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We study a degenerate evolution system containing the p-curl system in a bounded domain with initial and boundary conditions
for the magnetic field H under the influence of a system force F. This is concerned with an approximation of Bean’s critical-state
model for type II superconductors. We will show the existence, uniqueness, and regularity of solutions. Moreover we will get the

properties of the limit solution as p — ©co.

1. Introduction

The Bean critical-state model describes the hysteretic magne-
tization of type II superconductors under a varying external
magnetic field (cf. Prigozhin [1] and de Gennes [2]). For the
description of the classical Bean critical-state model, Yin et
al. [3] proposed the following degenerate evolution system:

H, + curl [|curlH|p_2 curlH] =F(x,t) inQyp, 1)

divH=0 in Qp, (2)

»xH=0 onoQx[0,T], (3)

H(x,0) =H,(x) inQ, (4)
where Q is a bounded domain with C"! boundary 0Q and
has no holes in R?, Qr = O x(0,T] (T > 0), and v denotes
the outward normal unit vector field to 0Q, and p > 2. In the
Bean model, the electric field E and the current density J are
characterized as follows. There exists a critical current J, such
that [J| < J. in Q and

0 if 3] < J.,
IE| = , 5)
[0,c0) if [J] = .

Thus if |J| reaches ], then |E| takes the value in [0, 00). By
scaling, we may assume that J, = 1. The relation between |E|
and |[J| is followed from the Ampere law:

E= |curlH|p72 curl H (6)

as p — 0. Here H is the magnetic field and p = |curl H|? 2.
Thus model (1) provides a good approximation for the Bean
model. For large p, the resistivity p is small in a region

Se ={(e,t);|lcurlH(x,t)|<1-¢} fore>0. (7)
That is to say, S, becomes the superconductivity region as
p — oo. For more details, see Bean [3, 4] and references
therein. Though the authors in [3] considered system (1)-
(4), there are many mistakes and mistypes; for example,
in Definition 2.1 (page 786), the differentiability of H with
respect to the time variable ¢ is not assumed, and they mistake
the notion of the subdifferential (pages 788, 791-793) and so
forth.

In this paper, we will extend the results of [3] to more
general resistivity term of the form p = g(x,|curl H|) for
some function g. Since the resistivity p = g(x, |curl H|) may
be of the form not only g(x, |curl H|) = |curl H|?™2 but also
g(x, [curl H|) = a(x)|curl H|?"% or more general type, we are
convinced that the extension is meaningful.
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This paper is organized as follows. In Section 2, we
introduce some spaces of vector fields and describe the setting
of the problem. In Section 3, we consider the existence,
uniqueness, and regularity of the solution for the problem.
Finally, in Section 4, we examine the properties of the limit
solution H®(x,t) as p — 00. The result shows that the
resistivity p vanishes in the region § = {(x,1); |curl H®(x,
)] < 1}.

2. Preliminaries and the Setting
of the Problem

In this section, we introduce some spaces of vector fields
which are used in this paper and set the problem.

Let Q ¢ R’ be a bounded domain with C*' boundary.
Throughout this paper, we assume that Q) has no holes. That
is to say, the second Betti number of Q) is equal to zero. This
means that

{Gel?(Q,R*);curlG=0,divG=0in Q,7x G
(8)
=0 on aQ} ={0}.

But we allow Q to be not simply connected. For these
notations, see Dautray and Lions [5] or Amrouche and
Seloula [6]. Let p > 2 and define some spaces of vector fields
defined in Q with values in R*. One has

H? (curl, Q)

)
={G e’ (Q,R*);curlG e L7 (O, R*)}.

We note that, for G € H?(curl, ), the tangential trace » x G

is well defined in W™VPP(9Q, R?) (cf. [6]). And moreover,
define

Hg (curl, Q)
={G € H? (curl, Q);¥ x G = 0 on 0Q},
Hé’ (curl, div, Q)
(10)
= {G € Hé’ (curl, Q);divG € LP (Q)} ,
Hg (curl, div0, Q)
= {G € Hé’ (curl, Q) ;divG = 0 in Q}

The following lemma follows from [6], Aramaki [7], and
Pan [8].

Lemma 1. If Q has no holes, then

HY (curl, div0, Q) ¢ H (curl, div, Q) ¢ WP (Q,R*) (11)
and the norm in Hg (curl, div0, Q) given by
G € H} (curl, div, Q) (12)

||cur1 G”LP(Q) N

is equivalent to the norm in W"P(Q,R’). In particu-
lar, Hf(curl,div0,Q) is a Banach space with the norm
"CurlG”LP(Q).
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By the Sobolev embedding theorem, we can get the fol-
lowing.

Lemma 2. Assume that Q is bounded domain in R® without
holes and with C** boundary. If G € H (curl, div, Q), then
Gl o160y < C (llcurl Gl ooy + I1divGll Lo ()

if pe(L,3),

I1GlLa() < C (llcurl Gllp () + I1divGlLe(q)) )
13
forany 1 <gq<ooif p=3,

Gl ey < C ("CUTIG"LP(Q) + "diVG”LP(Q))

ifp>3,
where =1 - 3/p.

Throughout this paper we denote the norm of vector field
G in LP(Q,R*) or WHP(Q,R?) by [IGllze(q) or IGls(q)s
respectively.

Let p > 2. We assume that the function Q x [0,T] >
(x,8) — fp(x, s) satisfies the following.

(H1) f,(x,5) € CHQ x [0,T]) n C*(Q x (0,T]) with
jﬁ(x, 0) = 0 satisfies that there exist A,A > 0
independent of x, s, and p such that

AstP22 < f‘; (x,8) < AsP P2 for s> 0,
(14)
0< f‘;’ (x,8) < AsP™? for s> 0,

where f;(x, s) = (afp/as)(x, s) and f;’(x, s) = (azfp/asz)(x,
s). Then it is clear that f satisfies

%Asp/z < fplxs) < %Asp/2 (15)

and fp(x, s) is convex with respect to s variable.
We consider the initial and boundary value problem:

H, + curl [f;) (x, |curlH|2) curlH] =F(x,t)

(16)
in Qr,
divH=0 in Qg, (17)
yxH=0
(18)
on 0Q x [0,T],
H(x,0)=H,(x) in Q, (19)

where F and Hj, are given vector fields. We assume the follow-
ing.
(H2) F = F(x,t) € L*0,T;L*(Q)) satisfies divF = 0 in
Qrand F-» = 0on 0Q forae t € (0,T], and
H, = H(x) satisfies that H, € Hg(curl, div0, Q) and
curl[ ! (x, |curl Hy|?) curl Hy] € L*(Q, R?).

We note that hypothesis (H.2) contains the compatibility
conditions: divF = 0 in Q; and » x H; = 0 on 0Q.
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Example 3. fp(x, s) = (2/p)a(x)sp/2 where a € C*(Q) with
0 < ¢ < a(x) < ¢ < oo satisfying (H.1). In particular, if
a(x) = 1, system (16)-(19) becomes (1)-(4).

The following definition of solution of system (16)-(19) is
based on Brezis [9, Definition 3.1].

Definition 4. One calls a vector field H = H(x, t), a solution
of system (16)-(19), if the following hold:

() H € C([0,T];L*(Q)) and is absolutely continuous
with respect to ¢ in all compact subset of (0,T), and
forae. t € (0,7), H, € L*(Q, R?) (therefore for a.e.
t € (0,T), H is differentiable with respect to t);

(ii) H(x,t) € Hg(curl, div0, Q) fora.e. t € (0,T);
(iii) curl[ flg(x, |curl H[*) curl H] € L*(Q, R®) for ae. t €
0,T);
(iv) (16) holdsin L*(Q), R?) fora.e.t € (0, T) and H(x, 0) =
H,(x) in Q.
(One notes that, for a.e. t € (0, T), H is differentiable with
respect to t.)

Here we give Greens formula which will be used fre-
quently later (cf. [6]).

Lemma 5. For A € H?(curl, Q) and B ¢ WI’P’(Q, R®) where
p' is the conjugate exponent for p, that is to say, p' = p/(p—1),
then one has

J curlA-de—J A-curlBdx = (vx A,B);,, (20)
Q Q

where a - b denotes the usual inner product for vectors a and
b in R® and {-,-)sq denotes the duality between W™ /PP(5(2)
and W'PP (9Q)).

3. Existence, Uniqueness, and
Regularity of Solution

In this section, we will consider the existence and uniqueness
for system (16)-(19) and also regularity under more restrictive
hypotheses on F.

Theorem 6. Let p > 2. Assume that Q) is a bounded domain
in R® without holes and with C"' boundary. Under hypotheses
(H.1) and (H.2), system (16)-(19) has a unique solution in the
sense of Definition 4. Moreover, one has H, € L*(Q) and H €
L™(0, T; Hf (curl, div0, ).

The proof will be achieved by applying theorems due to
Brezis [9, Theorems 3.4 and 3.6]. In order to do so, define a
Hilbert space X = L*(Q, R*) and a functional IP[V] forV e
X by

2 Ja
+00 otherwise.

i {” Fo (o lcurl V) dxif V € HE (curl, divo, @), (2D

It is clear that the effective domain D(I P) = Hg (curl, divO,
Q) # 0.

Lemma 7. Under hypothesis (H.1), I, is a proper lower semi-
continuous and convex functional.

Proof. First we show that I b is lower semicontinuous; that
is, if V, — Vin L*(Q,R*) asn — o0, then IP[V] <
liminf, _, ,I,[V,]. Thisis equivalent to show thatif V, — V
in L2 (Q,R*) asn — oo and limn_moIP[Vn] = I, then
L[Vl < L In fact, it is clear from the fact thatif V, — V
in L*(Q, R?), there exists a subsequence {Vnk} of {V,} such
that

liminfI, [V,] = lim I, [v..]- (22)

k— oo

Thus we assume that V, — V in L*(Q,R%) and
limn_)OOIP[Vn] = I. We show that IP[V] < LI = +oo,
it is trivial, so we may assume that I < oo. Choosing a
subsequence, if necessary, we may assume that I,[V,] < co
and

1

3 L) fp (x, |cuern|2)dx =I+o0(l), (23)

asn — 00. Thus we have V, € Hg (curl, div0, Q) and it
follows from (H.1) that

AJ p IJ 2

— | |eurlV,|"dx < - x, |curl V, |7 ) dx
p oVl < 3 | fp(wleatViP)ax
=I+0(1)<I+1<oo0.

Since Q has no holes, it follows from Lemma 1 that {V,} is
bounded in W"?(Q, R?). Passing to a subsequence, we may
assume that V, — V weakly in W"?(Q, R*) and from the
compactness of embedding from W"?(Q, R?) to LP(Q, R?),
V, — Vstrongly in L (Q, R?). Since p > 2, we have V = V.
Since f}','(x,s) > 0foralls > 0and f;(x, s) > 0foralls >0,
taking the Taylor theorem into consideration, we have

L fp (x, |curl V,,|2) dx — JQ fp (x, |cuer|2) dx
= J fp (% curl V+ curl vV, - cuer|2) dx
Q
2 — 2
_ L fp (x, |curl V| )dx = JQ Ip (x, |curl V|

+2curl V- (curl V, — curl V)

+|curl vV, - cuer|2) dx

- Jeurl V) d zj ' (2 Jeurl VP2
L fp (x |curl V| ) x pr (x |curl V| )
A2curl V- (curl v, - curl V)

+]curl v, - cuer|2} dx
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! 2
22 J fp (x, lcurl V| ) curl V- (curl V,,
Q
—curl V) dx.
(25)
Since
J |fI', (x, |cuer|2) cuer|p dx
" (26)

< AP J |curl VP dx < oo
Q

and curl V, — curl V weakly in LP(Q, R?), it follows from
the Holder inequality that the last term of (25) tends to zero
asn — 00. Thus

S |
I= hnn’_l)lor(l)fz L fp (x, |cuern|2) dx
| (27)
>3 [ g (uleurd VP dx = 1,V).

Next we show that I, is convex; that is, for any V and W
in L*(Q,R*) andany 0 < p < 1,
L [uV+ (1 =)W <ul, [VI+(1-p) I, [W].  (28)

When V or W does not belong to Hg(curl, div0, ), I,[V] =
+00, or I P[W] = 400, the inequality is trivial. Thus let V and

W be in Hg(curl, div0, Q). Since a function [0, 00) 3 s — s
is convex and for each x € Q, the function s — fp(x, s) is
an increasing function and convex with respect to s, for any
51,8, 20,

fp (6 (usy + (1= ) 55)°) < fy (3, st + (1 - ) 53)

(29)
< uf, (x.57) +(1-p) fp (x, sg)

Therefore it is easily shown that I, is convex. O
Now we consider the subdifferential of the functional I o
(cf. Struwe [10, page 58]). The domain of the subdifferential
0l,, is defined by
D(BIP) = {H € D(IP); there exists U
e L’ (Q,R*) such that I, [V] - I, [H]  (30)
> (U,V-H) vV e’ (Q,R%)},

where (U, V) = JQ U-V dx is the usual inner product of U and

Vin L*(Q,R%). If V ¢ Hj (curl, div0, Q), then I,[V] = +oo,
SO we can rewrite

D(alp) = {H € D(Ip); there exists U
e I’ (Q,R?) such that I, [V] - I, [H] (31)

> (U,V-H) VYV e H} (curl, div0, Q)} .
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Then the multivalued subdifferential oI patH € D(I p) is
defined by

oI, [H] = {U e L*(Q,R*); 1, [V] - I, [H]

(32)
> (U,V-H) VYV € H} (curl, div0, Q)} .
Here we note that we have
1
Ip [V] _Ip [H] = E
. J- {fp (x, |curl H + curl (V — H)|2)
¢ (33)

- fp (x, |curlH|2)} dx

> J f; (x, |cur1H|2) curl H- curl (V- H) dx.
Q

Next we will show that BIP[H] for H € D(aIp) is single-
valued. In order to do so, define an operator A , by

D(A,) = {H € H} (curl, div0, ) ;

curl [f; (x, |cur1H|2) curlH] el? (Q, IRS)} ,
(34)
A, [H] = curl [f[', (x, |curlH|2) curlH]

for H € D(Ap).

Since ¥ X (V — H) = 0 on 0Q, it follows from Lemma 5 and
(33) that

I,[V]-1,[H] 2 (A, [H],V-H)
(35)
YV € HY (curl, div0, Q).

This implies that A, C aIP; that is, D(Ap) C D(alp) and
AP[H] € E)IP[H] forH € D(AP).

Lemma 8. Under the hypothesis (H.1), 01,, is single-valued and
oI,[H] = {A [H]}.

Proof. We follow the arguments in Evans [11, page 571]. For
any given G € L*(Q, R?), define a functional

J, V]
) 1 (36)
_ L (57, (v leurl VP) + 2 IVF - G-V ) dx

on Hé’ (curl, div0, Q). We note that Hé’ (curl,div0, Q) ¢
wbr(Q,R?) and Hé’ (curl, div0, Q) is a Banach space with
respect to the norm |[curl V|;,q, which is equivalent to
Wbr(Q, R*) norm according to the fact that Q) has no holes.
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We claim that J has a minimizer in Hé7 (curl, div0, Q). In fact,
for any € > 0, tlgere exists a constant C(e, p) > 0 such that

J, V]2 &J’ |curl VI dx
P Ja

(e "{f e

> &J |curl VP dx
P Ja (37)

—2)/2
~[1Gll2(0 IVl 1QIF727

A
jad p _ p
> 7 J;) |curl VP dx — ¢ ||V||Lp(m

/(p-1)
-C (8, p) "Gllizé)}) .
Throughout this paper, |Q)| denotes the volume of Q). There-
fore if we choose ¢ > 0 small enough, we can see that J,
is coercive. Since K = Hé’ (curl, div0, Q) is a closed convex
subset of W2(Q, R?), if we show that J,: K — Ris lower
semicontinuous and convex, it follows that J,, is weakly lower
semicontinuous (cf. Takahashi [12, Lemma 1.3.9]). Since the
convexity follows as before, we will show that J » is lower
semicontinuous. Let V; — Vin wbr(Q, R?) and ]p[Vj] —
Jasj — oo.ThencurlV; — curlVin LP(Q, R?). Passing
to a subsequence, we may assume that curl V; — curl Va.e.
in Q. Since fp is a continuous function, fp(x, |curl lez) —

fp(x, |curl V[?) a.e. in Q. Since fp > 0, it follows from the
Fatou lemma that

I,[V] = % JQ fp (x, |cuer|2)dx

N |
< liminf— JQ fp (x, 'curl Vj|2> dx (38)

j—oeo 2

= hjnllorgflp [Vj] =1.
From this fact and the fact that V;, = Vin L*(Q, R?) since
p =2, we have Ip [VI<,so] p 18 weakly lower semicontinu-

ous. Let {V,} ¢ Hé’ (curl, div0, Q) be a minimizing sequence
of o Then

Jp [V, = inf

J, [Vl +o(1)
VeH] (curl,div0,Q)

as 11 — 0Q. (39)

Since ], is coercive, {V,}is bounded in whr(Q, R?). Passing
to a subsequence, we may assume that V, — V, weakly
in WP(Q, R*) and strongly in L?(Q, R*) by compactness of
embedding from W"?(Q, R?) to LP(Q, R?) as above. Since
divV,, = 0in Q, we have divV, = 0in Q, and since¥xV, = 0
on 0Q), we have » x V, = 0 on 0Q. Thus we have V, €
HY (curl, div0, Q), and

Jp [Vo] < liminfJ, [V,] = inf

J, [V].
VEHg(curl,diVO,Q) P (40)

Thus a minimizer exists. So let H € Hg (curl, div0, Q) be a
minimizer of J,,. Then H satisfies the Euler-Lagrange equation
weakly:

H + curl [f; (x, |cur1H|2) curlH] =G. (41)

Since H, G € L*(Q, R?), we have

curl [f}’, (x, |cur1H|2) curlH] el? (Q, IR3) , (42)

andsoH € D(A,) and H+ A ,[H] = G. Since G € L*(Q,R?)
is arbitrary, we have

R(I+A4,)=L"(QR%), (43)

where R(I + Ap) denotes the range of I + A,

We show that A, = aIP. For any V ¢ D(BIP) and W €
BIP [V], there exists H € D(A ) such that H + A,H]=V+
W. Since AP[H] € BIP[H], we see that H + BIP[H] > V+
W. On the other hand, V + aIP[V] 5> V + W. According to
[11, Chapter 9, Section 6, Theorem 1(iv)], the equation H +
aIP[H] 5> V + W has a unique solution in D(aIP). Thus we
have V=H ¢ D(aIp) and A,[H] = W. Hence Eﬂp is single-
valued and oI » [H] = {A » [H]}. This completes the proof. [J

If F = F(x,t) and H, = H,(x) satisfy (H.2), it follows
from [9, Theorems 3.6 and 3.4] that the system

H,+0l,[H]>F inQy,
(44)
H(x,0)=H,(x) x€Q
has a unique solution H in the sense of Definition 4. Taking
Lemma 8 into consideration, we can see that H is a unique
solution of system (16)-(19).

Proof of Theorem 6. Let H be a solution of (16)-(19). Taking
the inner product of (16) and H and then integrating over
Q, = Q x [0,t], we have

J-J. H,. -Hdxdr

t

+ “ curl [f; (x, |curlH|2) curlH] -Hdxdr (45)
Q

= ” F-Hdxdr.

t

The first term of left hand side of (45) is equal to

1 d 2
E JJ t E |H(X,T)| dxdrt
(46)
1 2 1 2
:—J |H (x,1)] dx——J |H0(x)| dx.
2 Ja 2 Jo



Since vxH(x,t) = 0 on 0Q x [0, t], using Lemma 5 and (H.1),
the second term of left hand side of (45) satisfies

H curl [f;, (x, |curlH|2) curlH] -Hdxdr
Q
= ” fI,’ (x, |curlH|2) |curl H|* dx dt (47)
Q

> A ” |curl H|? dx dr.

t

Applying the Schwarz inequality, the right hand side of (45)
satisfies that, for any € > 0, there exists a constant C(e),

” F-Hdxdr Ssjj HP dx dr

t t

+C(e) ” B[ dx de

(48)
< €T sup J H (x,1)]* dx
te[0,T] JQ

+C(e) ”Q B2 dx dt.

Thus we have

1J |H(x,t)|2dx+/\” \curl H? dx dr
2 Ja Q
Slj |H0(x)|2dx+sT sup J H (e, ) dx  (49)
2 Ja tefo,11 Jo

+C(e) ”Q (B2 dx dt

for any t € [0, T]. Taking the supremum on [0, T] and then
choosing € > 0 small enough, there exists a constant C
depending on T, but independent of p such that

sup J [H (x,)|* dx + ” |curl H|P dx dt
te[0,T] JQ Qr
(50)

<C Uﬂ IH, ()| dx + ”QT IE (x, 1) dcdt | .

Next, taking the inner product of (16) and H, and
integrating over Q,, we have, using Lemma 5,

“ H,[? dxdr

t

+ ” f; (x, |cur1H|2) curl H- curlH dxdr (51
Q

= ” F-H,dxdr.
Q
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If we note that

d 2
Efp (x, |curl H (x, 7)| )

= 2f5' (x, |curl H (x, T)|2) curl H (x, 1) (52)

-curlH, (x,7),
it is shown that

” f; (x, |curl H|2) curl H - curl H, dx dt

t

d 2
”Q $fp (x, |curl H (x, 7)| )dx dr

N | —

(53)
=2 L £, (% lcurl H (x, ) dx

1 2
-3 JQ fp (x, |curl H, (x)| )dx.
It follows from (H.1) that

” |HT|2dxdT+&J' |curl H (x, £)|? dx
Q pla

curl Hy (x)|? dx + F-H_ dxdr
0 T
Q t
° (54)
J. |curl H, (x)|p dx + 1 ” |HT|2 dxdr
Q 2 Q

+4 ” |F|* dx dr.

t
Thus we have

1 ” |HT|2 dxdrt + & J |curl H (x, )|F dx
2 Mg, pla
(55)

< éj |cur1H0 (x)|‘Ddx+4” |F|* dx dt.
pJa Qr

Taking the supremum of the left hand side, there exists a con-
stant C independent of p such that

1 ” |Ht|2 dxdt + A sup J |curl H (x, £)|? dx
2 Mo, Prefor) Ja
(56)

<C [l J lcurl Hy (x)| dx + ” |F|2dxdt] ,
P Ja Qr

where the constant C is independent of p. It follows from
this inequality that we can see that H, ¢ LZ(QT) and
H e L™(0,T; Hé’ (curl, div0, Q2)). This completes the proof of
Theorem 6. O

For more regularity of solution, we assume the following.

(H3)F € L%(0,T;L*(Q)), curlF € L*°(0,T;L(Q)),
curl F, € LP(Qy), and F has a compact support in Q
for everyt € [0, T].
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Then we have the following.

Theorem 9. Under (H.1)-(H.3), the solution H = H(x,t) of

(16)-(19) satisfies H, € L*(0, T; L*(Q)) and
curl [f;, (x, |curlH|2) curlH] € L? (0, T;L* (Q)) . (57)

Moreover, the following estimates hold:

sup J |curl H|? dx
tefo,1] JO

+ U |curl [fII’ (x, |curlH|2) curlH] |2 dxdt (58)
Qr
<C [J |curlH0|P dx + ” |curl F|? dxdt] ,
Q Qr

”QT {lcurlHlp_2 |curl Ht|2 + f;’ (x, |cur1H|2)
- (curl H - curl Ht)z} dxdt

1[ £ (x, lcurl HP) curl H]||" d
+t€s[1(§’};]L'cur [fp(x |cur I)cur ]' x

+ sup J lHt|2dx

te[0,7] JQ (59)

<C [JQ |curl [f; (x, |curl H0|2) curl HO]'2

+ “ |curl Ft|P dxdt +J |curl HO|P dx
Qr Q
+ sup J |curl | dx + sup J- |F|2dx],
te[0,T] JQ te[0,T] JQ

where the constant C depends on T and p.

Proof. For the brevity of notation, we write V = curl H. Tak-
ing curl of (16), we have

vV, + curl® [f‘; (x, |V|2) V] = curl F. (60)
Since v x H(x,t) = 0 on 0Q X [0, T], we have » x H,(x,t) = 0
on 0Q x [0,T]. Since F = 0 near 0 for every t € [0,T], it

follows from (16) that

v x curl [f}'7 (x, |V|2)V] =0 onoQx[0,T]. (61)

Moreover we have

Vo fy (6 IVE)V = £y (V) S v

(62)
zdtfP( ).

Taking the inner product of (60) and f}',(x, [V]?)V and then
integrating over Q, (0 <t < T), it follows from (61) and (62)
that

L[ d
! ”Q = fp (o IVP) dx e

2
+ ”Qt 'curl [f;, (x, |V|2)

- ” curlF-f; (x,IVI*) Vdxdr.

t

V][ dxdr  (63)

Therefore using the Holder inequality, for any € > 0, there
exists C(¢) > 0 such that

: L o (5 IV (6 0)) dx
_ % L o (2, IV (x,0)F) dx
+ ”Q 'curl [f;, (x, |V|2)V

<e ” 172 (6 V) VI dxr

]|2 dxdrt (64)

+C(¢) ” |curl F|? dx dr.

t

since (f3(x, 1)) < (A" < AP < AP (p/21) f(x,
s?) for s > 0, the first term of the right hand side of (64) is
estimated by

' p 2
e’ £ J'JQ o (V1) dx . (65)
Thus we have

1
: L) £ (6 IV (6, 0)) dx
+ ” |cur1 [f' (x, |V|2) V”2 dxdrt
Q p
<3 [ v eor)ds (66)

e 2o sup J fp (x,IV(x,t)lz)dx

te[0,T] JQ

+C (¢) ” |curl F| dx dt.
Qr

Taking the supremum of the left hand side and then choosing
€ > 0 small enough, we have

sup J fp (x, |V(x,t)|2)dx

te[0,T] JQ

" ”Q lcurl [, (x, IVP) V][’ dxdt



<cC HQ Fo (5 1V (6, 0)) dx

+ ” |curl F|? dxdt] ,
Qr

(67)

where the constant C depends on p, T, and e. Since
(2A/p)s? < fp(x,sz) < (2A/p)sf for s > 0, we can get the
first estimate (58).

Next we show the second estimate (59). Taking the inner
product of (60) and ( fl')(x, |V|2)V)t and then integrating over
Q,, we have

JJ.Q Ve (f,i,’ (x, |V|2) V)T dxdr

t

+ ”Q, curl [f; (x, |V|2) V]

(curl [ f, (x,[VI?) V])_dxdr

(68)

= ” curl F- (f; (x, |V|2) V) dxdr.
Q !
The first term of the left hand side of (68) is estimated as

follows:
IRUARACIE

+ Zf;,' (x, |V|2) (V- VT)Z} dxdr

> ” AvIE? v,
Q

t

(69)

+2f) (%, |VP) (V- V,)} dxdr.

Here we note that f}',' > 0. The second term of the left hand
side of (68) is equal to

% H % |cur1 [f},) (x, |V|2) V] '2 dxdrt
Q

- % JQ |Curl [f;; (x, [V (x, t)|2) V(x, t)]|2 dx (70)

- % JQ |curl [f}'7 (x, [V (x, 0)|2) V (x, 0)”2 dx.

For the estimate of the right hand side of (68), using the
integration by parts and taking (H.1) into consideration, we
have

” curl F- (f; (x, |V|2) V)T dxdr

t

=- ” curl F, - f; (x, |V|2) Vdxdr

t

T=t

+ UQ curl F- fI') (x, |V|2) de]

=0

<C “ |curl FT|P dxdr

t
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e[| 11 (wIVE) VI dxae
Q

+C sup J |curl F|¥ dx
te[o,T] JQ

+ C sup J 'f;, (x,|V|2)V'p, dx
Q

te[0,T]

< C” |curlFT|P dxdt + C sup J |curl F|? dx
; te[0,T] JQ

+C sup J [V|P dx.
te[o,T] JQ

(71)
Here the constant C depends on T and p. By the first

inequality (58), there exists a constant C depending on T and
p such that

sup J [V|P dx
te[0,T] JQ
(72)

<C [I |curl Hy|? dx + T sup J |curl F|? dx] .
Q te[0,T] JO

Adding the above inequalities, we get second inequality (59)
without the term

2
sup J |Ht| dx (73)
te[0,T] JQ

which we now estimate the term (73). From (16), we get

sup J |Ht|2 dx
Q

te[0,T]

<2 sup J 'curl [fI', (x, |curlH|2) curlH]|2dx (74)
te[0,T] JQ

+2 sup J |F|? dx.
Q

te[0,T]

The first term of the right hand side of this inequality
is already estimated in (58). This completes the proof of
Theorem 9. O

By Lemma 2, we have the following.

Theorem 10. Under (H.1)-(H.3), let H = H(x, t) be a solution
of (16)-(19). Then the following hold.
(i) H € L®(0, T; L P(Q)) if2 < p < 3.
(i) H € L*(0, T; L1(Q)) forany 1 < g < co if p = 3.
(iii) H € C**(Qp) if p > 3 wherea = 1 = 3/p and fp =
min{a/2, 1/4}.

Proof. By Theorem 6, H € L®(0,T; W"P(Q)). Using the
Sobolev embedding theorem, (i) and (ii) are clear. Similarly
if p > 3, H(x,t) is Holder continuous with respect to x
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with the Holder exponent « = 1 — 3/p. We will show that
H(x, t) is Holder continuous with respect to ¢ with the Holder
exponent 8. Let t,,t, € [0,T],0 < t, —t, small and x, € Q,
and define B, = B, (x,) a ball in Q centered at x,, with radius
r=(t,— tl)l/z. If B, ¢ Q, we consider B, Q in the following.
From Schwarz’s inequality, we have

L IH (x.t,) — H (x,1,)[ dx

-,

b
sj J H, (x,t)]" dt dx (t, - t,)
B, Ji,

2

t
J H, (x,t)dt| dx
t

1

»

(75)

s ”Ht"i"o(o,T;Lz(Q)) (t, - t1)2 =C(t, - t1)2 )

where the constant C is independent of x. By the mean value
theorem for integral, there exists x* € B, such that

|H (x*)tz) - H(’C*’tl)l2 |Br|

(76)
= J H(x,t,) - H(x, ;) dx < C(t, - 1,).
Therefore we have
[H(x",t,) - H(x", 1)) < Cr P (t, - 1)
(77)
<C(t,—t,)"*.
Thus for any x € B,,
[H (x,1,) = H (x, ;)] < [H (x,£,) - H(x", 1,)|
+[H(x" 1) - H(x" )|
+|H (x", 1) —H(x,1,)|
SC|x—x*|°‘+C(t2—t1)l/4 78
<Clt,-t,)"?+C(ty—t))"*
<C(t,-1,)".
O

4. Limit Solution as p — o0

In this section, we consider the asymptotic behavior of the
solution H = H(x,t) (depending on p) as p — oco. We
assume the following.

(H.4) One has [|curl H|| o0 () < 1.

Define a subspace K = Hg(curl, div0, Q) of L*(Q, R?).
For V € L*(Q, R?), define a functional

0 if Vek, |[curl V| <1 ae. in Q,
I, [V]= (79)

+00 otherwise.

It is clear that I, is proper convex functional. We will show
that I, is lower semicontinuous. Let V,,V € LZ(Q, [R3),
V, — Vin L*(Q,R%), and lim,_,  I,[V,] = I. Then it
suffices to show that I_[V] < I.If I = oo, then it is trivial,
SO we may assume that I < 0o, and passing toa subsequence,
we may assume that I [V,] < co. Thus I [V,] = 0, and
|curl V,,| < 1. Since Q has no holes, it follows from [7] that

“Vn"wl’z(o) <C ("divvrl”Lz(Q) + [|curl Vn"LZ(Q) 50)
+ 7 X Vo lwineay) < C lleurl V.|| 2y < ClOU.

Therefore {V,} is bounded in w2, RY). Passing to a
subsequence, we may assume that V. — V weakly in W"*(Q,
R?) and strongly in L*(Q, R?). Thus we see that V = V. Since
it is clear that divV = 0in Q and vxV = 0 on 0€), it suffices to
prove [curl V| < 1 a.e. in Q, in order to show that V € D(I_).
For any § > 0, define a set

As={x e Q;lcurl V(x)| > 1+6}. (81)

Since curl V,, — curl V weakly in L*(A 5, R?), we have

(1+6) |A5| < J |curl V| dx
A
' (82)
< lim infj |curl V,|” dx < |Ay].
n— 00 A6

Thus [Ag] = 0. Since § > 0 is arbitrary, we see that

curl V(x)| < 1 a.e. in Q. From this we can also see that

{V € K;|curl V| < 1} is a closed convex subset in L*(€), R?).
Now we have the following theorem.

Theorem 11. Under (H.1), (H.2), and (H.4), H?(x, t) has a
unique limit H™ (x,t) as p — oo such that

F-H™ €l [H] aeteloT],

(83)
H (x,0) = Hy (x);
that is to say,
I [V] - I, [HY]
(84)

> J (F-H*)- (V-H*")dx
Q
fora.e.t €[0,T] forall V € K and

j [H(x,t) - Hy (x)|dx — 0 ast— +0. (85
Q
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Proof.

Step 1 (the uniqueness of the solution of (83)). We follow Yin

[13]. Let Hgoo) and Hgoo) be two solutions of (83). Then we
have

0=1I_ [Hg""’] -1, [Hﬁ"")]
> J (F-HY) - (HS - H) dx,
! (86)
0= I, [H®] -1, [H™)]
(

JQ (HSY -HY) - (B -H™)dx<0.  (87)

d 2
- J [H - H{| dx <0, (88)
Q
and so we have

J [ (x, 1)~ H® (x,0)[ dx
¢ (89)
< J B (x,0) - H® (x,0)[ dx = 0
-_ 2 b 1 b
Q

fora.e. t € [0,T]. Hence H(loo) (x,t) = Hgoo)(x, t) in Q.

Step 2 (existence of the limit solution). (1) Since (H.4) implies
that

% L |curl H0|2 dx < % 19]] (90)

for any p > 2, we notice that the right hand sides of (50) and
(56) are independent of p > 2. Therefore we have

sup L 'H(p)'2 dx + ”Q |curl H(p)|P dxdt <C;, (91)
T

te[0,T]

2 1
“ |H£P) dxdt + — sup J |curlH(P)|P dx <C,, (92)
Q Prefo) o

where C, and C, are independent of p. Therefore for any

! U
subsequence {H®}, there exists a subsequence {H®)} such
that

H(P”) N H(OO)
(93)
strongly in L* (Qy), weakly in L* (0, T, WhP (Q)) ,
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H?) — H® ae in Qp (94)

curl H?) — curl H®,
H) — H (95)
weakly in L* (Qy),
divH =0 in Q, (96)
»xH® (x,) =0 on 3Q x [0,T]. (97)

(2) We claim that ess sup, ;)cq, Icurl H®) (x,1)| < 1.
In fact, from (91), we have

” lcurl HP|” dx dt < C,, (98)
Qr

where C, is independent of p. For any § > 0, put
Bs = {(x,1) € Qps [cur H (x,1)| = 1+ 8} (99)

Then it follows from the Holder inequality and (98) that

(1+6)° |Bs| < ” |curlH(°°)|2 dx dt
Bs

1"

1/ "
B " @00)

" Pu P
< liminf {“ |curl H? )l dx dt}
Bjs

P/I — 00

< lim CY" By < By,
p' -

Thus we see that | Bg| = 0. Since § > 0 is arbitrary, we see that
(2) holds.
(3) Clearly the first equation of (83) is equivalent to

J (F-H") (V-H*)dx<0 aete[0,T] (100
Q

forany V € Hg(curl, div0, Q) with |curl V| < 1. Since H*"
is a unique solution of

F - Ht € aIPH [H] ae t € [0, T] N

(102)
H(x,0) = Hy (x),
forany V € Hg(curl, div0, Q) with | curl V| < 1,
P”
Ly [V] = Ly [H"]

(103)
> JQ (F-mf") (v-H"")dx. ”

Here we note that by hypothesis

Ly V1= | fyr (lcurl VP?) dx
2A 2A (104)
< ? J‘ |cuer|p dx < ? |Q| — 0
Q
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as p"" — oo. Since HO) - H® strongly in L*(Qy) and

HEP ) 5 HEOO) weakly in LZ(QT), we see that, for a.e. t € [0,
T])

L (F-BP) (V-B"")dx

- L (B-H®). (V- H*) dx.

(105)

Letting p”" — ©coin (103) and using the fact that I o [H? ”)] >
0, we see that

J (F-H) . (V-H*)dx <0. (106)
Q

(00)

Thus we can see that H'*” satisfies the first equation of (83).
(4) For the initial condition, it follows from

JQ |H(°°) (x,t) - H, (x)'2 dx

= lim j 'H(p”) (x,1) — H0|2 dx
Q

pll — 00

2
dx

t
("
L HY ' (x,7)dt (107)

< lim sup J
Q

P/I — 00

t " 2
Stlimsupj J |H(TP )(x,T)| drdx
alJo

PI/ — 00

" 2
< tlim sup "Htp

PI/ — 00

— 0

L(Qp)

as t — +0. Hence H® is a solution of (83). Since the
solution of (83) is unique, we can replace p”’ in Step 2 by any
p- O

Now we show the Holder continuity of the limit solution.

Theorem 12. The above limit solution H™ of (83) is Holder
continuous in Qr.

Proof. We putK(x,t) = H®(x, t) for brevity. Since divK = 0
in Q fora.e. t € [0, T], we have

—AK = curl (curl K) (108)

in the sense of distribution. Since H® ¢ W?(Q) for
ae. t € [0,T], the tangent trace is well defined, and
since ¥ x HP(x,t) = 0 on 9Q x [0,T], H?(x,t) —
H®)(x,t) weakly in W"P(Q) for a.e. t € [0,T], we have
¥ x H®)(x,£) = 0 on 0Q for a.e. t € [0,T]. Moreover, by
Step 2 in the proof of Theorem 11, for any g > 1, curl H® ¢

1

L1(Q) for ae. t €
te[0,T],

[0, T]. Thus K satisfies that, for a.e.

—AK = curl (curlK) in Q,

divK=0 in Q, (109)

yxK=0 on oQ.

Since curlK € LI(Q) for any g > 1, it follows from [6,
Proposition 5.1 and Remark 5.1(ii)] that K € whi(Q, R?)
and

”K"WL‘Z(Q) <C "CurlK”]ﬂ(Q) <C (Q) > (110)

where C(q) is independent of ¢. By the Sobolev embedding
theorem, for a.e. t € [0,T], K(x,t) = H(x,t) € C*(Q) for
any 0 < « < 1. The Holder continuity with respect to ¢ follows
from the similar argument of the proof of Theorem 10.  [J

Finally we assume that the function f, satisfies the fol-
lowing.

(H5) (fy(x,57)s)P ) < f(x,57)s" for s > 0.

Remark 13. When fp(x, s) = (Z/p)a(x)sp/2 and a(x) < 1,itis
easily shown that fp satisfies (H.4).

Theorem 14. Under conditions (H.1), (H.2), and (H.5), there
exists a nonnegative measurable function a(x,t) such that

HEOO) + curl [a (x,t) curl H(OO)] =F inQr (111)
in the distribution sense, and
suppa C N = {(x, t) € Qps |curl H™) (x, t)' = l}. (112)

Proof. Put A, = f;,(x, |curl H? ) curl H®. Taking the in-

ner product of (16) and V € L*0,T; Hg(curl, div0, Q)), we
have

” (HEP) ‘V+A,- cuer) dx dt
Qr

=” F.Vdxdt.
Qr

Since |A,| < Al curl HP'|P7! by hypothesis (H.1), {A,}is
bounded in L*(0, T; L? ,(Q)). Therefore there exists a subse-
quence {Apk} such that A, > A weakly in L*(0,T; LP (Q))

ask — o0o0. Since Hﬁp) — H§°°) weakly in LZ(QT) from (95),
letting k — oo in (113) with p = p;, we have

(113)

” (Hgoo) -V+A-curl V) dx dt
Qr

_ ” F.Vdxdt.
Qr

(114)
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On the other hand, from (113) with V = H®?), we have

li |H(p)'2 + A, -curl HP ) dx dt
Qr \2dt t 4
(115)

= ” F-HPdx dt.
Qr

Hence, using (93) with p" = p,

3 P [ ax - [ g Gof dx
Q 2 Ja

fJ, g fewt B eor s g

- ” F-HPdxdt — ” F-H®) dxdt
Qr

T
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as p — o00. From (114) with V = H, we have

! ” 1 (e, ) dx — + J IH, (0|} dx
2 J)a 2 Ja
+” A - curl H® dx dt 117)
Qr

= “ F-Hdxdt.

Since H? — H®) strongly in L? (Qg), we see that

”QT f;, (x,'curlH(P)'2> 'CurlH(P)|2 dxc dt
(118)
- ” A - curl Hdx dt

as p — o0o.Since A, — A weakly in L'(Qy), using the
Holder inequality and (H.5), we have

”QT |Aldxdt < lim inf ”Q Ay, | dxdt = liminf ”Q 7 (o eurl OO Jeur OV

- -1/
< hknlig(l)f {”Q (f; (x, |cur1 H(Pk)'2> 'curlH(Pk)Dpk/(Pk ’ dxdt}1 " (T |Q|) /P
T

k— o0

< liminf {J}Q{f; (x, 'Curl H(Pk) '2) 'curl H(Pk)|2 dx dt}

< “ IA| dox dt.
Qr

Here the last inequality is based on the fact that |curl H®)| <
1. This implies that [A] = A - curl H®, so A(x,t) and
H®)(x, t) are linearly dependent. Thus there exists a measur-
able function a(x, t) such that A(x, t) = a(x, t) curl H®(x, t)
where a(x,t) = 0if H(x,t) = 0. Since ng) + curl A,=F
in Q and ng RN HEOO) weakly in L*(Q;) and A, & A
weakly in L*(0, T; L (Q)), we have

HEOO) +curlA =F (120)
in the distribution sense. Since

2
0<|Al=A-curl H™ = a(x,1) |cur1 H(OO)| , (121)

the function a(x,t) is nonnegative. Moreover, if 0 <
|curl H (x, )| < 1, then

a (x,1) [curl H (x, )| = |A (x,1)]
(122)
(c0) 2
=a(x,t) |cur1H (x, t)' .

So we have a(x,t) = 0. Hence supp a ¢ N. This completes the
proof. O

(119)
1-1/py
(T Q)7 = ” A-curl H® dx dt

Qr

Remark 15. For the limit solution H(OO)(x, t), the resistivity
a(x,t) vanishes in the region {(x,t) € Qy;|curl H® (x,1)| <
1}. That is to say, the current is in the superconductivity state
there.
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