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An existence and uniqueness of solution of local boundary value problem with discontinuous matching condition for the loaded
parabolic-hyperbolic equation involving the Caputo fractional derivative and Riemann-Liouville integrals have been investigated.
The uniqueness of solution is proved by the method of integral energy and the existence is proved by the method of integral
equations. Let us note that, from this problem, the same problem follows with continuous gluing conditions (at A = 1); thus
an existence theorem and uniqueness theorem will be correct and on this case.

1. Introduction and Formulation of a Problem

Development of the theory of the equations with fractional
derivatives is stimulated with development of the theory of
the integer order differential equations. About applications
to physics, biology, mathematical modeling, and so forth,
one can find works [1-3]. Notice works [4-7], devoted to the
studying of BVPs for parabolic-hyperbolic equations, involv-
ing fractional derivatives. BVPs for the mixed type equations
involving the Caputo and the Riemann-Liouville fractional
differential operators were investigated in works [8, 9].

Note that with intensive research on problem of optimal
control of the agroeconomic system, regulating the label of
ground waters and soil moisture, it has become necessary to

1
Uspx — CDZy“ +p (x) J'x (t - x)ﬁ_l u (t,0) dt,

O:
1

uxx_uyy+q(x+y)j

xX+y

investigate a new class of equations called “loaded equations.”
It was given the most general definition of “loaded equations”
and various loaded equations are classified in detail by
Nakhushev [10]. After this work very interesting results on the
theory of boundary value problems for the loaded equations
parabolic, parabolic-hyperbolic, and elliptic-hyperbolic types
were published; for example, see [11-13].

In this direction, some local and nonlocal problems for
the loaded elliptic-hyperbolic type equations of the second
and third order in double-connected domains were investi-
gated (see [14-17]).

BVPs for the loaded mixed type equations with fractional
derivative have not been investigated yet.

In the given work, we consider the following equation:
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with the following operation [18]:

y -0 ol
oD% f = | o= roa o

'l-«)
where 0 < o, B,y < 1.

Let O be domain, bounded with segments A;A, =
{(x,y):x=1, Osygh},ﬁz{(x,y):sz,OSySh},
and B,A, = {(x,y):y = h0 < x < l}aty > 0and
characteristics A;C: x—y = 1;BjC: x+y =00of (1) at y < 0,
where A{(1;0), A,(1;h), B;(0;0), B,(0; h), C(1/2; -1/2).

Let us enter designations

DEf o) = = [ -0 fdn 0<per o

L (B) )
Q"'=Qn(y>0),
Q" =Qn(y<0),

. (4)
Ilz{x: —<x<1},
2
L={y:0<y<h}.
In the domain of Q) the following problem is investigated.

Problem 1. To find a solution u(x, y) of (1) from the class of
functions,

W:{u(x,y): u(x,y) eC(ﬁ)nCZ(Q_), Uy,

€C(Q"), cDyueC(Q)}, ©
satisfying boundary conditions

u(y)aa,=00), yel, (6)

u(y)pp, =v(), yel, (7)

u(x,y)|AIC:w(x), x €, (8)

and gluing condition

o1
yh_)r{rloy “uy, (x,y) = A, (x,-0), (x,0) € A;B;, (9)

where ¢(y), w(y), and w(x) are given functions, A =
const (A # 0), and besides w(1) = ¢(0).

2. The Uniqueness of Solution of Problem 1

It is known that (1) at y < 0 on the characteristics coordinates
& =x+ yandn = x — y totally looks like

q(«f) ! —1
ugy =12 L (t- & ut,0)dr. (10)
Let us enter designations u(x,0) = 7(x), 0 < x < 1

uy(x, -0)=7v(x),0<x < 1;

lim yl_“

N
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It is known that solution of the Cauchy problem for (1) in the
domain of O can be represented as follows:
u(xy)

Ct(x+y)rT(x-y) 1Y
- 2 _EL+y v (a (12)
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After using condition (8) and taking (3) into account from
(12) we will get

v (x) = xT_ll" (y)q(x) D)7 (%) - 7' (x)

/<x+1>
w\—.
2

Considering designations and gluing condition (9) we have

(13)

v(x) =7 (x). (14)
Further from (1) at y — +0 taking into account (2), (14), and
lim DG f(y) =T @limy™f (), qs)
we get [8]
7 (x) = AT (@) v (x) +T(B) p(x) Dt (x) =0.  (16)
Theorem 2. Satisfying conditions
p0) <0,
p (%) <0;
Aq(0) <0,

17)

A(x-1)gx) =0,

the solution u(x, y) of Problem 1 is unique.

Proof. It is known that if homogeneous problem has only
trivial solution, then we can state that original problem has
unique solution. For this aim we assume that Problem 1 has
two solutions; then denoting difference of these solutions as
u(x, y) we will get appropriate homogenous problem.

We multiply (16) to 7(x) and integrated it from 0 to L:

1
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0

0
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1
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We will investigate the integral
1
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Taking (13) into account, w(x) = 0, we get
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Considering 7(1) = 0, 7(0) = 0 (deduced from conditions (6)
and (7) in homogeneous case) and on a base of the formula
(see [19, p. 188]),

|x =t
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After some simplifications from (20) we will get
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Thus, owing to (17) from (22) it is concluded that 7(x) = 0.
Hence, based on the solution of the first boundary problem
for (1) [9, 20] taking into account (6) and (7) we will get
u(x,y) = 0in Q. Further, from functional relations (13),
taking into account 7(x) = 0, we get that v (x) = 0.
Consequently, based on the solution (12) we obtain u(x, y) =
0 in closed domain Q .

(22)

O

3. The Existence of Solution of Problem 1

Theorem 3. Satisfying conditions (17) and
9(»).v(») eC(L)nC (1),

w(x)eC' (I,)nC (1),
S (23)
p(x) € C(AB,)nC*(A,B,),

q(x+y)e C(§)DCZ(07),
the solution of the investigating problem exists.

Taking (13) into account from (16) we will obtain
A _
7 (x) + Sr@T ()1 -x)q(x)D, V7 (x)

+ AT (o) 7' (%) (24)

x+1

= Al (a) @' <T> -T(B)p(x) D;‘ff(x).
From here,
7 (x) + AL (@) 7' (x) = f (%), (25)
where
= ST @T () (- D) DJr ()

(26)
x+1

FAT @ (52 =T (B) px) Dfr ().
Solution of (25) together with conditions
7(0) =y (0),

(27)
7(1) = ¢(0)



has a form
1
T(x) = (1 -x)y(0) + x¢ (0) + J-o G(x,t) f, (t)dt, (28)

where f,(x) = f(x) + AL()[(0) — ¢(0)]. One has

G (x,t)
( AT(a)x _ 1)( AT ()t e/\I‘ )

AT(@x (eAT@ — 1) AT ()
( AT ()t 1) e/\F at

Al"(oc)x (eAl" o) _ 1) AI‘ >

; 0<t<x (29)

)LI“(oc) )

t<x<l1.

G(x,t) is Green’s functions of the boundary value problem for
(25) with conditions (27). Further, considering (26) and using
(3) from (28) we will get

AT (&)

T (x) = r T () dt

0

. jt (s=1)(t— )" K, (x,5) q(s)ds
0

- r T(t)dt r (t - )P K, (x,5) p(s)ds
0 0
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0
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®)

LXKI (x,s) [MT (s—1)(t-95)""q(s) - (tfs)’“p(s)] ds+I K, (x,5) [

For better understanding, we present the statement of equiv-
alence.

Remark 4. Satistying all conditions of Theorem 3, the exis-
tence and the uniqueness of solutions of Problem 1 in the class
of W are equivalent to the unique solvability of the Fredholm
type integral equation (32) in the class of C'[0,1] n C%(0,1).

Now we need to investigate the integral equation (32); for
this aim we will estimate the kernel and the right side.
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J D9 K @ ds
t

- Jl T(t)dt r t -5 K, (x,5) p(s)ds

+ F (x),
(30)
where
! t+x
Fx) = AF((x)J G (xt)w ( - >dt
0
1
— AT () (y (0) — ¢ (0)) L G (x,t)dt,
( AT _ 1) ( ATx _ eAI‘(oc)) G
K (x,t) = M@ (@ — 1) AT (a) 5
( Ax _ 1) ( A _ eAr(«))
K, (x,t) = M(@)x (eAr(a) _ 1) AT ()
Folding separately the integrals with limits f: and J: we
rewrite integral equation (30) as follows:
1
T (x) = I K (ot 7(t)dt +F (). (32)
0
Here
0<t<x (33)
[« ) 1)(tfs)yflq(s)7(t75)’371p(s) ds; x<t<l1

Owing to class (23) of the given functions and after some
evaluations from (33) we will conclude that

AT ()t

e -1

|K1 (x, t)l _ ( ) | _ M(@)(1-x)
(M@ —1) AT ()

|1 _ e/\F(tx)|
SAF—((X)zconst<oo at0 <t < x,

t AT («

IK (x,1)] = L K, (x,5) [ (o) 1-35)(t-5)""q(s)
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J¢

< const

—t-s"p (s)] ds

—95)7tds

< const - t° < const

at0 <t < x, where o = min{y, }.
(34)

Accordingly we can get |K(x,t)| < constatx <t < 1.

Taking into account w(x) € CI(K)OC3(II) and |G(x, t)| <
const and |G, (x,t)] < const from F(x) = AI'(x) .[01 G(x,
t)w' ((t + x)/2)dt — AT(e)(y(0) — ¢(0)) _[01 G(x, t)dt we will

get |F(x)| < const and |F'(x)| < const. Hence on the base
of theory of Fredholm integral equations of the second kind
the integral equation (32) is solvability and we can write a
solution of this equation via resolvent-kernel:

7(x)=F(x) - Jl R (x,t) F (t) dt, (35)

0

where R(x, t) is the resolvent-kernel of K(x, t).
We will find unknown functions v~ (x) and »*(x) accord-
ingly from (13) and (14):

v (x)
- 1_qu(x) Jl (t - x)'7"dt Jl R (t,s) F (s)ds

x 0
_ (36)
- 1qu(x) Jl (t-x)""VF@t)dt - F (x)

x+1

+ Jl MF(t)dt+w'<T),

0 ax

and v"(x) = Av™(x).
We write solution of Problem 1 in the domain Q" as
follows [18, 21]:

y
u(.7)= | Ge (v 0m) v ()

y

—L Ge (%, 3, L,n) ¢ () dn
1

+j0 Gy (x— & y) 7 (8) dE (37)
y rl

—J J G(x,9,0,1) p(§)dédn
0 Jo

: Jl t -5 @) dr.
£

Here Gy(x - & y) = (1/T(1 - &) [ 7*G(x, y, & )y,

a/2-1

G(x,yf,n):%

°° N x—&+2n
> [e}:aﬁ <—|_—}1)¢x/2|> (38)

n==co (y

_ en <_|x+§+2n| )]
Loa/2 of
N e

is Green’s function of the first boundary problem for (1) with
the Riemann-Liouville fractional differential operator (note
that it is true for the Caputo operator too) (see [20]), and

(o] n

1,6 _ Z
€5 (2) = n;)n!l" (6 —9dn) (39)

is the Wright type function [18].
Solution of Problem 1 in the domain Q" will be found by
formula (12). Hence, Theorem 3 is proved.
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