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The aim of this paper is to initiate the study of coincidence best proximity point problem in the setup of generalized metric spaces.
Some results dealing with existence and uniqueness of a coincidence best proximity point of mappings satisfying certain contractive
conditions in such spaces are obtained. An example is provided to support the result proved herein. Our results generalize, extend,

and unify various results in the existing literature.

1. Introduction and Preliminaries

Let Y be any nonempty subset of a metric space X and T :
Y — X. A fixed point problem Fix(X,Y, T) defined by X,Y
and T is to find a point x* in Y such that d(x*, Tx") = 0. A
point x™ in Y, where inf{d(y, Tx") : y € Y}, is attained; that
is, d(x*, Tx") = inf{d(y, Tx") : y € Y} holds and is called an
approximate fixed point of T In case it is not possible to solve
Fix(X,Y,T), it could be interesting to study the conditions
that assure existence and uniqueness of approximate fixed
point of a mapping T

Let A and B be two nonempty subsets of X and T: A —
B. Suppose that A 45 = d(A, B) = inf({d(a,b) : a € A,b € B})
is the measure of a distance between two sets A and B. A point
x" is called the best proximity point of T if d(x*, Tx") = A 4.
Thus the best proximity point problem defined by a mapping
T and a pair of sets (A, B) is to find a point x* in A such that
d(x*,Tx*) = A, If AN B = ¢, the fixed point problem
defined by A, B and T has no solution. If A = B, the best
proximity point problem reduces to a fixed point problem. In
this way, the best proximity point problem can be viewed as a
natural generalization of a fixed point problem. Furthermore,
results dealing with existence and uniqueness of the best
proximity point of certain mappings are more general than
the ones dealing with fixed point problem of those mappings.
A coincidence best proximity point problem is defined as

follows: find a point x* in A such that d(gx*,Tx") = A 45,
where g isa self-mapping on A. This is an extension of the best
proximity point problem. There are several results dealing
with proximity point problem in the setup of metric spaces
(see, e.g., [1-11] and references mentioned therein).

Mustafa and Sims [12] introduced the concept of a G-
metric space as a substantial generalization of metric space.
They [13] obtained some fixed point theorems for mappings
satistying different contractive conditions in such spaces.
Based on the notion of generalized metric spaces, Mustafa
et al. [14-16] obtained several fixed point theorems for
mappings satisfying different contractive conditions. Mustafa
et al. [17-19] obtained some fixed point theorems for map-
pings satisfying different contractive conditions. Chugh et al.
[20] obtained some fixed point results for maps satisfying
property P in G-metric spaces. Saadati et al. [21] studied fixed
point of contractive mappings in partially ordered G-metric
spaces. Shatanawi [22] obtained fixed points of ®-maps in G-
metric spaces. For more details, we refer to, for example, [22-
39] and references therein.

A study of the best proximity point problem in the
setup of G-metric space is a recent development by Hussain
et al. [40]. This motivates us to extend the scope of this
investigation and extend this study to coincidence proximity
point problem of certain mappings in the framework of
generalized metric spaces.
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Consistent with Mustafa and Sims [12], the following def-
initions and results will be needed in the sequel.

Definition 1. Let X be a nonempty set. Suppose that a map-
ping G: X x X x X — R satisfies
(GI) 0 < G(x, y,2) forall x, y,z € X and G(x, y,z) = 0if
andonlyifx =y =z,
(G2) 0 < G(x, x, y) forall x, y € X, with x # y,
(G3) G(x, x, y) < G(x, y,z) forall x, y,z € X, with y # z,
(G4) G(x, y,2) = G(x,2,y) = G(y,2,x) = -+ (symmetric
in all three variables),
(G5) G(x, y,2) < G(x,a,a) +G(a, y,z) forallx, y,z,a € X
(rectangle inequality).

Then G is called a generalized metric on X or G-metric on X
and (X, G) is called a G-metric space.

Definition 2. Let (X, G) be a G-metric space, {x,,} a sequence
in X, and x € X. One says that {x,,} is

(i) a G-Cauchy sequence if, for any € > 0, there exists
a natural number N such that, for all n,m,l > N,
G(x,, x,,, X)) < &

(ii) a G-convergent sequence if, for any ¢ > 0, there
exists a natural number N such that, for all n,m >
N, G(x,, x,,, x) < ¢ for some x in X.

A G-metric space X is said to be complete if every G-Cauchy
sequence in X is convergent in X. It is known that {x,}
converges to x € (X, Q) if and only if G(x,,, x,,x) — 0 as
n,m — oo.

Proposition 3. Let (X,G) be a G-metric space; then the
following are equivalent.

(1) {x,} converges to x € X.

(2) G(x,, x,,,x) — 0,asm,n — oo.

(3) G(x,,x,,x) — 0,asn — ©0.

(4) G(x,,x,x) — 0,asn — oo.

Definition 4. A G-metric on X is said to be symmetric if
G(x,y,y) =G(y,x,x) forall x, y € X.

Proposition 5. Every G-metric on X will define a metric dg
on X by

ds(%,y)=G(xy,y)+G(yxx), V¥Yx,yeX. (1)

Remark 6. Let {x,} be a sequence in G-metric space X. If
{G(x,, X1> X,1)} — 0and {x,} is not a Cauchy sequence,
then there exist ¢, > 0 and two subsequences {x,,} and
{x,4! such that, for all k € N, k < m(k) < n(k),
G( Xk Xnk)> Xnr) = €p» and G(x,,00), X X)) < € for
all I e {m(k) + Lm(k) + 2,...,n(k) — 2,n(k) — 1}. If
limy, _, (o G(Xp)> Xni)> Xur)) = €o» then

kli_{TéOG (Xm(k)-15 Xn()-1> Xn(i)-1) = €0» o
2

klin;o G (X Xn(ky+1> Xn(iy 1) = €0o
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for all I > 0. Indeed, if {G(x,,, x
k € N, we have

wil> Xne1)} — 0, then, for all

G (xm(k)—l’ Xu(k)-1> xn(kH)
<G (xm(k)—1>xm(k)’ xm(k)) +G (xm(k)7xn(k)—1>xn(k)—1)
<G (xm(k)—l’ Xim(k)> xm(k)) +G (xm(k)’ Xn(k)> xn(k))
+G (xn(k)’ Xn(k)-1> xn(k)—l) >
G (xm(k)7 Xn(k)> xn(k))
<G (xm(k)—h Xim(k)> xm(k)) +G (xm(k)—l’ Xn(k)-1> xn(k)—l)

+G (xn(k)’ Xn(k)-1> xn(k)—l) .

(3)
From (3) we have
G (xm(k)’ Xn(k)> xn(k)) -G (xm(k)—l’ Xmn(k)> xm(k))
-G (xn(k)’ Xn(k)-1> xn(k)—l)
< G (Xpk)-1> Xnk)-1> Xn(hy-1) (4)

<G (xm(k)—l’ Xm(k)> xm(k)) +G (xm(k)’ Xn(k)> xn(k))

+G (xn(k)’ Xn(k)-1> xn(k)—l) .

Taking limit as k — 0o, we obtain that limy _, o, G(x,,5)-1>
Xn(k)-1> Xn(k)-1) = €y- 10 prove

kh_{lgoc (%> Xn(rys141> Xn(hy+1+1) = €0 (5)

foralll > 0, we use induction on I. Equation (5) for/ = 0 holds
obviously. Suppose that (5) holds for some I > 0. Consider

G (xm(k)’ Xn(k)+l+1> xn(k)+l+1) <G (xm(k)’ Xn(k)+D> xn(k)+l)

+G (xn(k)+1> Xn(k)+l+1> xn(k)+l+1) .

(6)
Also,

G (xm(k)’ Xn(k)+> xn(k)+l) <G (xm(k)’ Xn(k)+1+1> xn(k)+l+1)

+G (xn(k)+l+1’ Xn(k)+1> xn(k)+1) .

7)

From (6) and (7), we obtain that

G (xm(k)’ Xn(k)+D> xn(k)+l) -G (xn(k)+l+1’ Xn(l)+1> xn(k)+1)
<G (xm(k)’ Xo(k)+l+1> xn(k)+l+1)

<G (xm(k)’ Xn(k)+> xn(k)+l) +G (xn(k)+l+1’ Xn(k)+1> xn(k)+1) .

(8)
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Taking limit as k. — 00, we have limy _, o, G(x,,x)> Xnk) 41415
Xn()41+1) = €o-

Definition 7. Let X be a G-metric space and A and B two
nonempty subsets of X. Define

ASy=G(AB,B) =inf{G(a,bb):ac A beB},

Ay= {a € A : there exists some b € B such that G (a,b,b),

=Ai3}’

B, = {b € B : there exists some a € A such that G (a, b,b)

= A%}
)

Now we define the concept of g-best proximity point of a
mapping in the setup of G-metric spaces.

Definition 8. Let X be a G-metric space and A and B two
nonempty subsets of X. Suppose that T : A — B, and
g:A — A Apoint x € Ais called g-best proximity point
of Tif G(gx,Tx,Tx) = AiB.

Note that if g is an identity mapping on A, then x in above
definition becomes the best proximity point of T

Consistent with [41], we consider the following classes of
mappings.

¥ = {¢p : [0,00) — [0,00) such that, for all t > 0,
the series )., ¢"(t) converges}. Elements in ¥ are called (c)-
comparison functions.
® = {¢ : [0,00) — [0,00) such that ¢(t) < t and
o P(r) < tforallt > 0}.
® = {0 : [0,00)* — [0,00) such that 6(a,b,c,d) =
0 if one or more arguments take the value zero and 0 is
continuous}.

Q,=1{0:10, 00)* = [0, 00) such that 8(a, b, c,d) = 0 if
one or more arguments take the value zero}.

Q,=1{0:10, 00)* = [0, 00) such that 8(0,b, ¢, d) = 0}.

Q = 1 [0,00) —  [0,00) such that
lim,_, o, 0t} t2,£),t}) = 0, whenever the sequences {t.},
{t;}, {t}l}, {til} C [0, 0co0) are such that at least one of them is
convergent to zero}.

lim

Definition 9. Let X be a G-metric space and A and B two
nonempty subsets of X, g : A — A,anda : X x X —
[0,00). A mapping T : A — B is said to be (¢,0,q, g)-
contraction if, for all x, y € A, with G(gy, Tx, Tx) = AS,
and a(gx, gy) = 1, one has

a(gx, 9y) G (Tx, Ty, Ty)
<¢(M?(x,7.y))
+6 (G (gy, Tx, Tx) = AS . G (9, Ty, Ty) — AS

G (g%, Tx,Tx) = A% G (9. Ty, Ty) =A%),
(10)

where

MY (x, y, y) =max (G (9x.9y.97),G (g%, Tx, Tx) = A sp,

G (g9, Ty, Ty)-ASp

G(gx, Ty, Ty)+G(gy. Ty, Ty) _AC )
2 A

1)
yeV¥andO € ©.

Definition 10. Let X be a G-metric space and A and B two
nonempty subsets of X, g A — A and o X x
X — [0,00). Amapping T : A — B is said to be («, g)-
proximinal and admissible if a,, a,, b;, b, € A, a(gb;, gb,) >
1,G(gay, Thy, Thy) = AS, G(ga,, Ty, Th,) = AGp, and

= a(ga,, ga,) > 1. (12)

Definition 11. Let X be a G-metric space and A and B two
subsets of X such that A, is nonempty, T : A — B, and
g:A — A.Foray,a,,a54a, € Ay, the quadruple (A, B, T, g)
has

(1) weak P-property of the first kind if

G G
G (gab Tay, Tas) = Ap G (gay, Tay, Ta4) =A%p

implies that G (gay, ga,, ga,) < G (Tas, Tay, Tay);
(13)

(2) weak P-property of the second kind if

G(gay, Tay, Tas) = Ac,;w’ G (ga,, Tay, Tay) = ACjXB

implies that G (ga,, ga,, ga,) = G(Tas, Tay, Tay) ;
(14)

(3) weak P-property of the third kind if

G (gay, Tay, Tas) = A(f;\B’ G (g9ay, Ta,, Tay) = AiB
implies that G (ga,, ga,, ga,) < G(Tb,, Th,, Th,).
(15)

Definition 12 (see [41]). Letg : A — Aanda: X xX —
[0,1) be two mappings and let N € N, N > 2. One will
say that « is (N, g)-transitive on A if x,, x5, ..., XNy € Ags
a(gx;, gx;1) = 1 Vi€ {1,2,...,N} = a(gx,, gxn,,) = 1.

Indeed, we will only use the notion of (2, g)-transitive
mapping on A; that is, x,,x,, x5 € Ay, a(gx,, gx,) = 1,
a(gx,, gxs) = 1, and

= a(gx;, gx;) = 1. (16)



2. Coincidence Best Proximity Point Results

In this section, we obtain several coincidence best proximity
results in the setup of generalized metric spaces.

Theorem 13. Let X be a complete G-metric space, A and B
two closed subsets of X, and g a continuous self-mapping on
A such that ¢ + A, < gA,. Suppose thatT : A — B
is continuous («, g)-proximal and admissible and (¢, 0, «, g)-
contraction, where ¢ € ¥, 0 € Q,, and T(A,) € B,. If the
following conditions hold:

(a) quadruple (A, B, T, g) satisfies weak P-property of the
first kind;

(b) ifasequence{z,} in A, such that {gz,} C A, is Cauchy,
then {z,} is also a Cauchy;

(c) there exists (xy,x;) € Ay x A, such that G(gx,,
Txo, Txg) = ASp and a(gxg, gx;) = 1.

Then there exists a convergent sequence {x,} < A, which
satisfies

G (g%pi1> T, Tx,) = ASy Vn 20, 17)
and the limit of {x,,} is a g-best proximity point of T.

Proof. Let x; € A,. Then Tx; € T(A,) C B,. Hence there is
z, € A such that G(z,, Tx,, Tx;) = AS, which implies that
z, € Ay. As Ay C gA,, thereis x, € A, such that g(x,) = z,,
50 G(gxy, Tx;, Tx,) = G(2,, Tx,, Tx;) = ASg. In a similar
way, there is x; € A, such that G(gx;, Tx,, Tx,) = AS,.
Inductively we construct a sequence {x,} € A, such that

G (g% T, Tx,) = ASy Vi > 0. (18)

If there exists some 1, € N, such that gx,, = gx,, ., then
G(gx,,» Ty, Tx, ) = G(gx, 41, TX,, , T, ) = AGy implies
that x,, isa g-best proximity point of T If we define x,,, = x,,
forallm > n, then {x,} converges to a g-best proximity point
of T. The proof is complete. Assume that

G (9%, GXps1> GXney) >0 V2 0. (19)

Note that x,,, gx,,,; € Ayand Tx,, € B, foralln > 0. We claim
that
o (gx,, gxpn) =1 Vn>0. (20)

If n = 0, then «(gx,,, gx,.,;) = 1 holds by given hypothesis.
Suppose that «a(gx,,gx,,,) = 1 for some n > 0. As
T is (o, g)-proximal and admissible, for x,,x,.,,%,,, €
Ay, algx,, 9gx,.) = 1, Glgx,.,,Ix,, Tx,) = AiB, and
G(g'xn+2> Txn+1’ Txn+1) = AGAB’ we have “(gxrﬁl’ g'xn+2) = L
Thus (20) holds.

Use weak P-property of the first kind, for all n > 0,
xn’xn+1’xn+2 € AO’ G(ganrl’Txn’ Txn) = AiB’ G(gxn+2’
Tx,1, Tx,0) = AiB imply the following inequality:

=G (gxn+1’ IXn+2> gxn+2) <G (Txn’ Txn+1’ Txn+1) . (21)
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Now by (20), (21), and (¢, 0, «, g)-contractive property of T,
we have

G (g%p41> 9% 2 GXn12)

< G (T, Tx,p115 T 1)

< (g% 9%p01) G (T3, TX 1, TXp01)

< @ (M (%X, X1 Xps1))

+6 (G (gx,11, Tx,,, Tx,,) (22)

- A(j\B’ G (g% TXpi1> TXp11)
~ A% G (9%, Tx, Tx,)) = A,
G (gxm—l’ X115 Txn+1) - AiB)

=¢ (Mg (xn’ Xp+1> xn+1))

for all n > 0, where

¢ (Mg (xn>xn+1’xn+l))
=max <G (gxn’ g'xn+l’ g'xn+1) > G (gxn’ Txn’ Txn) - AiB’

G (gxn+1’ Txn+1’ Txn+1) - AGAB’

G (gxn’ Txn+1’ Txn+1) +G (xn+1’ Txn’ Txn)

2
G
- AAB)

< max (G (gxn’ gxn+1’ gxn+l) 4 G (xn’ Xnt+1> xn+1)

+ G (@ T ) — A%
G (9% i1 912 GXni2)
+ G (9% 20 Tt T 1) = A(j&B’
216 (o 9101 9001
+ G (9%11> Txpy 1 TXpi1)
+ G (X1 G120 FXni2)

+G (gxn+2’ Txn’ Txn)] - A?AB)

= max (G (gxn’ 9Xn+15 ganrl) > G (xn’ Xnt1> xn+1)

+ A0S, - AS,
G G
G (9%p415 GXnr2> G%ni2) + A ag — A

((G (xn’ IXn+1> gxn+1) +G (gxn+1’ X2 gxn+2)

+ ZAiB) X (2)_1) —AiB)



Abstract and Applied Analysis

= max (G (gxn’ 9Xn+1> gxn+1) G ('xn’ Xnt1> xn+1) >

G (gxn+1’ gxn+2’ gxn+2) >

G (xn’ 9Xn+1> gxn+1) +G (gxn+1’ 9Xni2> gxn+2) )
2

= max (G (gxn’ IXn+1> gxn+1) > G (gxn+1’ 9IXn+2> g'xn+2)) .
(23)

That is,
§0 (Mg (‘xn’ xn+1’ xn+1))

< max (G (g%, 9%p115 GXn1) > G (X415 9%n12> GXi2)) -
(24)

From (22) and (24), we have
G (gxn+1’ IXn+2> gxn+2)

< ¢ (max (G (9%, GXn1> GXn1) > G (9% 115 9% 12> GXni2)))
(25)

foralln > 0.
If there exists some 1, € N such that

max (G (g'xno’ gxn0+1’ gxno+1) ’ G (gxno+1> gxno+2’ gxno+2))

=G (gxno+1’ gxn0+2’ gxn0+2) >
(26)

then, using (19) and the fact that ¢(t) < t forall ¢ > 0, we have
G (%115 9%ny2> G%ng12) < 9 (G (9% 11 G420 9%12))

<G (gxn0+1’ gxn0+2’ gxn0+2) ’
(27)

which is a contradiction. Hence

max (G (g‘xn’ 9Xn+1> g'xn+1) > G (g'xn+1’ 9Xni2> gxn+2)) (28)
=G (gxn’ gxn+1’ gxn+1)

for all n > 0. Now (25) implies that

G (9%ni1> GXns2> G%ni2) < P (G (9%, GXi1> GXi1))  (29)

foralln > 0.
In particular, for all n > 1, we have

G(gxn’ gxn+1’gxn+l)
< (G (gxu-1> g% 9%,))
) (30)
< 9" (G(g%-2> 9%p15 9%1))
< - < 9" (G (gxp> 915 gx1)) -

Fix e > 0 and t, = G(gxy gx;,gx;) > 0. Since ¢ €
¥, ¥,s1 9" (t;) converges. In particular, there exists some

my € N such that 32 ¢"(t,) < e. Hence, for m > n > m,,
we have

m—1

G (9% 9> GX) < Z G (9% 9%kr1> 9Xks1)
k=n

m—1

< Y ¢“G(gxp, gx1> 9x;) (31)
k=n

< i ¢" (t,) <e.

k=my

This implies that {gx,} is a Cauchy sequence. By given
hypothesis, {x,} is a Cauchy sequence. By completeness of X,
there exists z € X such that {x,} — z. Asx, € A, C A
for all n, so z € A. Since T and g are continuous mappings,
{Tx,} — Tzand{gx,} — gz.Takinglimitin (18) asn —
00, we conclude that z is a g-best proximity point of T.  [J

Remark 14. 1f g is an identity map in Theorem 13, then we
obtain the best proximity point of mapping T

Corollary 15. Let X be a complete G-metric space, A and B
two closed subsets of X, and g a continuous self-mapping on
A such that ¢ +# A, C gA,. Suppose thatT : A — B
is continuous (&, g)-proximal and admissible and (¢, 0, «, g)-
contraction, where ¢ € V¥, 0 € Q,, and T(A,)) < B, If
following conditions hold:

(a) quadruple (A, B, T, g) satisfies weak P-property of the
first kind,

(b) for x, y,z € Ay with G(gy, Tx, Tx) = AS, and a(gx,
gy) = 1, the following holds:

a(gx,gy) G(Tx, Ty, Tz)
<kM? (x, y,2)
+0 (G (99, Tx, Tx) - AS,
G (g%, Ty, Ty) — ASp G (gx, Tx, Tx) — AS,
G(gy. Ty Ty) = 8%p).

(32)

(¢) if a sequence {z,} in A, with {gz,} < A, is Cauchy,
then {z,} is Cauchy,

(d) there is (xg,x;) € Ay x Ay such that G(gx;, Tx,,
Tx,) = AS; and a(gx,, gx,) > 1.

Then there exists a convergent sequence {x,} € A, which
satisfies

G (g%pi1s T, Tx,) = ASy Vn 20, (33)

and {x,} converges to g-best proximity point of T.



Example16. Let X = {0,1,2,3,...}and G : XxXxX — R*
defined by

(x+y+2z
.x+y

ifx#y+z4#0,
ifx=y+z x92z#0,

1 f =y > > >
G(x,y,z)=<y+z+ %x 0,y#2z yz#0 (34)
y+2 itx=0,y=2z+0,
z+1 ifx=y=0,z#0,

0 ifx=y==z

It is known that X is a complete G-metric space. Let A =
{0,2,4} and B = {1,3,5,...}. Obviously A and B are closed
subsets of X and AiB = G(A,B,B) = G(0,1,1) = 3. Take
Ay ={0,2}. Define the mapping g : A — Aby

g(x)={

Obviously g is continuous and A, € g(A,). A mapping T :
A — Bdefined by T(x) = 1 is continuous. Define « : X x
X — [0,00) by a(x, y) = x + y. Clearly

if x=0,2

if x =4. (35)

o R R

a(g(0),9(2)=a(0,2)=2>1,
G(g(0),T(2),T(2))=G(0,1,1) =3, (36)
G(g(2),T(0).T(0)=G21,1)=3.

As «(0,2) = 2 > 1, s0 T is («, g)-proximal and admissible.
Since

a(g(0),9(2)G(T(0),T(2),T(2)=2G(1,1,1)=0
(37)

and MY(0,2,2) = 4, therefore T is (¢, 6, «, g)-contraction.
Now

G(g9(0),T(2),T(2)=G(0,1,1) =3 = AS,,
(38)
G(g(2),T(0),T(0)=G(2,1,1)=3=A%,

imply that G(g(0), g(0), g(0)) = G(0,0,0) = 0 = G(T'(2),
T(0),T(0)) = G(1,1,1). Hence quadruple (A, B, T, g) has
weak P-property of the first kind. Note that (0,2) € A; x A,
with G(g(2),T(0),T(0)) = 3 = AiB and «(g(0), g(2)) > 1.
Thus T has g-best proximity point (0 and 2 are g-best
proximity point of T').

Lemma 17. Let ¢ € ® be a mapping and let {a,,} ¢ R" bea
sequence. If a,,., < ¢(a,,) and a,, # 0 for all m, then {a,,} —
0.

Theorem 18. If condition (h) in Theorem 13 is replaced by the
following:

(H) @ € O, 0 € O, and a is (2, g)-transitive, then there
exists a sequence {x,} € A, which satisfies

G (9%ps1, TXy Tx,) = AS; V20 (39)

and converges to a g-best proximity point of T.
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Proof. Following arguments similar to those in the proof of
Theorem 13, we have

G(gxn+1’Txn’ Txn) = AAB’
G(gxn’ g'xn+1’gxn+l) > O’

a(gx, 9%i1) 2 1,

(40)
x, € Ay,
G (9%n11> 9%n12> 9%n12) < @ (G (9%, GX11> 9X12))
Vn > 0.
By Lemma 17, we have
{G (gxn’ IXn+1> gxn+l)} — 0. (41)

Next, we show that {gx,,} is a Cauchy sequence. Assume on
the contrary that {gx,} is not a Cauchy sequence. Then, by
Remark 6, there exist ¢, > 0 and two subsequences {x,,,,}
and {x,,4,} such that the following hold:

k<m(k) <n(k), G (9% (k> 9%n(kys IXn(ry) > €05

Vk e N,

G (%msy> 9%p 9%p) < €

Vpe{m(k)+1,m(k)+2,...,n(k)-2,n(k) -1},

(42)
kILH;OG (gxm(k)—l’gxn(k)—l’ gxn(kH) = €p>
(43)
kli_{TgO G (gxm(k)—p IXn(k)+p> gxn(k)+p) = €p>
Vp > 0. Note that
G
0< G (gxn(k), T.xn(k), Txn(k)) - AAB
< G (GXutky> FXn(iy 1> 9% +1)
(44)

G
+G (gxn(k)+1’ Tx ) Txn(k)) - Ap
=G (gxn(k)’ 9Xu(k)+1> gxn(k)+1) .
Therefore
. G
Jim (G (9% T Tony) = A%s] = 0. (45)
Similarly,
. G
kll»ngo [G (9% TXmity Tmr) = A3g] = 0- (46)
Furthermore,

vk > 0,
(47)

€ <G (xm(k)’ Xn(k)> xn(k)) <M? (xm(k)> Xn(k)> xn(k))



Abstract and Applied Analysis

where
M (Xiy> Xn(h)> X))

=max (G (gxm(k)> 9Xn(k)> gxn(k)) G (gxm(k)’ Txm(k)’ Txm(k))

G G
- ARG (gxn(k)’ Txn(k)’ Txn(k)) - Aps

G (gxm(k)’ Txn(k)’ Txn(k) ) +G (gxn(k)> Txn(k)» Txm(k))
2

- A%). (48)

G (gxm(k)’ Tx 5 Txn(k)) +G (gxn(k)’ Tx > Txm(k))
2

_ A(iua
1
= 5 (G (gxm(k)’gxn(k)ﬂ’gxn(k)H)
+G (gxn(k)+1’ Ty 50> Txn(k))
+G (g‘xn(k)’ IXm(k)+1> gxm(k)+1)
+G (gxm(k)w Tx 1> Txm(k))]
_ AiB
= (G (9% m(k)> FXn(ky1> 9%ny+1) + D ap
-1
+G (gxn(k)’ 9Xm(k)+1> gxm(k)+1) +A 4p) X (2)
— AAB
= (G (gxm(k)’ IXn(k)+1> gxn(k)+l)
-1
+ G (9%uk)> 9%mmy+1> Gy 1)) X (2) .
(49)

Taking limitas k — co in (49) and using (45), we obtain that

lim
k— 00

( G (gxm(k)’ T 5> Txn(k)) +G (gxn(k)’ T 5)> Txm(k))
2

(50)

Taking limitas k — o0 in (48) and using (43), (45), (46), and
(50), we have

Jim M (X1 Xy %) = max (€9, 0,0, €9) = €. (51)
Thus a sequence {M7 (x> X,,x)> Xn(x))} cOnverges to €, and
terms of this sequence are strictly greater than ¢,. In particu-
lar, since ¢ € @,

Jm @ (EM (> Xy Xty )}) = Jim o (t) <. (57

From the fact that a(gx,, gx,,;) = 1 foralln > 0 and « is
(2, g)-transitive, we deduce that

As (A, B, T, g) has the weak P-property of the first kind, so,
forallk >0,

Xy Xm()+1> Xn(e) Xny+1 € Ao

G

G (gxm(k)ﬂ’ T 1) Txm(k)) =A%p (54)
G

G (gxn(k)ﬂ’ Tx 1> Txn(k)) = Adp

This implies that

G (gxm(k)ﬂ’ IXnk)+1> gxn(k)+1) <G (Txm(k)> Txn(k)’ Txn(k)) .
(55)

As T is (¢, 0, &, g)-contraction, so we have

G (gxm(k)ﬂ’ 9Xn(k)+15 gxn(k)+1)
< G (%m0 Tx iy TX (i)
< o (T > Ty Txs)) G (9% Tty TXnry)

< @ (M7 (Xniry> Xnihy> X)) (56)

+ 6 (G (9%nt)> TX iy TX (i)
= A g G (9% Ty TXy) = A ap»
G (g% TX k) TXmiy) = A aps
G (gxn(k)’ Tx s Txn(k)) — A 4p))-

Using (45), the third and the fourth arguments of 6 converge
to zeroas k — 0. Since 0 € Q,, all the terms tend to zero
as k — oo. Taking limit as k — oo in (56), using (45) and
(52), we have

€ = lim G (9% ity +1> FX 1> FXn(i1)
(57)
< lim ¢ (M (Xt X X)) < €05

which is an absurd statement. Hence {gx,} is a Cauchy
sequence. The rest follows from Theorem 13. O

Theorem 19. Theorem 13 also holds if contractive condition
(10) is valid for all x € A, and y € A; conditions (b) and
(g) are replaced by the following:

" quadrdu‘;{)?e ;A, B, T, g) has the weak P-property of the
second kind;

(g')for a sequence {x,} < A, converging to x € A and
a(gx,, gx,,1) = 1 foralln > 0, there exists a subse-
quence {x,,} of {x,} such that a(gx, ), gx) > 1 for
allk > 0.

Proof. Following similar arguments to those given in proof
of Theorem 13, we deduce that {gx,} and {x,} are Cauchy
sequences in closed subset A of X. So we obtain an x in A
such that {x,} — xand {gx,} — gx. We show that x isa
g-best proximity point of T'.



Given that (A, B, T, g) has the weak P-property of the sec-
ond kind, for alln,m € N,

X X 1> X> Xy € AO’
G
G (gxm+1 > Txm’ Txm) =A AB’ (58)

G (gxn+l’ Txn’ Txn) = AiB
imply that
G(gxm+1’ 9Xu+1> gxn+1) < G(Txm’Txn’Txn)' (59)

It follows that {Tx,} is also a Cauchy sequence in B. Hence,
there is z € B such that {Tx,} — z. Thus

G (gx,, gx, gx) — 0, G(Tx,,z,z) — 0.  (60)
Since G(gx,,,1> Tx,, Tx,,) = AS for all n > 0, we deduce that

G (gx,2,2) = MG (61)

that is, gx € A, and z € B,. Using condition (g'), we con-
clude that there exists a subsequence {x,,,} of {x,} such that

«(gx,p>9x) 21 Vk=0. (62)
Note that
G
0 < G (g TX ey TXnry) = Mg

<G (gxn(k)’ IXu(k)+1> gxn(k)+1)

(63)
G
+G (gxn(k)+1’ TX ) Txn(k)) - A
=G (gxn(k)’ IXn(k)+1> gxn(k)ﬂ) .
Therefore
. G
khjréo [G (9% Ty Txuiiy) = A% = 0. (64)

The first and the second arguments of

Mg (.xn(k), X, X)

= max (G (gxn(k)> gx, gx) ,G (gxn(k)’ Txn(k)’ Txn(k))

~ £S5, G (gx, Tx, Tx) — AS

G (gxn(k), Tx, T.x) +G (gx, Txn(k), Txn(k)) AG >
) T2 AB
(65)
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tend to zero, while the last argument gives

hm G (gxn(k), Tx, T.x) +G (gx, Txn(k), Txn(k)) _
k— o0 2

ASs
< kli{f;o (G (g%my> T, TX) + G (g%, G%ty11> G%Xniiy1)
+ G (9%t 11> Ty Txni)) X ()7
- AiB
= klinéo (G (g% TX, TX) + G (9%, G%Xey11> GXn(hy 1)
+ Aup) x(2)7"
_ AiB
_G(gxTx,Tx) + 0+ A up

G
= 3 AAB

 G(gx,Tx,Tx) +0 - AGp
= > ,

(66)
Therefore,

klim M (x40, X, x) = G (gx, Tx, Tx) = AS . (67)
— 00

Suppose that G(gx, Tx, Tx) # A?AB; that is,
to = G (gx, Tx, Tx) — AS, > 0. (68)

Since the first and the second terms in (65) tend to zero, and
the fourth term tends to #,/2, there exists k, € N such that

MY (X000 %, %) = G (g2, Tx, Tx) = ASp = £, > 0 Vk > k.
(69)

Using the contractivity condition, we have
G (Txn(k), T.x, Tx)

< a (gx,m)> 9% 9x) G (Tx 00, Tx, Tx)

< @ (M7 (x> %, X))

+ 9 (G (gx, Txn(k), Txn(k)) - AiB’
G (g%, T, Tx) = AS,,

G (gxn(k)’ Tx > Txn(k)) —Ais) >
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G (gx, Tx, Tx) - AS,
=9 (G (gx,Tx,Tx) - AiB)
G
+ 0 (G (gx, Txn(k), Txn(k)) — AAB’
G
G (gxn(k)’ T3, Tx = A5y G (9% iy T T (i)

— A G(gx, Tx, Tx) - AGp)).
(70)

Since the third argument of 6 in (70) tends to zero and 0 € Q,,
its limit as k — oo is zero. Therefore, we have

G(z,Tx,Tx) = kli_)rr;O G (Tx1y> T, Tx)
(71)
<o (G (gx, Tx,Tx) - AiB) .

As G(gx, Tx, Tx) — AS, > 0, then p(G(gx, Tx, Tx) — A ,p) <
G(gx, Tx,Tx) - AiB. Thus,

G(z,Tx, Tx)
<¢ (G (gx,Tx,Tx) - AiB) <G(gx,Tx,Tx) — A o5
<G(gx,2,2) + G (2, Tx, Tx) - AS,

SAAB+G(gx,z,z)—AiB

= G(z,Tx, Tx),
(72)

which is a contradiction. Hence G(gx, Tx, Tx) = A 45 and the
result follows. O

2.1. Uniqueness of g-Best Proximity Points. In this section, we
study sufficient conditions in order to prove the uniqueness
of g-best proximity point.

Definition 20. LetT: A — B,g: A — A,anda: XxX —
[0,00) be three mappings. A mapping T is called («, g)-
regular if, for all x, y € A, such that a(gx, gy) < 1, there
exists z € A such that a(gx, gz) > 1 and a(gy, gz) > 1.

Theorem 21. Under the hypothesis of Theorem 13, assume that
0 € O and T is («, g)-regular. Then for all g-best proximity
points x and y of T in A, we have that gx = gy. In particular,
if g is injective on the set of all g-best proximity points of T' in
Ay, then T has a unique g-best proximity point.

Proof. Let x,y € A, be two g-best proximity points of T' in

A, Since G(gx, Tx, Tx) = G(gy, Ty, Ty) = ASzand T is a
(«, g)-proximal and admissible, we deduce that

G(gx.g9y.9y) < G(Tx, Ty, Ty). (73)

We always have a(gx, gy) > 1 or a(gx, gy) < 1. If a(gx,
gy) = 1, then we obtain that

G (9% 95> 97)
<G(Tx,Ty,Ty) < a(gx,gy) G(Tx, Ty, Ty)
<¢ (M?(x, 7. y))
+6 (G (g9, Tx, Tx) - AS,
G (g%, Ty, Ty) — A, G (gx, Tx, Tx) - A,
G(9y.15.1))

=9 (M9 (x,5,y)).
(74)

The last equality holds since 6 € ® and the last two arguments
of 0 are zero. Note that

G(gx,Ty,Ty) + G(gy, Tx,Tx) AC

2 AB

< ((G(gx.gy.9y) + G (9. Ty, Ty)

+G(gy, g% 9x) + G (gx. Tx, Tx)) x ()7 ) = A%,

_ G(9%,99,9y) + A5+ G (9, 9%, 9%) + MG

! 25,
_ G(gx.9y.97) + G (gy, 9%, gx)
2
=G(gx, gy, 9y).
(75)
Hence
M (x, y,y)
= max (G (9% 97, 99) G (g, Tx, Tx) = A%,
. (76)
G(9y, Ty, Ty) - A
G(gx, Ty, Ty) +G(gy, Tx, Tx) ¢ )
-A 4B | -
2
Therefore

G(gx. gy, 9y) < 9 (M? (x,9,9)) = ¢ (G (gx g, gy)()m

gives the fact that G(gx, gy, gy) = 0; that is, gx = gy.

Now, if a(gx,gy) < 1, then, by the («, g)-regularity
of T, there exists z, € A, such that a(gx, gz,) > 1 and
a(gy, gz,) = 1. Based on z,, we define a sequence {z,} such
that {gz,} converges to gx and gy which proves the unique-
ness. First, we will prove that {gz,} converges to gx.

Indeed, Tz, € TA, < B, implies that s, € A such that
G(sy, T2y, Tzy) = ASy, and, fors, € A, € gA,, there is
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z, € A, veritying gz, = s,. Therefore, G(gz,,Tzy, Tz;) =
AS . Following the similar arguments, there exists a sequence
{z,} < A, such that G(gz,,,,Tz,,Tz,) = AaB foralln > 0.
In particular, gz,,,, € A, and Tz, € B,. We claim that

a(gx,gz,) =1 V¥Yn=0. (78)

If n = 0, a(gx, gz,) = 1 by the choice of z;. Suppose that
a(gx, gz,) = 1 for some n > 0. As T is («; g)-proximal and
admissible, so we have

a(gx. gz,) > 1,

G (gx,Tx, Tx) = A,
(79)
G
G (gzn+1’ Tzn’ Tzn) = AAB

X525 Zp41 € AO’

which imply that a(gx, gz,,,;) > 1. Hence (78) holds. For all
n > 0, we have
G(gx,Tz, Tz,) + G(gz, Tx,Tx) AG

2 AB

< ((G (gx’ gzn+1’ gzn+l) + G (gzn+1> Tzn’ Tzn)
+ G(gz,, gx, gx) + G (gx, Tx, Tx)) x (2)71) - S,

_ G (9% 925115 92u1) + D ap + G (92, 9%, 9%) + A g
2

G
_AAB

_ G (9% 92011, 9%11) + G (92, 9%, 9X)
2

< max (G (gx, gz,» 92,) » G (9%, 92415 92n11)) »
(80)

which implies that
Mg (.X', Zn’ Zn)

= max (G (g%, 92, 92,) » G (gx, Tx, Tx) — AS 5,

G (gzw Tzn’ Tzn) - A(iB’

G(gx, Tz, Tz,) +G (92, Tx, Tx) ¢
2 ~AB

< max (G (gx, 92,» 92,) » G (9% 9Zps1> 9Zn11)) -

(81)
By weak P-property of the first kind,
G(gx,Tx,Tx) = A 43,
G(9z,41,T2,,Tz,) = AS
(g +1 ) AB (82)

X, Zn’ Zn+1 € AO’

imply that G (gx, 9z,.1> 92ns1) < G (Tx, Tz,,Tz,) .
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For all n > 0, we have
G (9% 9Zns1> 9Zn11)
<G(Tx,Tz,,Tz,)
<@ (M? (x,2,2,))
+6 (G (92, Tx, Tx) = A5, G (g%, T2, T2,) = A 4p,
G (9%, Tx, Tx) A5 5 G (92 T2 Tz,,))
<o (M7 (x,2,2,))

< ¢ (rnax (G (gx’ Tzn’ Tzn) > G (gx’ 9Zn+1> gznﬂ))) .
(83)

Suppose that there is iy € N such that gz, = gx. In this case,
we have

G (9% 921> 92n 1)

<@ (max (G (gx, Tz, , Tzno) ,G (gx, 9Zp 415 gzn0+1))) ,
(84)

but this is possible only when G(gx, gz,, 11, 92, +1); that is,
9%y, +1 = gx. Following the similar arguments, we have gz, =
gx for alln > n,. Hence {gz,} converges to gx.
Suppose that gz, # gx for all n >
G(gx, gz, gz,,) > 0 for all n > 0. Suppose that

0; that is,

max (G (gx, 92> 92,) » G (9% 9Zu11> GZ11)) )
= G (gx’ gzn+1’ gzn+1)

for some #. Then (83) would yield

G (9% 9Zus1> 92ni1)
< ¢ (max (G (gx, 92> 92,) » G (9% 921> GZns1)))
= ¢ (G (g%, gzns1> 92n11))

< G(gx, 9Zns1> 92ni1) >
(86)

which is a contradiction. Therefore, max(G(gx, gz, 9z,
G(9x, 92,415 9%,.1)) = G(gx, 9z, gz,,); that is, for all n > 0,

G (gx> 9Zn+1> gzn+l) < ¢ (Mg (x’ Zp> Zn))
(87)
= (G (9% 92ug2,)) -

Recursively, for all n > 0,
G (9% 92, 97,)
< ¢ (G (9% 92,1, 974-1))

< ¢° (G (9%, 92,2 920 2)) < -+ < 9" (G (g%, 920, 920)) -
(88)
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Fix € > 0 arbitrary and consider t, = G(gx, gz, gz,) > 0.
Since ¢ € 'V, the series )., ¢"(t,) converges. In particular,
there exists my € N such that };_, ¢"(t)) < e. More pre-

cisely, ¢"(t,) < € for all n > my,. Therefore, if n > m,, we have
that

G (g% g2, 92.) < 9" (G (9%, 920, 92,)) = ¢" (t,) < 6( |
89

This means that {gx,} converges to gx. Similarly, it can be
shown that {gx,} converges to gy and this completes the
proof. O
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