Z))
- R? \2mh i
J _ L @2k e/ jildaw}/2by) et 28,) i b)) g gy
27Tb
1 . . .
+ J 1(u1t /Zb —i(tyw,/b;) (fO ) + ifl (t)) el(ﬂlzf/ﬂh)e 1(21w1/bl)el(d1wf/251) (igl () + kg3 (Z))
\2mhi

y J L @326 i(ea0a/b) Jdr03/28,) J(@r83/28,) 3(t01160) g 7 3¢

R? ~/27h,j

) (26)

+ J l(alt /2by) _1 (tiw,/by) (sz (t) + kf3 (t)) e i(alzf/Zbl)ei(zlwl/bl)e_l dlw /2by) (gO (Z) + ng (Z))

R

2 271b11

y J L @) el jdw/2b) ja/2) e ) g g
RZ

\271hyj

1(ut/2b —1tw/b)
1 1% t k t
g 650+ k> () s

y J L @) el jdwl/2b) i@ 2b) it o) g gy
RZ

\271hyj

. 2 . . 2
e l(alzl/zbl)el(zlwl/bl)e_l(dlwl/Zbl) (igl (Z) + kg3 (Z))




Now multiplying both sides of the above equation by

(1/275, 1) 112 and (1/~/2mbyj)el 292/ gives

1 . 2 . 2
el(d1w1/2b1)3zﬂl’A2 {f * g} (w) e](dzwz/sz)

\2mbyi
1

. \271b,j

_ J S fi20) it o) it/ 280) (£ ()
R? \/27b;i

—

i

+if; (1)) ;ei(“lzf/zbl) i@ /by) i(d ] /2b,)
2mbyi

x j (90 2) +i92 (2)
[RZ

L @) i) s 2)
271tb,j

L J@bi/am) it fby) i /26 g, g
271tb,j

+ J 1 ei(mt%/zbl)eii(tlwl/hl)ei(dlwf/%l) (fO (t)

R? \/anli

Fif, () —mm 720 g iEr 1) e 201)
\2mbii

1 .
X ij 2 (ig, (z) + kg3 (2))

. (@7 /28) (22002 [B) (a3 20)

1 : @312 (w1 /) (o3 [28) g 1
27tb,j

+ j 1 ei(ﬂ1t§/2b1)e—i(t1w1/b1)ei(d1‘0f/2b1) (jfz (t)

R? x/271b1i

Tk, (1) ———— o i@z /2b) iz /b)) ild, 0 /2by)

\/27‘[1’)11
x j (90 (@) +ig2 (=)
RZ

e](azzz/sz ef] (2500, /by) e] dzwz/sz)
27b,)j

L leuthizh) it o) Jd 28 g g
271tb,j

N J 1 ei(altf/Zbl)e—i(tlwl/bl)ei(dlwf/zbl) (j £, ()

R? \/anli
+kf; (£))

o i@z /2b) iz /b)) -id,wr2by)

\/Zﬂbll
x| (g, (2) + kg (2)
RZ
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1

' \271b,j

(@73/28) (220 /b2) (3 /28,)

(@13128) it by) (3 /28) g gy

' \271b,j

- J ;ei(alt?/2bl)e’i(t“"l/bl)ei(dlwf/zh) (fo )

R2 \/27b;i
+ify () x (Fh a4, {90} @) +iF%: 4 {9:} @)

1 P @B5128) it [b,) w3 26,) g 1

271tb,j

+ J ;ei(altf/%l)e‘i(tlw‘/bl)ei(dlwmhl) (fo®

R2 +/27b;i
+if; (1)) x (ig"»i}il,A2 {91} (@) + kgiu;,Az {95} (w))

L i@ /a) it /b) (s} /26) 3, 0
27b,j

N j 1 ei(altf/zbl)e—i(tlwl/bl)ei(dlwf/Zbl) (j 130

R2 +/27b;i
+kf; (1))

% JRZ (gﬂT)Az {90} (@) +jf’/7i'1,A2 {92} (w))

- b e)(a’ztz/th) _J(tzwl/hz)e)(dzwz/sz)dzdt
7T

N J L jantl/ab) it /o) ol /2b) 5 ¢ ()
R2 +/27tb;i

+kfy () x (iFy. 4 {91} (@) +kF), , {g5}

1

(@) ——— P@13128) it 8:) (3 /28) g g
\2m bzy
(27)
Based on Definition 3, the required result follows. O
Remark 8. 1f we use the matrix parameters A; = A, = (4 })

with a # 0. Then (21) will lead to

Fu a, {f * 9} (@)

= Vi ((F) 4, 1o} @) +iF) 4 1A} @)

(Foa, {90} @) +iFY. 4 {9} @)
+(Fh a1 @) +iF L (fi} @)

(iF%, 4, 00} @) + kffﬂ;,Az {93} @)

+ (1754, (£} @+ kFY. (£} (@)

) (gﬂ’;,Az {90} (@) + J'*G/'vﬂl,A2 {9:} (“’))
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+ (jgiu’{,A; {fo} (@) + kgiu;,A; {f:} (@)
(1T 4 {91} @) +kFY {3} (@))) 27,
(28)
Observe that the above form is quite similar to the
convolution theorem associated with the QFT [15]. Now we

investigate some consequences of Theorem 7, which are given
in the following results.

Lemma 9. Let f,g € L'(R*H) be two quaternion-valued
functions. If we assume that Fiﬂl’Az {g} € LY(R%R), then we
have

Fou a 1f * g} (@)

=\ Zﬂblie_i(dlwf/zh) ((gﬂ],A2 {fo} (w)

+iFy 4 {1 @) Fy 4 19} @)

1
#arese-[, ], e
1

X

\271b,j

+ (jgiu’;,Az {fa} (@) + kgiu;,Az {f3} (w))

. (G/:ﬂ*,AZ {g} (w)) \/znsze—j(dzwg/sz).

1

(29)

Moreovert, if&v‘ﬂl)Az{f} € LY(R% R), then we have

FU o Af 9} @) = \2byie el (g )
(@) (4, 4, {90} @) +iF4 4 {9:} (@)
+ Fpea, 1} (@ (30)
(154, 191} @ + kT 4 {95} @)))
‘ \/;sze—j(dzwé/zbz)_

Proof. We only verify the identity (29) and the others are quite
similar. Direct computations yield

ei(l/z)((“1/b1)X?—(Z/IH)X1w1+(d1/bl)wf)ei(ﬂ1 /b1)f1(f1_x1)f () g (x—t)

L 0/ /)x-@/b)xs0r+ /b)) ia b)) g 1

(31

_ J J L i@/o)n (=) e /26)] 121205101 i) /26)0] F®)gx—1)
R? JR?

X

\271b,j

By making the change of variable x — ¢ = v of the above, we
get

1
#areaio-[, ], e
1

\27byj

1 @Bt (t=%2) (@1 26)%5 ,=3(2120,) %305 iy [252)05 4

¢ i@/t A /2)(@ b)) it ) @i/ 20) £ () g (1)

L 3@/, J1/2)(@ 1) v+ts)? 3 +t)anby) i3 128) gy g

. 2 . . 2 . 2 .
.el(altl/Zbl)e_l(tlwl/bl)el(dlwl/zbl)el(alVl/Zbl)e_l(Vlwl/bl) x ({fO () + ifl (t)} + sz t) + kf3 (t)) g (v)

L i@/2) it b,) (s} /26,) (@13 128) 302002 /80) g g0,

X —\/;bjje]

- J 1
rR2 Jr2 +/27b;i

:

AT/ it o) i 20) i 2b) it [B0) (£ (4) 4 £, (F))

g(v)

L i@/2b) (6w b) (w3 /26,) i(@v/28,) i 0r0a80) g

\271b,j



1
+
JRZ JRZ \2mhi

X

\27b,j
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ei(ﬂlt%/ﬂ’l)e—i(t1w1/b1)ei(dlw?/ﬂ’l)ei(ﬂlvf/ﬂh)e—i(V1w1/bl) (]fz (t) + kf3 (t)) g (U)

1 (@213128) 3 (62002/8)) (05 /28) i(@23/28,) ,=(V202/80) g g4

(32)
Multiplying this result by (1/ x/2nbli)ei(d1w?/ ) and
(1/\/2nb2j)ej(d2“’§/2b2), we easily obtain
L eadshygh (o o1y L diie
\27bii Avda \27hyj
_ J J 1 .ei(ultf/zbl)e—i(tlwl /bl)ei(dlwf/zbl)ei(ulvi/zb])e—i(vlw1 /bl)ei(dlwf/zbl) ( £, (6) +if, ( t)) g (v)
r? Jr? 27b;i
o J@B2) (03 /b,) (@3 /28,) J(ar13/205) vy ) L @320 gy
21byj
J’ J 1 .ei(altf/zbl)e—i(tlwl/bl)ei(dlwf/zbl)ei(alvflzbl) o i@ /by) ei(dlwf/zbl)
R? Jr2 Zﬂbll
1 (33)
. 2 . . 2 . 2 . . 2
(1120 +kf3(8) g (0) T jexaztz/zba oI/ (s 28,) (@13 128,) = (v3038,) i3 /280) g4 10
23
1 i(ay£2/2by) —i(t,,/b;) i(dyw?/2b,) . H 1 i(a,12/26,) —j(ty0,/by) j(dy? /2by)
— i\t =) 7L @1 /0y) M @) /20 (t)+l (t)fji (w)x o\ Rta/202) g7 W2/ 0y) @25 125,) 1y
o 5 (o @1, )7}, {0} @)% e
L @b —ittio/by) i(dw?/2b,) (s H
+ ————¢ W T R B +kf;#)F . (w)
,[Rz \/Fbll (]fZ f3 ) ALA, {g}
L i@t2iab) (tw,/b) (At 2b)
X e e I
\271hyj
The definition of the QLCT (16) finally gives If Fi% ) Az{ fe L'(R%;R) is satisfied, then we have
1 id,w?/2b) i M — b jeidiel/2b) gH
o) * g} (w) F A4, {f * g} (w) = \27byie F A4, {f}
\2mhii a1 > ) 27b,j
ioi(daw)
RRCATTEIS (@) Fy 4, {9} (@ \/271192]6 denl2h) »
. _ . —i(d,w?/2b) - H oH
= (Fh a, (foh @) +iF) , {1} (@) - \2rbiie F aa, (91 @ Fy 4 {F} (@)
- F 4, {9} @) - \2byje 0,
* (jgﬂj,Az {fo} (@) + k*oiﬂ’i,A2 {f3} (w)) femark 11. It should be noticed if f, g € L'(R?; H) takes the
orm
H .
“F pea, 19} (@) F®) =jfy (x) +kfs (%), -
This finishes the proof of the lemma. O 9(x) = go (x) +ig, (x) +jg, (x) + kg; (x),
Lemma 10. Suppose that f, g € L'(R* H) has the form then it holds
Fh S * g} (@) = \2mbie G gH Lp)
f &)= fo(x) +if; (%) +jf, (x) +kf;(x), Ao \/ ' Ao
(35) ~j(dy0}/2,)

g(x) =gy (x) +jg, (x).

(@) Fye 4, 19} (@) \27bje
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= \/znblie_i(dlw%/%l)giu’;,A2 {g} (@) gﬂl,Az {f} (@)

. /zﬂsze—ﬂdzwi/zm’

(38)

where FiﬂpAz{ fh FiﬂpAz{g} e LY(R%R).
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