Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 956318, 17 pages
http://dx.doi.org/10.1155/2014/956318

Research Article

Approximate Solutions by Truncated Taylor Series
Expansions of Nonlinear Differential Equations and Related
Shadowing Property with Applications

M. De la Sen,! A. Ibeas,” and R. Nistal'

! Institute of Research and Development of Processes, University of the Basque Country, Campus of Leioa (Bizkaia),

P.O. Box 644, Bilbao, Barrio Sarriena, 48940 Leioa, Spain

? Department of Telecommunications and Systems Engineering, Universitat Autonoma de Barcelona, UAB, 08193 Barcelona, Spain

Correspondence should be addressed to M. De la Sen; manuel.delasen@ehu.es

Received 5 December 2013; Accepted 11 June 2014; Published 7 July 2014

Academic Editor: Samir Saker

Copyright © 2014 M. De la Sen et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper investigates the errors of the solutions as well as the shadowing property of a class of nonlinear differential equations
which possess unique solutions on a certain interval for any admissible initial condition. The class of differential equations is
assumed to be approximated by well-posed truncated Taylor series expansions up to a certain order obtained about certain, in

general nonperiodic, sampling points ¢; € [t,,¢;] fori =0, 1,...

1. Introduction

This paper investigates the errors of the solutions of nonlinear
differential equations y(t) = f(y(t),t), where f € CrD(R"x
(to>t;); R"), provided they exist and are unique for each given
admissible initial condition y(t;) = y,, with respect to the
solutions of its approximate differential equations x(t) =
Y (F P Celt)), t) KN (x(t) — x(8))5 x(ty) = xp, for any
given nonnegative integer £ < n, obtained from truncated
Taylor expansions of the solutions about certain sampling
points t; € [t,t;] fori = 0,1,...,]. It is assumed that if a
unique solution exists on some interval [ty,t;] and that the
choice of the sampling points is such that the intersample
intervals [1-4] are subject to a certain maximum allowable
upper-bound then the error of the solution in the whole
interval [y, t;] satisfies a prescribed norm bound. Using the
obtained results, the shadowing property [5-10] of the true
solution with respect to the approximate one is investigated
in the sense that “shadowing” initial conditions of the true
solution exist, for each initial condition of the approximate
differential equation, such that any approximated solution
trajectory on the interval of interest is arbitrarily close to
the true one under prescribed allowable maximum norms of

, J of the solution. Two examples are provided.

the error between both the true solution and the approximate
solutions. The problem is extended to the case when the
approximated solution is perturbed either by a sequence
of a certain allowable size at the sampling points or with
perturbation functions of a certain size in norm about the
whole considered interval. The main tool involved in the
analysis is an “ad hoc” use of a known preparatory theorem
to the celebrated Bernstein’s theorem, [11], which gives an
upper-bound for the maximum norm of the error in between
both the true and the approximate solutions. The results
are potentially extendable to functional equations involving
nonlinearities and the presence of delays subject to mixed
types of uncertainties [12-18]. On the other hand, different
characterizations of oscillatory solutions and limit oscillatory
solutions (limit cycles) have received important interest in the
literature concerning different types of nonlinear dynamic
continuous-time, discrete and hybrid systems, and differen-
tial equations [19-28]. The shadowing property is naturally
relevant for the characterization of limit oscillations. There-
fore, the formulation is applied in the second example to the
characterization of limit cycles generated as solutions to Van
der Pol’s equation.
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2. Calculation of the Exact Solution from
Taylor Series Expansion

Lemma 1. Assume that f € C"V((a,b); R") and divide the
real interval (a, b) into ] subintervals with points y, € [a,b]
such that

a5y0<y1<y2<-~-<y]_1<y]Eb. (1)

Then

f(yiﬂ)

=f()+ Lhi f(y+y)dy

=fo)+ ) Lh] FOr+y0)dy

j=17h

=f(n)+ ) thf(y+yo+ﬁ,~)dy

N B
J "(y+yo+hy ) dy

1 i hj Vi _ n
. J J (y+ 0+ 7, — 1) £ 0y de dy,
(2)

where h, =y, ~ I By = Ypur = Yo = Yigh; forn =

0,1,....,]—1withh_, =0, and

f [yi+1 (Ei+l)]
= f (%)

i n fR () 3
+'_Z Zf k!(]) Joj(y+y0+hj—cj+1)kdy

‘e > .[ohj ,[yjﬂ (y+yo+h;- t)nf(nﬂ) (t)dtdy

. hi+1 _ -
" Z K L (y+y0 +hit by _Ci+2)kdy

R Yin _ _ .
- J J (v + yo+ by + by —t) f70 @) dt dy;
Cj+1
3)

Yy € [y ¥ipq) and any realc; € [y;, yiq] fori=0,1,...,]-1;

Vh, € [0, fori=0,1,...,] 2.
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Proof. It follows from a well-known preparatory theorem to
Bernstein’s theorem [5] that

R, )
10)= 3800

k=0

(4)
1 (7 n q(n+
+EL (y — )" f™D (t) dt.

O

Now, consider the nonlinear ordinary differential equa-
tion
yO=f®.1);  yt) = (5)
in the real interval R" x [t,,¢;] such that f € CrD(R" x
(tot7)s R") is Lipschitz-continuous in [ y(t,) — 6y, ¥(t,) +6,] %
(£, t;]. The following result follows from Lemma 1.

Theorem 2. The unique solution of (5) in [t,, t;] is given by

y () =y(t)
S5 e
a0 lern) -y (o)

xf(“l) (y (a + tj) ,0 + tj)da] dr

ol (y(r+ty) -y (ti—l))k

[ [g e

+ % JT (y (0 + ti—1) - y(ti—l))e

x fEV(y(o+1t,), 0+t ) do] dr;
(6)

Vt o€ [t nt;; Vi € ] = {1,2,...,]} and Veé(e Z,,) < n,
wheret; € [t,,t;] are any arbitrary strictly ordered points such
thatty < t; < t, < .- < t;; < tywithh; = t;,; —t,; for
i=0,1,...,] - L

Proof. Note that f € C™D(R" x (to>t;); R") is Lipschitz-
continuous in [y(t,) — 6y, y(ty) + 6y] X [ty, ;] so that the
solution y(t) on [t,, ¢;] is unique, provided that ¢; = ¢;(6,, t,)
for the given t, € R and some 6, € R" is such that y(t) €
[y(ty) — 0o, ¥(ty) + O] Vt € [ty,t;] and t; € (to,tf] since
£ y(te) = 0y, y(ty) + 0y x [ty ;] — R islocal Lipschitz-
continuous as a result. Such a unique solution is given by

t
Y =y, + Lf(y(‘r),‘r)d‘r; Vie[tot)]. @)
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Take any set of J strictly ordered points ¢, € [¢,, ¢;] satisfying

ty <t) <ty <. <ty < tpwithh; = t;,, -t fori =
0,1,...,J — 1, so that
t
y(t)=y(ti_1)+J fly@,7)dr
i-2 tis t
:y(t0)+ZL f(y(T),T)dT+L f(y@),r)dr
=0t 1
(8)

Yt € [t ;3 Vi € ] = {1,2,...,]}, with y(t,), so that, by
choosing the real ¢; € [t;,_;,t;]as¢; =t;fori =0,1,...,] - 1,
one gets from (3) in the proof of Lemma 1 into (4):

y () = y(ty)

xf(”“) (y (a + tj) O+ tj)do:| dr

bt [ f(k) (y(t, ) tiy)
SRR

x(y(r+tiy)-y (ti—l))k

+ % J’(: (y(o+tiy)—y(tiy)"

xf"V(y(o+t,,),0+t,,)do | dr;

)

Vt e [t t;; Vi € 7 = {1,2,...,]}. Note that, since f e
C™D(R" x (ty,1;);R"), then f € C**V(R" x (t,,1));R") for
any nonnegative integer £ < n. Thus, we obtain the result
from a similar expression of (9) by replacing n by £(< n)
while truncating the Taylor series expansion by its (€ + 1)th
term. O

A consequence of Theorem 2 by using the same technique
of the solution construction is as follows.

Corollary 3. Consider the nonlinear ordinary differential
equation (5) with initial condition y(t,) on the real interval
R" x R,,, with initial conditions y(t,) for j = 0,1,...,n—1,
such that f € C("+1)(R"><(t0,t]); R") is Lipschitz-continuous in
[y(to) =0y, ¥(ty) + 6] X [ty, t;] for some 6, € R", and consider
also its €th order truncation
(k)
x(t) = ZL—QQLQ&a%wamﬁ o)

x(ty) = X

such that f®(y(t),t) are bounded in [y(t,) - 6, y(t,) + 6] x
[to,t;] fork = 0,1,...,€ + 1 for some nonnegative integer £ <
n and some 0 € B(6,, R), where BO,R) = {z € R" : ||z -
6l < R} for some positive real R with xV(t,) = y(t,) for
i=0,1,...,8+1.

Since f(k)(y(t), t) are bounded in [y(t,) — 6, y(t,) + 0] x
[ty t] fork = 0,1,...,€ - 1, then the right-hand-side of (10)
is Lipschitz-continuous in [y(t,) — 6, y(t,) + 0] x [to,t;] <
[y(ty) — 0, y(ty) + 6] x [ty, t;]. Therefore, the unique solution
of the truncated differential equation (10) in [a, b] is

x(t) =x(t,)

S LT ) o

k=0 | j=0

(x (1) ti1)

t—t;, (k) )
v /
N

(x <a+ti_1)—x<t,-_1>>"]dr};

(1)

Vt e [t t;; Vi € T = {1,2,...,]}, Vé(e Z,,) < n, where
t; € [ty,t;] are arbitrary strictly ordered points such that ¢, <
t) <ty <---<tjy <tywithh; =t;,,~t;fori =0,1,...,]- 1
The error in between the exact solution of (10) and that of its
truncated form (5) is

et) =y () -x(t)

:géu.<£tgéllhy@+w—y@»k
() 1)
k!

xf(€+1) (y(0+tj),a+tj)d0d'r

e it f(k)( (ti1) ticy)
2L

x(y(r+tiy) -y (ti—l))k

O (x(t) 1)
- k!

A (1) —x(ti-n)")dr




o A RCICET D B IC);

- Jo 0

x fEY (y(o+t,,),0+t,,)dodr;
(12)

Vte [t t;;Vie] =1{1,2,...,]} and Ve(€ Z,,) < n.

Proof. Property (i) follows directly Theorem 2 applied to the
truncated differential equation (10) leading to the solution (11)
in [ty, t;]. Property (ii) follows from (6) and (11). O

Now, a preparatory result follows to be then used to
guarantee sufficiency-type errors results in between the true
and the approximate solutions in the interval [a, b].

Lemma 4. Assume that the following hypothesis holds.

(A1) f(y(t),t) and its first (€+1) derivatives are uniformly
bounded from above on a bounded subset of their existence
domain with the specific boundedness constraint:

sup If (y@),1)]

y(0)ely(to)-0.y(t;)+0)t€lto t;]
(13a)
<K sup ||y(t)||+K1,

y(t)e [y(tg)ff),y(t;)+9]‘t€ [to:ty]

sup |77 .0

y()ely(to)—-0,y(t;)+01teltonty]

<K sup "f(j*l) (y(t),t)” +K,
y()ely(to) -0y (t;)+01teltooty]
(13b)

forj =0,1,...,€ + 1 and some K,K; € Ry, with K < 1if
K, € R,. Then, the following properties hold.

(i) Assume that the intersample intervals h; = t;,, —t; for
i=0,1,...,] — 1 fulfill the constraint

h;<h

< 1 ( 1- Px/z Px )
< min( g;, 7> )
Axl_Px/z) 2Ax(1_Px/2) (]_l+px/2)
(14)

fori=0,1,...,] — 1 and any given real constant p, € (0,2),
where

A, = Zi—f( sup Ilf(y(t),t)H)

k=0 y()ely(to)-0,y(t;)+01teltoot;]
Kl (1 _ K€+1)
1-K
(15)
a; := min arg(t(e R,) >t |x(t) - x(t)] < %),
Vte[tpty,), i=0,1,....]-1
(16)
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Then, the approximated solution fulfills sup,, . lx(t) -
x(t)ll < p,/2 provided that

t; = min arg(t(e R,) >ty x(t) = x(tp)] < %)

(ii) Assume that the intersample intervals h; = t;,, — t; for
i=0,1,...,] — 1 fulfill the constraint

h;<h

1-p/2 P

< min (bl’ e’ o+1 )
A(1=p/2)" 20(1-p/2) " (J-1+p/2)
(18)

fori=0,1,...,] — 1 and any given real constant p € (0, 1),
where

A=i% [( sup ||f(y(t),f)||>

k=0 y)ely(to)-0,y(t;)+0)teltoot;]
K (1-K*
K-k
1-K
(19)
— mi . P.
bi:==minarg(t>t: |y - y(t)] < )
(20)

Vte[tpty,), i=0,1,....]-1

Then, the true solution fulfills sup,, . 1Ily(t) = y(t)ll < p/2
provided that

t, = min arg(t(e R,) >ty |y -y ()| < g)

(21)

(iii) If p, = p € (0, 1) and, furthermore,

h;<h
1-p/2
Smin(ci, Pl 7> eﬁ );
A1 -p/2) 20(1-p/2)" (J-1+p/2)

i:0$17-'~)]_17
(22)

¢ := minarg <t >t cmax (|y () — y ()], |x () = x (£;)])

<

SRS

>; Vt € [tpti), i=0,1,...,] -1,
(23)

t; = minarg <t(€ R,)

> to = max (ly (6) = y (o), [ (8) = x (£)]])

)

<

[SH e}

(24)
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then the true, the approximated and the error solution fulfill

[ SN}

sup [y (6) - y (to)] <

teltoty]

(25)
sup ||x (1) = x (t,)| <

te(to.ty]

S et

and the error in between them, e(t)

= y(t) — x(t), fulfills

sup [le(t) - e (t,)] < p. (26)

te(to,ty]

Proof. Proceeding recursively, one gets from Assumption Al
that

sup I (@)1
y(0)ely(to)-6.y(t;)+0)kelto ty]

<K sup

| o.0) + K,
y(t)e[y(to)—ﬂ,y(t,)+9],t€[t0,t,]

<K sup
y()ely(to)—-0,y(t;)+01teltonty]

|7 o)

+ K, (1+K)

k-1 ok
SKkF0+K1<ZKi>SKkFO+—Kl(1 k")

i=0 1-K
< Fy+ —1
1-K
(27)
if K < 1and K, #0, and
k k
sup "f( "y ’t)“ < KK, (28)
y©€ly(to)-0,y (1) +0)teltot;)
if K; = 0, where
0
Fy = sup 179 @1
y(O)e[y(to)-0,y(t;)+0] teltont;]
(29)

If (v @®),1)] < +oo.

= sup
y)e[y(to)-0,y(t)+0] teltoot;]

Case (a). If K < 1 and K, # 0 proceed by complete induction
by assuming that SUPye(z, tJIIx(t) - x(ty)ll < p,/2 since the
condition (t(e R,) > ¢t; : |x(t) — x(t,)ll < p,/2) guarantees

that sup,¢, . l1x(£) -
that

J (6) - x (8)]

£t

k=0 j=0
1-K* k
)
-K 2

K, (1-K*) .
A o -+t

x(ty)|l < p,/2. Thus, one gets from (11)

€ i-1

|
M
M
/N
x»
e
=

+hd, | ) (”x ) -x (ti)“kl)> e @ = x ()]s

Vi € [t tin),
(31)

where A, = ¥t _ (1/KD(K*F, + (K (1 - K¥)/(1 - K))) and

h > max,;; h;, with h; = t;,, —t;,fori=0,1,...,] - 1,50
that
e
[1 ~hA, <Z (lx® —x(ti)u"‘l))]
k=0
x ||x (t) = x (t;)]| < ihA (Z‘f: (&)k> (32)
i X & P
ihA, (1= (p/2)""")
B 1 _px/2 '
or
e = x ()]
ihAx (1 - (Px/2)€+l>

on (5 (kO - > @)= p2)
(1 ()"

[1 - ((hiAx (1 - (Px/2)€>) / (1 - Px/z))] (1 - Px/z)
Px
2

IN

<

(33)



provided that 0 < p, < 2,and 1 > hiAx(Zizo(llx(t) -
x(ti)llk_l)) which is guaranteed if h; < min(a, (1 -
po/2)/(A (1= p,/2)")) holds with a; for i = 0,1,...,] - 1,
defined in (16), provided that [|x(t) — x(tj)ll < pf2; Yt €
[tjti1) for j(< i) = 0,1,...,i — 1, and then (33) and hj <

(1= p/2)/(A (1= p./2)")) for j = 0,1,...,i — 1 are jointly

guaranteed for the giveni =0,1,...,] — 1 if
h;
1-p,./2
<min( -2 £ )
(1=px/2) 28,(1=p,/2) (J-1+p./2)
(34)
provided that [x(t) — x(t]-)II < p/2fort e [tj,th) for j =

0,1,...,i -1, the last condition being identical to

%). (35)

The above two conditions (34)-(35) reduce to (14). Then, one
gets from complete induction from (31), if (14) holds, the
following.
Supte[to,ti]”x(t) - x(B) < p/2 = supte[to,ti+1)||x(t) -
x(t;)Il < p,/2 and one gets also by continuity extension,
SUD;cpy, 1] llx(t) = x ()l < p,/2; Vt € [y, t;]. Hence, we got
the result for Case (a).

ti,1 < @ = min arg <t >t () —x(8)] <

Case (b). If K| = 0 then
Ix () - x (&)

<3 (2))
+h,-AX0<Z(||x(t) x ()" ))”x(t) x(t)];

k=0
(36)

Vt € [t;,t;,1), where A , = Zi;o((KkFo)/(k!)) < A, so that
(1-hA )lx@#)—x()I <ihA , (Efori=0,1,...,] and, thus,
one gets the following.

lx() = x(t)l < (((hA HE)/(1 = hA ) < p,/2; Vi €

[t;,t;;) for i = 0,1,...,] and one gets from complete
induction the same conclusion SUPy(r, 4] () =x(t )l < /25
Vt € [ty t;) as in Case (a) provided that (14) holds. Then,
(14) guarantees Property (i) for both Cases (a) and (b). Then,
Property (i) has been proven.

Property (ii) is proven “mutatis-mutandis” by noting that
A > A from (15) and (19) and noting also that g; in (16)
is replaced with b, in (20) so that the admissible intersample
interval satisfying the constraint (14) is replaced by such an
interval satisfying the constraint (18). Finally, Property (iii)
follows from Properties (i)-(ii) by equalizing p, and p to take
a maximum value less than 1/2.

The following comments address the fact that it is not
necessary to deal with the solution of the true differential
equation (5) to calculate upper-bounds of the solution and
error in Lemma 4.
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Remark 5. Note that one gets by direct integration from (5)
that

Iy ol
<
e Iy @ -
<yt + (t; - t0) K SuPt Iy @
to<T<ty
leading to
(t] to) = 1
O s ——= |y (t if » h<—.
S Iy O < e Il i 2 h<

(38)

Thus, (25)-(26) might be guaranteed with suptﬂggtlll y(t) -

Yl < (1/(1 = K(t; =ty ()l < (p/2) if [ly(to)ll <
(p/2)(1 = K(t; - ty)) < (p/2). Thus, there is no need to
compute the solution of the true differential equation (5) and
sup, <« ly(®) = y(£o)ll < (p/2) fori = 0,1,...,] = 1in (20)
and (23) if [ly(to)ll < (p/2)(1 - K(t; — £))).

One gets directly from Lemma 4 the subsequent result.

Theorem 6. Assume the conditions (13a) and (13b) and (22)-
(24) of Lemma 4(iii). Then

ma ( max, e t0) = e @1 Je @ - (el ) < p <

max_[le ()]l < |le ()] + p5
te[tot;]

(39)
Vt € [ty, t;], and
omax fe ) —e(n)] < ps
(40)
Vt € [t t,] fori=0,1,...,] -1
fori=0,1,...,] - L

3. Orbits of the Exact Solution,
Pseudo-Orbits of the Approximated
Solution, and the Shadowing Property

Now, consider a perturbed solution (11) of the approximated
differential equation (10) associated with a perturbation
x(t;) = x(t7) + g(t;) with {g(¢;)} c R" att = ¢, fulfilling
gl < < g for some given g € R, Vi € J. Note
that a perturbation at the initial t = ¢, is considered by
choosing x(t,) = y(t,) + g, for some nonzero g, = g(t,) €
R. The perturbed solution can be generated, in particular,
from impulsive controls of amplitudes g(t;) at the sequence
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{t;:ie 7}. The exact and approximate solutions (6) and (11)
in [ty, t;], provided that they exist, are

y () =y(t;)

+ ; JH" Py ).t

R () -y (6) e

1 [t (T
+EJ J (r(o+t;)-r(1))
x e (y(o+t;),0+t;)dodr;

vt € [t,ti], i=0,1,...,] -1,
(41)

x(t) = x(t)

o3 [0

() - x () dr

k=00
+U (t - ti+1) g (ti+1) >

Vt € [tti], i=0,1,...,] -1,
(42)

where U(t) is the Heaviside function. The error between the
exact and perturbed approximated solutions becomes

e(t)=e(t;)
[ (k) N ot
’ Z Jo (%(J}(T“Lti)_)’(ti))k

_ SO (). t)
k!

x(x(r+8)-x (t,-))k) dr
vl T olere)-»w)

x fED (y(o+ t;),o+t;)dodr

- U(t - ti+1)g(ti+1);

(43)
Vt e [t;,t,]:i=0,1,...,] — 1. Now, one gets from (25)-(26)
of Lemma 4:
le (®) — e ()]
2k+1 p k
3 m(2)
< kZ:;) k! ( z) ik 2

1 2.0 P\ _
+ E(t —1;)2" M,y 5) t9 Vt € [tptin],
(44)

7
where
M, = D (y(t),t)
ik sup o,
y(©)ely(t;)-0,y(t;)+01t€lt; b, ]
K (1-K*
< K*F, + M (45)
1-K
KHp K (1-K) P, K
) 1-K 2 1-K
from (27) and one gets after using the triangle inequality,
le® -e ()]
<§ izm (t-t)) Kk+1’)+K1(1_Kk) (£>k
AV j 2 1-K 2
j=i \k=0
1 2
+ E(t —t;)2
K2 K, (1- K e
JK e UKD ey g ),
2 1-K 2 ]
(46)
VE € [ty form=0,1,...,J—i—1;i=0,1,...,] - 1.

One obtains easily from (46), either by complete induction or
via recursive calculation, that

le @) —e(t)]
Jo1 [ £ okl K*1p Kl(l—Kk) Pk
S;)(};) Kl (t_tf)[ > Tk ](5)
+%(t—t].)22"
K2p K (1-K*)] pye _
X[ 2 -k ](E)+gf>
(47a)
£ k+l Kk+1p Kl(l—Kk) p k
S]h(éf[ P S <E>
+&2e
o
K% K (1-K™)]/p\e) |
X[ 2 Tk (5) +1g

(47b)



le ()1l < [le (to)]]

¢ okt Kk+1p Kl(l—Kk) p k
+Z(tt><;} k'[ > K (E)
+—(t—tj)2€
+ _ b+l
X[1<“p+1<1(1 K )]
2 1-K
P\ -
<(5)+5,)
(47¢)

< Jle (%)l

¢ 2k+1 Kk+1p K, (1_K) p k
+]h<z [ 1-K (E)

Jhoo[ K0 K (1-K™)] /pye

o’ [ 2 TTI-k <§)

(47d)

+7g;

Vt € [tgty + Y0og WIS [tosty + Jh]) with By = t;,, — ¢, for
i=0,1,...,] - 1 and any given nonnegative integer £ < n.
The following result follows directly from the above equations
and Theorem 6.

Theorem 7. Consider an approximated perturbed solution
(42) under a forcing perturbation sequence {g(t;)} < R" at
t = t; fulfilling | g(t)Il < g, < g = lle(ty)ll fori = 1,2,... and
some g € R,. Then, there are numbersh e R, ] = J(h) € Z,,
g =¢(hg) e R, and € = e(g, lle(ty)ll) such that

max  max e (1) ~ ¢ ()] maxle ) - e ()] ) < 1

max |le ()] < &
teR,,

(48)

on [ty, t;] for any strictly ordered sequence of (J+1) nonnegative

real numbers {t; : i =0, 1,..., ]}, subject to the constraints
J-1
ty=ty+ Y h
i=0
(49)
b=ty —t;<h,
i=0,1,...,] -1

satisfying the constraints (22)-(24) of Lemma 4 subject to (18).
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Proof. Note that fixing Z{;Ol h; = t; -ty < Jh, withh =
max,;c;_; (£ —t;), and the use of (46), (47a), and (47b) leads
to

le ) —e(t)]
- 2k+1 Kk+lp K (I—Kk) p k
SZ()( (Z [ 2 1K (E)
+lh2€
2!

X[K2%+Kmiigﬁw]<§f>+@>

-1
£g =P+Z§i’
i=0

(50a)
le®) - e ()]
¢ Hk+l Kk+1p Kl(l—Kk) p k
SJh(,(ZOW[ 2 1K (E)
ev2 K (1=K ¢
+lh2€[K p+ 1( ):| B))
2! 2 1-K 2
+Jg<e =p+]g;
(50Db)

vVt € [to,t;l;i = 0,1,...,] — 1 by using Lemma 4 and
Theorem 6 for any given prefixed p € R,. The result then
follows since g, = [le(ty)|l < g and either

E=¢ + ||e (to)" >

J-1 okl Kk“p K1(1—
A e

k=0

ey

K2, K, (1-K! e
+ﬁz‘f[ P+ 1( ) <B> =p
! 2 1-K 2
(51)
or
e=¢ +|e(ty)] & =p+Jg
£ Hktl Kk+1p Kl(l—Kk) p k
(5[5 S
Sk 2 1-K 2
e2 K (1=K ¢
+lh28[K P, 1( )](£> )Sﬁ;
2 1-K 2
(52)

and the result has been proven. O
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The following result extends Theorem 7 with results of
Theorem 6 for the case when both the exact and approx-
imated differential equations are subject to a piecewise-
continuous bounded disturbance which might be dependent
on the solution and also can have finite step discontinuities in
the sequence {t; : i =0, 1,...,J}.

Theorem 8. Consider the forced versions of the differential
equations (5) and (10):

yO=fy®,t)+g(ny@®),  y(t) =y (53

® (x
x(t) = ZM( ) - x(t;) + g(r.x (1),

X (to) =X
(54)

under the additive forcing perturbation g € C™D(R" x
(to» t;); R") satisfying Assumption (A2) of Lemma 4 fulfilling
gy(0),t) = Mt) y(t) and g(x(t), t) = AO)x () +U(t ~t;,1) gis 15
Vt € [t t] with ||gi, | < g fori=0,1,...,] — 1 and some
g € Ryand A : [ty,t;] — R" being a bounded piecewise-
continuous function. Then, there are numbers h € R,, ] =
Jh) € Z,, ¢ = g(h,g) € R, and e = (e, lle(ty)ll) such
that

mas ( max, le (1)~ (6] maxlle © ¢ )] ) < 1

max le®l <p
(55)

on [ty,t;] for a strictly ordered finite set of (J + 1) nonnegative
real numbers {t; : i = 0,1,...,]}, subject to the constraints
tp=ty+ Ylahy b=t —t; < hi=01,..,] -1, the
constraints (22)-(24) subject to (18), and either

J-1
Y <1, (56a)
i=0
J-1 ZI lh /\
gi<oo, gz e(to)] (56b)
= g9 1- Z,] 01 h1A1 " ( 0)”
or
JhA <1, (57a)
_ _ hA
jGeoo, gzl few).  (7b)

1-JhA

Proof. Fix Y|y h; = t;~ty < Jh,withh = maxo_,j_; (£, —1,).
Equations (53)-(54) have the following solutions:

y(®) =y(t)
¢ it /()
Py (1) 8) K
N N e AR
1 (" e
A O )
x fery (y(o+t;),0+t;)do
+g(y(‘r),‘r)>dr,
(58)
x(t) = x(t;)
& (x(0).1)
R e )
+g(x(T),T))dT
+U(t_ti+l)gi+1;
(59)
Vt € [t;,t;,],i=0,1,...,] — 1. Note that
gy ®.t)=gx®.0) =20 (y () -x®) =A(t)e(®).

(60)

Thus, the error between both of them becomes

e(t)=e(t;)
[ (k) AN )
3 (R e -5
k) x
L) ) -
+g(e(r),r)>d1
e ] 0o - ()
x ey (y(o+t;),0+t;)dodr
_U(t_ti+1)g(x(ti+l)’ti+1);

(61)
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Vt € [t;,t;,,]. Then, (45) leads to

i+1

le @)1
<fe (@) + (e =1)

. i Skl Kk+1p . K, (1 —Kk) (E)k
£ k! 2 1-K 2

~0 (62)

L ~t,)2°

el '
K2, K, (1-K! e
X[ Py 1( ) <B> *t9in |5
2 1-K 2
Vt e [t;,t,],i=0,1,...,] — 1. Then
sup ([le (®)I)
t<t<t;,
< le (el + (- )
(B3 [E £ L) oy
£ k! 2 1-K 2
1 ¢
t (t-t;)2
0+1
JKCe LK ey,
2 1-K 2 i
+hA; sup (lle(D)) +g
t;<T<t;,
(63)

so that, since 1 > h;A;, where A; = max, ..o, [A(7)] fori =

(A A

0,1,...,] — 1, one gets

sup ([le (O)I)

ti<t<t;,

x(ne(tan
£ okl Kkl K, (1 - Kk) k
([

o K 2 1-K
1 ¢
o (t-t;)2
§ K€+2P+KI(I_K"+1) P e+
2 1-K 2 Gin1

(64)
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which implies

sup (le®) -l (tz)")’

ti<t<t;,

A, 1
< 1 _hiAi ||e(tt)“ + 1-h\,

17"

€ okt Kk+1p Kl(l—Kk) p\K
X<Z Kl hi[ 2 Tk ](E)

k=0
+lh?2€
et
o+1
JK e KUK ey,
2 1—K 2 g1+1 .

(65)

If Z{;OI h;A; < 1, we also get (66)-(67) below from (65) as well
as (68)-(69) if, in addition, JhA < 1:

sup (lle (O
ty<ts<t;
eV
1=y ma,

(e
J-1 £ kel [ gkt K, (1 _ Kk) k
+Zhi<;7[ 2p+ 1-K ]<§>

i=0 =0
+lhi2‘q
2!
€+1
y K€+2p+K1(1_K+) <£>€
2 1-K 2

J-1
+ Z ?i) >
i=0
(66)

sup (le Il — Jle (to)")‘

Yoo ik
- 1- Zi]:_o1 hi)‘i

(e
J-1 ¢ kel [ kel Kl(l _Kk) k
+Zh"<k27[ 2p+ 1-K ](%))

i=0 =0
1
¢!
K2, K, (1-K! e
LS IR ) ()
2 1-K 2

J-1

+ Z ?i)

i=0
(67)
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sup (fle (O)I1)
tost<t;
1
<
1-JhA

» ( Je o)

=OW 2 1-K
+lh2€
£!
42 K 1—K€+1 ¢
X[K P X )]<B)>
2 1-K 2
+]§>,
(68)
sup (Ie 0] ||e(to>||>|
tost<t;
. JhA
1-TJhA
¢ okl [ gkl K (1-KF k
xm(z—, p K=K (2)
&kl 2 1-K 2 (69)
+lh2€
4l
o2 K, (1- K ¢
X[K P 1 ( )]<B>>
2 1-K 2
+79,

where A = maxoggtll}t(t)l = MaXy oy MaX, ..o, [A(7)] =
maxy;.;_;A;.  Property (i) follows from (65)-(66)
by defining ¢, ¢, and & as in (51) since g >
max(maxo;; 4 lg; 1 (X1 BA)/(A = Y0 hA))lleto)l)
and Property (ii) follows from (67)-(68) by defining p, ¢,
and ¢ as in (52) since g > max(maxy.;<j_1 G111, (JRA)/(1 -
JhA)lle(ty)l). Thus, the result has been proven. O

Now, three definitions are given concerning the so-called
pseudo-orbits, as a counterpart to the true sampled trajectory
solution, or orbit, of finite size J of the approximate solutions
and their perturbed version within the given classes of pertur-
bations. The related concepts are relevant for then quantifying
the maximum errors among the real and approximated
solutions and parallel issues concerning their counterparts
under perturbations of the studied types. More specifically
refer to the following.

Definition 9. A sampling sequence t; = {t; : i = 0,1,..., ]}
of strictly ordered sampling points with h; = t;,; —t; < h;

1

i =0,1,...,] — Lis said to be in the class Cj, = {t; € 1, :
t—t;<hi=0,1,...,]—1}

Note from Definition 9 that h < h' = Cj;, ¢ Cjyy and
thatt; = {t;:i=0,1,...,] -1} CCy, = t; - t, < Jh.

Definition 10. A sequence X; = {x(t;) : i = 0,1,...,] — 1}
of J samples of the solution of an approximate differential
equation (10) is a d-pseudo J-orbit of sampling sequence
t; for some § € R, and is denoted by O(x),T,d) if
max;c,, ) le)] < 6.

If the integer ] and the real ¢; are infinite, the correspond-
ing trajectory solutions are referred to as complete pseudo-
orbits and orbits. The solution of the true differential equation
(5) is a J-orbit of sampling sequence f,. The continuous
approximate (resp., true) solution for [t,, ¢;] is the §-pseudo
J-orbit (resp., J-orbit) of sampling sequence ;. The perturbed
solutions under the forcing perturbations of Theorems 7 and
8 are denoted in a similar way leading to the corresponding
perturbed pseudo-orbits.

Definition 11. The set of all the §-pseudo J-orbits O(x}, T, §)
with max,c(, . lle()]l < 8, for some § € R,, obtained for any

sampling sequence t; € Cy,, is said to be the class CO(Cy;, §)
of 8-pseudo J-orbits of sampling sequence ;.

The mapping which generates the true solution
sequences, for given initial conditions and sampling
sequence, has the shadowing property if there is an arbitrarily
close orbit for any given §-pseudo-orbit O(X},T,d) in the
following precise sense.

Definition 12. The set 17] of true solution sequences y; =
{y(t;) : t; € t;,i = 0,1,...,] — 1} of sampling sequence ¢,
possesses the shadowing property on the corresponding set
of approximate solutions if, for each given § € R,, there is
some ¥, = y,(0) for which a O(x}, T, §) exists. It is said that
Yo = Yo(8) shadows O(x}, T, 8).

The subsequent result establishes that if the set of true
solution sequences has the shadowing property then the class
CO(Cyy, 8) of 8-pseudo J-orbits of sampling sequence ; is
nonempty for any 6 € R,.

Proposition 13. If the set 17, of true solution sequences of
sampling sequence T; possesses the shadowing property then
CO(Cyy, 6) is nonempty for any § € R,.

Note that CO(Cyy, p) = Urec,, O(X), T, p) and note also

that CO(C};,, p) € CO(Cjy, p) for any h' > h. The subsequent
result relies on Theorem 7 and Definition 11 for a class of
pseudo-orbits CO(Cy;,, p) defined by a sampling sequence
class Cy;,. In fact, the characterization becomes global for
all approximated solutions on a finite interval [t,¢;] for
sampling intervals h; = t,,, —t; < hi = 0,1,...,] —
1 and initial conditions subject to a maximum allowable
deviation with respect to the initial condition of the true
solution provided that the approximate solution exists in a
global (rather than local) definition domain.
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The so-called shadowing properties, [5-9], of the true
solutions with respect to the approximated ones rely on the
physical meaning that for sets of appropriate initial condi-
tions, the true solution is arbitrarily close to its approximate
version on a certain interval [¢,, £;] where both solutions exist
and are unique. Based on Theorems 6, 7, and 8, the shadowing
properties of the true solution to the approximated solution,
those ones being the nominal one or the perturbed ones
under the class of perturbations of Theorems 7 and 8, are
now discussed. It is seen that the shadowing properties at
sampling points under Theorems 6, 7, and 8 guarantee the
corresponding properties in [t,t;].

The shadowing properties of true solutions of pseudo-
orbits for constrained sampling sequences according to the
constraints of Theorem 6 are addressed in the subsequent
result.

Proposition 14. Consider the true and approximated solu-
tions associated with the differential equations (5) and (10)
satisfying the hypotheses and conditions of Theorem 6. Then,
such a set of solutions lies in the class CO(Cy,, &) of e-pseudo
J-orbits of sampling sequence t; = T;(p) for p < e, subject
to one of the constraints (13a), (13b), (22)-(24) (Lemma 4,
Theorem 6), belonging to a sampling sequence class Cy, for any
p,€ € R, with arbitrary p < € and any given . Also, there is
a yy = yo(e) which shadows each O(X},T,e) € CO(Cy,, €) for
each givene € R, and p < .

Proof. One gets from Theorem 6 that

max le(®l < e = e (t)] + 70)

for an initial condition y(¢,) of the true differential equation
tulfilling ||yl — lx)II lle(to)ll and any given real
constants € > p > 0. This defines families of initial conditions
Yo = yole) of the true differential equation which shadow
eachO(x}, T, e) € CO(Cy, ¢) foreach givene € R, and p < e.
For any given € € R, it suffices to take 0 < p < € to zero in
(22)-(24) of Lemma 4 and (39)-(40) in Theorem 6 to fix an
admissible sampling sequence f; = ,(¢) and then to get the
result. 0

The perturbed approximated differential equations
referred to in Theorems 8 and 7, which is a particular case
of Theorem 8 for g(x(t),t) being zero for t ¢ ?], that is for
nonsampling points, are analyzed in the subsequent result
which generalizes Proposition 14.

Theorem 15. Consider the true and approximated solutions
(58) and (59) associated with the differential equations sat-
isfying the hypotheses and conditions of Theorem 8. Then,
such a set of solutions lies in the class CO(Cyy,¢€) of e-
pseudo J-orbits of sampling sequence T, = t,(p), for
some p > 0, subject to one of the constraints (13a),
(13b), (22)-(24), and (39)-(40) (Lemma 4, Theorem 6) and
to either (56a) or (56b) (Theorem8) with p < & —
Zl 0 9; and any arbitrary ¢ € R_, belonging to a sampling
sequence class Cy,. Also, there is an initial condition y, =
Yo(€) which shadows each O(x;,T,e) € CO(Cy,e) for
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each given p,e € R, with the perturbation fulfilling Zl 0 J; <
€.

Proof. One gets from (55) in Theorem 8 together with either
(51) or (52) that

J-1
max e (0] < & = et +p+ ) 3, (7)

i=0
with any arbitrary real constant 0 < p < & - Z,] 01 9>

provided that Y/ g < ¢, and any given real constant ¢ for
an (shadowing) initial condition y(t,) of the true differential
equation fulfilling

[y o)l = Il (to)l

< Jle (o)

, oo 1=k,
£m1n<8—p—Zgl,Wg .

i=0

(72)

Note that a sufficient condition guaranteeing (69) is

1-Y 0 A,
lle (#0)]| < min (8 ~&~Jg Zleﬁg> (73)

since g > ((Z h A)/(1 - Z] 1h A)lle(to)ll from (56b) in
Theorem 8. Thus it suffices to take 0 < p < etozeroin
either (39) or (40) in Theorem 6 to fix an admissible sampling
sequence f; = f,(¢) so as to get the result. O

Remark 16. A particular case of Theorem 15 for the perturba-
tions (42) which are defined only at sampling instants, which
has been discussed in Theorem 7, is obtained by the particular
constraint below obtained from (72) and (73):

J-1
et <e-p-Tgse-p-3 5. ()
i=0

Remark 17. Note that the condition Yoy hA; < y < 1
of applicability in Theorems 8 and 15 when J is infinity
can be considered in certain cases when the perturbation
vanishes asymptotically as, for instance, when it vanishes as
an exponential rate.

4, Simulation Examples

This section contains two numerical examples regarding the
theoretical results obtained in Sections 2 and 3.

Example 1. The first example is concerned with the nonlinear
model describing the human heart rate during treadmill
exercise [29], whose equations are given by

=)+ A,

N
1+ e’(z)’l —as)

| (75)
Vo= —03), T ay
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with¢ = 1,4, =2.2,a, = 19.96, a; = 0.0831, a, = 0.002526,
and a; = 8.32. This model, with an external control input,
has been used to design training protocols for patients with
cardiovascular problems [29]. Figure 1 shows the evolution of
this system with initial conditions y,(0) = y,(0) = 1 on the
time interval [0, 50] seconds.

For the system (75), the nonlinear function f(y) is given
by

—ah ta),
f) =y = —a,y, +a b4t . (76)
372 4 1+ e_(CJ’l_“s)

The first step to apply the results stated in Section 2 and
obtain a truncated approximate model for (75) is to verify
that conditions (13a) and (13b) hold. One way to check
this fact is to depict the norms of the state vector of the
function f(y) and of its derivative f '(y) and observe their
behavior. Thus, the following Figures 2 and 3 show the time
evolution of these norms. In particular, Figure 2 shows the
values of the 2-norm of the state, ||y|,, and the function,
I f(»)ll,. The supremum of these norms on this interval are
SUPejos0)llyll, = 8.94 and sup,c(o sl f(¥)ll, = 17.84. On
the other hand, Figure 3 shows the difference between the
norm of the function, || f(y)ll,, and the norm of its derivative
I f '( »),. As it can be appreciated, this difference is positive
implying that the linear approximation of the function is
always bounded by the function itself. The supremum of these
two norms on this interval is sup;¢(o 5ol f(¥)ll, = 17.84 and

SUP;e[0,50] IIf'(y)II2 = 17.76. In this way, if we choose K =
0.997 and K; = 9, we have

17.84 = sup |f(y)|, < 0.997 sup |y|, +9=17.91,
t€[0,50] t€[0,50]

17.76 = sup | f'(»)], < 0.997 sup || f(y)], =17.78.
t€[0,50] t€[0,50]

(77)

Hence, it is corroborated that both (13a) and (13b) hold.
Notice that from a practical point of view, the analytical
determination of the constants K and K; used in (13a) and
(13b) is not necessary since a simple numerical experiment
allows us to verify these upper-bounds. In consequence,
the results stated in Section 2 can be applied in practical
situations easily.

Once the basic conditions have been checked, a truncated
approximate model (10) is generated for this problem by
considering € = 1 < 2 = n. Thus, we have

%= f(x)+ 7] (x) (x () = x;) (78)
where

f(x)=T(x;) = <_]2all —(10213)’
(79)

a, (1 + e—(Cxil_ﬂs)) + a4Exile_(Cx“_”5)

Jo =

(1 + e_(zxﬂ_“s))z
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Time (s)

FIGURE 1: State evolution for the system (75).

18

16 E

14 i

12 E

10 i

[yl

2H HFOII,

0 5 10 15 20 25 30 35 40 45 50
Time (s)

FIGURE 2: Relation between the 2-norms of the state, y, and the
function, f(y).
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FIGURE 3: Relation between the 2-norms of the function, f(y), and
its derivative, f'(y).



14

0.06

0.05 E
e (t) = y1(t) — x, ()

0.04 1
0.03 E

0.02 E

0.0

—_

ey (t) = y,(t) — x5 () 1

O 1 1 1 1 1 I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

FIGURE 4: Error between the actual system and the approximate
model.

Error between the actual and the approximate systems
12

08F} 3.5s

h increases

0 5 10 15 20 25 30 35 40 45 50
Time (s)

FIGURE 5: Effect of the variation of the sampling time, A, in the error
of the first state variable, x, (¢).

with initial conditions y,(0) = »,(0) = x,(0) = x,(0) = L
The sampling instants {t;} have been chosen uniformly in
time as t; —t;_; = h = 1.5s. The error between the actual and
the approximate model with this sampling time is depicted in
Figure 4.

As it can be deduced from Figure 4, the error is very low
and, therefore, the exact solution is shadowed by the solution
of the approximate model. An important feature appears
at this point which is how we should select the sampling
time. Lemma 4 and Theorem 6 contain the analytical results
providing the formal background on how to select it. How-
ever, from a practical point of view a trial-error procedure
can be employed to obtain an appropriate sampling time.
Thus, Figures 5 and 6 show how a variation in the sampling
time impacts the error between the complete system and the
approximate model. Figure 5 displays the impact on the first
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0.1}
0.08 55
0.06
h increases

0.04 |

0.02 |

0.5s

—0.02 . . \ \ \ \ . . \ )
0 5 10 15 20 25 30 35 40 45 50

Time (s)

FIGURE 6: Effect of the variation of the sampling time, A, in the error
of the second state variable, x,(¢).

state variable while Figure 6 depicts the influence in the sec-
ond one. As it is displayed in Figures 5 and 6, the larger the
sampling time is, the larger the error between both systems
is, as well. Hence, if we fix an upper-bound for the desired
error, we may start with a tentative value for the sampling
time and increase it if the maximum of the error is below that
threshold or decrease it if the error exceeds the desired bound.
This procedure allows us to tune an appropriate sampling
time by just conducting a series of numerical experiments.
Therefore, the mathematical results presented in Section 2
can be applied in a practical way with little effort since the
computation of the bounds is not explicitly necessary to
construct the approximate truncated model. Afterwards, this
approximate model could be used for simulation or control
design purposes. For instance, the obtained affine model
could simplify the design of the controller with respect to the
case when the original nonlinear model is used.

Example 2. The second example is related to the Van der Pol
equation which exhibits a limit cycle as it is widely known.
The equations are given by

Y=Y
. 2 (80)
n=u(1-y)y-»n

with y = 1, output z(¢) = y,(t), initial conditions y,(0) = 4
and y,(0) = 0.5, and

PO =F0m) = By O

u(1=y1)n-n
The phase portrait of the Van der Pol equation is depicted in
Figure 7.

In this case, the results introduced in Section 3 regarding
the error between the actual and the approximate model
in the presence of bounded perturbations will be used as
a tool to analyze the stability of the limit cycle. Thus,
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¥, (t)

7

FIGURE 7: Phase portrait of the Van der Pol equation.
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FIGURE 8: Phase portrait of the actual and approximate systems.

the approximate truncated model is given with€ =1 <2 =n
by

£= () + () (x 0 - x), (52)

where
=16 = (1 L),

Jn = “2ux;x — 1, (83)

Jn = p- .’/‘xizl-

In this example, the sampling points x; will be generated by
using the constant amplitude difference sampling criterion
(CADSC) introduced in [4] as a method to generate sampling
points in discretization procedures. This method is proposed
as a way to generate the sequence of sampling points in a
practical way, which shows that the application of the pre-
sented theories to real problems is feasible. Thus, the CADSC

15

26}

241

20 Approximate

x,(t)

1.8} 1

16} 1

14t . . . . . . . .
02 04 06 08 1 1.2 14 16

x,(t)

FIGURE 9: Zoom on the phase portrait of the actual and approximate
systems.

xz(t)
<}

x,(t)

FIGURE 10: Effect of the variation of the sampling threshold & in the
approximate model.

method proposes to generate a new sampling point when the
continuous-time output differs from the previous sampled
one a certain threshold. Mathematically,

tiyy = arg min (Ryeat > t; : |x; (£) —x, (t;)| = 8; € R,),
(84)

where §; denotes the variation threshold. For this example,
consider a constant threshold with a value of §; = § = 0.15.
Figures 8 and 9 display the solution of the actual and the
approximate systems.

It can be appreciated in Figures 8 and 9 that the solution
of the actual system is shadowed by one of the approximate
models, confirming the results stated in Proposition 14. As
the threshold & on the sampling criterion enlarges, the
sampling takes place in a more separate way, a fact that
degrades the quality of the approximate solution as Figure 10
reveals.
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FIGURE 12: Error between y,(t) and x, (t) for different values for .

Figure 10 shows that the larger the threshold is, the
smaller the approximation capabilities of the truncated model
is. This feature is due to the fact that a larger threshold
implies a greater separation between the sampling points. In
Figure 10, é is modified from 0.15 to 0.4. Thus, as Lemma 4
states, a large intersampling period might lead to higher
errors in the approximated model. At this point we can
introduce a bounded perturbation g(t;) at sampling points
to analyze the stability of the limit cycle. For this, we can
firstly select a value for the threshold & in such a way that
the solution of the approximate model shadows the one
of the actual system. Afterwards, we can apply different
perturbations to the system in an increasing way. If the
limit cycle preserves its shape under this scheme, this would
indicate that it is stable. This procedure has been applied in
Figure 11.

Since the shape of the limit cycle is maintained, the
stability of the original system is deduced from one of the
approximate truncated models. Moreover, the shadowing
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FIGURE 13: Error between y,(t) and x,(t) for different values for .

property can be interpreted in terms of stability of the limit
cycle in the following way. If the error between the solutions
of the actual system and the approximate one under the same
perturbation is less in a system A than in another system B,
this means that A is more stable than B. Thus, the shadowing
property can be viewed as a concept to measure the relative
stability of systems by using its Taylor series expansion and
construction of approximate models. For instance, consider
the van del Pol equation with three different values of y €
{0.1, 1, 2}. The behavior of the van der Pol equation depends
on the value of y as it is widely recognized. Thus, the
approximate perturbed model can be used to compute the
error between the actual and reduced models in each case
and determine for which value of i the Van der Pol equation
is “more stable,” that is, has a greater relative stability. Thus,
we fix the perturbation amplitude to g(t;) = 0.35 and carry
out some numerical experiments with the different values for
p. In this way, Figure 12 displays the error in the first state
variable between the actual and approximate models while
Figure 13 shows the error in the second state variable for each
value of y.

Figures 12 and 13 show that the larger p is, the larger the
peak error is. Therefore, in this case, systems with smaller
p have a greater relative stability. Finally, this approximate
affine model could be used, as in the previous example, to
design a control system based on a reduced model, rather
than using the complete nonlinear one. In conclusion, the
results presented in the previous sections have been applied
in some case studies with little effort, a fact that backs up its
potential practical applications.
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