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We show that the main result in the work by Mutlu et al. is not true. We explain point by point some of its main mistakes and we
propose an alternative version to smooth away the defects of it.

1. Introduction

Following Matthews [1], a partial metric on a nonempty set X
isamapping p : XxX — [0, 00) verifying, forallx, y,z € X,

(P) p(x,x) < p(x9);
(P) pex)=p(xy) = p(yy) = x =y
(P3) p(xy)=p(y.x);
(Py) P, 2) +p (3 y) < p(x.y) +p(3:2).

@)

In this case, (X, p) is called a partial metric space. Although
the authors of [2] used the notation d for a partial metric
space, we prefer using p in order to avoid confusion with the
metric case. Every metric space is a partial metric space, but
the converse is false. For a partial metric p on X, the mapping
d*: Xx X — [0,00), given by

d(x,y)=2p(xy)-plx)-p(yy) VxyeX, (2)
is a metric on X.

In [2], the authors introduced the following definition and
announced the following theorem.

Definition I (Mutlu et al. [2], Definition 9). Assume that (X,
X) is a partially ordered setand F,G: X x X — X.Fand G
mappings have the following properties:

if n is even, then F (x,, y,) > G(x,_;, y,,_;) and

F (yn’xn) =< G(yn—l’xn—l) >
if n is odd, then G(x,, y,) > F(x,_;, ¥,_,) and

3)

G(yn’ xn) < F(yn—l’xn—l) .

Theorem 2 (Mutlu et al. [2], Theorem 10). Suppose that (X,
X) is a partially ordered set and p is a partial metric on X
with (X, p) being a complete partial metric space. Assume that
F,G: X x X — X are satisfied by Definition 1 and also are
continuous mappings possessing the mixed monotone property
on X. Let there be a nonincreasing function ¢ : R* — R such
that (t) < t andlim, _, ,+¢(r) < t forallt > 0 and also having
x Xuandy = v, with

P(F(xy),Gw)

gD(p(ac,unp(y,v)+p(x,v)+p(y,u)) (4)
2

<
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for x, y,u,v € X. If there exists (x,, y,) € X x X with x, <
F(xy, yo) and y, ¥ F(yy, x,) at the time, Ix, y € X with x =
F(x,y) = G(x, y) and y = F(y, x) = G(y, x).

In this paper, we show that Definition1 is not clear.
Therefore, Theorem 2 is not well posed. Furthermore, its
proof has many mistakes. We illustrate that it fails with an
example. Finally, we propose a correct version of Theorem 2.

2. Preliminaries

To better understand our main claims, let us introduce the
following definitions and notation. In the sequel, X will be a
nonempty set and X* will represent the product space X x X
of 2 identical copies of X.

Definition 3. A binary relation & on X is a nonempty subset
R < X x X. One will write xRy (or x < y)if (x,y) € R A
binary relation &% on X is reflexive if x%x for all x € X, and
it is transitive if x%z for all x, y,z € X such that x#y and
yRz. A reflexive and transitive relation on X is a preorder
(or a quasiorder) on X. If a preorder & is also antisymmetric
(xR yand yZximply x = y), then X is called a partial order.

In [3], Guo and Lakshmikantham introduced the notion
of coupled fixed point and, thus, they initiated the investiga-
tion of multidimensional fixed point theory.

Definition 4 (Guo and Lakshmikantham [3]). Let F : X x
X — X be a given mapping. We say that (x, y) € X x X isa
coupled fixed point of F if

F(y,x)=y. (5)

Definition 5. Given two mappings F,G : X x X — X, we say
that (x, y) € X x X is a common coupled fixed point of F and
Gif

F(x,y)=G(xy)=x,  F(yx)=G(nx)=y. (6)

Henceforth, we will use the notation

F(xy)=x,

®={¢4amy—4amy¢m<a

(7)
lim ¢ (r) <t Vt > O}.
r—tt

Functions in @ are called comparison functions.

3. Main Remarks about Theorem 2

In the following lines, we must do the following commen-
taries in order to advise researchers about proving new results
based on Theorem 2.

(1) First of all, we point out that Definition1 is not
clear because it does not explain how the sequences
{x,} and {y,} are. If they are arbitrary, then, for all
x ¥y, z,u € X,

F(x,y) > G(z,u), F(y,x) < G(u,z2);
(8)

G(x,y) > F(zu), G(y,x) < F(u,z).
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Therefore, F(x, y) * G(z,u) * F(x, y), so F(x, y) =
G(z,u) for all x, y,z,u € X. Hence, both mappings
are constant, and the result is not interesting at all.

(2) As a consequence, Theorem 2 was incorrectly proved.
Precisely, its proof collects very different mistakes.

(3) Although Theorem 2 assumes that F and G have the
mixed monotone property, this condition was not
used through its proof. We suppose that it is not
necessary. Only Definition 1 is employed to prove that
the iterative sequences {x,} and {y,} are monotone.

(4) The authors did not clarify if R" is either [0, 00) or
(0,00). In any case, the test function ¢ : R" —
R can take arbitrary real values. It is clear that
the contractivity condition (4) implies that ¢ takes
nonnegative values in different points, but it does not
cover all possibilities. In particular, the function ¢ is
not declared at t = 0. Then, ¢(0) can take any real
value (its image is not restricted to [0, 00)).

(5) The previous remark is important because if we take
x =y =u = vin (4), we deduce that

p(F(x,x),G(x,x) <9 (2p(x,%)), 9)

which, in the metric case, let bound the distance
d(F(x, x), G(x, x)) by ¢(0). If 9(0) = 0, then F(x, x) =
G(x, x) forall x € X, which is a very strong restriction
on the mappings F and G.

(6) In [2], page 3, equation (15), the authors announced
P (%215 X2012)
= P (F (%20,520) » G (%3415 Yans1))
¢ ((P (%2 X301) + P (V2> Y1)
+ P (X2 Yane1) + P (Vo X2n11)) (10)
x(2)7)

< ( P (%2 X301) + P (V2 Yansn) )
<¢ 5 )

However, it is not clear why p(xy,, Vou) =
P(Vap> X3n41) = 0. Even if we would be able to prove
that x,, = ¥,,., and y,, = x,,,, (which was not
proved), the condition p(x, x) = 0 is not guaranteed
in a partial metric space. Precisely, this is the charac-
teristic property of partial metric spaces. Therefore,
the second inequality in (10) is false.

(7) With respect to the previous remark, it is also neces-
sary to point out that the contractivity condition (4)
does not permit us to upper bound, for instance, the
term p(¥pn415 Vonsz)- However, the authors affirmed
in [2], page 3, equation (16), that “Similarly, we can
obtain

P (%2 X211) + P (Vo> Yans1) ) »

P (Vanet> Yonsa) <@ ( 5

(11)
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Let us see where the mistake is. Theorem 2 only as-
sumes that the inequality

P(F(xy),Gwv)

<(P(p(x,u)+p(y,v)+p<x,v)+p(y,u)) 12)
B 2

occurs provided that x < u and y > v; that is, the
first argument of F must be <-lower than the first
argument of G. As the authors defined

Yo = F (y2n7 xZn)’ Yont2 = G(y2n+l’x2n+l)’ (13)

then
P Vanets Yanez) = P (F (Vo %21) > G (Vana1> X201)) - (14)

In this case, it was not proved that y,, < ¥,
and x,, ¥ x,,,,. In fact, the contrary inequalities
were announced; that is, y,, > y,,,, and x,, <
Xy, If both inequalities hold, then (x,,, y,,) =
(%2415 Yans1)» Which means that (x,,, ¥,,,) isa coupled
fixed point of F. However, the proof must analyse the
case in which (x,,,, ¥,,,) # (X311> Vans1) forall m € N.

(8) Similarly, the contractivity condition (4) cannot be
applied to study the term p(x,,,, x,,,;), because

P (%2 X31) = P (G (Xa15 Yan1) s F (%2 Vo)

(15)
= P (F (x2m ¥20) G (%3115 Yan1))
but, in this case, the inequalities x,, < x,,; and
Yan ¥ Van_1 cannot be proved in the case (x,,,, ¥,,) #
(X5-1> Yon—1) since the contrary inequalities are sup-
posed.

(9) When the authors tried to prove that the sequences
{x,} and {y,} are Cauchy, as usual, they reasoned
by contradiction. They announced that if {x,} is not
Cauchy, then there exist ¢ > 0 and two partial
subsequences {x,,;} and {x,,,;} such that

2n (l) > 2m (l) > i, d (XZM(,»), x2n(,-)) > &, (16)

and if 2n(7) is the smallest index verifying this prop-
erty, then

d (Xm@iys Xan(iy-1) + A (Vam(iy> Yanty-1) < € (17)

(see [2], page 3, equations (26) and (27)). However, the
authors did not justify neither why we can suppose
that the subindices are even nor why (17), involving
the partial subsequences {y,,;} and {y,;}, can be
deduced from (16), in which only {x,,;} and {x,;}
have a role. In [4], the authors justified the unidimen-
sional case but did not study the coupled case.

(10) Other important mistakes can be found in [2], page 4,
equation (39), where the author announced that

d’ (x,,x,,) < 2p (%, x,,) = 0,
s (18)
d* (V> V) < 2P (Y Ym) = 0.

Taking into account that d° is a metric on X, if this
property was true, then the sequences {x,} and {y,}
would be constant for all n > n, which, in general, is
false. In fact, it is well known that if there is some r;, €
N such that (x,, 11> V4 +1) = (X, ¥ ) then (x,, 5y, )
is the common coupled fixed point.

(11) Finally, we point out that Theorem 7 in [2] is incor-
rectly enunciated.

4. An Example

It is not clear how we can show a counterexample of
Theorem 2 because Definition1 is not well posed. Item 1
of Section 3 shows that, in general, it is a very restrictive
hypothesis (F and G must be constant and equal). Therefore,
we are going to show an example in which other hypotheses
hold, where F and G are not constant, but F and G have no
common coupled fixed point.

Let X = [0.9,2] provided with its usual partial order <
and let p(x, y) = max(x, y) for all x, y € X. Then, (X, p) isa
complete partial metric space. Let us define F,G : X* — X
and ¢ : [0,00) — [0, 00) by

F(x,y)=1+0001x, G(x,y)=1+0002x Vx,y€X,

@ (t) =099 Vt>0.

(19)

Then, F and G have the mixed monotone property, both
mappings are continuous, and ¢ € O. Letting x, = 0.9 and
¥o = 2, we have the fact that x; = 0.9 < 1.0009 = F(x,, y,)
and y, = 2 > 1.004 = F(y,,x,). However, the condition
F(x, y) = G(x, y) is impossible when (x, y) € X2, soFand G
cannot have a common coupled fixed point. It only remains
to prove that the contractivity condition (4) holds.

Letx, y,u,v € X besuchthatx <uand y >v. Asx < u,
then 0.001x < 0.002u, so

p(F(x,7),Gwv)

(20)
= max (1 +0.001x,1 + 0.002u) = 1 + 0.002u.
On the other hand,
pu)+p(yv)+p(xv)+p(yu)
¢ 2
0.99
== (max (x, u) + max (y,v) (21)

+ max (x,v) + max (y,u))

=0.495 (u + y + max (x, v) + max (y,u)).



Therefore,
p(F(xy),Gw,v))

(P(P(xyu)+P(}’>V)+P(x>v)+P(}’>”))
2

<

& 1+ 0.002u < 0.495 (u + y + max (x, v) + max (y,u))

& 1<0.493u + 0.495 (y + max (x,v) + max (y,u)).
(22)

Taking into account that

0.495 (y + max (x, v) + max (y,u))
(23)
> 0.495(0.9 + 0.9 + 0.9) = 1.3365,

we conclude that inequality (22) holds.

5. A Correct Version

Taking into account the commentaries given in Section 3,
we propose a correct version of Theorem 2. Item 6 shows
that the terms p(x,v) + p(y,u) must not be employed in
the contractivity condition, and items 7-8 suggest that it is
very difficult to use two different mappings F and G in the
contractivity condition as we cannot compare, at the same
time, the terms p(F(x, y),G(u,v)), p(F(x,y),F(u,v)), and
p(G(x, ), G(u, v)). If F and G are not involved in the second
member of the contractivity condition, it is almost impossible
to control the term p(x,, x,,,) + p(¥,.» ¥,,,) when n and m can
be even and odd.

In recent times, many coupled/tripled/quadrupled/multi-
dimensional fixed point theorems in various abstract metric
spaces have come to be simple consequences of their cor-
responding unidimensional results (see, e.g., [5-10] and the
references therein). Following this line of research, we present
here a correct version of Theorem 2 for three reasons mainly:
(1) for the sake of completeness; (2) to describe how coupled
results in partial metric spaces can be deduced from the
unidimensional case; (3) to show some possible hypotheses
to ensure the existence of common coupled fixed points when
we work with two different mappings. Before doing it, we
need to introduce the following preliminaries.

Definition 6. Let < be a binary relation on X.

(i) Two points x, y € X are called <-comparable if x < y
ory=<x.

(ii) A subset A € X is said to be x-well ordered if every
two points of A are <-comparable.

(iii) A mapping T : X — X is called <-nondecreasing it
x < y implies Tx < Ty.

Definition 7. One will say that (X, p, <) is a partially ordered
partial metric space (sometimes, it is also known as ordered
partial metric space) if p is a partial metric on X and < is a
partial order on X.
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Definition 8 (Nashine et al. [4]). Let (X, <) be a partially
ordered set. A pair of mappings S,T : X — X is said to
be weakly increasing it Sx < TSx and Tx < STx for all x € X.
The mapping S is said to be T-weakly isotone increasing if for
all x € X, we have Sx < TSx < STSx.

Very recently, Nashine et al. [4] proved the following
result.

Theorem 9 (Nashine et al. [4], Theorem 3.6). Let (X, p,<)
be a complete partially ordered partial metric space. Let T, S :
X — X be two mappings such that

p(Tx,Sy) < M(x,y) (24)

for all <-comparable x, y € X, where

M (x, ) = max (q) (p(5))9 (p (6 T) 10 (5 (1:5)).

¢<P(y>Tx)+p(x,Sy))>

2
(25)

and ¢ : [0,00) — [0, 00) is a continuous function with ¢(t) <
t for eacht > 0, ¢(0) = 0. We suppose the following:

(i) S is T-weakly isotone increasing,

(ii) S and T are continuous.

Then, the set F (T, S) of common fixed points of T and S is
nonempty, and p(z,z) = p(Tz,Tz) = p(Sz,Sz) = p(z,Sz) =
p(z,Tz) =0 for z € F(T,S). Moreover, the set F (T, S) is well
ordered if and only if T and S have one, and only one, common

fixed point.

Based on this result, we present a coupled version that can
be interpreted as a correct version of Mutlu et al’s theorem.

Theorem 10. Let (X, p,<) be a complete partially ordered
partial metric space and let F,G : X> — X be two continuous
mappings such that, for all x, y,u,v € X verifyingx < u,y = v
orx>=u,y=<xv,

p(F(x,9),G(u,v))
+p (F(,%),G (v, 1) < Mg (x, y,u,v),

(26)

where
My (%, 1, v)
= max {p (p (x,u) + p (3 ¥)),
¢ (p(x.F(xy)+p(y.F(y.x))),
¢ (p (WG W) +p(,F(vu),
@((p(x, G(u, v)) + p(, G(v,u)) + p(u, F(x, y))

+p(WF(32)) x @7}
(27)
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And ¢ : [0,00) — [0,00) is a continuous function with
¢(0) = 0 and ¢(t) < t for each t > 0. Also assume that for
all x, y € X, we have the fact that

G(xy) < F(G(x),G(y.x))
(F(G(xy),G(1x)),F(G(yx),G(x )

G(y.x) > F(G(1x),G(xy))
(F (

G(y.%),G (%)), F(G(xy),G(y,x)).
(28)

Then, the set & (F, G) of common coupled fixed points of F and
G is nonempty, and

<G

>G

P (2,2) = p(w,w) = p(z,F(z,w0))
=p (@ F(w,2) = p(z,G(2,w))
=p(,G(w2)) = p(F(zw),F(z,w)) (29)
=pF(w,2),F(w,2)) = p(G(z,0),G (2, w))
=p(G(w2),G(w,2)) =0
for all (z,w) € &F(F,G).
To prove it, we use the following notation and basic facts.

Let p be a partial metric on X and define p, : X* x X* —
[0, co) by

P2 ((xy), W) = pCeu) + p(y,7)

(30)
V(x,y), W) € X°.

Then, (Xz, p,) is a partial metric space. Now, let < be a binary
relation on X and define the relation C on X* by

() C @y = [x<uwy>v]. ()

Then, C is also a binary relation on X* with the following
property: if < is a partial order on X, then C is a partial order
on X7,

Given two mappings F,G : X* — X, let us denote by
Té, Té : X* — X?* the mappings

Ty (x,y) = (F(x,9),F (3, x)),
Te (%) = (G(x,¥),G (1, %)) (32)
V(x,y) € X

If F is p-continuous, then T} is p,-continuous. Using the
notation given in (25), the contractivity condition (26) can
be rewritten as (24) in the sense that

P (T (%, 9), Te ) < M((x,9), (7)) (33)

for all (x, y), (u,v) € X? such that (x, y) E (u,v) or (u,
v) € (x, y) (ie., E-comparable points of X?). Furthermore,

inequalities (28) are equivalent to
Té (% y) E TeTE (%, y) ETETRTS (. y) Y (x,y) € X5
(34)

that is, T2 is Tp-weakly isotone increasing in the partially
ordered set (X°,C). Applying Theorem 9, the set F(T7, T2)
of common fixed points of Tz and Tg is nonempty, and
P50, (20) = p(TAzw0), Tz 0) = p(TiEw),
TAz.0) = p((20).T2zw) = p(z 0, Tz ) = 0
for (z,w) € F (TIZ,, Té). Notice that a common fixed point of
T and T is nothing but a common coupled fixed point of F
and G. This means that the set & (F, G) of common coupled
fixed points of F and G is nonempty and

p(z,2) = p(w,w) = p(z, F (z,0))
= p(w,F(w,2)) = p(z,G(z,w)) = p(w,G(w,2))
:P(F(Z>w)>F(Zaw)) :p(F(w’z)aF(w’Z))

=p(G(z,w),G(z,w)) = p(G(w,2),G(w,2)) =0
(35)

for all common coupled fixed points (z, w) € X2 of Fand G.

6. Conclusions

We first note that we can suggest further corrected forms
for the paper [2]. We prefer Theorem 10 since it is the best
possible corrected result inspired from the very defective
main result in [2], that is, Theorem 2.

Secondly, we can list several consequences of Theorem 10,
for instance, by taking F = G and/or by replacing ¢(t) = kt
with 0 < k < 1. One can also get several corollaries by
replacing My (x, y,u,v) with the various combinations of
the terms in Mg g(x, y,u, v). Furthermore, it is easy to state
the analog of Theorem 10 in the context of “complete partial
metric space,” instead of “complete partially ordered partial
metric space” Regarding the skeleton of the paper, we avoid
listing all these results that can be easily derived by the reader.

Finally, independently from the structure of the abstract
space (e.g., metric space, partial metric space, G-metric
space, b-metric space, etc.), we underline the fact that
multidimensional fixed point theorems and, in particular,
coupled fixed point theorems can be derived from the existing
corresponding results in the literature (see, e.g., [5-8]).
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