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By the weighted ergodic space, we propose a new class of functions called weighted Stepanov-like pseudoperiodic function and
explore its properties. Furthermore, the existence and uniqueness of the weighted pseudoperiodic solution to fractional integro-
differential equations and nonautonomous differential equations are investigated. Some interesting examples are presented to

illustrate the main findings.

1. Introduction

The study of the existence of periodic solutions is one of the
most interesting and important topics in the qualitative the-
ory of differential equation. Many authors have made impor-
tant contributions to this theory. Recently, in [1], the concept
of weighted pseudoperiodicity, which generalizes the notion
of periodicity and pseudoperiodicity, is introduced and stud-
ied. On the other hand, Stepanov [2, 3] introduced a class of
generalized almost periodic functions, for which continuity
fails, and only measurability and integrability in the sense
of Lebesgue are required. Since then, almost automorphy,
pseudo-almost-periodicity, pseudo-almost-automorphy, and
so forth are generalized in the Stepanov sense one can see [4-
6] for more details on this topics.

Motivated by the above mentioned papers, in this paper,
we introduced a new class of functions called weighted
Stepanov-like pseudoperiodic function, which generalizes
the notation of weighted pseudoperiodic function. We sys-
tematically explore the properties of the weighted Stepanov-
like pseudoperiodic function in general Banach space includ-
ing a composition result.

The rapid development of the theory of integrodifferential
equations has been strongly promoted by the large number
of applications in physics, engineering, biology, and other
subjects. This type of equations has received much attention
in recent years and the general asymptotic behavior of
solutions is at present an active of research [7-12]. To the best
of our knowledge, there is no work reported in literature on

weighted pseudoperiodicity for fractional integrodifferential
equations in 1 < « < 2. Furthermore, the existence and
uniqueness of weighted pseudoperiodic solutions for nonau-
tonomous differential equations are quite new and untreated
topic. This is one of the key motivations of this study.

The paper is organized as follows. In Section 2, some
notations and preliminary results are presented. Next, we pro-
pose a new class of functions called weighted Stepanov-like
pseudoperiodic function, explore its properties, and establish
the composition theorem. Sections 3 and 4 are devoted to
the existence and uniqueness of weighted pseudoperiodic
solutions to a class of fractional integrodifferential equations
and nonautonomous differential equations, respectively. In
Section 5, we provide some examples to illustrate our main
results.

2. Preliminaries and Basic Results

Let (X511 - II), (Y51l - ) be two Banach spaces and N, Z,
R, and C stand for the set of natural numbers, integers,
real numbers, and complex numbers, respectively. In order
to facilitate the discussion below, we further introduce the
following notations:

(i) BC(R, X) (resp., BC(RxY, X) and BC(RxY xY, X)):
the Banach space of bounded continuous functions
from R to X (resp., from RxY to X and from RxY xY
to X) with the supremum norm;
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(ii) C(R, X) (resp., C(RxY, X), C(RxY xY, X)): the set of
continuous functions from R to X (resp., from R x Y
to X and from R XY x Y to X);

(iii) L(X,Y): the Banach space of bounded linear opera-
tors from X to Y endowed with the operator topology.
In particular, we write L(X) when X =Y;

(iv) LP(R, X): the space of all classes of equivalence (with
respect to the equality almost everywhere on R) of
measurable functions f : R — X such that || f]| €
LY (R,R);

(v) LfOC(R, X): standing for the space of all classes of
equivalence of measurable functions f : R —
X such that the restriction of f to every bounded
subinterval I of R is in L?(I, X).

2.1. Sectorial Operators and Riemann-Liouville
Fractional Derivative

Definition 1 (see [13]). A closed and densely defined linear
operator A is said to be sectorial of type @ if there exist
0 <60 <m/2,M > 0,and @ € R such that its resolvent
exists outside the sector

@+Sy:={@+A:1eC,larg(-N)| < 6},

ar-a <M Aea+ Sp- w
A - @

The sectorial operators are well studied in the literature; we
refer to [13] for more details.

Definition 2 (see [14]). Let 1 < a < 2 be given. Let A be
a closed and linear operator with domain D(A) defined on
a Banach space X. We call A is the generator of a solution
operator if there exist @ € R and a strong continuous function
S, : R" — L(X) such that {A* : ReA > @} C p(A) and

A~ A) Mk = J e M, () x dt,
0 (2)

Red > o, x € X.

In this case, S, (t) is called the solution operator generated by
A.

Note that if A is sectorial of type @ with 0 < 0 < m(1-«/2),
then A the generator of a solution operator given by

L L Atya-lrya 41
S, (0= = Le A%~ ), 3)

where y is a suitable path lying outside the sector @ + Sy (see
[15]). Recently, Cuesta [15] has proved that if A is a sectorial
operator of type @ < 0 for some 0 < 0 < (1 - «/2) (1 < & <
2), M > 0, then there exists C > 0 such that

C
IS, )] < ﬁ £ 0. @)
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Note that

(5)

JO" 1 @M
o 1+ |o|t* asin (/)

for 1 < « < 2; therefore S, (t) is integrable on (0, o).
In the rest of this section, we list some necessary basic
definitions in the theory of fractional calculus.

Definition 3 (see [16]). The fractional order integral of order
o > 0 with the low limit £, > 0 for a function f is defined as

t>ty a>0,

o 1 ! a-1
IF (1) = WJ (t— )% f (s) ds,

(6)

provided the right-hand side is pointwise defined on [¢,, c0),
where I' is the Gamma function.

Definition 4 (see [16]). Riemann-Liouville derivative of order
a > 0 with thelowlimit ¢, > 0 forafunction f: [t),00) — R
can be written as

o4 _ 1 d ! _ -l
D= v oy ar Lo A @)

t>ty, n—1<a<n

2.2. Evolution Family and Exponential Dichotomy

Definition 5. A family of bounded linear operators (U(t, s)) s
on a Banach space X is called a strong continuous evolution
family if

(1) U, r)U(r,s) =U(t,s) and U(s,s) = I forallt >r > s
andt,r,s € R;

(ii) the map (¢,s) — U(¢, s)x is continuous for all x € X,
t>sandt, s € R.

Definition 6. An evolution family (U(t,s)),., on a Banach
space X is called hyperbolic (or has an exponential
dichotomy) if there exist projections P(t), t € R, uniformly
bounded and strong continuous in ¢, and constants ¢ > 0 and
0 > 0 such that

(i) U(t, s)P(s) = P(t)U(t,s) fort > sand t,s € R;
(ii) the restriction Un(t, s) : Q(s)X — Q(t)X of U(t,s) is
invertible for t > s (and set Un(s, ) := U(t, $™);
(iii)
IU (¢,5) P (s)] < ce ™,
)
[Ug (s, ) Q1) < ce™,

fort > sand t,s € R. Here and below we set Q :=
I-P

Remark 7. Exponential dichotomy is a classical concept in the
study of long-time behaviour of evolution equations. If P(t) =
I'fort € R, then (U(t, s)),s, is exponential stable. One can see
[17-21] for more details.
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If (U(t, 5))ss is hyperbolic, then
U (t,s)P(s),
“Uq (65 Q(s),

is called Green’s function corresponding to (U(t, s)),ss> P()
and

t>s, t,seR,
t<s, t,seR,

I'(t,s):= <| 9)

Ce—é‘(t—s)’

(s-1)

t>s, t,seR,

10
t<s, t,s€R. (10)

IT (¢, 9)Il < {

ce®

2.3. Weighted Pseudoperiodicity. First, let us recall some
definitions of weighted pseudo anti-periodic function and
weighted pseudoperiodic function.

Definition 8. A function f € C(R,X) is said to be anti-
periodic if there exists a w € R\ {0} with the property
that f(t + w) = —f(t) for all t € R. If there exists a least
positive w with this property is called the anti-periodic of f.
The collection of those functions is denoted by P,,,,(R, X).
Definition 9. A function f € C(R, X) is said to be periodic if
there existsaw € R\ {0} with the property that f(t+w) = f(t)
forallt € R. If there exists a least positive w with this property
is called the periodic of f. The collection of those w-periodic
functions is denoted by P, (R, X).

Example 10. An example of a function that is anti-periodic is
given by

Fl) = Zsin [(2k + 1)t]’

e teR, 1)

k=1

whose anti-periodic is 7.

Other examples of nontrivial anti-periodic functions have
been constructed in [22].

Remark 11. Note thatif f € P (R, X), then f € P, (R, X).

ap
Definition 12. A function f € C(R x X, X) (resp., C(R x X x
X, X)) is said to be periodic in t € R uniform inu € X
(resp., (u,v) € X x X) if there exists a w € R\ {0} with the
property that f(t + w,u) = f(t,u) forallt € R, u € X (resp.,
ft+wuv) = f(tbuv) forallt € R, (u,v) € X x X).
The collection of those w-periodic functions is denoted by
P (R x X, X) (resp., P,(R x X x X, X)).

Let
Co (R, X) = {f € BC(R,X), ltlli_l?loo |f ®]dt= 0} . (12)

Definition 13 (see [23]). A function f € BC(R, X) is said to be
asymptotically anti-periodic if there exist g € P, ,,(R, X) and
¢ € Cy(R, X) such that f = g + ¢. Denote by AP, (R, X)
the collection of such functions.

Definition 14 (see [24]). A function f € BC(R, X) is said to
be asymptotically periodic if there exist g € P (R, X) and
¢ € Cy(R, X) such that f = g + ¢. Denote by AP, (R, X) the
collection of such functions.

Definition 15. A function f € BC(R,X) is said to be
a pseudo anti-periodic if it can be decomposed as f =
g + ¢, where g € P, (R,X)and ¢ € BC(R,X) with
limy_ oo(1/27) [, lo(6)ldt = 0. Denote by PP,,,,(R, X) the
collection of such functions.

Definition 16 (see [9]). A function f € BC(R,X) is said
to be a pseudoperiodic if it can be decomposed as f =
g + ¢, where g € P (R,X) and ¢ € BC(R,X) with
limy_ o,(1/27) [, lg(®)ld = 0. Denote by PP, (R, X) the
collection of such functions.

Let U be the set of all functions p : R — (0, co) which
are positive and locally integrable over R. For a given T' > 0
and each p € U, set

T

yug»:ijmdt (13)

Define

U, = {p € U:Tlim u(T,p) = oo},
(14)
Up = {p €Uy, : p is bounded and inugp (x) > O} .
X€

It is clear that Uy c U, c U.

Definition 17. Let p;, p, € Ug,; p, is said to be equivalent to p,
(ie, py ~ pp) if (p1/py) € Up.

Itis trivial to show that “~” is a binary equivalence relation
on U,,. The equivalence class of a given weight p € U, is
denoted by cl(p) = {p € Uy, : p ~ o}. Itis clear that U, =
Upeu,, <l(p)-

For p, € U, define the weighted ergodic space

WPP, (R, X, p,) = {f € BC (R, X) : Tlgnmﬁ
> P1

T
<[ mwlrola-of.
T

(15)
Particularly, for p;, p, € U, define [25]
WPP, (R, X, p,, p,) = {f € BC(R,X): lim ———
T=cou(T, py)
T
<[ molrola-of
(16)

clearly, when p, ~ p,, this space coincide with WPP)(R,
X, py); that is, WPP,(R, X, p;, p,) = WPP(R, X, p,,p;) =
WPP,(R, X, p;) = WPP)(R, X, p,); this fact suggests that
WPPy(R, X, p,, p,) are more interesting when p, and p, are
not necessarily equivalent. So WPPy(R, X, p;, p,) are general
and richer than WPP,(R, X, p;) and give rise to an enlarged
space of weighted pseudoperiodic function defined in [1].



Definition 18. Let p;,p, € Ug,. A function f € C(R, X) is
called weighted pseudo anti-periodic for w € R \ {0} if it can
be decomposed as f = g + ¢, where g € P,,(R, X) and
¢ € WPP,(R, X, p;, p,). Denote by WPP, (IR X Pi> P,) the

wap
set of such functions.

Definition 19. Let p;, p, € Uy,. A function f € C(R,X) is
called weighted pseudoperiodic for w € R\ {0} if it can be
decomposed as f = g + ¢, where g € P (R,X) and ¢ €
WPP(R, X, p;, p,). Denote by WPP, (R, X, p,, p,) the set of
such functions.

Remark 20. 1f p; ~ p,, WPP,,,, (R, X, p;, p,) and WPP, (R,
X, p1> p,) coincide with the weighted pseudo anti-periodic
function and weighted pseudoperiodic function, respectively,
introduced by [1].

Similarly, define

WPP) (R x X, X, py, p,)

={feBCRxX,X): lim ———
{ T=cou(T, py)

T
<[ mOlf Cwld=o
-T

uniformly in u € X ]» ,

17)
WPPy (R x X x X, X, py, p,)

=41feBCRxXxX,X): lim ——
{ T—oou (T, py)

T
x L py O |f (£, dt = 0
uniformlyin (u,v) € X x X} .

Definition 21. Let p;, p, € Ug,. A function f € C(R x X, X)
(resp., C(R x X x X, X)) is called weighted pseudoperiodic in
t € R uniform in u € X (resp., (u,v) € X x X) if it can be
decomposed as f = g + ¢, where g € P, (R x X, X) (resp.,
P,(R x X x X,X)) and ¢ € WPP(R x X, X, p;, p,) (resp.,
WPP(RxXxX, X, p;, p,)). Denote by WPP, (Rx X, X, p;, p,)
(resp., WPP, (R x X x X, X, p;, p,)) the set of such functions.

Next, we show some properties of the space WPP, (R,
X, p1» p,)- Similarly results are hold for WPP,,,(R, X, p;, p,).

Lemma 22. Let f € BC(R, X); then f € WPP,(R, X, p;, p,)s

Pr> P2 € Ugos and suproo(u(T, p,)/ (T, p1)) < o0 if and only
if, for every € > 0,

lim —— J (t)dt =0, 18
=00 (T, py) Jnicrepy (18)

where M(T, ¢, f) :={t € [-T,T] : | f(t)Il = €}.
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Proof. The proof is similar to the one in [26].

Sufficiency. From the statement of the lemma it is clear that,
for any € > 0, there exists T, > 0 such that, for T > T,

1
t)dt
T e PO W
Then

s ool

1
~u(Top)
)
+
u (T, p) Jermnm(rer)

1] J
~ (T py) Jm(res)

T
&€
u(T,pr) J—T POt

T,
<e+ sup a PZ)e
>0t (Ts py)

| polro)d
M(Tee,f)

PO [ f ®] at
(20)

py (t)dt

s0
: L ("
Jim s j_T p®f@]dt=0. (@
Thatis, f € WPP,(R, X, p;, p5)-
]\}Ilecessity. Suppose the contrary, that there exists g, > 0 such
that

1

— (t)dt 22
u(T,py) JM(T,so,f) P (22)

does not converge to 0 as T — o©o. Then there exists § > 0
such that, for each n,
1

_ J. p, (t)dt =6 for some T, > n.
(T pr) It e )

(23)
Then
1

u(T, ,1>I p O] f )] dt

s
> ®) | f (©)] dr
w (T pr) Jtcteny 7@l

& J
>0 p, (t)dt
u (T py) ()

> &40,
0

which contradicts the fact that f € WPP (R, X, p;, p,), and
the proof is complete.
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Let WPP,(R,R*, p;, p,) = {f € WPP,(R,R,p,,p,) :
f(t) =0, for all t € R}.

Lemma 23. Let « > 0; then f € WPPy(R,R", p,, p,) if and
only if f* € WPP,(R,R", p, p,), where f*(t) = [f(£)]%
P1> P2 € Ugos and sup o (u(T, p,)/ (T, p1)) < 0o.

Proof. By Lemma 22, f € WPPy(R,R", p,, p,) if and only if,
for every € > 0,

lim —— J (t)dt =0, 25
100 (T, py) Jren > )

where M(T, ¢, f) :=
to for every e > 0,

{t € [-T,T] : f(t) > &}. It is equivalent

lim ——— J (t)dt =0, 26
T0ou (T, pr) Jacresr (26)

where M(T,¢, f%) == {t € [-T,T] : f(t) > &} So f
WPP,(R, R*, py, py).

Lemma 24. Let (pn — @ uniformly on R where each ¢, €

WPP(R, X, py, py); if suppo(u(T, po) /(T py)) < 00, then
P e WPPO(R X, p1> p2)-

Proof. For T > 0,

L[ molo@la

u(T,py)
<;JT ) 9, (©) - ¢ ()] dt
= ,M(T,Pl) —TPZ (Pn (P
1 T
[ t t)| dt
+ ,U(T,Pl) J—TPZ( )"(Pn( )"
u (T, p,)
< - 27
”(T)Pl)llsv I (27)
1
—_— t 1)l dt
v [0l
<17 b
1 T
—_— t )|l dt.
+ ,bl(T,pl) JZTPZ( )"(Pn( )"

Let T — oo and thenn — oo in the above inequality; it
follows that ¢ € WPP,(R, X, p;, p,)- O

Let p € U, T € R, and define p* by p*(t) = p(t + 1) for
t € R. Define [27]
Ur={peU,:p~p" for each T € R}. (28)

It is easy to see that U contains many of weights, such as 1,
(1+19)/(2+t"), €', and 1 + [¢|" withn € N etal.

Lemma 25. Let p,, p,, q1, g, € U, such that p,
then WPP\(R, X, py, p,) = WPPy(R, X, g, 45).

~qp P2~ 9

Proof. Since p; ~ g, and p, ~ g,, there exist positive
constants K;, K|, K,, and K, such that K;q; < p; < K|q,
and K,q, < p, < K}q,; then,

Ku(T.q,) < u(Topy) < Ky (Toqy) s
Kou(T,q,) < u (T, p,) < Ko (T, q,).

Let ¢ € WPP)(R, X, q,,9,); then

(29)

1
ﬁ J Py (1) | (1] dt

_ 1 JT p, ()
u(Topy) Jor gy (1)

g, ) |lo ()] at
(30)

!

K
< s [ a0l

I

= m(Tq)

¢ € WPP)(R, X, q,,9,) implies that

[ awloola

lim ;JT ®) |l @] dt = 0; 31)
12oou(Tgqp) Jp 2 IPNE T

then

T

That is, ¢ € WPP,(R, X, p;, p,); hence
WPF, (R, X, q,q,) € WPP,y (R, X, p1, py) - (33)

Proceeding in a similar manner, we have WPP (R, X, p,,
p,) € WPP\(R, X, q;,q,). The proof is complete. O

Lemma 26. Let p;, p, € Uy and ¢ € WPP(R, X, p;, p,); then
o(-—1) € WPP(R, X, p;, p;) for T € R.

Proof. Let ¢ € WPP(R, X, p;,p,) and p;,p, € Up; by
Lemma 25, ¢ € WPP(R, X, p{, p,) for 7 € R. Without loss
of generality, we assume that 7 > 0; then

1 T
W) J . lo (¢ =) p (1) At
> M1 -

1 T-1
m J_ . lo @) py (t + 1) dt

( o) JT le ®] 5 (t) dt

T+, T
Sl p(l)u(TTz o) J I O PHOLE

(34)



Since p, € Uy implies that p; ~ p;, there exists 7 > 0 such
that plzr(t)/p1 (t) <nfort € R. Then,for T > 1,

T+t
u(T+1.p0) = JT pr (t)dt

T+27

T+2t
=J pl(t)dt:‘”(T’Pl)"'J py () dt
-T T
T
=u(T,p) + L ZTPfT () dt < u (T, py)

T
+ J Tpr (Odt <u(T,py)

T
+ J-_qul ®ydt = (n+1)u(T.p1)-

(35)
Therefore, by ¢ € WPP(R, X, p;, p; ),
1 T
G J . lo ¢t =D p, (1) dt
» M1 -
n+1 JT (36)
S — o) pF () dt — 0
< e L ol

as T — oo,

which implies that ¢(- — 7) € WPP,(R, X, p;, p,). The proof is
complete. O

Using similar ideas as in [25, 28], one can easily show the
following result.

Lemma 27. If p;,p, € Up and infp o (u(T, p,)/ (T, py)) =
0y > O, then the decomposition of weighted pseudoperiodic
function is unique.

By Lemma 27, it is obvious that (WPP, (R, X, p;, p)ll - 1)
(resp., (WPP,(R x X, X,pi,p,), 1 - D), p1op, € U, and
infr o (u(T, p,)/ (T, p;)) = 8, > 0 is a Banach space when
endowed with the sup norm.

2.4. Weighted Stepanov-Like Pseudoperiodicity. In this sub-
section, we introduce the new class of functions called
weighted SP-pseudo anti-periodic function and weighted S?-
pseudoperiodic function and investigate the properties of
these functions.

Let p € [1,00). The space BS*(R, X) of all Stepanov
bounded functions, with the exponent p, consists of all
measurable functions f : R — X such that f* € L®(R,
LP([0,1]; X)), where f? is the Bochner transform of f defined
byfb(t,s) = f(t+s),t € R,s € [0,1]. BS’(R, X) is a Banach
space with the norm [29]

b ~ t+1 b 1/p 37)
o =1 i, =500 || Mrolae)
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It is obvious that LP(R, X) ¢ BS’(R,X) c L
BSP(R, X) ¢ BSI(R, X) for p > g > 1.
For p;,p, € U, define the weighted ergodic space in
BSP(R, X):

(R, X) and

loc

SPWPP, (R, X, py, p,)

= BS? (R, X): lim ———
{fe ( )gnooM(Tpl)

4imm(fwﬂ@wwfzho}

(38)

Remark 28. 1t is clear that f € SPWPPy(R, X, p;, p,) if and
only if f* € WPP,(R, LF([0, 1], X), p;» py).

Definition 29. Let p;, p, € U,,. A function f € BS’(R, X)
is said to be weighted Stepanov-like pseudo anti-periodic
(or weighted SP-pseudo anti-periodic) if there is ¢ €
SPWPPy(R, X, p;, p,) such that the function g = f — ¢
satisfies g(t + w) + g(t) = 0 ae. t € R. Denote by
sP WPP,,.,(R, X, py, p,) the collection of such functions.

Definition 30. Let p;,p, € Ug. A function f € BSP(R,
X) is said to be weighted Stepanov-like pseudoperiodic (or
weighted SP-pseudoperiodic) if there is ¢ € SPWPP(R,
X, p1> p,) such that the function g = f — ¢ satisfies g(t +
w) — g(t) = 0 ae. t € R. Denote by SSWPP, (R, X, p;, p,)
the collection of such functions.

Remark 31. Let ¢ be defined on R by

1,
()= {0,

For each T' > 0, denote n; = [log,T] + 1, where [] is largest
integer function; then

€[2"-1,2"+1],neN,

39
otherwise. (39)

2l < T < o™, (40)

Let p; = €' and p, = 1; by a direct calculation, one has

T t+1 1/p
i o[

u (T, py

T u(T, et)J (J ||‘P(0)||pdo>l/pdt

2T

(41)

1/p
M(T 5 J (J ||(p(0+t)||pda> dt
3nr
< = — 0, T — o0.

So ¢ € SPWPP,(R,R, p;, p,). In addition, it is obvious that
(P ¢ WPP()(IRa R) P1>P2)~

Let g(t) = sint, f(t) = g(t) + ¢(t); then f € SPWPP, (R,
R, p1> py), but f ¢ WPP, (R, R, py, p,).



Abstract and Applied Analysis

Puap(R,X) —> APyp(R,X)  —> PPyy(R, X) —> WPP,(R, X)— SPWPP,,(R, X)

P,(R,X)—> AP, (R,X) —> PP,(R,X)—> WPP,(R,X) —> S’WPP, (R, X)

AP(R,X) —> AAP(R,X) —> PAP(R,X)—> WAP(R,X) —> SPWAP(R, X)

FIGURE 1: Relationship between anti-periodic, periodic or almost periodic functions and their extensions, where “ — ” denotes subset relation

« _»
.

From definition, we have the following diagram that
summarizes the different classes of subspaces defined in
Figure 1, where AP(R, X), AAP(R, X), and so forth. stand for
almost periodic and asymptotically almost periodic function,
respectively; one can see [6] for more details, where the paper
gives the historical development of almost periodicity and
almost automorphy and relationship between these functions
and their extensions.

Similarly, define

SPWPP, (R x X, X, p,, p,)

im

=1feBSP(RxX,X): 1
Jl T=cou (T, py)

< JTT Py (1) (fﬂ If @ u)||Pda>1/pdt -0

uniformly in u € X } ,

SPWPP, (R x X x X, X, p1, p,) (42)

= {feBSP(RxXxX,X):

T

lim —j
T—cou (T, py) J-r

‘ (f“ If @.unldo )

uniformly in (u,v) € X x X } .

pa (t)

/p
dt=0

Definition 32. Let p;,p, € Ug. A function f € BSP(R x
X, X) (resp., BSP(R x X x X, X)) is called weighted S*-
pseudoperiodic in t € R uniform in u € X (resp., (u,v) €
X x X) if there is ¢ € SPWPP)(R x X, X, p;,p,) (resp.,
SPWPPy(RxXx X, X, p;, p,)) such that the functiong = f-¢
satisfies g(t + w,u) — g(t,u) = 0Oa.e.t € Randeachu € X
(resp., gt + w,u,v) — g(t,u,v) = 0 ae. t € R and each
(u,v) € X x X). Denote by S'WPP, (R x X, X, p;, p,) (resp.,
SPWPP,(RxXxX, X, p;, p,)) the collection of such functions.

Next, we show some properties of the space S"WPP, (R,
X, py» p»)- Similarly results hold for S? WPP,1, (R, X, py, py).

Lemma 33. WPP,(R, X, p;, p,) € SPWPP,(R, X, p,, p,) for
each 1 < p < 00, py, p; € Up, supp,o(u(T, p,)/u(T, py)) < 00.

Proof. If f € WPP, (R, X,p;,p,), let f = fi + f,, where
fi € PJ(R,X) and f, € WPP(R,X, p;,p,). Then
1,60 € WPP(R,R", p, p,). By Lemma 23, || f,(-)|? ¢
WPP,(R,R", p;, p,). Note that | f,(- + o) € WPP,(R,
R™, p;, p,) for each o € [0,1]; by Lebesgue’s dominated
convergence theorem, one has

1 1 T »
L (m J_T Py ) [folt + )] dt) do—o.

T — o0;
that is,
L no(] 1ne ol
_ p(t)(J fr(t+0) da)dt—»O,
u(Top) Jor ™77\ 2 (44)
T — o0,

which means that h, € WPP(R,R", p,, p,), where
1
hy (1) = J 1ot + o, ¢ e R, (45)
0

By Lemma 23, h;/p € WPP,(R,R™, p;, p,); that is,

—Ljﬁ&mUWMHﬂWQWW*Q

u (T, py 0 (46)

T — o0,

which means that f, € SPWPP,(R, X, p;, p,); then f €
SPWPP, (R, X, p;, p,). The proof is complete. O

Theorem 34. Assume that p;,p, € Uy, f = fi+ f, €
SPWPP, (R x X x X, X, py, p,) with f, € SPWPP,(R x X x
XX, pp)s it + wyu,v) — fit,u,v) = 0ae t € R,



(u,v) € X x X, and there exist constants LgLy >0 such
that

If (£ uy) = f (Ev1,v5)]| < Ly (g = vill + ez = v,

teR, u,uy,v,v, €X,

Ifi (8w u3) = £ (£ vy, )|

)2

<Lg (luy = vl + [z = v,

teR, u,uy,v,v, €X;
(47)

then f(h,(),h,(-) € SPWPP(R,X,p,,p,) if hy,h, €
SPWPP,(R, X, p;, py)-

The proof is similar to that of Theorem 3.6 in [6] and the
details are omitted here.

Remark 35. It is not difficult to see that Theorem 34 holds for
SPWPP,,,(R, X, py, py).

Lemma 36. Let {S(t)},5, € L(X) be a strongly continuous
family of bounded and linear operators such that ||S(t)| <
o(t), t € R', where § € L' (R") is nonincreasing.
If f € S'WPP(R,X,pi,p2) p1» pr € Ugoinfroo(u(T,
Pﬁ)/M(T’ p1)) = 8y > 0, and supr,,(u(T, p,)/ (T, p1)) < 00;
then

t
(Af) () = J, S(t—-s)f(s)ds e WPP, (R, X, py, p,) -
(48)

Proof. Let f(t) = f,(t) + f,(t), where f, € SPWPP,(R,
X, p1>p,) and fi(t + w) — f1(t) =0 a.e.t € R, then

t

(Af) () = I_ St-s)f (s)ds+J

=(ALf) @)+ (ALf) ().

S(t—-s) f,(s)ds

(49)

First, we show that A, f € WPP,(R, X, p;, p,). Consider
the integrals

t—-n+1

Y, @) = J S(t=3s) fy(s)ds. (50)

t—n

For each n € N, by the principle of uniform boundedness,

L,:= sup S(t)<oo. (51)

n—-1<t<n

Abstract and Applied Analysis

Fixn € Nand t € R; we have

[V, (¢t + k) - Y, ()] < J_IS(S)||f2(t+h—s)—f2(t—s)||ds

t—n+l
2 TSR ACTE

-n

t—n+1 1/p
i ([ b - polras)
(52)

In view of f, € L (R, X), we get

loc

t—n+1
tim [ s m) - fulfds=0, o)

h—0 Jt-n
which yields that

l}iino |y, ¢t +h) -Y, )| =0. (54)

This means that Y, (¢) is continuous.
By Holder inequality, one has

ol [ 15O £ -s)ds

-1

S RTCITATERI
n—1

o= [ fe-9)ds

(55)
t—n+1
<g0-1 | LG
t—n+1 1/p
soo-n(] IRl as)
<pn-D L2l
since
0 00 r~n-1
Sow-nlily <(s0+ 3 [ o0 Il
n=1 n=2 """
< (@) +[el) [ fallse < o0,
(56)
then Y2, Y, (f) is uniform convergent on R. Let Y(¢) =
221 Y,(t), t € R; then

Y(t):(AJ)(t):J_ S(t—5)f,(s)ds, teR. (57)

It is obvious that Y(t) € BC(R, X). So, we need to show that

lim ; JT ONY ®ldt=0 (58)
150 (T, py) Jr o
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In fact, by Holder inequality,

mols | s@lhe-slds

t—-n+1

<=0 pelas )

—-n

oo ([ inors)

then

1 T
w(T,py) L p (O [, ()] dt
(60)

St ([ )

hence Y,, € WPP)(R, X, p;, p,)- By Lemma 24, it follows that
Y(t) € WPP,(R, X, p;, p,).
By f,(t + w) — f,(t) = 0a.e.t € R, one has

t+w

(Alf)(t+w>=j St+w—s) f (s)ds= (A, £) (1),

ae teR.
(61)

Hence Af € WPP, (R, X, p;, p,). The proof is complete. [

3. Fractional Integrodifferential Equation

This section is devoted to the existence and uniqueness of
weighted pseudoperiodic solutions of the following fractional
integrodifferential equation:

Dfu(t) = Au(t) + DY f (tu(t), Ku (b)),

teR, 1<a<?2, (62)

Ku(t) = Jt k(t—s)g(s,u(s))ds,

where A : D(A) ¢ X — X is a linear densely operator of
sectorial type on a complex Banach space (X, | - ||) and f, g,
and k are suitable functions. The fractional derivative D} is to
be understood in the Riemann-Liouville sense.

Before starting our main results, we recall the definition
of the mild solution to (62).

Definition 37 (see [8, 30]). Assume that A generates an

integral solution operator S, (t). A continuous function u :
R — X satisfying the integral equation

u(t) = [ St =3) f(s,u(s),Ku(s)ds, teR, (63)

is called a mild solution on R to (62).

To study (62), we introduce the following assumptions.

(H,) A is a sectorial operator of type @ < 0 with 0 < 8 <

(1 — «/2).
(H,) k(t) € LY(R") is a continuous, nonincreasing func-
tion.

(Hy) g = g, +9, € SSWPP,(R x X, X, p;, p,) with g, €
SPWPPy(RX X, X, p;, p,), g1 (t+w, u)—g, (t,u) = Oa.e.
t € R, u € X, and there exist constants Lg,Lgl >0
such that

lgtu)-gtv|<Lylu-vl,
lor ) = gy W] < Ly u-vl (64)

teR, u,ve X.

(Hy) f = f, + f, € S'WPP,(R x X x X, X, p,, p,) with
fr € SSWPPY(R x X x X, X, py, p,), f1(t + w,u,v) —
filt,u,v) = 0ae t € R, (u,v) € X x X, and there
exist constants L s, L ; >0 such that

If (8w uy) = f (v,
< Ly (fuy =] + uz = va)

teR, u,uy,v,v, €X,
(65)
“fl (tuuy) = fi (8 V1>V2)"

<Lg (Jur = w1l + ez = v2) -

teR, u,u,v,v, € X.

(Hs) p1spy € Up, infro(u(T, py)/u(T, py)) = &, > 0 and
supro(u(T, py)/ (T, py)) < 0.

Lemma 38. If u € WPP_ (R, X, p,, p,), assuming that (H,),
(H,), (H;), and (Hs) hold, then Ku € WPP, (R, X, p;, p,).

Proof. Since g € SPWPP,(R,X,p;,p,), by (H;) and
Theorem 34, it is clear that y(-) := g(-,u(-)) € SPWPP, (R x
X, X, p1»p,). Similarly as the proof of Lemma 36, Ku ¢
WPP,(R, X, p1, pp). O

Lemma 39. Assume that h € SSWPP, (R, X, p;, p,) and (Hs)
holds; then

(AR (£) = Jt S, (t-s)h(s)ds, teR  (66)
lies in WPP, (R, X, py, p;)-

Proof. By (4), one has

CM

Is. @] < TETTC

t>0. (67)

Since 1 < a < 2 and CM/(1 + |@|t*) € LY(R") is nonincreas-
ing, and by Lemma 36, Ah € WPP, (R, X, p;, p,). O
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Theorem 40. Assume that (H,)-(Hs) hold; if
U (T
CML (1+ Lyllkll ) 1@ 7 < asin (&) (68)
then (62) has a unique WPP,, mild solution.

Proof. Define the operator F : WPP, (R, X, p;, p,) — WPP,
(R, X, p1, p) by
t
(Fu) (t) = J- S (t=3) f(s,u(s),Ku(s))ds, teR.
N (69)

First, we show that F is well defined. In fact, if
u € WPP(R,X,p;,p,), by Lemma38, Ku € WPP,
R, X,pp) € S'WPR,(R,X,py,po). s0 h() = f(
u(), Ku(-)) € SYWPP, (R, X, p1> p,) from Theorem 34. By
Lemma 39, it is not difficult to see that [F is well defined.

For any u,v € WPP_ (R, X, p;, p,)»

I(Fu) (£) = (Fv) @)l
<[ Il
x| f (s u (), Ku () = f (s,v(s), Kv(s))] ds
<i, [ Ise-9
X (lu(s) = v ()l + IKu(s) — Kv (s)l) ds

<1, (1+L,lKl) j_ 1S, ¢ = )] 1 (s) — v ()] ds

0 CM
<Ly (1+ LIkl ) lu—vi L 1+ @] s
CML (1+ L Ikl ) 161"
. llu—v].

asin (71/«) 7o)
70

By the Banach contraction mapping principle, F has a unique
fixed point in WPP, (R, X, p,, p,), which is the unique WPP,,
mild solution to (62). O

Remark 41. 1t is not difficult to see that similar result of
Theorem 40 holds for WPP,,, mild solution. In this case,

SPWPP,,,(R, X, p;, p,) instead of SPWPP,(R, X, p;, p,) in
(H;), (Hy), then (62) has a unique WPP,,, mild solution.

4. Nonautonomous Differential Equation

This section is devoted to the existence and uniqueness of
weighted pseudoperiodic solutions of the following nonau-
tonomous differential equation in Banach space X:

W ()=A)ut)+ ftu®), teR, (71)

where A(t) satisfies “Acquistapace-Terreni” conditions, evo-
lution family (U(t, s)),», generated by A(t) has exponential
dichotomy, and f is a suitable function.

In this section, we consider the following assumptions.

Abstract and Applied Analysis
(A,) There exists constants A, > 0, 0 € (71/2,7), LM=>0
and 3,y € (0,1) with B +y > 1 such that
g U0} C p(A(D) - A),
M
1+ A
[(A ) =1e) R(A, A (£)=2g) [R (A A (£) =R (Ao, A ()]

IR (LA () - Ag)| <

< Lit - s|P|A]Y
(72)

fort,s e R,%g = {1 € C\ {0} : [argA| < O}.

(A,) Theevolution family (U(t, s)),., generated by A() has
an exponential dichotomy with constants ¢ > 0 and
8 > 0, dichotomy projections P(t), t € R, and Green’s
function I'(t, s).

(A;) There exists w € R\ {0} such thatT(t + w,s + w) =
I'(t,s).

(Ay) f = f1 + f2 € SPWPPw([R X X,X,pl,pz) with f2 €
SPWPP)(R x X, X, py, ), f1(t + w,u) — fi(t,u) =0
a.e.t € R,u € X, and there exist constants LyLy >0

such that
If 6wy = F & <Ly lu—vl,
Ifi &w) = fr | <Ly llu—vl, 73)

teR, u,velX

(As) pi>py € Up, infro(u(T, py) /(T p1)) = 8, > 0 and
supro (T, p2)[u(T’ py)) < 00

Remark 42. (A,) is usually called “Acquistapace-Terreni”
conditions, which was first introduced in [31] and widely
used to study nonautonomous differential equations in [19-
21,31,32]. If (A,) holds, there exists a unique evolution family
(U(t,s)),ss on X, which governs the homogeneous version of
(71) [32].

Definition 43 (see [21]). A mild solution of (71) is a continu-
ous function u : R — X satisfying

u()=U(ts)u(s)+ r U (t,0) f (0,u(0))do (74)

forallt > s, t,s € R.

Lemma 44. Assume that f € S'WPP, (R, X, p;, p,) and (A5)
hold; then

0= [ UtoP©f©do
°° (75)

B L Uq (t,0)Q(0) f (0)do

lies in WPP, (R, X, py, p;)-
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Proof. Let f(t) =
X, p1>p,) and f(t + w) —

f1(t) + f,(t), where f, € SPWPP(R,
fi(t) =0ae. t € R; then

(ILf) (1) = j U(t,0) P (o) f (0)do

- fo Uy (,0)Q(0) f(0)do 7
= (I, f) () + (T, f) (1) »
where
(IL f) (1) = J U(t,0)P(0) f,(0)do
UQ (t,0)Q (o) f1 (0)do,
(77)

(ILf) () = J U (t,0)P(0) f, (0)do

00

- L Uq (t,0)Q(0) f, (o) do.

Next, we show that IT, f € WPP(R, X, p,, p,). Consider
the integrals

t-n+l1

X, () = J U(t,0)P(0) f, (0)do

t—n

t+n
- J Uq (t,0)Q(0) f, (0)do

t+n— (78)
= J U(t,t—o)P(t-o0) f,(t-0)do

n-1

. J Ug(tt+0)Q(t+0) f, (t + o) do

n—1
foreacht e R,n=1,2,....
By the Hélder inequality and the exponential dichotomy
of (U(t, 5)) s it follows that

t—n+1
@lse| e @) do

t+n
+cj
t+n—1
t-n+l s 19 ; t-n+1 1/p
SCU et <f-0>da> < | ||f2(a)||pda>
t— t—n

t+n s 1/9 / ct4n 1/p
o[ o) ([ o)
t+n-1 t+n—1

(e ) p

eV £, o) do

—ad(n— - 1/
e G ETa N I

Iss-
(79)

1

where Since the series

9 = pllp = D
2c9/(e?® +1)/(gd) Yo, e " is convergent, by the Weierstrass
test, >0, X,,(t) is uniformly convergent on R. Furthermore,

t
XO=-LA0O= | UEoP© fie)do
” (80)

B J; Uq (t,0)Q(0) f, (o) do.

It is obvious that X(¢) € BC(R, X). So, we need to show that

lim;JT (&) 1X (®)] dt = 0 (81)
1o (T, py) Jr P2 o

In fact, by Holder inequality, one has

1X, @] < L |U(tt=0) P(t - 0) f, (t - 0)| do
+ J_l |Uq .t +0)Q(t +0) £, (t + )| do
" —do
<c| -0 do

tc J | e % |£> (t + 0)| do

n 1/q n 1/p
< c<j e-q50d0> < [ 1 (t—a)||Pdo>
n-1 n-1
n 1/q9 ;s rn 1/p
+c<j e*q“”d(;) (j || fz(t+o)||pdo'>
n—-1 n-1
on eq8 +1 t—-n+1 I/P
S (T

5 t+n
_ e’ +1
+ce 5"<j—(J
q5 t+n

<C, (%) (j £, <o>|lpdo)

2/p
I£: @) do)

1/p

t+n 1/p
+cq(c,6)<L } ||f2(o-)||pdcr> :
(82)

where C,(c, §) is a constant, depending on g, ¢, and 8. Then

1 T
u(T.py) L P2 (1) X, (8)] dt

e I T o)

C (c,8)

y(T ) J P (1) (J s (U)”pd0>1/Pdt;
(83)
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hence X,, € WPP)(R, X, p;, p,). By Lemma 24, it follows
that IT, f € WPP,(R, X, p;, p,). It is not difficult to see that
(IL O + w) — L, f)(t) = 0ae. t € R, whence IIf €
WPP,(R, X, p;, py). 0

Theorem 45. Assume that (A,)-(As) hold; zf2ch < 6, then
(71) has a unique mild solution u € WPP, (R, X, p;, p,) such
that

u(t) = r U(t,0)P(0) f (o,u(0))do
- (84)

- JOO Uq (t,0)Q(0) f (o,u(0))do, teR.
t

Proof. First, we show that (71) admits a unique bounded
solution given by (84), which is similar to the proof of
[21, Theorem 3.3]. For u € WPP, (R, X, p;,p,), it is clear
that h(-) = f(,u()) € SPWPP,(R,X, p,, p,) since (A,)
holds; then by the definition of exponential dichotomy of
(U(t, ), it is not difficult to see that (84) is well defined
foreacht € R.
Forallt >, t,s € R,

u(s) = r U(s,o0)P(0)h(0o)do
- (85)

- JOO Uqg(s,0)Q(0)h(0)do, seR;

N

then

Ut s) 1 (s) = j U (t,5)U (s,0) P (0) h () do

- ro U(t,s)Uq(s,0)Q(0) h(o)do

N

r U (t,0) P (o) h (o) do

- ro Uqg (t,0)Q(0) h(0o)do

N

J U (t,0) P (o) h(o)do (86)

t

U (t,0)P(o)h(o)do

—

s

(o]

Uqg (t,0)Q(0) h(0)do

|
]

- r Uqg (t,0)Q(0)h(0o)do

=u(t) - JtU(t,a)h(o) do,

N

so u is a mild solution of (71). To prove the uniqueness, let v
be another mild solution of (71), then

v(t)=U(t,s)u(s) + r U (t,0) h (o) do, (87)

Abstract and Applied Analysis

by the exponential dichotomy of (U(t, 5)),s>

Pt)v(t) = [ U(t,o)P(o)h(o)do, teR. (88)

Similarly,
Q)v(t) = Jt Uqg (t,0)Q(0)h(0)do, teR. (89)
So
v(t)=P@)v(t)+ Q@) v(t)
= Jt U (t,o)P(c)h(o)do
- (90)

- LOO Uq (t,0)Q(0) h (o) do

=u(t).
Next, define the operator # : WPP (R, X, p;,p,) —
WPF,(R, X, p;, p,) by
t
(Fu)(t) = J U (t,0) P (0) f (0,u(0))do

o0
- J Uqg (t,0)Q(0) f (o,u(0))do, teR.
t
(o1
Ifu e WPP, (R, X, p;, p,), itis not difficult to see that f(-, u(-))
€ SPWPP,(R, X, p;,p,) since (A,) holds. By Lemma 44,
Fu e WPP, (R, X, p;, p,), so F is well defined.
For any u,v € WPP, (R, X, p;, p,)»

I (1) - () (0]
<[ o P@f@uo)-f@ve)|do

+ LOO [Uq (£,0)Q(0) [ f (0,u(0)) - f (0,v(0))]| do

t
oo

—00

e |u(0) - v(0)| do
+L; I ce 2 u (o) - v(0)| do
t

< %Lf lu—v]|.
(92)

By the Banach contraction mapping principle, & has a unique
fixed point in WPP, (R, X, p;, p,), which is the unique WPP,
mild solution to (71). O

Remark 46. 1t is not difficult to see that similar result of
Theorem 45 holds for WPP, = mild solution. In this case,

wap
SPWPP,,,(R, X, p;, p,) instead of SPWPP,(R, X, p;, p,) in
(A,); then (71) has a unique WPP,, mild solution.
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5. Example

In this section, we provide some examples to illustrate our
main results.

Example 1. Consider the fractional partial differential equa-
tion

*w (£, x)
0x?

+ DI f (X w(t, x), Kw (8, %)),

Diw (t,x) = —aw (t, x)

teR, xe(0,1), (93)
Kw(t,x) = Jt k(t—s)g(s,xw(sx))ds,
w(t,0)=w(t1) =0,

where 1 < a < 2,a > 0 and k() is a real valued continuous
nonincreasing function such that |[k(t)| < C ke_ht fort > 0and
Cy and b are positive constants.

Take X = L*[0, 1], and define the operator A by

D(A) = {weL*[0,1] :w" € L*[0,1],w (0) =w(1) = 0},

Aw=w" —aw, VYw e D(A).

(94)

It is well know that A is the infinitesimal generator of an
analytic semigroup on L*[0,1]. Thus A is of sectorial type
w=-a<0.

Let u(t) = w(t,x),t € R, x € [0,1]; then (93) can be
rewritten as the abstract form (62). Take p, (¢) = e’ and p,(t) =
1 + t*; by Theorem 40, one has the following.

Theorem 47. Under assumptions (H;) and (H,), then (93) has
a unique WPP, (R, X, p,, p,) mild solution whenever

CL; (1 + LIkl ) lal™"*m < asin (g) . (93)

Example 2. Consider the heat equation with Dirichlet condi-
tions

ou(t,x) _ *u (t, x)
3% - g T46xubx)+ ftultx),

teR, x€[0,m],

u(t,0)=u(tm)=0, teR,

(96)

where f: R x L2[0,7] — L*[0,7] is weighted pseudoperi-
odic function, g : R x [0,77] — R is a continuous function,
q(t + w, x) = q(t, x) for w > 0, and there exists y, > 0 such
that g(t, x) < —y,.
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Take X = L*[0, 7] being equipped with its natural topol-
ogy and define

D(A) ={uel?[0,7]:u" € L*[0,7],u(0) = u(m) = 0},

"

Au=u, YueD(A).

(97)

Let ¢,(t) = 2/msin(nt) for all n € R. It is well known
that A is the infinitesimal generator of an analytic semigroup
(T(t))s0 ON L2[0, 7] with [T ()| < e”* for t > 0. Moreover,

THg=Ye" (9.0) P (98)
n=1

for each ¢ € L2[0, 7).
Define a family of linear operators A(t) by

D(A() =D(A),

A e(x)=Ap(x)+qt,x)p, Vxe[0,n], e D(A).

(99)
Since g(t, x) < —y,, one can see that the system

=AW ul), t=s

(100)
u(s) =g eL*[0,7]

has an associated evolution family (U(t, s)),s, on L2[0, 7],
which can be explicitly expressed by

Ut,s)g =T (t —s) el 1007y, (101)
Moreover,

Ut ) < e foreveryt>s.  (102)

It is not difficult to verify that A(t) satisty (A,)-(A;) with ¢ =
1,8 = 1 + y,. One can see [21, 33] for more details.

By Theorem 45, we claim that

Theorem 48. Under the assumptions (A,) and (As),
(96) admits a unique WPP,) mild solution u(t) € WPP,
(R, L[0, 7], py, p,) if2Ly < 1+y,
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