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A reaction-diffusion system coupled by two equations subject to homogeneous Neumann boundary condition on one-dimensional
spatial domain (0, ¢7) with € > 0 is considered. According to the normal form method and the center manifold theorem for
reaction-diffusion equations, the explicit formulas determining the properties of Hopf bifurcation of spatially homogeneous and
nonhomogeneous periodic solutions of system near the constant steady state (0, 0) are obtained.

1. Introduction

As an important dynamic bifurcation phenomenon in
dynamical systems, Hopf bifurcation of periodic solutions
has attracted great interest of many authors in the last several
decades [1-8]. In general, the study of Hopf bifurcation
includes the existence and the properties such as the direc-
tion of bifurcation and the stability of bifurcating periodic
solutions. In application, however, it is more difficult to
determine the properties of Hopf bifurcation than to find
the existence of a Hopf bifurcation. An approach applied to
determine the properties of Hopf bifurcation is to derive the
projected equation of original equations on the associated
center manifold, that is, the so-called normal form. Then
one may explore the local dynamical behaviors of a higher
dimensional or even infinitely dimensional dynamical system
near a certain nonhyperbolic steady state according to the
normal form obtained. The normal form of Hopf bifurcation
in ordinary differential equations (ODEs) with or without
delays has been established well [1, 3, 5] since in this case the
equilibrium is always constant and there are also no effects of
spatial diffusion.

Under some certain conditions, the reaction-diffusion
equations under the homogeneous Neumann boundary con-
dition may have the constant steady state and thus one can
study the Hopf bifurcation of system at this constant steady
state. Compared with the ODEs, it is more difficult to derive

the normal form of Hopf bifurcation for reaction-diffusion
equations at the constant steady state. Although Hassard
et al. [3] established the method computing the normal
form of Hopf bifurcation in reaction-diffusion equations with
the homogeneous Neumann boundary condition and also
considered the Hopf bifurcation of spatially homogeneous
periodic solutions in Brusselator system, using the same
method, Jin et al. [9] and Ruan [10] as well as Yi et al. [11, 12]
considered the Hopf bifurcation of spatially homogeneous
periodic solutions for Gierer-Meinhardt system and CIMA
reaction, respectively. There are few results regarding Hopf
bifurcation of spatially nonhomogeneous periodic solutions
for spatially homogeneous reaction-diffusion equations [7].

Based on the reason mentioned above, in this paper we
consider the normal form of Hopf bifurcation of reaction-
diffusion equations at the constant steady state following
the idea in [3]. In order to have a clearer structure, we
are concerned with the following general reaction-diffusion
system coupled by two equations defined on one-dimensional
spatial domain (0, #7r) with £ > 0 and subject to Neumann
boundary conditions; that is,

u, =dug,+ fL(Au,v), xe(0,¢n),t>0,
vo=dyv + f, Lu,v), xe€(0,8m), t>0,
u,(0,t) =v,.(0,t) =u, (én,t) = v, (€m,t) =0,
t>0,
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u(x,0) = uy (x),
v(x,0) =vy(x),

x € (0, ¢m),
ey

in which d;,d, > 0 are the diffusion coefficients, A € R is
the parameter, and f,, f, : R x R* — Rare C" (r > 5)
functions with f;(4,0,0) = 0 (k = 1,2) forany A € R.
Although Yi et al. [7] described the algorithm determining
the properties of Hopf bifurcation of spatially homogeneous
and nonhomogeneous periodic solutions for (1) at (0, 0) and
also considered the Hopf bifurcation of a diffusive predator-
prey system with Holling type-II functional response and
subject to the homogeneous Neumann boundary condition,
they did not give the normal form of Hopf bifurcation
of spatially homogeneous and nonhomogeneous periodic
solutions of the general reaction-diffusion system (1) at (0, 0).

This paper is organized as follows. In the next section,
following the abstract method according to [3], we describe
the algorithm determining the properties of Hopf bifurcation
of spatially homogeneous and nonhomogeneous periodic
solutions for system (1) at the constant steady state (0, 0). In
Section 3, the explicit formulas determining the properties of
Hopf bifurcation of spatially homogeneous periodic solutions
for system (1) at (0,0) are obtained. The explicit formulas
determining the properties of Hopf bifurcation of spatially
nonhomogeneous periodic solutions for (1) at (0,0) are also
derived in Section 4.

2. Algorithm Determining the Properties of
Hopf Bifurcation

In this section, we will describe the explicit algorithm deter-

mining the direction of Hopf bifurcation and the stability of

the bifurcating periodic solutions of system (1) at (0, 0).
Define the real-valued Sobolev space X by

X= {(u,v) eH? (0,€7'r)><H2 0,6m) |u,=v,=0, x
2)
=0, €rr} .
In terms of X, the complex-valued Sobolev space X is given
by
Xe = X@iX = {x; +ix,, x;,x, € X}, (3)
and the inner product (-, -) on X is defined by

(%4

<U1’Uz> = Jo

for U, = (uy,v;) € X¢» U, = (4, v,) € Xc.

Let AA) = f,,(1,0,0), BLA) = f,(1,0,0), CA) =
f>4(4,0,0), and D(A) = f,,(4,0,0) and define the linear
operator L(A) with the domain Dy, = X by

(uy +vyv,) dx,

(4)

2
dla—2 +A) B(A)
L= Oox 2 . )
CcA) dz@ +D (M)
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Assume that, for some A, € R, the following condition holds:

(H) There exists a neighborhood O of A, such that, for
A € O, L(A) has a pair of simple and continuously
differentiable eigenvalues a(1) +iw(A) with x(A,) = 0,
w(Ay) = w, > 0, and oc'(/\o) # 0. In addition, all other
eigenvalues of L(A) have nonzero real parts for A € O.

Then from [3, 7] we know that system (1) undergoes a Hopf
bifurcation at (0, 0) when A crosses through A,,.
Define the second-order matrix sequence L (1) by

AWM= B
L= ap | i ©
1
Ch DM~
Then the characteristic equation of L j()L) is
B*-BT;(M)+D;(M) =0, jeN, (7)
where
d, +d,) i
T;() = AQ) +D(A) - M
€2
dd,j* i (8)
D; () = 22— (dD (V) +d,A(N) 15

+AM)DA)-BA)C(N).

The eigenvalues of L(A) can be determined by the
eigenvalues of L;(A) (j € Ny) and we have the following
conclusion.

Lemma 1. If B(A) € C is an eigenvalue of the operator L(A),
then there exists some n € N such that (M) is the eigenvalue
of L,,(A) and vice versa.

Proof. It is well known that the eigenvalue problem
"
¢ = U
x € (0,€m), 9)
9" (0)=¢'(em) =0
has eigenvalues j*/€* (j = 0,1,2,...) with eigenfunctions
cos(j/€)x. Assume that S(A) € C is an eigenvalue of

the operator L(A) and the corresponding eigenfunction is
(¢, v) € X¢; that is,

i (9)-2(%): (10
y v

Notice that (¢, y) € X can be represented as

AR SY AN
(1//) = ]Z:(; (bj ) cos Ex, 11)
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where aj,bj € C (j € Ny). Then (10) can be written into

\ a j N j
ZL (L) < ]) cos =x = () Z cos =X. (12)
i
j=0 b ¢ j=0 b; ¢
From the orthogonality of the function sequence
{cos(j/f)x};?zo, one can get from (12) that, for each j € N,

L, (“" ) =B (“" ) (13)
! b b)

Since (¢, ) € X is the eigenfunction of L(A) corresponding
to the eigenvalue B(A), (¢, ) # 0 and so there must be some
n € N, such that 0 # (a,,b,) € C x C. Therefore, 3(A) is the
eigenvalue of the matrix L,,.

If B(A) is the eigenvalue of some matrix L,, then there
exists a nonzero vector (a,,b,) € C x C such that (13) holds.

Let
<¢) = (an) cos 2x. (14)
1% b, ¢

Then (¢, y) # 0 and

L) (¢> =L() <an) cosox=1L, (an) cos o x
1 b, 14 b, 14
an n (P
=1 (bn) cos 5 = B (EV)

This demonstrates that S(A) is an eigenvalue of L(A) and thus
the proof is complete. O

Lemma 1 shows that, under assumption (H), there is
a unique n € N; such that +iw, are purely imaginary
eigenvalues of L,(A,); that is, T,(A,) = 0 and D, (A,) > 0.
Furthermore, it is easy to see that T;(A,) # 0 for any j # n.
Therefore, L j()no) (j # n) has eigenvalues with zero real parts
if and only iij(AO) = 0. Assume that f(1) = a(A) +iw(A) is
the eigenvalue of L(A) for A sufficiently approaching A,,. Then
by the smoothness of f; (k = 1,2) we know that 3(A) is also
the eigenvalue of L,(A); namely, B(A) satisfies the following
equation:

B> =BT, (A\)+D,(A) = 0. (16)

Under the assumption (H), differentiating the above equation
with respect to A at A, yields

da(Ae) 1 1
— =5 [A () +D" ()] (17)

Based on the above discussion, condition (H) has the
following equivalent form:

Tn (AO) = 0>
D, (Ay) >0,
A" (L) +D' (A5) £ 0

for some n € Ny, D; (1) # 0 forany j € Ny.

Then we know that w, = /D,(4,) and B(A,), C(1,) cannot
be equal to zero simultaneously when the hypothesis (H) is
satisfied. Therefore, the eigenvector of L, (A,) corresponding
to the eigenvalue iw, can be chosen as

iwy — A(Ay) +dyn’ /e (19)

(b) ) B0

and thus the eigenfunction of L(A,) corresponding to the
eigenvalue iw, has the form

an n
COS —X
b,) ¢
1 (20)

iwy — A(Ay) +d,n* /e
B(A)

1

=
Il

n
Cos —X.
¢

Let the linear operator L"(A,) with the domain Dy, ) =
X be defined by

aZ
d— +A(A Cc(A
*(A)=| ox? (o) - (o) 1)
B(4) dz@ +D(A)

Then L*(A,) is the adjoint operator of the operator L(1,) such
that (U, L(A,)V) = (L* (AU, V) with U,V € X. Similar
to the choice of the eigenfunction g of the operator L(A,)
corresponding to the eigenvalue iw,, we can choose

* a: n
q = b cos 5

wy + i (A (Ag) - d1n2/€2)

" (22)
2w, fo cos? (n/€) x dx n
= cos —x
By ¢
2w, Ioen cos? (n/€) x dx
such that
L (X)q" = —iwyq,
(aq)=1, (23)

(4.9) =0.

Define X© andXsbeC ={zq+zq|zeC} and X5 = {Ue
X | (q*,U) = 0}, respectively. Then X can be decomposed as
the direct sum of X© and X5; that is, X = X© @ X5. Thus, for
any U = (u,v) € X, there exists z € Cand w = (w;, w,) € X,
such that

U=2zq+zq+w,
e iza no.
U =2za,cos—x+2a,cos—x+w
n ¢ n ¢ 1 (24)

or
n_ o _= n

v =zb, cos —x + zb, cos —x + w,.
14 14



Define F(A,U) by

HAuv)-AMu-BQA)v
fz(/L”aV)—C(/\)u—D(A)v)'

Then system (1) can be rewritten into the following abstract
form:

F(AU) = ( (25)

du
dt

When A = A, system (26) is reduced to

=LAM)U+FQU). (26)

du
dr

where F,(U) = F(A, U)lj=y,- In terms of (23) and decomposi-
tion (24), system (27) can be transformed into the following
system in (z, w) coordinates:

=L(Ay)U+F,U), (27)

9z _ iwgz+{q",F,),

dt

J (28)

w _
- L(Ay)w+H(z,z,w),
where
H(z,z,w) = F,—{q". F) q-(q . Fy) g,

(29)

Fy=F,(zq+zq+w).

For X = (x,x,),Y = (y,),), and Z = (z,2,) €
X, define the symmetric multilinear forms Q(X,Y) and
C(X,Y, Z), respectively, by

i azfl (AO’EI’EZ)

Xk Yj
k.j=1 agkaf] &=£,=0 !
Qx v ={ 7, . (30)
$ PhUbE)]
Vi
S LU T
C(X,\Y,2)
$ PhlbB)
it 959508 | (31)
o ChMbub)
i 0006 e e '

Then, for U = (u,v) € X, we have
1 1 .
Fy(U) = SQUU)+ CUUU+O(UI').  (32)

For the simplicity of notations, we will use Qyy and Cxy, to
denote Q(X,Y) and C(X, Y, Z), respectively.
Let

_ H H
H(z,z,w) = 222+ H, zz+ 27"+ 0 (|z|3)
2 2 (33)

+O (2] [w])..
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Then from (29) and (32), one can get
Hyy = Qqq~ <q*, Qqq> qa- <q*’Qqq> 9
Hyy = Q- <q*’ Qqﬁ> qa- <ZI*’QL15> q-

From the center manifold theorem in [3], we can rewrite w in
the form

(34)

w= 22w,z + 22 10(1ef).  (39)
The second equation of (28), (33), and (35) yields

. -1
wyg = [2iwg] =L (A)] " Hy,
) (36)
wy; =~ [L(Ag)] Hyy.
Substituting (35) into the first equation of (28) gives the

equation of reaction-diffusion system (1) restricted on the
center manifold at (4,0, 0) as

CZ iwyz + Z gk]szJ+O(|z|) (37)

2<k+j<3

where g, = (9", Quy)> 911 = (47> Quz)> dor = (9> Qg3)> and

921 = 2 <q*’Qwuq> + <q*’ mez> + <q*’qu§> : (38)
The dynamics of (28) can be determined by the dynamics of
(37).
In addition, it can be observed from [3] that when A
approaches sufficiently A, the Poincaré normal form of (26)
has the form

M
=@M +iw\)z+z) ¢; (1) (22), (39)
=1
where z is a complex variable, M > 1, and c;(A) are complex-
valued coefficients with

i 1
q(A) = Z_wo (920911 -2 |\911|2 73 |902|2) + %

=L (a7, Qu) (a7 Q) 2 (a7 )
0 (40)

1 * * 1 *
_§'<q ’Qﬁ5>'2)+<q ’Qw11Q>+z <q ’szo‘1>

|
*3 (4" Coa) -
The direction of Hopf bifurcation and the stability of the
bifurcating periodic solutions of (1) at (4,,0,0) can be

determined by the sign of Re ¢; (1) and we have the following
conclusion.

Theorem 2. Assume that condition (H) (or equivalently (18))
holds. Then system (1) undergoes a supercritical (or subcritical)
Hopszfurcation at (0,0) when A = A, if

( ] Rec, (1) <0 (resp.>0). (41)

0
In addition, if all other eigenvalues of L(A,) have negative real
parts, then the bifurcating periodic solutions are stable (resp.,
unstable) when Re¢;(A,) < 0 (resp.,> 0).
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3. Spatially Homogeneous Hopf Bifurcation

From the description in the previous section we know that
Hopf bifurcation of (1) at (A, 0, 0) is spatially homogeneous
if condition (18) holds when n = 0. In the present section, we
compute Re ¢ (1,) in (40) in order to determine the direction
of spatially homogeneous Hopf bifurcation and the stability
of bifurcating periodic solutions of (1) at (1,0, 0) following
the algorithm described in this pervious section.

Lemma 3. If condition (18) is satisfied when n = 0, then H,, =
Hy, =0.

Proof. From (20) and (22) one can see

a, =1,

b = iwy — A (A)

" B()

. wy+iA () (42)
% = 20w,

o 20w,

where

@ = VA (Ag) D (Ay) ~ B(A,) C (Ao)

(43)
= =42 (A0) = B(1,) C (Ay).

Let all the partial derivatives of fi(A,u,v) (k = 1,2) be
evaluated at (1,,0,0), and let ¢, dy, and e, (k = 1,2) be
defined, respectively, by

Co = fkuu + szuvbo + fkvvb(?’

- 2
dkO = fkuu + fkuv (bO + bO) + fkvv |b0| >
(44)

€ro = fkuuu + fkuuv (2b0 +EO) + fkuvv (2 lbOI2 + bg)

+ fkvw |b0|2 bO'

Then from (30) and (31) we can get

d
Qe = (dZ) )

5
Therefore,
e .
<q >Qqq> = L (aOCIO +boczo)
=0n (E;clo +50c20) ,
—k en * *
<q ’Qqq> = Jo (a5 €10+ by &)
=t (ageo+by )
(46)
on . s
<q ;Qqq> = JO (aodlo + bodzo)
= err (@i +bydy )
—% em % %
<q ’Qqé> = L (agdyo + by dy)
= tr(aydyg +bydy) -
From (34) and (46), one can obtain
Hy,
¢ — € [(“g +a;) 0 + (bg + z;) Czo]
G — b [(E;bo + agl;()) o + (E;bo + b;EO) Gzo]
(47)
Hll
dy -t [(ag +ay)dyp + (b; + E;) dzo]
dyo — e [ (@b + aybo) dig + (Byby + by by ) g
Notice from (42) that
* —% T ®7 l
a, +a, =byby+byby = —,
b +b, = a by +a b, = 0.
The conclusion follows by substituting (48) into (47). O

Lemma 3 and (36) imply w,, = w;; = 0 whenn = 0in
(18) and thus we have

e
9 = <q*’cqqq> = J (agero +byex)
0 (49)
=0n (ﬁ;elo +b, ezo) .

It follows from (40) that
i * *
2Recq (Ay) = Re <w_ <q ,Qqq> <q ,Qqq>
o

+ <q*,Cm>>



|: Rz (53610 + E;C’zo) 2,4 (agdlo + E;dZO)
=Re|i

Wy

+o (Egelo +E;ezo>j| .
(50)
We represent A(A,), B(A,), and C(A,) by A, B, and
C, respectively, for the simplicity of notations and under
assumption (18) with n = 0, substituting b, in (42) into (44)
yields that, for k = 1, 2,

fkuuB2 - 2fkuvAB + fkw (2A2 + BC)

Regy, =

B? ’
B- A
Im Go = 2(00 fkuv Bszw ,
d. = fkuuA B 2fkuvB - fkvvc (51)
0] B >
R _ fkuuuBZ B 3fkuuvAB + szuwAz + fkvvaC
eeko = B2 )
Im e = W, fkuuvB B szuva B fkvvvc
0 — “0 .

BZ
From (42), (50), and (51) one can derive

©o (Ao)

2Rec (Ay) = T(Z)Bz’

(52)

where

o (L) = {[fluqu + (fouu = 2fruv) AB = f1,,AC
- 2f2uvB2 - fZVVBC] (fruuB+ finC+2f5,B
=2frA) + (fruwA =2 f1B = f1,C) [fluuAB
+2f1yBC = f1,AC + f1,u,B” = 25, AB (53)
+ fow (247 + BC)| -2 (A% + BC)
: [(fluuu + fouwr) B*-2 (fruwr *+ frun) AB
~ famBCl}
Thus we have the following result.
Theorem 4. Assume that condition (18) is satisfied whenn = 0
and G,(A,) is defined by (53). Then the spatially homogeneous
Hopf bifurcation of system (1) at (A, 0, 0) is supercritical (resp.,

subcritical) if

G (L)

m <0 (resp. > 0) . (54)
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Moreover, if each eigenvalue of L j(A,) has negative real parts
forall j € N, then the above spatially homogeneous bifurcating
periodic solutions are stable (resp., unstable) when

Eo(Ay) <0 (resp.>0). (55)

4. Spatially Nonhomogeneous
Hopf Bifurcation

Notice that the spatially nonhomogeneous periodic solu-
tions of (1) at (A, 0,0) from Hopf bifurcation are unstable.
Accordingly, in this section we will calculate Re ¢; (1) in (40)
in order to determine the direction of Hopf bifurcation of
spatially nonhomogeneous periodic solutions of system (1) at
(Ag>0,0). To this end, we always assume that n € N in (18)
throughout this section and still represent A(A,), B(A,), and
C(A,) by A, B, and C, respectively. Thus q* defined in (22) has

the form
* aq n
Cos —x
b 4

wy +i(A-dn*/e?) (56)
{nw,

B
Crrw,

=
Il
e Tx

n
Cos —X,
14

—i

where

(57)
2\ 2
= \j_(A_ din ) - BC
€2
Since when n € N,

e .
J cos’—xdx =0, (58)

0 4

one can obtain

<q*’Qqq> = <q*’Qqé> = <q*’Qqq> = <§*,qu> (59)

=0.
Thus, in order to calculate Re¢; (1), it remains to compute
<q* ’ Qw11‘1> >
<q*’Qw20Q> > (60)

<q*’ quﬁ> :



Journal of Applied Mathematics

Let all the second- and third-order partial derivatives of
fie(A,u,v) (k = 1,2) with respect to u and v be evaluated at
(A4>0,0) and let

Ckn = fkuu + szuvbn + fkwbj’
dkn = fkuu + fkuv (l;n + bn) + fkvv |bn|2 >
€kn = fkuuu + fkuuv (an +En) + fkuw (2 Ibn|2 + brzl) (61)

+ fkvvv |bn|2 bn’
k=1,2.

Then from (30) and (31), one can observe

dy, dyy
Q-=( ")cosx = L% <1+cos 2—”x> (62)
M \d, ¢ 2\dy, ¢

(63)

Equalities (63) show that the calculation of [2iw, — L()LO)]f1
and [L()LO)]’1 will be restricted on the subspaces spanned by
eigenmodes 1 and cos(2n/€)x.

Let

(12d,d, - 3d})n*  3(d,-d,)An®>
o = 74 - 22 =3,

6(d, +d,) n’w,
x, = #,

(64)

dn*  (d,-d,) An’ 5

o5 = 24 + 7 - 3wg,
2(d, +d,) n*w,

oy =————

€2

Then, under condition (18), one can derive

. -1 1
[ZIwOI_LZn (/\0)] = o + et

3d, - d,)n

2iw0+A+—( 2 l)n
52

4d,\n’

C 2iwy — A+ —%
¢ (65)

- 1
2iwgI - Ly (A)] " =
[’“’0 0( o)] o, + idts

(d, +d,) n
€2
C 2iwy — A

2iwy, + A -

From (36) and (61), we have
1

{ [2iwy] = Ly, (A9)]” 2n
Wy = 5 cos —-x

— IEO il } (:) "2 ; ia)

(3d2 - dl) n
82

[Ziwo +A+ ] ¢, + Boy,

4d1n2 (66)
).

Cc, + (Ziwo —-A+

2n 1
©COS —X + ————
e 2(as+iay)

(d, +d,) n
52
Cqy, + (2iwy — A) oy,

[Ziwo +A- ] ¢, + Boy,

Similarly, we can get

3d, —d,)n’
( 2 1)” + Bd,,

n

o

-COS —X + — (67)

where
(12d,d, - 3d})n*  3(d,-d,) Ar®
- + Wy,
Iz Iz 0
dnt  (d,-d)An*
= +
o4 £2

K5 =

2%



From (30) we have

<f1uu£ + fluvﬂ + fle)
szoﬁ = ¢
quuE + f2uvrl + fZWV

(fluuT + flqu + flvvc) n
+ COoS — X,
f2uuT + quvX + f2vv(

¢
(fluug + fluvﬁ + flvv?) n 2n
= — _ _ COS —X COs 7)6
f2uu£ + f2uv’7 + fZVVY
L <f1uu?+ fluvjz+ flvv2> n

_ Jcos —x,
quuT + f2qu + fZVVC

n 2n
0S —X COS — X

¢ £

(69)

wnq

with

(2iwy + A+ (3d, — dy) n*/€%) ¢y, + Bey,

2 (o +ioy)

(2iwy + A+ (3d, —dy) n*[€*) (dy? € - A - i, ) + BC
2B (o + i)

}’I:

(54,2167 - 2A + iw,)

nt 2 (o +iey) 2

e

[Ceyyy + (2iwy — A+ 4d, 7 [€) ¢y, | (dyr 1€ — A = iy
2B (e + icty) ’

y=

(Ziwo +A-(d +d,) n2/€2) ¢, + Be,,

2 ((x3 + io¢4)

T =

>

(2iwy + A - (dy +d,)n*/€%) (dyn*[€* = A —iw,) + BC
2B (o3 + ioy)

X:

(di* /€ =24 + i, )

2 (oc3 + ioc4)

Cp T Con>

[Ce, + (2iwy — A) ¢ (dlnz/€2 -A- iwo)

2B (a5 + icty)
(A+(3d, - dy)n*/€*) dy, + Bd,,

205

=

(A+(3d, - d,) 1’ /&) (iwy - A+ dyn*[£%) + BC
2Bas i

=

N (iwp - 2A + 5d1n2/e2)d

2a5

2n>

Journal of Applied Mathematics

(iwy — A +dyr?1€%) [Cdy, + (4d,1? 1€ - A) d, |

= 2Ba ’
_ (A-(d, +d)n?/€)dy, + Bd,,
re 20 ’
_ (A-(d, +d) ) (iwy — A+ dy*[€) + BCd
x= 2Ba i
(iwo -2A+ dlnzlfz)
+ 2n
206
_ (iwy - A+dyn’[€) (Cdy, — Ad,,)
¢= 2Bag ’
(70)
Notice that, for n € N,
(24
J coszﬁxdx = t’_rr,
0 2
(71)
r” n on V23
CcO0s —xcos" —xdx = —.
0 e 4
It follows from (69) that
" e [_.
<q > Qw20§> = Z [an (flqu + fluvﬂ + flVVY)
+ En (f2uu€ + f2uv’7 + fZVVY):I
O .
+ 7 [an (fluuT + flqu + flVV()
+ En (quuT + quVX + fZVVC):I >
(72)

(@ Qung) = = (@ (fr * Fral* i)
4B, (Fau& + founi* fouT) |
+ 2 (@ (fuaT+ Frn K+ find)
4B, (o + frnZ+ i)

Substituting b, = (iw,—A(A,)+d,n*/€%)/B(A,) into (61) gives

fkuuB2 - 2fkuv (A - dlnz/ez) B+ fkvv [2 (A - d1ﬂ2/€2)2 + BC]

Reg, = 7

2w, [fkuvB - fkvv (A - dlnz/ez)]
Img, = B ,

>
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_ fkuu (A - d1n2/€2) - szuvB - fka

dkn B >
R fkuuuB2 - 3fkuuv (A - d1n2/€2) B+ 2fkuvv (A - d1n2/£2)2 + fkvvv (A - d1n2/£2> C
€Cn = >
BZ
Wy [fkuuvB - szuvv (A - d1n2/€2) - fkwvc]
Imey, = B ,

Then from (70) and (73), we have

[(A +(3d, - d,) nz/fz) Rec, + BReg, — 2w, Imcln] o+ [(A +(3d, - d,) nz/fz) Im¢,, + Blmg,, + 2w, Recln] a,

Ref =

. 2o )
. [(A +(3d, - d,) nz/fz) Im¢,, + Blmg,, + 2w, Recln] a - [(A +(3d, - d,) nz/fz) Rec, + BReg, — 2w, Imcln] a,
" 2o ) |
Ren

[(A+(3d, —dy)m?/€%) (dyn?/€* = A) + BC + 2w | Recy,, — 3wy ((dy —dy) n*/€* — A) Imcy,, + B(5d,n° /€% - 2A) Re ¢y, — Bwy Imy,
2B (a? +a2)

S0

[(A+(3d, —dy)n*/€*) (d,n*]€* = A) + BC + 2w; | Im,,, + 3w, ((d — d,) n*/€* — A) Recy, + B(5d,n*/€* = 2A) Im ¢y, + Bwy Re ¢y,
2B (o} +a3)

+

-0,
Impy

[(A +(3d, - d,) n2/e2) (dlnz/é’2 - A) + BC + 2w§] Img,, + 3w, ((d1 —dy)n*/e* - A) Rec, +B (Sdlnz/e2 - 2A) Img,, + Bw, Reg,,
2B (a2 + a2)

Lo

[(A+(3d, - dy)n*/€*) (dyn?/€> = A) + BC + 2w | Recy, — 3w, ((dy — dy) n*/€* = A) Imc,, + B(5d,n*/£* — 2A) Rec,, — Bw, Imc,,

2B (o +a3)

-0y,

(dlnz/ﬁ2 - A) [C Rec, — (A - 4d1n2/€2) Rec,, — 2wy Im cm] + wy [C Img, - (A - 4d1n2/€2) Imc,, + 2w, Re Czn]

Rey = 2B (o +a3) o
(dlnz/é’2 - A) [C Img,, - (A - 4d1n2/€2) Imc,, + 2w, Reom] — W, [C Recy, - (A - 4d1n2/€2) Rec,, — 2wy Im cm]
" 2B (a? + a3) o
I (dlnz/ﬁ2 - A) [C Img,, - (A - 4d1n2/€2) Img,, + 2wy Re cm] — wy [C Recy, — (A - 4d1n2/€2) Rec,, - 2w, Ichn]
my = LT

2B (o +a3)
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(dlnz/t’2 - A) [C Rec,, - (A - 4d1n2/€2) Re g, — 2w, Ichn] + w, [C Img, - (A - 4d1n2/€2) Imgc,, + 2w, Re Qn]
) 2B(ad + o) @

[(A +(dy +d,) nz/fz) Rec, + BReg, — 2w, Im cln] oy + [(A +(dy +d,) n2/€2) Im¢,, + BImc,, + 2w, Re cln] oy

e 263+ a) ’
—— [(A +(dy +d,) nz/ez) Im¢,, + BImc,, + 2w, Re cln] oy — [(A +(dy +d,) nz/fz) Rec,, + BReg, — 2w, Im cln] oc4’
2 (g +af)
Re x
[(A —-(d, +d,) n2/€2) (dlnzﬂ’2 - A) + BC + 2wé] Rec,, — w, ((?ad1 +dy)n?)e* - 3A) Img¢,, +B (dlnz/e2 - 2A) Rec,, — Bw,Img,,
2B (o3 +aF)
o

A—(d, +d,)n*/€*)(d,n*[€* — A) + BC + 2w; | Im ¢, + w, ((3d, + d,) n*/€* —3A) Recy, + B(d,n*/€* — 2A) Im c,,, + Bw, Rec,
1 2 1 0 n 0 n n 0 n
2B (a2 +a2)

+

Oy

Im y

[(A - (dy+d,) n2/e2) (d1n2/€2 - A) +BC + 2wé] Img, + w, ((3d1 +d,) /e - 3A) Rec, + B (dlnz/(?2 - 2A) Imc, + Bwy Re gy,
2B (o +aF)

oty
[(A=(d, +d,)n*/€%) (d,n*/€* - A) + BC + 2w} | Recy,, — w, ((3d, +dy) n*/€* = 3A) Im ¢y, + B(dyn* /€% - 2A) Recy, — Bw, Imcy,
2B (a2 +a2)

0y,

R (d1n2/€2 - A) (CRec;, - ARec,, — 2wy Imcy,) + wy (CImc,, — Almc,, + 2w, Rec,,)
et = 2B (2 + ) %

(d1n2/€2 - A) (CImg, - Almc,, + 2w, Rec,,) — w, (CRec;,, — ARec,, — 2w, Imc,,,)
+
2B (a2 +a3)

oy,

d,n*/e* — A) (Clmg, - Almg,, + 2w, Rec,,) — w, (CRecy, — ARec,, — 2w, Im ¢y,
1 1n Con o R€ Gy o 1n Gn o 1M &

Im¢ = 2B (o2 + o) .
(d1n2/€2 - A) (CRec;, — ARec,, — 2w, Imcy,) + wy (CIm¢,, — Almc,, + 2w, Rec,,)
B 2B +a2) .-
_ [(A+(3dy - dy)m?/€%) (dyn?/€* = A) + BC| dy,, + B(5d,n*/€* - 2A) d,,
Rei = 2Ba :
N [(A+(3d, —dy)n*/€%) d,, + Bd,,
en= 205 ’
Rer (dy? 1€ - A) [Cdy, + (4d,12 (€ - A) dy, |
€v= 2Ba :
wy [Cdy, + (4d,?1€° = A) dy, |
- 2Bos ’
_ [(A-(d, +dy)w*/e*) (dy* /€ - A) + BC| dy,, + B(d,n*/€* - 24) d,,
Rex= 2Boy ’
e [(A-(d, +dy)*1€%)d,, + Bd,,|
s 2aB () '
R Z;_ (Cdln - AdZn) (dlnz/e2 - A)
€= 2Bog ’
Im E _ % (Cdm - AdZn).

2Bag
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Since ¢ma, =1 —i(A - d,n*/6*)/w, and EnE:

one can get

= —iB/w,,

Re <q Qw20q> fluu (Re&+2Re7)

+f1w(Rer]+2Rex)+f1W(Rey+2Re()]

(A-d,m*/e%)
i 4w,

+f1w(Imr]+21mx)+flw(Imy+21m()]

[fluu Im&+2Im7T)

B
+ — I +2ImTt
4(00 [f2uu(mf m )

+f2u1/ (Im77+21mX) +f2vv (Imy+21mc)] ’
Re (4", Quyq) = 7 [fuu (+27)

+ fruw (Refj+2Re 7) + fi,, (Rej+2Re{)]

. (A-d,m?/e%)

4w,

+ fiuw (Refj+2Re 7) + fi,, (Ref+2Rel)]

(75)

[fluu (E‘F 2‘7)

B — —
+E [quv(Imn+21mX)

+ fow (Im7+2Im )] .

In addition, it follows from f:ﬂ cos*(n/€)xdx = 36m/8
and (62) that

<q quq> = (a e, +b, ezn) (76)

Therefore,

* 3
Re <q ’qu§> = @ <|f1uuuBz
2 2\ 2
n dn
_3fluuv A- 12 B+2f1uvv A- 12
e 14
d,n’ d,n’
+f1vvv (A_ 22 >C+< - 22 ) (77)

’ [fluuvB_zfluw (A d Z > flvvv :|

+B[f2uuvB_2f2uvv<A d Z ) f2vvv ]}

QU

1

Now, by (40), we have

Re a (/\0) =Re <q*’Qw11q> + % Re <q*’Qw20§> +%
‘Re <q*’cm>

= é [fluu (ReE+2Rer+2§+4?)

+ fiuy (Rep+2Re y +2Refj+4Re )

+ fiw (Rey+2Re{ +2Rej+4Re()]

. (A-d,n*/e?)

" [fhm (ImE+ZImT+2§+4‘?)

+ fiuy (Imy+2Im y +2Re7j+4Re ¥)
+f1vv(ImY+ZImC+ZRe)7+4ReZ)]
+£ [fz,m(lmf+21mr)

8w, 78)

+ foy (Imzy;+2Im y +2Im#7+4Imy)

+f2W(Imy+ImC+21m)7+4Imf)]

d,n’
1632 Jlfluuu 3f1uuv(A_ 22 )B

d?\’ d,n’
+2f1uvv(A_ 22 ) +f1vvv(A_2_2)C

2
+<A_d1n )
€2

! |:f1uuvB - 2fluvv (A

d,n’
- 11?2 )_flvvvc]
d,n’
+B [quuvB_szuvv (A_ ?) _fZVVVC]} .

Thus we have the following result.

Theorem 5. Assume that condition (18) holds for n € N. Then
the spatially nonhomogeneous Hopf bifurcation of system (1) at
(Ay» 0, 0) is supercritical (resp., subcritical) if

Rec (1)

A (o) + D' (Ag)

here Re ¢, (A,) is given by (78).

0 (resp.>0); (79)
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