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We consider the dead-core problem for the fast diffusion equation with spatially dependent coefficient and show that the temporal
dead-core rate is non-self-similar. The proof is based on the standard compactness arguments with the uniqueness of the self-similar
solutions and the precise estimates on the single-point final dead-core profile.

1. Introduction

In this paper, we study the porous medium equation with the
following initial-boundary condition:

u = W™, —xWh, (x1)€(0,1)x(0,T),

u, (0,)=0, u(lL,t)=k te(0,T), )

u(x,0)=u,(x), x€[0,1],

where 0 < p <m < 1land -1 < g < 0. Assume k > 0 and that
the initial data v, satisfies

Uy >0in [0,1],  wug(0)=0, wuy(1)=k (2)
We set
o(t) = Or?xiglu (x,t) (3)
and denote
T =T (uy) := inf {t > 0;0 (t) = 0} > 0. (4)
Moreover, we denote
q+2
B= (5)

2(1-p)+q(1-m)

It is called that u develops a dead-core in a finite time if T' <
00, and it is shown that u develops a dead-core in finite time
for certain initial-boundary data (see [1, Theorem 1.1]).

Suppose that u develops a dead-core in the finite time T
Our main purpose of this paper is to study the temporal dead-
core rate as t — T. For our main results on the asymptotic
dead-core behaviour, we will assume that u, satisfies the
following conditions:

u, € C*([0,1]), (ug")” < xquop in (0,1],
u, is nondecreasing in x and T (1) < co.

It then follows from the strong maximum principle that u, <
0inQy := (0,1) x (0, T) and u,, > 0in Q. Here, we introduce
the following self-similar transformation:

x

yz—(T_t)“’ S=—1I1(T—t);
m @)
| ulxt)
v = [(T—t)ﬂ]

where a = (m — p)/[2(1 — p) + q(1 — m)]. Then v satisfies
1

_V(l/m)—lvs
m
& (1/m)-1 1/m q.plm .
=V, — —yV v, + v’ =yt in Q)
T Y y+B Y (8)
v, (0,5) =0, v(e*,s)= KmeP™s, s> s,

v(y,50) = vy () = TP (yT%),  y e [0,T7],

where Q == {(y,5) |0 < y <e™,s>s, =—InT}.
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The dead-core problem for the homogeneous equation
u, = A" —uf 9)

in the general higher spatial dimensional case has been
studied extensively in the past years. We refer the reader to,
for example, [2-9] and the references therein. In particular,
for the slow diffusion (i.e,0 < p <1 <m)andm+ p > 2
case, the self-similar singularity of dead-core rate (T —t) 1/a=p)
was shown in [5] for certain class of initial data. On the other
hand, for the fast diffusion case (i.e., 0 < p < m < 1) or
semilinear case (i.e., m = 1), it is shown that the temporal
dead-core rate is non-self-similar in the sense that it is always
faster than the self-similar rate. Moreover, the exact dead-core
rates (depending on the initial data) have been derived for
the semilinear heat equation in [10] for radial symmetric case.
Other singularity formation mechanisms in related reaction-
diffusion equations and reaction-convection equations, such
as type II blowup and gradient blowup, also exhibit non-self-
similar behaviours, respectively. We refer to [11, 12] for type II
blowup and to [13-21] for gradient blowup for recent related
results.

To study the dead-core rate for (1) with a spatially
dependent absorption term, we assume further that g €
(-1,0)and g > -2p/m.

Let
V, (y) i= Cpy™ar2/m=p) 5, 5 0,
(m-py """
Cy:=Cy(p,m,qg) = > 0.
0 o (porm-q) m(m+ p+mq)(q+2)
(10)

By a limiting process with some a priori estimates, we prove
the following main theorem of this paper.

Theorem 1. Assume that0 < p <m < 1, p+m > 1, and
-1 < q < 0 such that q > =2p/m and that (6) holds. Then we
have lim,_, . v(y, s) = Vy(y) uniformly for y € [0, M] for any
M > 0. Moreover,

lim (T - )P (t) = 0. 1)
t—T"

Note that the function V) is a stationary solution of the
equation in (8) in (0, c0) with V(0) = 0. As a consequence,
Theorem 1 implies that the dead-core rate is non-self-similar.
Also, there is no constant stationary solution of (8) due to
the spatially dependent nonlinearity. Indeed, we prove in
Section 2 that the only nontrivial nondecreasing nonnegative
stationary solution of (8) in (0, co) with polynomial bound is
V.

One of the reasons to consider the dead-core problem
with variable coefficient is to investigate the effect of degener-
acy on the dead-core phenomenon. In fact, a related blow-up
problem for the singular equation

xqut:uxx+u‘o, 0<x<l1,t>0, (12)

with g > 0, p > 1 and the Dirichlet boundary condition, has
been studied by Floater [22] and Lacey [23]. Equation (12)
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arises from Ockendon’s model for the flow in a channel of a
fluid whose viscosity is temperature dependent (see [22, 23]).
More generally, Wang and Zheng [24] investigated the critical
Fujita exponent, that is, p, = m + (2 + A,))/(N + A)),
for the initial-value problem of the degenerate and singular
nonlinear parabolic equation:

Ix/Mu, = A" + |xPuf, xeRN, >0, (13)
with a nonnegative initial value, where p > m > 1 and 0 <
A <A, <p(A; +1) -1

There are certain difficulties in dealing with the spatially
dependent absorption term. For example, (1) is not transla-
tion invariant due to the spatially dependent nonlinearity. In
fact, Wu and Zhang [25] studied the semilinear case of (1)
with m = 1 and proved that the temporal dead-core rate
is non-self-similar, but they did not get the uniqueness of
dead-core points. In the present paper, based on Lemma 3.1
in [1] which is derived by using an integral form of maximum
principles, we will obtain a precise estimate on dead-core
profile and prove that the dead-core is a single point and
show that the exponent g essentially affects the asymptotic
behaviours of dead-core. Therefore, the proofs in this paper
are more delicate than those in [6, 25].

This paper is organized as follows. The uniqueness of
stationary solution of (8) is proved in Section 2. In Section 3,
we derive some a priori estimates. Finally, we prove the main
theorem (Theorem 1) in Section 4.

2. Uniqueness of Self-Similar Solutions

In this section, we will prove that the only nontrivial nonde-
creasing nonnegative stationary solution of (8) in (0, co) with
polynomial bound is Vj,.

Lemma 2. Let V € C*(0,00) be a solution of the stationary
equation of (8):

(04 m)— m m
Vyy = VIV, VT - VI =0,y >0, (14)
such thatV > 0, V' >0, and V is polynomially bounded. Then
V=V,
Proof. Set

2(m-p)

ith T =
R CE)

W(y)=V"(y) , y>0, (15

for a given positive solution V of (14). Then, at any point y > 0
with W(y) > 0, W satisfies the equation

ks (W)’
T w

o - —
W” _ —)/W(l m)/erI + TBW((I m)/mt)+1
m

=W, yso.
(16)
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Differentiating (16) once, we obtain
1-m o ]
+7)B-—
m ) P m

Aem)fmry, o (L= & i lym)mr (1) 2

w' ﬁyw(l—m)/m‘rw" + [(
m

!

w' [2ww” - (W')Z]

1-7
T w?
17)
for y > 0. As in [6], we introduce the functions
Hi=W- %W', 7 .= |H|'". (18)

After a calculation similar to [6], by using (17) we obtain, for
y €D,

D:={y>0W(y)>0, H(y) #0}; (19)

the function Z satisfies

noeemyfmr o _ L ym-2
z YW 7' = Z|H|
m T

X { - %quwf(q/z)q(W - %W')Z

2p+mq | WW"—(W'>2 2
oM

I\ 2
+wywa—(r+1)m)/mr<w _ ﬂ) W’]» :
2m 2

(20)

Assume that 2p + mq > 0; that is, for the given p,m € (0, 1)
such that 0 < p < m < 1, we require

qe [_271’,0) ¢ (=2,0). (21)

Then we deduce from (20) that (efp(y)Z')’ > 0 in D,
where p(y) = I(f’(a/m)sW(l_m)/mT(s)ds. From this, using the
polynomial bound of V' (and so is Z) we can argue as the
arguments used in [6] to prove that D = {y > 0 | H(y) #0}
and Z is a constant function defined in (0, 00). Since the proof
is very similar to that in [6], we safely omit the details here.
Hence H is constant in (0, co). By an integration, we end up
with that W(y) = A + By2 for y € (0, c0) for some constants
Aand B.

Next, we plug the expression V(y) = (A + Byz)l/ " into
(14). Then we can easily derive that

2/(g+2
(m B p)2 /(q+2) o

m(m+p+mq)(q+2) '

This proves that V; is the only positive solution of (8) in
(0, 00) such that it grows at most polynomially. O

A=0, B =

3. A Priori Estimates

We will derive some a priori estimates in this section. Suppose
that the solution u of (1)-(2) with (6) develops a dead-core in
the finite time T. We have the following precise estimates on
the single-point final dead-core profile near x = 0.

Lemma 3. Assumethat0 < p<m<1,p+m>1,-1<g<
0, and the assumptions of (2) and (6) hold. Then there exist
¢, C > 0 such that
ex TP (6 Ty < CXTDMP) g < x < 1. (23)

Proof. By Lemma 3.1 in [1], for any fixed t, € (0,T), there
exists 0 < e < (p+m—1)/[(2p + m—1)(q + 1)] such that the
auxiliary function

] = (um)x — exTyP (24)
satisfies J > 01in [0, 1] % (¢,, T). Integrating J > 0 on [0, x], we
get u(x, t) = cx'T2/M=P) (x ) € (0,1) x (ty, T). The lower
estimate immediately follows by letting t — T, where ¢ :=
c(e) = {e(m — p)/[m(q +2)]}/™" P Furthermore, using self-
similar variables, we have, for the fixed ¢, € (0, T),

v(y,s) = "y @M for 0 <y < €,

(25)

—In(T - t,) < s < 0o,

where ¢* > 0. On the other hand, since u, < 0 and u, > 0
in Qr, we have (u™),, < x%uf. Let z = u™. Then from z, =

m—1 :
mu" " u,,0 <u<kinQpand

2., (6, 1) < X92" (x,t)  with r = ﬁ, (%) € Q. (26)

Integrating the inequality z,..(x,t) < x92"(x,t) using z,, > 0,
we obtain

z, (x,t) = J Zoe (1) dy < J yiZ" (y,t) dy
0 0

g+1 (27)

zZ' (x,1).

* X
<z (xt 1dy <

Hence z'"(x,t) — 2" 7(0,t) < ((1 - r)/(q + 1)(q + 2))x92.
Consequently,
1/(m-p)

m-p q+2 (28)

m-p
u(x,t)s[u(o,t) +m(q+1)(q+2)x

for (x,t) € (0,1)x (0, T]. In terms of self-similar variables, we
deduce from (27) and (28) that

v, (305) < CLy™ V" (3,5), (29)
(m=p)/m q+2™/(m=p) 30
v(ys) < [v (0,5) + C,y™7?] (30)

for 0 < y < e*, s > s, for some positive constants C; and
C,.



To derive an upper bound for v(0,s), we note that
u,,.(0,¢) > 0 for all t € (0,T] by the Hopf boundary point
lemma. Then u,,(0,t) > c for all t € [T/2,T] for some
small positive constant c. Since u,, is uniformly bounded, it
follows from the regularity of u that v, (x,t) > 0 for (x,t) €
[0,8] x [T/2,T] for some small positive constant §. Hence
from (1) it follows that

u, (x,t) > —xuP (x,t) for (x,t) € (0,8] x [%,T] )
(31)

By an integration from t € [T/2,T) to T, we deduce that

u(x,t) < Cyx/ P — /0P

(32)
for (x,1) € (0,8] x [%T]

for some positive constant C; = C;(p). Recall that v is
increasing in y. Taking x(t) = (T - )" for0 < T -t < 1,
we conclude from (32) that v(0,s) < v(1,s) < C; fors > 1

and so we obtain the following estimate:
v(0,s) <C, fors=>s, (33)

for some positive constant C,. In particular, (33) and (30)
imply that v grows at most polynomially:

(m—p)/m g2 m/(m-p)
v(y,s) < |C +C
(r.s) < [Cy 21 0
for0<y<e®, s=xs,.
Since u(0,T) = 0, we also obtain from (28) that
u(x,T) < CxI2/mp) v e0,1], (35)

where C := {(m — p)/[m(q + 1)(q + 2)1}"/"" P, This gives an
upper bound for the dead-core profile. O

4, Proof of Theorem 1

In this section, we study the asymptotic behaviour of v(y, s)
ass — oo. For this, we define the energy functional by

R(s)
E@= | 0009, (09)dy (0

where R(s) := e*,

O (y,vw) = J:U (w-0)P(y,v,0)do
(37)

—J g(y,1) P(y,14,0)du,

and P(y,v,w) = exp{(-a/m) [ Ey(& y,v,w)"™ " dE}.
Moreover, y is defined as the solution of the problem:

o )= .
vee— & e+ g(Gy) =0, £y,

vipynw)=v, v (pyvw)=uw,

Abstract and Applied Analysis

where v > 0, w € R and g(&, v) is a smooth cut-off function
(defined as in [6]) of g(y,v) == Bv'/™ — y1P/™ on R. Since
q € (-1,0), the function y? is integrable at y = 0 and so E(s)
is well defined. Following [6], we know that the solution y
of (38) can be continued backward to § = 0. Moreover, by a
simple computation, we obtain that

—(s):——JR(S)P( v(y,s), v, ( s))v(l/m)_1
ds o \PTINAY (39)

xv2 (y,s)dy + ] (s),

where J satisfies the property _LOO [J(s)|ds < oo. From this,

we have (d/ds)[E(s) — _LS J(y)dy] < 0 and therefore for any
s> 8y

E(s)gE(so)+J J (y)dy < E(sy)
o (40)
+J J(y)dy = C < oo.

So

On the other hand, due to (25), we also obtain from (36) that

1 ro J'R(S) (/m)-1
— P(y,v(y.5),v,(y.5))v
L R

x v2 (y,s)dyds < C < co.

Note that P(y, v, w) is bounded below away from 0 for y, v, w
in bounded sets. Also, by (25), (29), and (34), we can derive
for0 < A <1, M > ™ and some s,

oo M
J J v (y,s)dyds < co. (42)
sy JA

Then by a standard limiting process, that is, compactness
arguments, we can show that for any sequence {s;} tending
to infinity the limit function v (y, s) := lim isooV()ssts))is
such that v, (¥, s) = v, (y) and is a nontrivial nondecreasing
nonnegative stationary solution of (8) in (0,00). Then the
uniqueness of self-similar solutions gives that v, = V.
Therefore, the conclusion follows from (25) and (34) and
Lemma 2. This completes the proof of Theorem 1.

Remark 4. We note that when g < 0 we here only consider
the special case of -1 < g < 0 which can ensure
the existence of smooth classical solutions by the parabolic
regularity theory. For the case of g = 0, Guo et al. [6]
have studied the existence of the non-self-similar dead-core
rate of the solution. However, if g > 0, from the proof of
Theorem 1.1 in [1] (or Theorem 2.1 in [25] for the semilinear
equation) we know that the dead-core would not occur at
the origin, but it may occur at some point away from the
origin if the solution u is not strictly increasing in x. Also,
it is very interesting whether the non-self-similar dead-core
rate exists in this case. We leave this open question to the
interested readers. Furthermore, in the higher dimensional
space, it is worth to study whether assumptions could make
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the solution u of problem (1) develop a dead-core at the origin
or not. Recently, there are some interesting results of blow-
up problems related to these dead-core questions; we refer
to [26] and the references therein for the reaction-diffusion
equation with more general variable coefficient.
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