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This paper shows how to value multiasset options analytically in a modeling framework that combines both continuous and
discontinuous variations in the underlying equity or foreign exchange processes and a stochastic, two-factor yield curve. All
correlations are taken into account, between the factors driving the yield curve, between fixed income and equity as asset classes,
and between the individual equity assets themselves. The valuation method is applied to three of the most popular two-asset options.

1. Introduction

Multiasset options, that is, options whose payoff depends on
more than one underlying risky asset, are actively traded in
the financial markets. They are valuable to investors as tools
for diversification and because they allow trading not only
volatility but also correlation. They are useful to companies
that need to hedge complex positions across various asset
classes. For more background on these topics, the reader may
refer, for example, to Bouzoubaa and Osseiran [1].
Analytical valuation formulae for multiasset options are
available only in the standard Black-Scholes [2] modeling
framework. The latter is notoriously based on a number of
assumptions that are not empirically verified, as explained, for
example, by Epps [3]. In this paper, it is shown how to price
two-asset options analytically without having to rely on two
of the most spurious assumptions of the Black-Scholes model,
namely, the continuity of asset price paths and the nonvari-
ability of interest rates. The former of these two assumptions
is clearly invalidated by observed data in times of financial
stress, especially during the so-called market crashes, in
which stock prices do exhibit jumps. It results in dangerously
underestimated option prices, especially for short-lived, out-
of-the-money contracts. As for the assumption that interest
rates are constant, that is, the yield curve is flat and perfectly
predictable, it becomes all the more misleading as the option

expiry increases, or as the option payoff is a function of the
correlation between equity and fixed income.

To overcome these two major flaws in the Black-Scholes
theory, this article puts forward a model that combines a
bivariate jump-diffusion equity component with a two-factor,
time-dependent, stochastic yield curve. The originality of this
model is to allow the simultaneous introduction of

(i) discontinuous variations in the equity prices,
(ii) stochastic evolution of the interest rate,

(iii) cross-correlation of all random factors, that is,
between jumps, between the factors driving the yield
curve, between fixed income and equity, and between
the individual stocks themselves.

These features are introduced without having to resort
to approximating numerical schemes. Complete analytical
tractability is preserved, resulting in closed form formulae for
option prices in terms of functions that can be numerically
evaluated with the accuracy and the efficiency required for all
practical purposes. To achieve analytical tractability in spite
of the relatively high number of correlated random factors,
the following mathematical tools are introduced: a general
result on the covariance of two Ito integrals, an explicit rule
for the orthogonal decomposition of a multivariate Gaussian
random vector, and a computational technique allowing
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bypassing the use of a change of measure under certain condi-
tions. The key to the derivation of the formulae is the ability
to find strong solutions to the stochastic differential equations
driving the variations of the underlying equity or foreign
exchange assets, thus allowing obtaining the covariances
between the random variables involved at the option expiry
in a straightforward manner.

This article is organized as follows: Section 2 describes
the model and formulates the valuation problem; Section 3
explains the method followed to solve the problem; Sec-
tion 4 provides analytical formulae for three of the most
widely traded multiasset options, as well as numerical results;
Appendix A includes the proofs of all the lemmas introduced
in Sections 2 and 3; Appendix B lists the definitions of terms
used in the formulae of Section 4.

2. Description of the Model and Formulation
of the Problem

In the sequel, Wp stands for a standard Brownian motion and
the constant correlation coefficient between W and Wt(])
is denoted by p, ;, (i, j) € N?; also, the indicator function
is denoted by [, (x) when it tests the inclusion of a real
number x within the range (a, b) and by [, when it tests the
past realization of an event defined as a subset Z of a given
o-algebra.

The short rate is driven by the following two-factor, time-
dependent, mean-reverting stochastic differential equation:

dr,=a(b(t)—r,)dt + o dW® + opdW®, (1)

where (a, 0g,,0g,) € R? and b(¢) is a deterministic function
of t satisfying a linear growth condition.

This is an extended Vasicek [4] model, similar to the
G2++ model of Brigo and Mercurio [5]. Compared to the
original Vasicek model, a second Brownian motion has been
added. This is because statistical studies of the yield curve
have consistently pointed out the need to introduce at least
two factors in order to reproduce the observed variability of
market rates (see, e.g., [5]). In this respect, o, and oy, are
the sensitivities of the interest rate to the first and the second
random factors affecting the yield curve. The mean-reversion
feature has been preserved, as it is validated by empirical
data, but it has been made time-dependent, so that calibration
to the current market prices can be achieved by fitting an
appropriate function b(t).

Let {SED, t > 0} and {sz), t > 0} be the price processes
of two risky assets of equity or foreign exchange type. It is
assumed that they evolve in time as semimartingales with
both continuous and noncontinuous sources of randomness.
More precisely, the instantaneous rates of change of S and
$, under the real measure of the financial market denoted
by P, are given, respectively, by the following stochastic
differential equations (SDEs):

dst)
S(i) = (i - 8,) dt + o5 dW? + [N/ )
t_
ds” @ Q) @)
= (u, = 8,)dt + 05,dW,” + I,”dN,”, (3)
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where y; and p, are the rates of return demanded by
the market to invest on S and $, respectively, typically
including a risk premium; 8, and §, are constant payout rates
associated with assets S and S, respectively, for example,
continuous-time equivalent dividend rates inferred from
actual dividends paid at discrete dates; oy, is the constant
diffusive volatility of S and o, is the constant diffusive
volatility of $'; that is, o, and oy, are the standard deviations
of the returns of S and §*?, respectively, as measured with
respect to the continuous part of the variations of SM and
s Nt(l) and Nt(z) are two Poisson processes with intensities
A, and A, which admit the following decomposition cases:

N =2z 4 202,
2 2 12 (4)
NP =22+ z("?,

where Zﬁl), ZEZ), and Zgu) are independent Poisson processes

with intensities /\'1, A'z, and A'lz, respectively; thus, Nt(l) and
Nt(z) have positive correlation given by

(N) _ A’u
2 - ! ! ! ! ’ (5)
VA + A1) (A + L)

9=y, U,(f)I][TQPTS)[(t), Vn € N, where 7 = inf{t >
0, Nt(i) = n}and Ufli) is a sequence of independent, identically
distributed random variables taking values in | — 1, +c0[;
in other words, It(i) is a right-continuous process providing
the magnitude values of the jumps of asset S, Set J© =
In(1 + Uy(li)) and assume that ],(li) is normally distributed with
mean &; and variance &; then,

2
E [Us)] 2 x; = exp (fi + %’) -1. (6)

It is assumed that all Brownian and compound Poisson
processes implied by the model are defined on an adequate
probability product space S in which the smallest o-algebra
generated by the random variables W, N¥, vs < t, and
U,(f)[l{n < Nt(i)}, Vn > 1, is denoted by &Z,.

Thus, the model used for equity is an extension of
Merton [6], consisting in the introduction of a stochastic
interest rate as well as of a bivariate framework allowing for
multicorrelation.

As a consequence of the theory of nonarbitrage valuation
of contingent claims [7, 8], the prices, at the current time
denoted by t,, of European call or put options written
on S? and $@ with expiry T, can be expressed as linear
combinations of conditional expectations of two kinds:

Eq [exp (— LT rtdt> F(s®,52) 147} | 90] %

Eq [exp <— LT rtdt> 1z} | 9«‘0] . (8)
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In (7) and (8), Z represents an event involving S(T1 ) and/or

Sg? ) that has to occur for the option to have strictly positive
value at expiry T, while f is a function implied by the specific
payoff under consideration, and Q is an equivalent martingale
measure. Let us first give examples of Z and f, assuming Q is
known. To begin with, consider a put option on the minimum
of two assets. This popular contract pays out the difference,
if positive, between a prespecified strike price K and the
minimum between two equity asset prices at expiry T. Its
Black-Scholes price is given by Stulz [9]. In our model, the no-
arbitrage value of this contingent claim can be decomposed as
follows:

T
KEq [exp <— Jo rtdt> I | 90] 9)
T
-Eq [exp (— J-O rtdt> a ST, | 970] (10)
T
+KE, [exp <— L rtdt> L | 90] (11)
T
-Eq [exp (— L rtdt> ocZS(TZ)IZ | 90] , (12)

where «; € (0,1) and «, € (0,1) are predefined weights
attached to S" and S?, respectively, and I, and I, are
indicator functions defined by

I, = "{als(T”<K,ocls‘T“<azs‘T2)}
(13)
= "{m(s;” /S8)<In(K /a; S, In (8PP 18P S0) <In (o, S et S}
L= "{azs¥)<1<,azs‘;)<als;“}
(14)

= ”{m(s?’ 1SP)<In(K /o, 85, In(SP 8" 185 8§ ) <In(ey 8P /ey ST}

Our second example of actively traded instrument is the
(zero-strike) spread option, which yields the difference
between the higher and the lower of two asset prices at expiry
T Its Black-Scholes price was first obtained by Margrabe [10].
In our model, the no-arbitrage value of this contract can be
written as

T
Eq [exp (— L rtdt> OCIS(TDI3 | ?0] (15)
T
-Eq [exp (— L rtdt> S, | 970] (16)
T
+Eq [exp (—J rtdt> oczs(Tz)I4 | .90] 17)
0
T
~Eq [exp (— L rtdt) aSVI, | 970] , (18)

where I; and I, are indicator functions defined by

I; = ”{als;“mzs?)} = ”{1n(s<T“sg2’/s$>sgl))>1n(azsg”/alsg“)} (19)
19

I = D 550,50 = Din(s@ s /s05@)>In(ay SO oy 82

Our third example is a call option on a product, which pays
out the difference, if it is positive, between the product of
two asset prices, S and $?, and a prespecified strike price
K at expiry T. Usually, in a product option, S is a foreign
exchange rate, while S? is a foreign currency denominated
equity price, and the contract is often called a quanto option.
The Black-Scholes value of the latter can be found in Zhang
[11]. In our model, the no-arbitrage value of this contract can
be written as

T
Eq [exp (—J rtdt> S(Tl)S(TZ)I5 | 5’/70] (20)
0

T
-KEq [exp (— J rtdt) Is | %0] , (21)

0

where I; is an indicator function defined by

Is = ligwgo, k) = Uin(sts@ /5055 1n(k /s Oy (22)

Let us now move on to the question of the pricing measure
Q. As a result of the theory of no-arbitrage valuation, Q
must be the equivalent martingale measure under which the
numeraire is the so-called money market account f3,, defined

by B, = {exp(J‘Ot rds), t > 0}. Let us recall that a numeraire
is a financial asset whose price can be modeled by a strictly
positive stochastic process, while a probability measure P is
said to be martingale equivalent for a given numeraire N if
the price of any asset divided by N is a martingale under P
[12]. The following lemma is introduced in order to determine
the dynamics of " and $® under Q.

Lemma 1. Using the previously defined notations, let {S,, t >
0} be a process driven by dS,[S, = wudt + odW, + I,dN,,
where p, is a continuous F -adapted process verifying the usual
assumptions for the latter stochastic differential equation to be
well defined. Then, denoting by A the intensity of the Poisson
process {N,, t > 0}, a necessary condition for the discounted

= T
asset price Sp = exp(— Jo r,dt)Sy to be a martingale is to have
Yy =1, — Ak.

Proof of Lemma 1. See Appendix A. O

S(l) S(Z)

Hence, the instantaneous rates of change of and
under Q are driven, respectively, by the following equations:

st

s(_i) = (1, =6y = Ayky) dt + USlth(3) + It(l)dNt(l) (23)
t_

ds® @, @) 1\ @

o (r, =8, = Myky) dt + 0, dW, Y + IPdAN,Y.  (24)
t

It is emphasized that the condition given in Lemma 1 is
necessary but not sufficient. Actually, the introduction of
jumps makes the market incomplete; that is, perfect hedg-
ing is not possible. Merton [6] argues that jump risk is
diversifiable and therefore not rewardable with excess return.
However, that argument is debatable because of the existence



of industrywide and countrywide shocks. In this respect,
two kinds of jumps can be considered in our model. The
“idiosyncratic” ones refer to shocks that specifically affect a
single company instead of the market or a whole economic
sector. This is the kind of jumps that can be diversified. On
the other hand, “systemic” jumps affect all stocks, as can
be observed during market crashes. The nature of risk can
be defined by adjusting the parameter A’,: the lower this
parameter is, the more the jump risk becomes idiosyncratic.
The magnitude of the parameters A’ and A} reflects the
degree of diversification: in a perfectly diversified portfolio,
these parameters should tend to zero, so that the compound
Poisson processes driving the two stocks have the same
market-driven intensity A’ ,.

3. Analytical Method of Valuation

In order to price options on S(Tl) and Sgg), SDEs (23) and (24)
must be solved, conditional on N(Tl) and N(Tz). An application

of Ito’s lemma to In(S{") and to In(S{?) yields the following
solutions to (23) and (24) at time T

T
S(Tl) | N;l) = S(()l) exp J r,ds

(25)

@
NT

o
- (82 + Ak, + —2 ) T + JSZWT(“) + Z],-(z) ,

i=1

(1) 2)
where ZZTI ]i(l) | N;l) and ZZTI 1.(2) | N;Z) are normally dis-

k k
tributed with E [ZZ(TI) i(k) | N;k)] = N(Tk)fk andvar[zlﬁ) ]i(k) |
N®] = NWe, vk € {1,2}.

Solutions (25) are not explicit enough to compute option
values. They are only representations of the solutions to (23)
and (24) in terms of the integrated interest rate. They do
not give the correlation structure between fixed income and
equity, that is, the dependence of assets % and $® on the
Brownian motions W"and W', Consequently, neither do
they give the correlation structure between the continuous
parts of the returns on S and S, conditional on the
correlation between fixed income and equity, that is, the
correlation between W and W™ conditional on W and
W@, First, to determine explicitly the correlation between
fixed income and equity, let us focus on the time integral
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of r, on [0,T1], that is, on jOT r,dt. By taking the stochastic
differential of exp(at)r, and integrating it on [0, t], (1) yields

t
r=re " +a J eI (s) ds
' (26)

t t
+0g JO e awh 1 oy, J-O e aw .

T
The integral jo r,dt is normally distributed since r, is a
T _
Gaussian process. Fubini’s theorem yields E[_[O rdt] =, as
T
given in the Appendix. The variance of Jo r,dt can be written

as Var[IOT rdt] = IOT Iot cov[r,, r,lds dt. To tackle this integral,
the following lemma is introduced.

Lemma 2. Let {VVS(I), s > 0} and {W'S(Z), s > 0} be two
standard Brownian motions with constant correlation coef-
ficient p. The natural filtration generated by (W'S(U,W'S(Z)) is
1 2 .
denoted by F . Let {YS( ), s> 0}and {YS( ) s> O}Tbe two right-
continuous, F ;-adapted processes such that E [_[0 (Ys(l))zds] <

00 and E[J()T(Ys(z))zds] < 00. Then, V0 < t < T, one has

t T
cov “ Y(l)dW(”,J Y(Z)dw(”]
0 0

(27)
t
=p J E[Y®"y?]ds.
0
Proof of Lemma 2. See Appendix A. O

Lemma 2 yields the covariance function of {r(t), ¢t > 0}:

cov [ry, 7]

2as
—a(s+t e -
= g alst) (

1 , , (28)
2a (‘7R1 +Opy t+ 2P1.20R1‘7R2) >

so that the variance of the time integral of {r(¢), t > 0} is
equal to

T
1 2 2
var “0 rtdt] == (O’Rl + 0k, + 2p1.20R10R2)

a
(29)
2(eT —q _ 2T
~(T + ( ) + 1-¢ )
a 2a
Thus, for fixed T' > 0, the following equality holds in law:
T
J r,dt
’ (30)

— — 1 —(2)
=4, 1o, (W; "(or1 + ORapr2) + 0RO Wiy )’

where

1
avT

2 1
o, = T-=(1-e*T)+ —(1-e2T), 31
o, a( e )+2a( e2T) (31)
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The next step is to determine explicitly the correlation struc-
ture between the continuous parts of the returns on S and

S@. conditional on the correlation between fixed income and
equity. This can be achieved by using the following lemma.

Lemma 3. At any given timet > 0, VVt(Z), Wt(z'), and ‘/Vt(4) can
be written as follows:

—(2)
w® = p w4 oW, (t) (32)

3 1 —(2) —(3)

Wt( )= P1.3Wt( i~ panWy +031,W, (33)
4 1 —(2) —(3)

Wt( )= P1.4Wt( + PoanWy  + prap W, (34)

—(4)
+og23W,

where {WEZ), t > 0}, {W?), t > 0}, and {W?), t > 0} are
standard Brownian motions independent both of one another
and of (WY, t > 0} and where the following definitions hold:

oy = \1-pi,

p _ P23~ P12P13
o1 E s —
| (I
03512 = \1- Pis— P22.3|1
p _ P24~ P12Pr4 (35)
Al = T
| o0
P34~ P13P1.4 ~ Pa3|1P2.411
P3a12 =
03112
Oy123 = \/1 —Pra- P22.4|1 - p32.4|1.2'
Proof of Lemma 3. See Appendix A. O

Thus, a combination of Lemmas 1, 2, and 3 yields, under
the pricing measure Q, the following strong solutions to SDEs

(23) and (24), conditional on Ng) and N(TZ), in which all the
correlations are explicit:

2
— Os1
In 2T :,4,-<51+A1K1+7>T

1) (=
+ Wy (0, (0, + Opopr) + 0101 3)
—@ ,_
+Wr (araRZGZII + (731P2‘3|1)
NP

773 1
+ Wi 051031, + ZL’
im1

5
S(Z) 0,2
T %
lnS(()z) =u,—| 6+ Ak, + 5 T
1) (=
+ Wy’ (0, (0, + Orapr) + O52P1.4)
—(2) —
+Wr (GrGR202|1 + Ussz.4|1)
—(3) —(4)
+ Wi ogmpsanat Wr 0504123
NP
+ Z]i(z).
-1
(36)

Since all the random variables summed in (36) are normally
distributed and pairwise independent, the conditional distri-
butions of ln(S(T1 ) /Sgl)) and ln(S(T2 ) / S(()Z)) under Q are Gaussian,
and so are those of ln(S(Tl)S((,z)/Sg?)S(()l)), ln(S;,z)S(()l)/S(TI)S(()Z)),

and ln(S(Tl)S(Tz) / S(()l)S(()Z)). The parameters of these distributions
follow easily from stability under addition and are listed in
Appendix B.

We can now turn to the computation of (7) and (8). A
classical way of turning an expectation involving an indicator
function into a probability, that is, of getting rid of any
random function multiplying the indicator function inside
the expectation operator, is to switch to a new measure. In this
respect, the following lemma is instrumental in computing
the expectations of the second kind in (8).

Lemma 4. Denoting by Z a subset of the o-algebra generated
by the random variables defined on the space S, one has

Eq [exp (— JTrtdt> 1{Z} | 90]

0 (37)
= B(O.T) By, [HZ}| F,.
where
B(t,T)=exp(-A({t,T)r,+C(t,T)), 0<t<T
_ L amn
A(t,T) = - (1-e )
T “ —a(u—s)

C(tT)=-a Jt (L e b(s) ds) du (38)

I 2
* ) (GRI TOpy t 2P1.2‘7R1‘7R2)

2 (e T _ 1 1 — g~2a(T-1)
. (T —-t+ ( ) + ¢

a 2a

and Py_is a measure equivalent to Q.

Proof of Lemma 4. See Appendix A. O



As a consequence of Lemma 4, we obtain

T
WT(I) = Z(Tl) — (o) + ORap12) L A(s,T)ds

(01 +ORopi12) (1 —e T - T)
)

:Z(Tl)+

: (39)
We =72~ ooy j A(s,T)ds
0

a —(2) N 0R202|1 (1 — e—aT - T)

- >
T a2

—(2) . .
where Z" and Z "~ are independent standard Brownian
motions under Py .

Given N(Tl) and N(Tz), one can then easily find strong

solutions for S(Tl) and S(TZ) under Py by substituting (39) into
(36).

To compute the expectations of the first kind in (7), one
can draw on the joint normality of the involved random
variables and use the following lemma.

Lemma 5. Let X ~ N(ux,0%), Y ~ N(yy,0y), and Z ~
N(uy, a;) be three normal random variables with constant
correlation coefficients denoted by pxy, px > and py . Let a
and b be two real numbers. Then,

2
E[exp (X)I{Y < a,Z < b}] =exp<;4x+ UTX)

N [a — Py — PxyOx0y b—pz - Pxz9x07
ANy > >
Oy Oz

pY.Z] (40)

2
E[exp (X)1{Y < a}] = exp <‘uX + (%X)

a-— Uty — pxy0oxo
-N[ Hy pXAYXY]’
Oy
where N|a] is the univariate standard normal cumulative dis-
tribution function with upper bound a € R and N,[a, b; p] is
the bivariate standard normal cumulative distribution function

with upper boundsa € R andb € R, and correlation coefficient
pel-1L1[

Proof of Lemma 5. See Appendix A. O

Applying the five previous lemmas, it only remains to sum
over the joint distribution of (N, N(Tz) ), which is the product

of the distributions of Z(T1 ),Z(T2 ), and Z(T1 2 to obtain closed
form option pricing formulae, as the next section shows.

4. Formulae and Numerical Results

Consider first the value of a put option on the minimum of
two assets with strike price K, as described in Section 2. The
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pairs of random variables (ln(S(Tl)S((,z) /S(TZ)S(()I)),ln(S(Tl) /S(()l)))
and (ln(Sg)Sél)/S(Tl)ng)), ln(S(TZ)/S(()Z))) are both bivariate nor-
mal and the implied pairwise conditional covariances, given
by @, and @, in Appendix B, are easily derived using (36).
To compute conditional expectations (9) and (11), Lemma 4
is applied to obtain Ep, I, | #,] and Ep, L | %l
respectively.

To compute conditional expectation (10), Lemma 5 is

applied with
T S(l)
T
X = (—J Ttdf> +ln<ﬁ>,
0 So
Sy
Y= 11'1 ( @ 5 (41)
0

S(l)s(z)
Z=1In —(TZ) (()1) .
ST SO

To compute conditional expectation (12), Lemma 5 is applied

with
T Sgg)
X:(—L rtdt>+ln<@>,

0

8(2)
y- ln<%>, @
SO

8(2) S(l)
Z=In —(Tl) (()2) .
St°Sg
Generalizing to a put or a call option on the minimum or

on the maximum of two assets, the following formula can be
obtained.

Formula 1. Let V(ocl,ocz;S(()l),S(()z);K; T) denote the no-
arbitrage value at time t, = 0 of a put or a call on the
minimum or on the maximum at expiry T of two weighted

assets (XlS(l) and ocZS(z) with strike price K. Within the
modeling framework defined in Section 2, we have

V (a0 857, 8P K3 T)

(o) o0 o0 , , ,
_ Z Z Z o MT-NT-A,T

1n,;=0n,=0n,,=0

(A T)™ (ALT)™ (X, T)™ {Ym S (vl

exp
0
n!nylng,!

2 In (o, SV/K) + v, + @
+Y_1>N2|iY (10 ) 2 16

Y2
9(1,2 () ()
. —( )73+ YO—> | + Yoczs(()z) exp <v4
V3 Y2Y3

+

2 In (0, SP/K) + v + @
V_4>N2[Y (050 /K) + 7, 1,0
2 Y5
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TABLE 1: Values of put options on the minimum of two assets®.

3-month expiry put
option on minimum

3-month expiry put
option on minimum

l-year expiry put option
on minimum

l-year expiry put option
on minimum

K =100 K =90 K =100 K =90
Model 1:
9.304886727 3.630237975 17.0518359 10.66664224

Black-Scholes
Model 2: no jumps,

.. 9.62905761 2.87924378 19.1872084 11.5275656
stochastic interest rate
Model 3: low intensity
jumps, constant 11.2923396 4.64155701 21.0275563 13.5964336
interest rate
Model 4: low intensity
jumps, stochastic 10.4286542 3.61484021 20.6860149 12.9592418
interest rate
Model 5: high
intensity jumps, 11.8892729 5.15613322 22.3691619 14.8593002
constant interest rate
Model 6: high
intensity jumps, 11.0618998 4.16206372 22.0902324 14.307958

stochastic interest rate

Al values other than Black-Scholes were computed by means of Formula 1 with the following inputs: &; = a, = 1 Sél) = SE)Z) =100, 0g; = 35%, 05, = 28%,
8, =08,=0,p,=03,p3=-025p; 4, =-028, p,3 =—-0.22,p, 4 =026, p3, = —0.36,& =&, =0,¢, =0.2,and &, = 0.3.

The “constant interest rate” setting is defined by taking an interest rate equal to 3%.

The “stochastic interest rate” setting is defined by taking r, = 0.03, b(t) = 0.03, a = 0.6, og; = 0.08, and oy, = 0.12.

The “low intensity jumps” setting is defined by taking A} = 0.2, 1}, = 0.3,and A}, = 0.

The “high intensity jumps” setting is defined by taking A} = 0.4, A, = 0.6,and A}, = 0.

@D =%+ ®s vy P | g0
V3 YsV3
In (0,83 /K) + 75 91,2
.K<N2 [Y (S0 11) 7 901,22,y
Y2 V3
o In (e, S /K) +,
o, +N2[Y (oS /K) +s
Y2Y3 ¥s
RO )}
Y3 VsYs
(43)
where
1  call option
Y = ’
-1 put option
(44)
. 1 option on maximum

-1 option on minimum.

All the symbols and notations in Formula 1 that have not been
previously defined are given in Appendix B. The same remark
applies to Formulas 2 and 3.

The numerical implementation of Formula 1 is easy using
the algorithm of Drezner and Wesolowsky [13], or its slightly
improved version by Genz [14], to evaluate the N,[-, -]
function with the accuracy and the efficiency required for
all practical purposes. The infinite series can be truncated
in a simple manner by setting a convergence threshold
such that no further terms are added once the difference
between two successive finite sums becomes smaller than
that prespecified level. In Table 1, a few numerical results are
reported. Formula 1 is applied and a comparison is made
with option prices obtained in a standard Black-Scholes
framework. The diffusive volatility o5, of asset ") is assumed
to be higher than the diffusive volatility o5, of asset S, The
intensity of the jump process N'? is greater than the intensity
of the jump process N'V. The variance of the jumps of $%,
that is, the parameter ¢,, is greater than the variance ¢, of the
jumps of S, Thus, the variability of S is higher than that of
S in the continuous world, but the discontinuous variations
of asset $) are more frequent and more pronounced than
those of asset S"). The continuous part of the correlation
between S and S?, that is, the coefficient p,,, is negative,
according to the way two-asset options are usually structured.
The random factors driving the short end and the long end of
the yield curve, that is, the Brownian motions w® and W(z),
are assumed to have a positive correlation coefficient p, ,.
The correlation between fixed income and equity is negative,
whether it is the correlation with the short end of the yield



curve (coefficients p, ; and p, ,) or the correlation with the
long end (coefficients p, ; and p, 4).

The values of put options on the minimum of S
and S? are computed, both at-the-money and out-of-the-
money and with two different maturities. The first modeling
environment considered (Model 1) is the standard Black-
Scholes one; that is, interest rates are constant and there are
no discontinuous variations in equity asset prices. The second
modeling environment considered (Model 2) is one in which
the yield curve is driven by (1), but the variations of equity
asset prices remain purely continuous. The other modeling
environments considered (Model 3, Model 4, Model 5, and
Model 6) include jumps in % and $? according to (23) and
(24), with two different levels of intensity and with or without
stochastic interest rate.

For all numerical values reported in Table 1, a conver-
gence level of 10™® was obtained by truncating the infinite
series at n;, = n, = n;, = 10, which resulted in a compu-
tational time of approximately 0.2 seconds on an ordinary
personal PC. A Monte Carlo simulation algorithm was also
implemented as an alternative approximate valuation method
to Formula 1. It took more than two hours to achieve a 107
convergence level with a single value obtained by applying
Formula 1. This shows how developing exact analytical
formulae can result in dramatic accuracy and efficiency gains
when using models implying several correlated continuous
and noncontinuous sources of randomness. Monte Carlo
simulation is particularly slow and inaccurate in this case,
as SDEs (1), (23), and (24) need to be discretized, and the
valuation algorithm has to generate a lot of interarrival times
between jumps consistent with the option’s specifications.

Next, the case of a spread option is handled. Lemma 5 is
applied with the following inputs:

T S(l)

x=(-] rtdt>+ln(%>,
0 So
S(T})S(Z)

_ 0
Y=In <—S(2)S(l) ) to compute (15)
T 20

T S;g)
X = (— JO Ttdt> +ln(@>,

0

S(l)s(z)
Y=In (T—O> to compute (16)

sPsi)

T S;g) (45)
X = —J Ttdt +1n E s

0 So

sPsi
Y =In| == | to compute (17)

S(l)S(Z)

T 20

T S’(I‘l)
X = (— J;) rtdt> +ln<@>,

0

S(Z)S(l)
T 20
Y =In to compute (18).
S(l)s(2)
T 20
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TABLE 2: Value of a spread option®.

3-month expiry
spread option

6-month expiry
spread option

Model 1:

Black-Scholes 20.6206953 28.9473327
Model 2: low intensity 517144031 206466976
jumps

MOdel~ o -hlgh 22.7485628 32.2521365
intensity jumps

Al values other than Black-Scholes were computed by means of Formula 2
with the following inputs: &; = ay = 1 S(()l) = S(()Z) =100, og; = 35%, 05y =
28%, 8, =8, =0,p1 5 =03,p 5 =025 p;4 =028, py 3 = —0.22,p, 4 =
-0.26, p34 = —0.36,&, =&, =0,¢; =0.2,and ¢, = 0.3.

The “low intensity jumps” setting is defined by taking A} = 0.2, A, = 0.3,
and A}, = 0.
The “high intensity jumps” setting is defined by taking A} = 0.4, 1}, = 0.6,

and A}, = 0.

Deriving the required covariances (given in Appendix B), the
following formula can then be obtained.

Formula 2. Let V (e, ay; S(()l), S(()Z); T) denote the no-arbitrage
value at time t, = 0 of a zero-strike spread option on two
weighted assets &, S and «,S® with expiry T. Within the
modeling framework defined in Section 2, we have

oo 00 o0

V(e a:80,s25m) = Y Y N ,T

n,=0n,=0n,,=0

(A1) (A1) (V7)™ { 0 (
. a;S,'exp | v

n,nylng,!
2
+'})?1)N|:9(1,2)+V3+(D21| —(XZS((]Z)
Y3 (46)
2 - A
1,2 )]
. exp 'V4 + y_4 N M +(X28(2)
2 Y3 0
2 - .
exp(v4+Y_4)N 9@D =7+ ®s)
2 Y3
2 - .
9(12,1) - )
exp(vl+y—1)N 9@ 1) =+ Dy ]»
2 L Vs

The numerical implementation of Formula 2 is even easier
than that of Formula 1, as only univariate standard normal
cumulative distribution functions are involved instead of
bivariate ones. A few numerical results are reported in Table 2.
There is no model specification with a stochastic interest rate
as the spread option is not a function of interest rate.

Finally, the product option is dealt with. Lemma 4 is
applied to compute (21) while Lemma 5 is applied to compute
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(20) with X = (- [, r,dt) + In(SVsP/sVSP) and Y =

ln(S(T1 )S(Tz ) / Sf)l)S(()Z)). Deriving the required covariances (given
in Appendix B), the following formula can then be obtained.

Formula 3. Let V(S(()l), S(()z); K;T) denote the no-arbitrage
value at time t, = 0 of a product option on two assets S*) and

$@ with strike price K and expiry T. Within the modeling
framework defined in Section 2, we have

cO 00 o0

V(s sPikT) =Y Y Y S ATAT-ALT

1n;=0n,=0n,,=0

T )

nyln,lng,!

2 In(SVSP/K) + v,y + D
-exp<v9+y—6>N[Y (S6755"/K) + 210 + s

Y7 ] “7)

~YKB(0,T)N

1
Y =
-1

5. Conclusion

Y

In (S8 /K) + vy, ] }

Y7

call option

put option.

In this article, three of the most widely traded two-asset
options are analytically valued in a modeling framework
allowing discontinuous variations in the equity prices,
stochastic two-factor evolution of the yield curve, and cross-
correlation between all the random factors. The method used
can be applied just as easily to other payoffs involving two
assets, as long as they are not path-dependent (e.g., barrier
or lookback option) or of American type (i.e., the option
can only be exercised at expiry). For instance, one could
easily handle an option based on a weighted average of the
returns of two stocks at expiry; such a payoft belongs to
a category known as “basket options.” The same method
can also be applied to options written on more than two
assets, by extending Lemma 3 to a vector space of dimension
greater than four. One important point should be noticed,
though, when extending the method to more assets: some
options, such as the product option, will still admit valuation
formulae in terms of linear combinations of univariate or
bivariate cumulative distribution functions, whose numerical
evaluation is easy, but others, such as the option on the
maximum or on the minimum, will admit valuation formulae
in terms of multivariate normal cumulative distribution
functions of increasing dimension, which rapidly become
uneasy to evaluate with accuracy and efficiency. Also, the
number of summation operators will increase, thus slowing
down computational time. Hence, the extension to options
written on a higher number of assets is feasible but more or
less advisable, depending on the computed payoff.

Appendix

A. Proofs of Lemmas
Proof of Lemma 1.
E[Sy| 7]

exp <— Lt rsds> S, exp (— LT (r.— ) ds>

2 Nr
- S @-n+oWr-w) [] <1+U,»)|9~3]

i=N;+1

=E

T 2
=S.E [exp (— J- (ry — ps) ds) - % (T -1)
N, (A1)
+0(Wr-W,) 1—[ (1 +UNt+i)] =5

i=1

cexp(-[ G- wyas) | T 0vwp

i=N;+1

-exp(—LT(rs—ys)ds+A(T—t)E[Ui]> =S,

-exp<—J-tT(rs—ys)ds+)t(T—t)K>.
O

Proof of Lemma 2. Since the processes {Ys(l), s > 0} and
{Ys(z), s > 0} are square integrable and predictable with
respect to & , the integrals _[Ot Ys(l)dWs(l) and Iot Ys(z)d‘/\/s(z) are
Ito integrals, and they are martingales with respect to # .
Therefore, we have

t T
cov H Ys(l)dWS(l),J Ys(z)dWS(z)]
0 0

t
=E “ yMaw
0

(A.2)

t T
<J Y@dw? +j Yj”de”)].
0 t

By conditioning with respect to %, and using elementary
properties of the Ito integral, we obtain

t T
E H Ys(l)dWS(”J Yﬁ”de”]
0

t

r t T
-E E“ Ys(l)dWs(l)J Y@aw® | 9«3“
L 0 t

(A3)

rrt T
=E J Ys(l)dWs(l)EU Y@ aw® | FitH
LJO t

rrt T
=E J YPdawVE “ Ys(z)dWS(Z)H =0.
LJO t
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Since {Ys(l),s > 0} and {Ys(z),s > 0} are right-continuous,
square integrable processes, they can be approximated,
respectively, by the following simple processes:

-1
) ©
Yo' = Z‘pz( )H(ti,t,ﬂ] (s)
i=0
' (A.4)

n—-1 @
= ZE:¢i ﬂ@bﬁﬂ](s)’
i=1

where 7 is the number of points in a sequence of partitions
of [0 = t,,t = t,]; ‘/5;'(1) and (/)fz) are constants if (Y(l),Y(z))
is a pair of deterministic processes; gbl.(l) and (/552) are square
integrable, # —adapted random variables if (Y, Y®) is a
pair of random processes; (1) Yt(ol) and ¢§02) = Yt(OZ)'

It is a classical result from the theory of continuous-
time processes that JtY(l)dW(l) and ItY(Z)dW(z) can be

p 0°"s s 0°"s s

approximated by

JL“JOZ‘/’(D( o -w)

kgzww,ﬂ w?),

(A5)

n-1n-1

S;= Y Y E[E[¢¢? (W
i=0 j=0
J#i

n-1n-1

=Y YE[$VE[¢7 17, E[(W" -wP) (W2 W) || e

i=0 j=0
j#i

n-1n-1

Y S E[pPE g
i=0 j=0
j#i

Denoting by {Wﬁz), t > 0} a standard Brownian motion
independent of {Wt(l), t > 0} defined on the same filtered
probability space as {VVt(Z), t > 0}, one can apply the well-
known orthogonal decomposition of W@ with respect to
W in the following manner:

E[(w - w) (W -w®)| = £ [(w
~w) <pW<1)

[ @ ¢))
+1- PZWth - pVth

AL )| = peos [ W] -

(A.8)

j+l

-cov[ W(Jl)] p cov [W(l) W(l)] +p

L w].

COV[
J

7. E[(
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respectively, where the approximating sums in (A.5) converge
in the mean square sense [15]. Hence, as n — 00,

-E Z‘/’(l) (W

i=0

yOdw® ]

W“)) Z‘/’ (W(z _m(;))

=S [l () - (i -y
n—-1 n-1
LY S E[a062 (W - wv)
i=0 j=0
j#i

(W2 -w®)] 25+,

By conditioning on #, At the sum S, can be rewritten as
follows:

W(l)) (Wt(i)l a W;Z)) | gti/\tj”

(A7)

(1) (1) (2) (2)
‘/Vtiﬂ - ‘/‘/ti )(‘/thﬂ B ‘/th )}jl H{tj<ti}'

Ifiand j are two natural integers such that i < j, then sup,((i+
1) — j) = 0; similarly, if j < i, then supj((j+ 1) —i) = 0. Thus,

B[l ) (w2 )]

=p(tiy —tis —t; + ;) Uicj) (A.9)

+p (L —tj =t + tj) sy = 0.

Hence, S, = 0. Turning to the sum §;, we obtain
1,2
Si= ZHM¢W%

W(l)) (W W(Z)) |

1+1

7] - ZEW% E[(w - w)
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( w4+ 1- W

)

n-1
070 (6 = 1)] = p Y E[67¢7] (1,
=0

(A.10)

where the last sum converges in mean square to
t

p [, EYDY®ds. O

Proof of Lemma 3. Equation (32) is a well-known result, used
already in the proof of Lemma 2. Since any finite-dimensional
Gaussian space is a vector space with respect to a basis
of pairwise independent standard normal Gaussian random
variables, the random variable th admits the following
orthogonal decomposition:

vvt(3) - PI.SVVt(l) + aQWEZ) + a3W£3) GR (A.1D)

where a, and a; are real-valued scalars; a; must be positive
since, by definition of the multivariate normal random vector

[th, Wf”, W;”], a; V't has to be the standard deviation of

Ww,? conditional on W and W?. From the definition of
linear correlation and the bilinearity of covariance, we obtain

cov [‘/Vt(z), ‘/Vt(-”)]
p2.3 = f

= % (COV [PI.Z‘/Vt(l)’PLZv‘/Vt(l)] (A.12)

(2  —(2)
+ cov [‘72|1Wt W, ]) TG = P

From the standard deviation of W and from the stability
under addition of the normal distribution, we get

\/t (pf_3 + p22.3|1 + a%) =Vt a; = 03, (A.13)

a

Elexp(X)I{Y <a,Z <b}] = Jm J
x=—00 Jy=—

1

The orthogonal decomposition of W(4) in (34) is derived in a
similar manner. O

Proof of Lemma 4. From (30) and from the formula for the
moment generating function of a normal random variable,
we get B(t,T) as given by Lemma 4; B(¢, T) is the price, at
time ¢, of a zero-coupon bond maturing at T. Applying Ito’s
lemma to In(B(¢, T)) under Q and then integrating on [0, f],
one can obtain

B(t,T)=B(0,T)BL(¢tT) (A.14)
with
L(t,T)=ex (—l
> - P 2
t
) L (AZ (s,T) (a}zu +Oh + 20R10R2P1,2)) ds (AL5)
— (o1 + TRapr2)
' W ‘ )
J A(s, T)dW, —O'R202|1J A(s, T)dW, )
0 0
Hence, we have
T
Eq [exp (—J rtdt> 1{Z} | 970]
B(t, T
=EQ[ BOD gy & ] (A.16)
t

= B0, T) Ep, [HZ}| F],

where Py _is the equivalent martingale measure under which
the numeraire is the zero-coupon bond, whose Radon-
Nikodym derivative is given by

Py

o | Fi=LeD.

(A.17)
O

Proof of Lemma 5. Let fyy, denote the joint density of X, Y,
and Z. Then,

b
j € fxyz (% y.z)dzdydx

(1/2012/\)() ((J’ - HY) /oy = pxy ((x - qu) /UX))Z)

_ Joo Ja J-b {exp (x = (1/2) ((x — py) /O_X)Z _

_&xp (— (l/za.zzp(y) ((z-uz) Iz = pxz ((x - ux) Jox) = Pr.zi1x ((1/0Y|x) ((y = py) loy = pxy ((x = px) /UX))))Z)

2m0ox 0y Oy x

(A.18)

0707 xy V21T

Apply the following chain of changes of variables:

xzx_llx,
Ox

~_ YW

)’——GY >

]» dzdydx.

(A.19)
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and then use the identity

J-_OO fxvz (% y2)dx = fy, (y.2) (A.20)

to obtain Lemma 5. O

B. Definitions of Terms Involved in
the Formulae

(1) The v-Terms. This collection of terms refers to expectations
involved in Formulas 1, 2, and 3:

(— JOT rtdt> + ln<%>] =(n, +ny)&

0
2
o
- <A1K1 +8, + %)T

v, = Eq

S(l)
T —
v, = Eq ln<@>j| =u, +v
0
S5t sy
v; = Eq ln(S(TZ)S(()l) =-Eq|In S(TI)S(()Z)

2 2
Oc, — O
:(52—61+)L2K2—A1K1+%>T+(n1

+np,) & = (ny +1p,) &,

(— JOT rtdt> +1n <§>] = (n, +np,)&,

0

'V4ZEQ

o2
- (A2K2+82 + %)T

sY
o(5)] -

Vs = Eq

S(Tl) 051
Ve = EPBT ll’l(@)] Zﬁ,— (61 +/\1K1 + 7>T
0
1-eT-T
+(n +np,) &+ 2 (o1 + ORapr2)

(0, (Oy + ORapr2) + Os1P13)

+ O0R2031 (ErURZUZII + ‘751P2.3|1))

5 55
v, = Ep, ln( o || = Er [IM| 0@
! St°So ! St°So
1-e“T -
= - 2 ((or) + Orop12) (Ts1P13 = Os2Py1 4)
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T O0R20211 (‘781P2.3|1 - 052P2.4|1)) + <52 -6,

2 2
(Usz S

)>T+(”1+”12)51

+ Ay, — Ak +

—(ny +1y,) &,

S(TZ) Uéz
Vg :EPBT 11’1(@)] :ﬁr_ (62 +/\2K2 + 7>T
0
1-eT-T
+(ny +np,) & + 2 (o1 + ORapr2)

(0, (Or) + ORapr2) + Ts2P1.4)

T ORa0211 (6r0R202|1 + 052P2.4|1))
T S(l)s(Z)
T °T =
<— JO rtdt> + ln<—S(()l)S(()2) =U, (61

2 2
051 1 0g )

vy = Eq

+8, + Ay + Ayx, + T+ (n +ny,)&

+(ny +npy) &,
$Ps _
In < Sg@ = + U,
$Ps _
In (—Sgl)séz) =2u,— (6, +6,

2 2
Oq + O
+/\1K1+/\2K2+¥)T

V10 = Eq

Y= EPBT

(Or1 +0Rop12) (1 —e T - T) _
+ 2 (207 (GRI

a
+ OpaP12) + Ts1P13 + O52P14)

ORy0y (l—e‘“T—T)
R2O2|1 _
+ 2 (20r0R202|1 *+ 051P23)1

a

+ 052P2.4|1) + (”1 + ”12) &+ (”2 + ”12) &,
(B.1)

(2) The y-Terms. This collection of terms refers to standard
deviations involved in Formulas 1, 2, and 3:

T S(l) 1/2
"= <Var[<—J-O rtdt>+ln<s(—Tl)>:|> = (ang
0

1/2
+(ny +ny,) 5?)

S(l) 1/2
0

_ 2
= (((Gr (01 + ORaPr2) + 051 P13)
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_ 2 2
+ (UrUR2‘72|1 + (’51P2.3|1) + (051‘73|1.2) )T +(m

+1y,) &

sPSPNT)

s = (Var [ln < S;.Z)S(()l) >] )
@M 1/2
S]’ SO

= (((051131.3 - UszP1.4)2 + (‘751P2.3|1 - UszP2.4|1)2

2)1/2

2 2
+ (‘751‘73|1‘2 - 052P3.4|1.2) + (U52‘74|1‘2‘3) )T +(n
1/2
+1y,) 8% +(ny +ny,) 55)
T S(z) 1/2
- _ T — (52
Yy = (var [( L rtdt> +In ( S(()Z) )] ) = (O‘SZT

+ (1, +nyy) 85)1/2

(2) 1/2
_ 1 SL
= (Var { n<582) )D
_ 2
= (((Ur (01 + ORaPr2) + Ts2pP14)
_ 2 2
+ (0r0R202|1 + 032P2.4|1) + (‘752P3.4|1.2)

1/2
+ (052‘74|1.2.3)2) T+ (ny +ny,) 55)

T Mg 1/2
Vs = (Var [(— L rtdt> + [ln <—S(()T1)S:()F2) )] :| >

_ 2
= (((Gr (01 + ORaPr2) + 01013 + Os2P1 4)
_ 2
+ (0r0R202|1 +0s1P231 T 032P2,4|1)
2 2
+ ((751‘73|1‘2 + 052P3.4|1.2) + (052‘74|1.2.3) )T +(my

bnp) e+ (my+np) )

y; = | var ln(—)])
S(()I)S(()Z)
_ 2
= (((Zar (Ot + ORaPr2) + Os1P13 + Ts2P1.4)
_ 2
+ (ZUrURzazn T O0s1P23n T Ussz.4|1)
2 2
+ ((751‘73|1‘2 + 052P3.4|1.2) + (052(74|1.2.3) )T +(m

bnp) e d (my ) )

(B.2)
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(3) The ®-Terms. This collection of terms refers to covariances
involved in Formulas 1, 2, and 3:

T S(l) S(l)
O, = cov <—J rdt>+ln L ),In[ L
1 t )’ (1)

0 So So

= ((051/31.3) (@, (0r + Orapr2) + Ts1P13)

_ 2\
+ 0519231 (GrGR202|1 + ‘731P2.3|1) + (‘751‘73|1.2) )

+(ny + ) €

®, = cov [(— LT rtdt>

s Vs
+1In @ ,In W S CA R CE

—05P14) + 0s1P2.31 (051P2.3|1 - 032P2.4|1)

+ 06103112 (‘751‘73|1.2 - 052P3.4|1.2)) T+ (”1 + ”12)

2
&

S(l) S(I)S(Z)
@, = cov [ln(% ,In %
s S
= ((0, (or) + Orap12) + T51P13) (Os1 P13
~Ogp14) + (ErURZUZII + 051P2.3|1) (051P2.3|1

- 032P2.4|1) +06103)12 (05103|1.2 - 052P3.4|1.2)) T

+ () +ny,) 3?

T S(Z) 8(2)
o,=cov|(-| rdt)+In| L |,In| L
' o " @)\ @

= (UszP144 (@, (0r1 + Orap12) + Ts2pr1.4)
_ 2
T 05202411 (GraRZGZII + UszP2.4|1) + (032P3.4|1.2)

2
+ (05204|1.2.3) )T +(ny + 1) 55

®, = cov [(— LT rtdt>

Wz
+In <@> ,In <W )] = (052P1.4 (05214

- Us1P143) + 05202411 (032P244|1 - ‘751P2.3|1)

T 052P3.412 (‘732P3.4|1.2 - (73103|1.2)

2
+ (05204|1.2.3) )T +(ny +nyy) 55

S(Z) S(Z)S(l)
O, =cov|ln| L |, In[ L2
c=eor[m( 55 ) oo
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= ((Er (Or1 + ORaPr2) + Os2P14) (T52P1 4
—0gp13) + (6r0R202|1 + 052P2.4|1) (‘752P2.4|1
- 051P2.3|1) T 052P3.412 (052P3.4|1.2 - 03103|1.2)

2
+ (Usza4|1.2.3) ) T + (1, +ny5) 55

O, = cov [(— LT rtdt>

s Sp'Sy”
+In <@ ,In W = (US2P1.4 (051p15

- 082P1.4) + 0522411 (081P2.3|1 - ‘752P2.4|1)

+ 05203412 (03103|1.2 - 052P3.4|1.2)

2
+ (05204|1.2.3) )T +(ny +ny,) 5;

O, = cov [(— LT rtdt>

s S¢Sy
+In <@ ,In W = (051p15 (05214

—051p13) + 0510231 (032P2.4|1 - 051P2.3|1)

+06103)1.2 (052P3.4|1.2 - 051‘73|1.2)) T+ (n; +ny,)

2
1

®, = cov [(— LT rtdt>

SPsY S8
+Inl 5@ )| v
SO SO SO SO

= ((Er (Or1 + ORaPr2) + Os1P13 + Ts2P1.4)

- €

(20, (o1 + Opapr12) + Ts1P13 + Ts2Pra)
+(0,00,01 + 51231 + Os2Pr.ap1) (20,0201
+051P2301 + Os2Poapn) + (Ts10312 + 052P3‘4|1‘2)2
+ (05204“.2.3)2) T+ (ny +ny,) e + (ny +np,) e

(B.3)

(4) Miscellaneous. One has
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o —aT
= —(1-
o (e
T /ot
+a J <J e (u) du) dt
o \Jo
1 2 1
o, = T—-2(1-e9T) 4+ — (1 - e2aT),
= T2 (e ¢ 5 (-t

(B.4)
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