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We consider a strongly damped quasilinear membrane equation with Dirichlet boundary condition. The goal is to prove the well-
posedness of the equation in weak and strong senses. By setting suitable function spaces and making use of the properties of the
quasilinear term in the equation, we have proved the fundamental results on existence, uniqueness, and continuous dependence

on data including bilinear term of weak and strong solutions.

1. Introduction

Let O be an open bounded set of R” with the smooth
boundary I'. We set Q = (0,T) x Q, ¥ = (0,T) x T
for T > 0. The nonlinear equation of the longitudinal
motion of vibrating membrane surrounding Q with clamped
boundary is described by the following Dirichlet boundary
value problem:

oy Vy dy
—= -V | —— |-uA==f inQ
2 —
at 1+ lvy|2 at
y=0 on2,
¢y
}/(0, x) =Y (x) >
9y
0w ™
in Q,

where y is the height of a membrane, ¢ > 0, f is a forcing
function, and | - | denotes the Euclidean norm on R". A brief
physical background of (1) is given in our previous paper [1].

For damped linear or semilinear systems, there are many
books and articles about the well-posedness with applications
to various dynamic system’s topics (cf. [2-4], etc.) with
semigroup or unified variational treatments. However, the

quasilinear cases like (1) require more manipulations in the
analysis of systems, because the systems like (1) are very much
model-dependent due to the strong nonlinearity.

Equation (1) is proposed in Kobayashi et al. [5] and the
well-posedness of strongly regular solutions is studied by
using the resolvent estimates of linearized operators in a
modified Banach space. Besides, the well-posedness of less
regular solutions is proved in [1], called weak solutions in the
framework of the variational method in Dautray and Lions
[3]. Based on these results, we have treated the associated
optimal control and identification problems in [6] and [7],
respectively. Furthermore, in [8] we have extended the results
in [1] to more general quasilinear nonautonomous wave
equation with strong damping term.

In this paper, our concerned model is given by the
following problem:

o’y Vy dy
—= -V | ——— |-uA==Uy+f inQ
2
af ’1 + |Vy|2 at
=0 on?2,
4 @)
y(o’x) = )’0 (x)’
p)
20,9 =3,
in Q,
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where U is a bilinear forcing term which is usually referred
to as bilinear control variable acting as a multiplier of the
displacement term.

Bilinear optimal control problems with the state equation
being a linear first or second PDEs such as reaction diffusion
equation or Kirchhoft plate equation are studied by some
authors (see [9-12] and references therein).

For future work, we will study bilinear optimal control
problem with state equation (2). Then we must be faced
with many difficulties because of the quasilinear term in (2).
However, more regular solution of (2) corresponding to more
regular data than weak one enables us to overcome these
difficulties. This is motivation of this paper.

As is recognized, existence of regular solution of a
quasilinear PDE is also quite model-dependent due to the
strong nonlinearity.

We briefly summarize this paper as follows. At first,
referring to the results in [1], we shall prove the well-
posedness of weak solution of (2). Secondly, we shall analyze
(2) in higher regularity than in [1] by employing newly
constructed energy equality for (2). Finally, we shall prove by
exploiting the well-posedness of weak solution of (2) that the
regular solution of (2) is continuous with respect to regular
data.

The most difficult part of the existence proof is to show
the strong convergence of nonlinear terms, and the part
is completed by using the argument in [3, p. 569]. This is
another novelty of the paper.

2. Notations and Main Results

If X is a Banach space, we denote by X' its topological dual
and by (-,-)yr x the duality pairing between X' and X. We
introduce the following abbreviations:

LF =17 (Q),
H* = H (Q), 3)
I, = N-lle >

with p > 1. And H¥ mean the completions of CS°(Q) in H*
fork > 1.Let D(A) = H* nHé. If we denote the scalar product

on L? by (:,-),, then the scalar products on Hé and D(A) are
given as follows:

(v )i = (V9. V9),, Vy,¢ € Hy;
((, ¢))D(A) = (Ay,A¢),, Yy, ¢ eD(A).

(4)

Then obviously,

Il = vy, vy e H,

[¢ll5a) = [4¢l,. V¢ € D).

©)

The duality pairing between Hé and H' is denoted by
()11
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It is clear that
D(A) — Hy — L* > H ' < D), (6)

and each space is dense in the following one and the injections
are continuous.

Related to the nonlinear term in (2), we define the
function G : R" — R" by G(x) = x/+/1+]|x|*, x € R".
Then it is easily verified that

IG(x)-G(y)|<2|x-y|, Vx,y€eR" (7)
The nonlinear operator G(V-) : Hé — [L®]" is defined by

Vo (x)
1+ |6 (x)f

By the definition of G(V-) in (8), we have the following useful
property on G(V-):

IG (vo)l, < Ve,
|G (v¢) -G (Vy)|, < 2[[Vé - Vy, )
Vo, v € Hy.

G(Ve) (x) = ae x €Q, V¢ € Hy. (8)

The solution space W (0, T') for weak solutions of (2) is defined
by
W (0,T) = {g |gel? (O,T;Hé),g'
(10)
e’ (0,T;Hy ), g" e L (0, T;H ')}

endowed with a norm

"9 “W(O,T)
(11)

2 2 )2 12
= <||g||L2(0,T;H5) + "g "LZ(O,T;Hg) + ”g ”LZ(O,T;H-l)) >

where g’ and g" denote the first- and second-order distribu-
tive derivatives of g. We remark that W (0, T is continuously
embedded in C([0,T]; HS) n CY([0,T); L) (cf. Dautray and
Lions [3, p. 555]).

Definition 1. A function y is said to be a weak solution of (2)
if y € W(0,T) and y satisfies

(" O.8) |, +(G(Vy (). V), +u (VY ().V9),
=(UOy,9), +{f):¢)
V¢ € H, in the sense of 2' (0,T), (12)
y(0) = y, € Hy,
y' (0) =y eI

The following theorem gives the fundamental results on
existence, uniqueness, and regularity of weak solutions of (2).



Abstract and Applied Analysis

Theorem 2. Assume that (yy, y,, f) € HyxL*xL*(0, T; H ),
and U € L*(Q). Then problem (2) has a unique weak
solution y € W(0,T). Moreover, the solution mapping p =
Vo Y1 L U) = y(p) of P = Hy x L> x L*(0, T; H ') x L®(Q)
into W(0, T') is locally Lipschitz continuous.

Indeed, let p, = (yé,yll,fl,Ul) € Pand p, = (yg,
yf, £,U,) € P. We prove Theorem 2 by showing the
inequality

2
Iy (p1) =y (P)lwiory <€ ("V (J’é - }’3)“2
2
+ ”yll - yf"Z + "fl - f2|liz(0,T;H*1) (13)

) 1/2
+U - Ulieig)  =Cloi- 22l

where C > 0 is a constant depending on data.
Next we introduce the solution space S(0,T) for strong
solutions of (2) defined by

$(0,7)={glgeL*(0.T;D(4).g
(14)
€L’ (0,T;D(A), " € I’ (Q}

endowed with a norm

”g "S(O,T)
(15)

2 1/2
va)

where g' and g’ denote the first- and second-order dis-
tributive derivatives of g. We remark also from Dautray and
Lions [3, p. 555] that S(0,T) is continuously embedded in
C([0, TJ; D(4)) N C'([0, T]; Hy)-

B 2 12 "
= (||g||L2(o,T;D(A)) + ”g 2o,rD@) ||g

Definition 3. A function y is said to be a strong solution of
(2) if y € S(0,T) and y satisfies

V' () -V-G(Vy ) - pury ()

U@ y@®) + f(t), ae tel0,T],
(16)
y(0) = y, € D(A),
y'(0) = y, € Hy.

The next theorem gives a well-posedness result for strong
solutions of (2).

Theorem 4. Assume that (y,, v, f) € D(A)xHé xL2(Q), and
U € L*(Q). Then (2) has a unique strong solution y € S(0,T)
and it satisfies

"J’ "S(O,T)
(17)

1/2
< C Iyl *+ il + 17 + 1W0y)

where C is a constant depending on data.

Now we give the result on the continuous dependence
of strong solutions of (2) on p = (¥, ¥;, f, U). Let F be a
product space defined by

F =D (A)x Hy x L* (Q) x L™ (Q) (18)
endowed with a norm

lels
(19)
1/2

= ("J’onim) + [ ||§13 + "f"iz(Q) + ”U"iw(Q))

For each p = (yy, ¥1, > U) € & we have a strong solution
y = y(p) € S(0,T) of (2) by Theorem 4. Thus, we can define
the solution mapping p = (¥4, ¥, >, U) — y(p) of F into
(0, T).

Theorem 5. The nonlinear solution mapping p = (Yo ¥1»
f,U) = y(p) of F into S(0, T) of (2) is continuous.

Throughout this paper, we will use C as a generic con-
stant and omit writing the integral variables in any definite
integrals without confusion.

3. Proof of Main Results

Proof of Theorem 2. Since U; € L™(Q) (i = 1,2), by the
results in [1], we can deduce that the weak solutions y(p;) of
(2) corresponding to p; (i = 1,2) exist in W(0, T') such that

Iy (Pi)"w(o,T)
. ) 1/2
<c([vls + 1AL + 1A o) (20)
<Clpl, G-12.

We denote y;, — y, = y(p;) — ¥(p,) by y. Then, we can get
from (2) that y satisfies the following equation in weak sense:

'l//” _ ,MAV/I =V- G(Vyl) -V G(Vyz) + Ull// + ij2
+f inQ,
y=0 on?2,
1 2 (21)
1//(0) = y() - ,VO,
v () =y -y
in Q,
where U=U, -U, and f = f, - f,.
We multiply (21) by v’ + v to have
1d 1 enl? 2 L2
S (W @+ ulvw OF) + vy @

== (G(Vy ) -G(Vy, ). V(¥ ) +y®)),



(U, Oy O+ U@ 70,9 O +y 1),
-y 0.vo)

H{EO.V O-v®) -

(22)
By integrating (22) over [0, ¢], we obtain
v OF +20 [ [oy/Eas+ ulvw @l
= v @ + ullvw @I
_ Lt (G (V) -G (V). V(v +v)), ds .

+2 L (Ult// +Uy,, v + 1;/)2 ds
—2(¥' 0,y ), +2 (v ©),v (),

t t
w2 |/ds+2 ] (69 +v),, ds

Let € > 0 be an arbitrary real number. Then, by (9), (20), and
the Schwartz inequality we can obtain the following:

o[ (@O V(¥ +v)),as

t t
<] [yl oy, ds v [ Ivylias

<(+a) [ Ivvas e [ vy as
~ \e o 1Vl o 1NV 1245

’2 Lt (U + Uy y' +y), ds
<2 [ (uut, + 10l (Iv'], + vk, s
<20Vl [ (s ], + IWIE) s

e [oliass2 [ (vl + ) as
<cC Lt (1991 + ') ds + 101w I3l
<c( [ (1wvli + [ s+ 10 bl )
<C (L (19wl +[w'];) ds + 10w g Ilpzllf@) :

t
‘2 L (fv'+ w>71’1 ds

t
<2 [[ Ul (9], Iovl)as
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1 2 ! 1|2
< (24 )W Bmars e | 9w/l as
! 2
+ [ vyl s

t
2|(v' @,y ), < 2| O, v © + L y'ds

2

2
2

<e|' '(t)||2+1” (0)+Jt 'ds
<ely' O+ v+ | v

T t
cely @b+ 2y ol + 2 [ v/l as
(24)

We also note that [2(y'(0), y(0)),| < C("VI//(O)”% + ||1//'(0)||§).
Therefore, from (23) and (24), we can obtain the following
inequality:

-0y’ [ + vy @ + (20 - 2¢)

1+T
+pl’)

€

J [vv/[ds < c(1+
: ) (25)
' <||w O + [ O, + 115200,

t
Wi+ [ (] 199 as).

If we choose € = min{1/2, y/2}, then by Bellman-Gronwall’s
inequality it follows that

t
v @ vy @+ | |7/l ds < (r.p,)
(19w OF + v O + 168y (26)

+ Ul = C(T.p2) o1 - Pl

By (21) and (26) we have

v zormay <€ ("V‘”’ Q@

+|G(Vy,) -G (VyZ)"LZ(Q) + ”‘/’“LZ(Q)
+ Ul o0 () ||y2”LZ(Q) + "f"LZ(O,T;H’l))

<C(|vy’ (27)

12(Q) + ”Vl//"LZ(Q)

Ul 1yl * 20 )
<C (T, p,) (”Pl - Pz"gJ + Ul oo () ”Pz"@

+ €l 20mm1) < Co (T p2) |21 = P2l -

Finally, by combining (26) and (27) we obtain (13).
This completes the proof. O
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Lemma 6. Let X,Y, and Z be Banach spaces such that the
imbeddings X C Y C Z are continuous and the imbedding
X C Y is compact. Then a bounded set of W (0,T; X, Z) =
{g 1 geL®0,T;X),g €L®0,T; Z)} is relatively compact
in C([0, T];Y).

Proof. See Simon [13]. O

Proof of Theorem 4. We divide the proof into three steps.

Step 1 (approximate solutions and a priori estimates). We
construct approximate solutions of (2) by a Faedo-Galerkin’s
procedure. Since D(A) is separable, there exists a complete
orthonormal system {w,,};> | in L? such that {w, ), is
free and total in D(A). For each m € N we can define an
approximate solution of (2) by

Y (6) =D Gjm (D) w), (28)
j=1

where y,,(¢) satisfies (2). Then (2) can be written as m vector
differential equations

_d? _ _d _ R
“ - - @ - 29
B39+ G (V) Gon + B -G = Ulis + fr (29)

with initial values

Gm (0) = [()’o>w1)2 > (J’o>w2)2 s ()’o»wm)z]t >
d t (30)
Egm (0) = [()’1>w1)2>(y1>w2)2>---’()’1»wm)z] .
Notations of (29) can be explained as follows:
gm = [glm" . "gmm]t’
E= ((w,-,wj)2 =8;:i=1,..,m j=1,..,m)
= Im,
G(Vy,) = ;(Vw Vw;) i
Ym) = > i VWj ), -
V1+ |V,
(31)
=lL....m, j=1,...,m |,

‘u5=(u(Vwi,ij)2:i=l,... .,m),

I~J=((Uw,-,wj)2:i: L...,m, j= 1,...,m),

= [(frw)yoeos (frw), ]

where [---]° denotes the transpose of [---]. Since G(V-) :
Hé — [L*°]" is Lipschitz continuous and U € L*(Q),
we can deduce by Carathéodory type existence theorem
that the nonlinear vector differential equation (29) admits a
unique solution [gy,,;» Gapms - - - » Gmm)” 00 [0, T]. Hence, we can

,m, j=1,..

construct the approximate solution y,,(t) of (2). Next we shall
derive a priori estimates of y,,(¢).

By analogy with (22), we take L* product of the equations
for approximate solutions y,,(t) with —Ay’ (t) — Ay,,(t) to
have

L (19 O i OF) st 0
== (V-G (95, (1), Ay, (1) + Ay, (1)),
—(U@) 3,0 (8), Ay, () + Ay, (1), (32)
+ (.83, ®),
= (£ .89, + 4y, 1),

By integrating (32) over [0, t], we obtain

t
V35 OfF 20 | ansf s+ uly,, o0
= [V yumll + e [850ml3

¢
- ZJ (V -G (Vy,), Ay + Aym)z ds
' (33)

-2 Jt (Uy Ay, + Ay,,), ds

0

+2(3, (0,09, ), = 2 (Vi AVom),
2 [yl fods=2 [ (a5, ), 4
s— Ay, ). ds.
. Yl . Y Ym),
Here we note from the elliptic regularity theory that

A(/) L ¢x,r ¢xj ¢x,vxj

- Z PPNT)
Ve lvel (1 vel)” |

n (34)
<[agl, + Y |6ss |, < ClAgl,

ij=1

[v-G(v)l, =

V¢ € D(A).

Thus, by (34) we can deduce for e > 0

|2 Jt (V-G (V). Ay, + Aym)2 ds
0
t
<2 L 1V-G ()l |70 + Ay, ds
t
< C | 1ayuls (Jash ], + hayol) ds

t t
<e Jo "Ayr’n”z ds+C L ||Aym||§ ds;



el CRONSMOIN
v <y0m + L y,'ﬂdS)
2

t
< el Ol + 2|7 (oo + [, )|

<2Jvy o],

2

2 2 2T (f 2
<elr O+ 21l + 2 | [vnilias
(35)
For other estimations of the terms in the RHS of (33) other

than (35), we can follow the analogous process in the proof of
Theorem 2 to get

t
93, O + [ [y, ds+ oy, 00
(o b+ 1l + Il 9

t
[l T lE) ).

Therefore, it is shown by using Bellman-Gronwall’s inequality
that

t
1955, @[ + lan, O + | [as, s

(37)
<C ("AyOm”; + “vylmlli + "f"iZ(Q)) >

vVt € [0,T].

And also from Theorem 2, (2), (34), and (37), we have

”yrl-r,l I2(Q) < "V ’ G(Vym)”LZ(Q) +u "Ayr,n 12(Q)

+ ||Uym"L2(Q) + ”f"LZ(Q) <C (”Aym"Lz(Q)

Ayl MWl Pl o) * 1F120))

(38)

<C (||Aym||L2(Q) + "Ay:n *Q

Ul Wl + 1fl2y) < €1

12l ) U0l + 1V 31mll, + 151 20
+ "U"LOO(Q)) >

where pm = (yOm’ YVim> f’ U)

Step 2 (passage to the limits). Equations (37) and (38) imply
that

{y,n} is bounded in S(0,T)
(39)
NW" (0,T;D(4), Hy).
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And the nonlinear term V - G(Vy,,) is bounded in L*(0,
T; Lz). Hence, by the extraction theorem of Rellich, we can
extract a subsequence {y,, } of {y,,} and find y € §(0,T) N

Wh(0, T; D(A), Hy) and € € L™(0, T; L*) such that
(i) ¥, — y weakly-star in L™ (0, T; D (A))
and weakly in S(0,T),
(ii) yr'nk — y' weakly-star in L™ (0, T; HS) , (40)
(iii) V- G (Vy,, )

— & weakly-star in L™ (0, T; LZ),

as k — o0o0. Since D(A) — Hé is compact, we can apply
Lemma 6 with X = D(A),Y = Z = Hé and Aubin-
Lions-Temam’s compact imbedding theorem (cf. Temam [14,
p. 274]) to (39) to verify that {y,,} and { y,;} are precompact
in C([0,T]; Hé) and L*(0, T; Hé), respectively. Hence, we can
find a subsequence {y,, } € {,,}, if necessary, such that

Ym, — ¥ strongly in C ([0, T] ;HS) , (41)
y:nk — ' strongly in L? (O,T; Hé) (42)

as k — co.
By the standard argument of Dautray and Lions [3, pp.

564-566], it can be verified that the limit y of {y,,, } is a strong
solution of the linear problem

y”—?—[/tAy':Uy+f in Q,

y=0 on2,
y(0,%) = yo, (43)
Y (0,%) =y,
in Q.

Step 3 (strong convergence of approximate solutions). In
order to prove that y is a strong solution of (2), it is sufficient
to prove & = V - G(Vy). For this, we shall show y,,(f) —
y(t) strongly in D(A) for all t € [0,T]. To prove the strong
convergence, we use the modified arguments in Dautray and
Lions [3, pp. 579-581] and the classical compact imbedding
theorem.

First as in (33), we take L2 product equation (43) with
~Ay' — Ay and integrate it over [0, t] to have

t
7 O+ 20 | Jay'[ds+ ulay o
t
=19l ol -2 | (905 +ay), ds

-2 L (Uy, Ay + Ay)z ds+2 (y' (t),Ay (t))2
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t
[ oy Las

-2 Jt (f, Ay + Ay)z ds.
0

- 2()’1>A}’0)2 +2

(44)
By making use of the following trivial equalities:
Il + llell> = e - ¢ll> +2(8.9),, V9 el
(@1.91), = (¢ (61,92),
+ (6201

— ¢ — (Pz)z +
- 4’2)2’
Vg € L* (i=1,2),

we add (33) to (44) and denote y,, — y by y,,, to get

t
vy O+ 2 | Javi 2 ds+ wlav, @ = o,

+2Zc1> (t) - 2J (V-G(Vy,) -V (46)

i=1

G (V). Ay, + Ay,),d

where
5 = 1Yyl + 1Vl + (1950l + [V50])
= 2((Vim AYom), + (11, A%),) »
©,, (1) == (Vy, (0, VY ©), - 4 (Ay,, (1), Ay (1)),

—ZHJ (Aym,Ay) ds,
2 () = - Jt (Uym,Ay,'n + Aym)z ds

Uy,Ay +Ay d
0

t
+j [V35 ds + j [V} ds

0 (47)

t
J fAym+Aym ), ds

(=]

t
J finy' +Ay dsds
0

+ (7 0,8y, ), + (¥ ), Ay ®),,

t

Q> (t) = - Jo (V G(Vy,),Ay +Ay) ds

J <, Ay +Ay d
0

-

- | (7-6n).0v, + ay,,), ds

(=}

7
For simplicity we set
3 .
D, (1) = 0) +2) D), (1). (48)
i=1
It is verified by direct computations that
V(G (V) =G (Vy) = Hp + Ry (49)
where
Aym—Ay ymxymx (ymxx yxx)
Koy = 7 ,» (50)
VI+[Vy ot (1+]99,)
t%?’I’l
_ Ay 1 1
VU0 A1+[Vf (51)
= yx-yx- ymx-ymx-
N (LR )
ij=1 xx] < (1 + |Vy|2)3/2 (1 + |V)/m|2)3/2
By (49)-(51), (46) can be rewritten by
’ 2 ! 12 2
[V O + 20 | ot ds + ullav, @
t
=, (t)-2 J (%m, Ayl + Al//m)z ds (52)
0

-2 Jt (H s Ay, + Ay, ), ds
0

The term %, can be estimated as

n
[l < 1890l + Y. s |, < ClAWl, - 53)
i=1

Then by routine calculations in (52) together with (53), we can
derive the following inequality:

t
74, O, + b I + [ v s
(54)

t t
<c(lo, 0]+ [ I lds) +C [ oyl ds.

By applying the extended Bellman-Gronwall’s inequality to
(54), we deduce

[vus, @ + 12w, @] + Lt lav | ds
< (19 )] + Rl 20 (55)

t
C | (10l + 120 ds.



By virtue of the strong convergence of the initial values
and (40)-(42), we can extract a subsequence {y,, } of {y,,}
such that

@, — 20Vl + 2uAnly - 4 (5 Ay),
2
®,, (1) — ~[vy O], - ulay O

t 2
~2u [ay'f;ds

0
t
d)fnk (t) — —ZJ (Uy, Ay + Ay)2 ds

t (56)
+2 j [9'[} ds

(=}

-

ZJ fAy +Ay d
0

!

+2(y (t) Ay(t) ,

) (1) — 2J (%.0y' +Ay)2ds
0

as k — o00. Therefore, in view of (44) we can deduce by the
sum of limits in (56) that

®, (1) — 0 ask— oo. (57)

Also from (41), we can easily verify that there exists a
subsequence {y,, } of {,,} such that

Ymex, — Vx, € XE O, i=1,...,n (58)

(Voo Vi) —

as k — 0o. From (49), (53), (62), and (63), it follows that
V-G (Vymk) — V-G(Vy) strongly in L*(Q) (64)
as k — oo. Thus, we readily have
g=V-G(Vy). (65)
Therefore, we have proved the existence of a strong solution
(()f ()2B)y similar estimations as in (37) and (38), we can show
17).

The uniqueness of strong solutions is evident from the
uniqueness of weak solutions. O

Proof of Theorem 5. Let y(p + 8p) and y(p) be the strong
solutions of (2) corresponding to p + 6p = (¥ + 6y 11 +
Oy, f +0f,U+0U) € Fand p = (yp, ¥, £, U) € &F,
respectively. Set y5 = y(p + 8p) — y(p). Then y; satisfies

vy —ubys =V-G(Vy(p+8p))-V-G(Vy(p))

+Uys + 68Uy (p +6p) + 6f
in Q)
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for all t € [0, T]. Then it follows from (58) that

1 1

—

\/1 + |93, (62 1+ ]9y (6 x)

ae x €Q,
(59)
Y, (6 %) Y, (£ %) Vx, (6 X) yy, (8, X)
—
2 3/2 2 3/2
(1+ V3, )] (1+ vy @ 0l)
ae x€Q)
for all t € [0, T]. Hence, we have
]}Lngoﬂmk (t,x)=0 ae. (t,x)€eQ. (60)
Since
n
| (60| < 2[Ay (6 2)] +2) |1, (69)]
i,j=1 (61)
ae. (t,x) €Q,

we see from (60), (61), and the Lebesgue dominated conver-
gence theorem that

Ry, — 0 strongly in L*(Q) as k — oo. (62)

By applying (57) and (62) to (55) with m = my,, we have

(0,0) strongly in C ([0, T]; D (A)) x (C([0,T]; Hy) N L* (0, T; D (A))) (63)
Ys=0 on2,
Vs (0, x) = 8y,
5 (0,x) = 8y;,
in Q
(66)

in the weak sense. Here we can repeat the same estimations in
the proof of Theorem 4 mainly by performing L*(Q)-product
of (66) with ~Ay; — Ay to obtain

2 ¢ 2
[vw; OFF +lavs @I + | Javil; ds
t
<c( [ 1ollds + 1 o)+ 1V @

+ "8UJ’ (p+6p)+ 6f"iz(Q)> <C (”‘%8“12_2(@

+ 1A @)l + IV 33)l;
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18Uy (2 + 80) 20y + 18120
< C ([ Rl *+ 12 B30 + IV (313
+ "‘SU"JZ,‘X’(Q) Ip+ 61’”; + "‘Sf"iZ(Q)) <C (1

+1p+8pl%) (1%s2:0y + I8215)
(67)

where % is given by (51) in which y,, and y are replaced by
y(p+6p) and y(p), respectively. By Theorem 2, we know that

“‘//(SHW(O,T) < C|ép|z- (68)
Equation (68) immediately implies

Vs — 0
(69)
strongly in C ([0, T] ;Hé) as 6p — 0 in 2.

Whence from (58)-(62) we know that
Rs — 0 strongly in L* (Q) as 8p — 0 in &.  (70)
Finally by (66), (67), and (70), we can conclude that

ys — 0 strongly in S(0,T) as p — 0in F. (71)

This completes the proof. O
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