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We employ Legendre-Galerkin spectral methods to solve state-constrained optimal control problems. The constraint on the state
variable is an integration form. We choose one-dimensional case to illustrate the techniques. Meanwhile, we investigate the explicit

formulae of constants within a posteriori error indicator.

1. Introduction

Spectral methods provide higher accurate approximations
with a relatively small number of unknowns and play increas-
ingly important roles in design optimization, engineering
design, and other scientific and engineering computations.
Gottlieb and Orszag [1] summarized the theories and appli-
cations of spectral methods. There have been extensive
researches on finite element methods for optimal control
problems, most of which focus on control-constrained prob-
lems; see [2-5]. The authors studied the optimal control
problems with the control constraint with spectral methods
in [6]. In applications of engineering, one cares more about
how to control the average value or L*-norms of the state
variable. The authors [7] discussed state-constrained optimal
control problems with finite element methods. However,
there are few work on the state-constrained optimal control
problems with spectral methods.

In order to get a numerical solution with acceptable ac-
curacy, spectral methods only increase the degree of basis
when the error indicator is larger than the a posteriori error
indicator, while the finite element methods refine mesh-
es (see [8, 9]). There have been lots of papers on the
a posteriori error estimates for h-version finite element

methods but not for spectral methods. Guo [10] got a
reliable and efficient error indicator for p-version finite
element method in one dimension with a certain weight. The
authors [11] deduced a simple error indicator for spectral
Galerkin methods. In [12], the authors investigated Legendre-
Galerkin spectral method for optimal control problems with
integral constraint on state. It is difficult to obtain optimal
a posteriori error indicators. Thus, if one gets the constants
within upper bound a posteriori error estimates, it is easy
to ensure the degree of polynomials to get an acceptable
accuracy.

In this paper, we employ Legendre-Galerkin spectral
methods to solve optimal control problems with state-
constrained case and calculate constants in upper bound of
the a posteriori error indicator, which can be used to decide
the least unknowns for acceptable accuracy. With the help
of auxiliary systems, we investigate explicit formulae of the
constants in the a posteriori error indicator.

The outline of this paper is as follows. In Section 2, the
model problem and its Legendre-Galerkin spectral approx-
imations are listed. In Section 3, the constants within the a
posteriori error indicator are investigated in detail and the
explicit formulae are obtained. The conclusions are given in
Section 4.
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2. A Model Problem and Its Legendre-Galerkin
Spectral Approximations

Throughout this paper we adopt the standard notations of
Sobolev szpaces [13]. Let H™(I) be a Sobolev space on I =
(-1,1), L*(I) = H°(I) and HY(I) = {v € H'(I)
v = 0 on 0dI}, and the corresponding norms are denoted
byl Ils II - lg>and | - Il ., respectively. This work focuses on
the Legendre polynomials, which are orthogonal polynomials
on [-11].

We concern the following distributed convex optimal
control problems with integral constraint on state:

. _l _ 2 g 2
(OCP) 4 5ek ](”’y)_zjz(y yd)+2jzu’
st. —y"=u inl, y=0on dl, yeK,

@)

where u € U = L*(I) is the control variable, yeK={w:
_[ w >y} C Hé(I) 2 V is the state, and y,; € L*(I) is the
observation.

In order to assure the existence and regularity of the
solution, we assume that « is a given positive constant and
¥, is an infinitely smooth function. It is well known that the
problem (OCP) has a unique solution (see [3]).

We give some basic notations which will be used in the
sequel. Let

(vyw) = J vw, VYv,w e L (I,
I

2)
a(v,w)= J Vw', Yvwe HS I).
I
Hence, the state equation reduces to
a(y,w) = ww), YweH, (). 3)

Then (OCP) can be rewritten as finding (¢, ¥) such that

. 1 _ 2 @ 2
() {1;1;,? ORI R KRS TS Ko
st. a(yw),w)=ww), YweV.

We recall the following optimal conditions of () (for details
please refer to [7]).

Lemma 1. The pair (u, y) € U x V is the optimal solution
of () if and only if there exists a unique pair (p,A) € V x
R! (R! 2 {ce RY; c< 0}) such that
a(y,w)=ww), YwevV,

a(q. p)

==y +A(Lg),
AMw-y)<0, VweK,
p+au=0.

(OCP - OPT) Vg eV,

©)

Let 2 (I) = {polynomials of degree < Non I} and let
V= Py N Hé(I ). One prefers to choose appropriate bases
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of Vy such that the resulting linear system is as simple as
possible. We denote by {L j};\i o the Legendre polynomial and
employ the following basis functions (see [14]):

Uy =spani{L, (x),L, (x),...,Ly (x)},

(6)
Vy = span {‘150 (%), ¢, (x)5...s N (X)} >
where
1
¢;(x)=¢(L;(x) - Ly, (%), 6= N7 (7)

For1 < j, k < N -2, we denote ay = a(¢;(x), ¢;(x)) and
bjk = (¢ (%), gbj(x)). By simple calculations, these coefficients

satisty
1, k=j,
k= {o, k#j,
2 2
ckc]-<.—+ - ) k=j, (8)

2j+1 2j+5
by = by = _C"szk%’ k=j+2,
0, otherwise.

Then Legendre-Galerkin spectral approximations of (OCP)
can be read as finding (uy;, y5) such that

. _ 1 B 2 g 2
(V) min J (un> ) = 5 L (v =ya)" + 5 L Uny
st a(yywy) = (uy-wy), Ywy € Vy.

€

The Legendre-Galerkin spectral approximations of (5) can be
read as follows.

Theorem 2. The pair (uy, yy) € Uy x Vy is the optimal
solution of (PN) if and only if there exists a unique pair
(Pn>An) € Viy x R! such that

[ a(ynvw)
= (up,vy)> Yvy € Vs
. a (gz\h PNE
(OCP-OPT)" 1 =(yn—JYarqn)
+An (Lay), Yy € Vi,
An(Lwy —yy) €0, VYwy € Ky,
L (XuN + pN = 0.
(10)

3. Constants within the A Posteriori Error
Estimates

In this section, we calculate all constants within the a
posteriori error estimates. Here, we analyze the constant in
the Poincaré inequality.

Forallv € WO1 (D), 1 < p < 00, we recall the Poincaré
inequality with L*-norm as (see [15])

o< 2|, (an
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Now, we are at the point to investigate all constants in
detail. We introduce an auxiliary state y(uy) € Hé (I), which
satisfies
vw € H) (I). 12)

a(y(uy),w) =

Subtracting (12) from (3), we get

(un, w),

a(y-y(uy),w) = (u-uyw), YweH) (). (@13

Letw = y(uy) -y € HS(I). It is clear that

a(y(un) =y y(uy)-y)=(uy-u y(uy)-y). 14)
Then
|G Garg) =)'} < oy = aelllly () = g
1 A
< 7“”N - ”"0"()’ (un) = ») “0>
which means
[0 Go) =)y < Bl =y 010
Hence
Iy (un) = 5,

) 5 1/2
< (It D (D lot-E) "

(- ()Y o -,

Then

Iy ()~ ], < (1+(%)2)m”'u uy—uly 09)

We denote by ¢, the constant in (18); that is,

2 1/2
¢ = (1+(%) ) 'é—' (19)

Similarly, we introduce an auxiliary state p(uy) € H Y1),
which satisfies
Vg € Hy (I).
(20)

a(q p(uy)) = (y(un) - ysrq) +A(1,9),

Subtracting (20) from the continuous systems (5), we get
a(p-p(ux),w)
=(y-y(uy),w)+(A-1Ay) (Lw), (1)

Yw € H, (I).

We select ¢ € C;°(I) which satisfies 9 = 1, where ¢ £
L @/|I| = 1 denotes the integral average on I of the function

¢ and [l¢f; < Cy- Obviously, p — p(uy)e € C;°(I). In fact,
p - pluy) — p— plun)g € Hy(I). Then there hold

lp - p (ux)l;

<{a(p=p e p=puy)
+(y=y(uy)p-plun) - p-plun)e)}
(1+(8))
sl =G| (Sholt + 51 - p )

€
w2y =y ()l

Ll el [ 2@l )]

(22)

where we used the generalized Schwarz inequality, continu-
ous systems (5), and auxiliary equation (20). Let

(1 (Y P yya s

Then

o= (1+(5) ) lp=plan



It is clear that (22) reduces to

lp = p ()l
(1(5))

1+ (1] 2 ————2
+(|2|/ ) o= p ()| -lol:

FEFITS . )
o
(1 (5 )=l
+2lp - Pl
Then
lp-p (”N)Iﬁ
()
A (B ) = p e o
(26)
(1 () Y-y}
=1 (DY) {fpp G lok
Hy -y @k}
where we used (1 + (11/2%)[p - plug)|” = (1/(1 + (1I/

22)1p - plun)l-

Hence

lp - p (ux)l;

o (1Y)

Abtractand Applicd Analysis
ol o=l I~ p ()l
(e (5) ) () -]

A ()

AP (D)

2lol;
o R T

2\ 2 2 2 2 2 2
21 (1)) a2 2l
2 11| 1]

s {llu =yl + oy - P un)lie}

(27)
which means that

lp = p ()l

()
o (0 ()8 52

"PN - P (”N)”o}

Al = o +
(28)

Denote by c, the constant in (28). With simple calculation, we
have

2\2 2C%a? 202
%=J2(1+('2ﬂ>)m”‘{ T

We select ¢ € C;°(I) which satisfies = 1and |l¢]|, < Cop-
= (3/2)(1 - x?%), which satisfies

For instance, ¢

74
loll = 3455 2 ¢, 60

Meanwhile,
(/\ - Ans (/\ - AN) ‘P)

(31)
(A= Ay) L 9= (A= Ay) 111 = A=Ayl
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Hence
- Al
=(A-Ap, (A= 2y) 9)
=a((A-Ax) e p - p(un))
~(r=y(un), (A= 2Ay)9)
<=2l {le'l, -1 = p @),

el 1y =y (un)llo}

2

L T R RO
S Joll 5 by )l

_ - aullel?
- - ARl

# 5 (= p ) [+ Iy =y ().

where e, = ¢, = |I|/llgl}.
Thus

ke < 1 p ) [+ 1y - 5 )

1|

1]

With the constant c,, we infer that

A=Al

T

{lp =2 @l + 1y -y @w)l}-

We denote by ¢, the constant in (35); that is,

(36)

2
_ C‘P 2 2
o =\— {2+t
11|
We calculate the error of u in L>-norm as follows:
2
e = unelly
< (pn—p(uy),u—uy)

(32) ~ (A=A yn =y (un))

IA

€ 1
Slon = p )l + 2—61||u ~uyls

1 2
+—|yn =y (un)]
262 0 (37)
&6 {lu—unllo + lon - p (un)lo}

€
= (2 e d)low-p )l
N (L+e .62)””_“ I’
26, T27G Nllo
1 2
+ 2_€2||)/N =y (u)lo-
Provided that 1/2¢; +¢, - ¢ = 1/2, we get
2
(33) "u - uN"O

€
< 2(31 ) 532) “PN - P(”N)”g

1
=y )l (38)
2

= max {el +2€, - 632, —]’ {”PN - P(”N)"é

1
€

2C2 a2 2 2 2C2
Xmax{ : +<1+<ﬂ>><m>,_w} Hw =y @I}
1] 2 2 1]

(o))
x {”PN - P(“N)"cz) + flu - ”N”g}

c?
= ﬁ {2C22 + C12} {HPN -p (’/‘N)llé + |u - ”N“é} .

Then
1A= Al

c?
< ﬁ {2%2 + C12} {lex-p (“N)”o + [l = un|o} -

Considering the item max{e, + 2¢, - ¢, 1/e,} with the

constraint 1/2¢; + ¢, - c32 =1/2, we get
1 2ce, }

F (€;) = max {e1 +1-—, (39)

€ € -1

In fact, for Ve, > 1, the derivation of the following function

34 2
o fla)=g+1-L- 289 (40)
€ -1
is
35 2
3 Fle)=1+4+-25 5o (41)



Then we have € = 2¢; +¢ > 1 and
. 0\ _
lim £ (¢) = 0. (42)
Now, we are at the point to investigate
min F (e,) . (43)
Ife, = €, we get
. 0 1 2
minF (e;) =€ +1- — <2y +e+ 1. (44)
€

If1 <e <€, f(e) < 0, we obtain

2 2

2ci€ 2c
Fe) = 6'%—_11 F () = -ﬁ <0, (45)
1 1~

Then

1
lim minF(e) =21+ —————— ] < 4%
¢ >0 (&) 3( 2c32+e—e’—1) ’

(46)

Ife, > €, f(e;) > 0, we infer that

1 1
Fle)=¢+1-—, F'(el):1+—2>0. (47)
61 61

Then there hold

1

2
— < 2c + 1.
2t +e+e’ 3

lim minF (¢,) = 2c32 te+e +1-
e/l —0
(48)

Combining the above discussions, we deduce that

1
min {max {el + 2¢, - cjz, —}} < 2c32 + 1. (49)
€

Obviously,

Ju = unlly

<25 + 1 {llon = p ()l + [yn = » ()}

(50)

We denote by ¢, the constant in (50); that is,

¢ =123+ 1. (51)

For any v € L*(I), we define a projection operator Py, :
L*(I) — Vy, which satisfies

(Pyv—v,wy) =0, VYwy € Uy. (52)
Lemma 3. Forallv € H°(I) (o > 0), one has
[Pxv =7, < NIVl (53)

where c5 = 2/2.
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Proof. Firstly, assuming that 0 = 2p (p > 1) is integer, we
define a differential operator as

d n d
A=—|((1- — . 54
dx <( X ) dx> (54)
From the fact that

%((1—x2)%>+k(k+l)Lk=0, (55)

it is easy to get

%= (ke 3) L)

_k+1/2 Jl
S k(k+1)

AL, (x)v(x)dx
-1
k+1/2 (! 56)
= _k(k Y J_l Av (x) Ly (x)dx
- k+1/2

k(k+1)

By iterations, we obtain

7 = <ﬁ)p (k N %) (APv,L).  (57)

Secondly, for all v € H?P(I), we note that APy = Y2
and

(Av(x),Lg (x)).

o;L;(x)
1 _1
p — _
(APv(x),L; (x)) = (xi(k+ 2) ,

58
P2 — 2 1\! 9
[l = Yl (k+ 5 ) -
k=0

& 1 2p 1
=2 (k(k+1)> <k+§>|APV’Lk|2

k=N+1

L1y o 1 2 1\
<N Z <k+5>l“k| (k‘l’z)

k=N+1

(59)

< NJAn.
Finally, there hold

d d
|Av|2 = IE ((1 —xz) é)
= '(1 - x2) V- 2xv"2

< (] +2l)

12

2

(60)

<20+ 87

1 i
s8{v 2+v2+v2},
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which means that
lAvIlg < 8- (61)
Let p = 1,0 = 2. It is clear that
1Py =, < VEN?|Ivl,. (62)

This completes the proof. O

Now, we are at the point to calculate the constant for
lyn — vyl + llpy = p(up)ll;. Similarly, let EP = py -
pluy) and let EY = P EP € V. Then

”PN -p (”N)"i

) (1+(@)2)(a(EP,EP—Ef)+(y(uN>—yN>Ef))

= (1 + (%)2) (a(P(“N) - pno EF _Ef)
+ (}’ (un) = yno Ef))

()

(0" (). B - )
+ (P BP = EF) + (v (un) = yn ET))

(1 () ) Onm s a2 - 1)
+(y (un) = yno EP))

(1 (2 ) 1 o -1+ £,

+ ")’N -y (”N)"O} >
(63)

which means that

"PN -p (”N)"l

2
< (1 + (%) ){CSN_IHJ/N_yd i, 69

+||)’N -y (uN)”O} .

Likewise, let ¥ = yy — y(uy) and let E} = P} (E” € Vy.
Then

lyn =y ()|}

-k < (14 (1) Yo )

I 2
:(1+<%> a(E” -E},E”) (65)

which is equivalent to

I1\? _
Iy =y, < (1 +(5) )%N Y + 54 (66)
Hence

lyn =yl + low = padly s (67)

) 1y’
o (1 “(3) ) N (68)
=N ow = ya+ A+ oy + N7 oo+ 53],

Combining the above analyses, we get that

lu=wunllo + 1y = el + 1l = ol + 2 = Al

where

< flu=unllo + 1y =y @)l + |yn = 5 )l
o= p @)l +low = p @)l + 1A= Axly
< yw =y @l + low = p ()l
+ ey {lon =2 @n)lly + lyw =y ()}
+ac {lon = p ()l + lyn =y ()}
+ {loy - p (un)ly
& (low = 2 )l + v =y (o)}
+¢ {lon = 2 ()l
¢ (lon = p )l + yn = v (un)llg)}
<|pn—p )l {a+1+ac+ o (g +1)+6(c + 1)}
lyw =y ()l {ea + 1+ ey + 06 + cie}
<lg+l+gag+a(a+1)+e(e+1)}
xAlon = p ()l + lyn =y ()l }

<lg+l+gg+e(eg+1)+6(e+Dcen
(69)



which means that

= unlly + ly =yl + 2 = oy + 12 = Awlo < Cf7(’ )
7

where

C={1+c4+c1c4+02(c4+1)+c3(c4+1)}c6,

1/2
_ 1IN\ 1
[ 1+ 7 7,
2 2 2 2
I\ 2C2a 2C
G = 2(1+<u>>max L +c12,—¢ ,
2 1] 1]
o trr 7
G = m{262+cl},
¢ =2 +1,
S

4. Conclusions

This paper discusses the explicit formulae of constants within
upper bound of the a posteriori error estimate for optimal
control problems with Legendre-Galerkin spectral methods
in one dimension. Thus, with those formulae, it is easy
to choose a suitable degree of polynomials to obtain an
acceptable accuracy. In the future, we will study the corre-
sponding constants in lower bound of the a posteriori error
indicator. Meanwhile, the corresponding constants in a two-
dimensional domain will be investigated.
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