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By applying the concept (and theory) of fractional g-calculus, we first define and introduce two new g-integral operators for certain
analytic functions defined in the unit disc %. Convexity properties of these g-integral operators on some classes of analytic functions
defined by a linear multiplier fractional g-differintegral operator are studied. Special cases of the main results are also mentioned.

1. Introduction and Preliminaries

The subject of fractional calculus has gained noticeable
importance and popularity due to its established applica-
tions in many fields of science and engineering during the
past three decades or so. Much of the theory of fractional
calculus is based upon the familiar Riemann-Liouville frac-
tional derivative (or integral). The fractional g-calculus is
the extension of the ordinary fractional calculus in the g-
theory. Recently, there was a significant increase of activity in
the area of the g-calculus due to applications of the g-calculus
in mathematics, statistics, and physics. For more details, one
may refer to the books [1-4] on the subject. Recently, Purohit
and Raina [5-7] have added one more dimension to this study
by introducing certain subclasses of functions which are
analytic in the open disk %, by using fractional g-calculus.
Purohit [8] also studied similar work and considered new
classes of multivalently analytic functions in the open unit
disk.

The aim of this paper is to consider a linear multiplier
fractional g-differintegral operator and to define certain new
subclasses of functions which are p-valent and analytic in
the open unit disk. The results derived include convexity
properties of these g-integral operators on some classes of
analytic functions. Special cases of the main results are also
mentioned.

Let o/, denote the class of functions f(z) of the form

f@=2"+ Y as, (peN={1,23..1), @

n=p+1

which are analytic and p-valent in the open unit disk % =
{z € C: |z|] < 1}. A function f € A, is said to be p-valently
starlike of order « (0 < & < p) if and only if

m{%}m, (zeU). 2)

We denote by & ;(oc) the class of all such functions. On the

other hand, a function f € &/ » is said to be in the class €, (a)
of p-valently convex of order & (0 < & < p) if and only if

m{uzf,((zz))}m, (ze). 3)

Note that &;(0) = oS’; and €,(0) = C,, are, respectively, the
classes of p-valently starlike and p-valently convex functions
in %. Also, we note that §7(0) = & and €,(0) = € are,
respectively, the usual classes of starlike and convex functions
in . A function f € A, is said to be in the class %&P(oc, k)


http://dx.doi.org/10.1155/2014/925902

of k-uniformly p-valent starlike of order & (-1 < & < p) ifiit

satisfies
m{%_a}Zk _P’> k>0, zeU).
(4)

Furthermore, a function f € &, is said to be in the class
U ,(a, k) of k-uniformly p-valent convex of order a (-1 <
« < p) if it satisfies

zf' (2)
f(2)

Zf” (Z) Zf” (Z) ‘

R4l — > k|l -,
{ ) “}> | o

k>0, zeU).

For uniformly starlike and uniformly convex functions we
refer to the papers [9-11]. Note that # &', («, k) = U ST («, k)
and %6, (a, k) = UGV («, k), where the classes ST («, k)
and %467 (a, k) are, respectively, the classes of k-uniformly
starlike of order & (0 < & < 1) and k-uniformly convex of
order o (0 < « < 1) studied in [12].

For the convenience of the reader, we now give some basic
definitions and related details of g-calculus which are used in
the sequel.

For any complex number « the g-shifted factorials are
defined as

—

n—

(l—ocq)

0

(9),=1  (xq),= neN, (6)

=
i}

and in terms of the basic analogue of the gamma function
T, (a+n)(1- q)"

T @ , (n>0)), 7)

(a%9), =

where the g-gamma function is defined by

(@a).,(1-9)"
(@)oo

If |g| < 1, the definition (6) remains meaningful for n = co as
a convergent infinite product:

@a), =[] (1-aq). ©)

T, (x) = , (0<g<1). (8)

In view of the relation

_(q%49),
qhanlli T (), (10)
we observe that the g-shifted factorial (6) reduces to the
familiar Pochhammer symbol («),, where («), = o(a +
1)+ (a + n — 1). Also, the g-derivative and g-integral of a
function on a subset of C are, respectively, given by (see [2]
pp- 19-22)

D,f(2) = f((zl):—;)(;@, (240, q#0),
(11)

| F0d=20-0) Yaf (o).
0 k=0
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Therefore, the g-derivative of f(z) = 2", where n is a positive
integer, is given by

n z' - (Zq)n n—1
qu = W = [I’I]q z ., (12)
where
1- qn n—1
[n]q: =g =q" +--+1 (13)

and is called the g-analogue of n. Asq — 1, we have [n], =
g+l > 1+t l=n

The g-analogues to the function classes é’;(oc), %P(a),
?J&P(a, k), and %‘gp(oc, k) are given as follows.

A function f € o p is said to be in the class é’;’p(oc) of
p-valently starlike with respect to g-differentiation of order
a (0 < a < p) ifit satisfies

zD, (f (2))
m{ f ()

Also, a function f € o p s said to be in the class %q,p(“) of
p-valently convex with respect to g-differentiation of order
a (0 <« < p) if it satisfies

D2
iR{l+Z q(f(z)))}m, (z€U). (15)

D,(f (=)
On the other hand, a function f € &, is said to be in the class

US , (k) of k-uniformly p-valent starlike with respect to
g-differentiation of order & (-1 < & < p) if it satisfies

} >a, (ze€eU). (14)

2D, (f (2)) } 2D, (f ()
g [PV @) 1P U @)
{ o N T P g
k=0, zeU).

Furthermore, a function f € gzi is said to be in the class
(&, k) of k-uniformly p- Valent convex with respect to
q- dlﬁ};rentlatlon of order o (-1 < « < p) if it satisfies

2D (f (2) 2D (f (2)
m{l D, D,/ @) “} ‘k‘” D,(f @) - [Pl
k>0, ze¥%).

17)

In the following, we define the fractional g-calculus
operators of a complex-valued function f(z), which were
recently studied by Purohit and Raina [5].

Definition I (fractional g-integral operator). The fractional g-
integral operator If;z of a function f(z) of order § is defined

by
L.f(2)=D2f (2)
(18)

1 z
T, 0 JO (z-tq)s  f M) dgt, (6>0),
q
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where f(z) is analytic in a simply connected region of the z-
plane containing the origin and the g-binomial function (z -
tq)s_, is given by

1 o1, tq’
(z-tq)s.,=2" 19 |q g |- 19)

The series ;D,[J; —; g, z] is single valued when |arg(z)| <
7w and |z] < 1 (see for details [2], pp. 104-106); there-
fore, the function (z —tg)s_, in (18) is single valued when

Iarg(—tq‘s/z)l <7, Itqa/zl < 1,and |arg(z)| < 7.

Definition 2 (fractional g-derivative operator). The fractional
g-derivative operator DZ,Z of a function f(z) of order § is
defined by

) _ 1-6 _ 1
Paef ()= Doz 14212 = 11775

X Dy, L (z-tq)_sf(O)d,t, (0<8<1),
(20)

where f(z) is suitably constrained and the multiplicity of
(z — tq)_g is removed as in Definition 1.

Definition 3 (extended fractional g-derivative operator).
Under the hypotheses of Definition 2, the fractional g-
derivative for a function f(z) of order § is defined by

D), f(2) =

wherem -1 <8 <1,m € Ny = NU {0}, and N denotes the
set of natural numbers.

DII"C f (2), (1)

Remark 4. Tt follows from Definition 2 that

I (n+1)

S _n n—6
=—— 6=0, -1).
R e G R
8,m
2. The Operator & aph
Using Dg)z,we define a g-differintegral operator Q‘;’p rdl, -
o , as follows:
L (p+1-9)
Q° f(z)=q— D), f (2)
P L(p+1)
S L(p+1-0)[(n+1 23
=z + Z (p 1Ty )anz”, )
n=p+1 q(p+1)r (n+1-9)

b<p+lineN;0<g<l;zeU),

where DZ’Z f(2) in (23) represents, respectively, a fractional g-
integral of f(z) of order § when —co < & < 0 and a fractional
g-derivative of f(z) of order § when 0 < § < p + 1. Here we
note that Qg’pf(z) = f(2).

We now define a linear multiplier fractional g-
differintegral operator 92"’: , as follows:

22 F(2) = f (@),

DS (@)= (110, f (2)
Az

+ WDq (‘Qg,pf (Z)) > ()‘ >0),
Pl (24)
Dypaf (@) = Dy, (25,0 (D))
Do f(2) =D (220 f(2)),  meN.
If f(z) € dp is given by (1), then by (24) we have
Dainf @)
© (T (p+1-8)T, (n+1) [n] "
=zF ! 4 1-A+ —2A
‘ +n§rl<1"q(p+l)l"q(n+l—8)[ +[p]q ])
xa,z".
(25)

It can be seen that, by specializing the parameters, the
operator @Z”Z , reduces to many known and new integral and
differential operators. In particular, when 6 = 0, p = 1, and
q — 1theoperator 96 ", reduces to the operator introduced
by AL-Oboudi [13] and1f5 =0,p=1LA=1andg — 1it
reduces to the operator introduced by Saldgean [14].

By using the operator 92:;’: 1f (2) defined by (24) and g-
differentiation, we introduce two new subclasses of analytic
functions %é";:;’f 4 (e, k) and %%Z:;’f 1 (e, k) as follows.

A function f € A, is said to be in the class %&Z:Zf/\((x, k)
if and only if

m{ A (20 F (@) a}

95ml\f (Z)

2D, (2471 )
q,;:f,\f (2)

-[pl,|s (l<a<p k=0).

(26)



Furthermore, a function f € o/, is said to be in the class
%%Zﬁ 5 (a, k) if and only if

R {1 + il @th (Z)) “}

ACHEIC)
>k|1+ D, <92‘Z‘Af(2)> - [rl,
D, (250 f @)

, (-l<a<pk=0).
(27)

It is interesting to note that the classes %&5’"’/1(“ k)

and % & op 1 (&, k) generalize several well-known subclasses

of analytlc functions. For instance, if g — 1, then
(1) S (o) = US (o k),

) UST, (o) = UBY) (k) = UG (. ),

(3) STy (,0) = S} (@),
@) ST, (@,0) = UBY | (&,0) = G (a0).

3. The p-Valent g-Integral Operators F, and G,

We now introduce two new p-valent g-integral operators as
follows.

Definition 5. Let m = (m;,m,,...,m,) € Nj, y =
(V1> Y2--¥0) € Riand f; € o, foralli = {1,2,...,n},
n € N. Then F(z) : Qf; — o, is defined as

Fq (Z) = 9’2”;’:{‘ (fl’on--:fn)
&,m; Vi 28
ZLopati (t)> a, (28)

- a1 2

i=1

and G,() : M; — o, is defined as

Gy (2) = G (fis for- o f)

[l n(l’(g_f”)>dt o

i=1 [p]q tP!
where 921‘% fi(t) is given by (24).

It is interesting to observe that several well-known and
new integral operators are special cases of the operators F,(z)
and G, (z). We list a few of them in the following remarks.

Remark 6. Lettingm; = 0 foralli ={1,2,...,nfandq — 1,
the g-integral operator F,(z) reduces to the operator F,(z)
studied by Frasin in [15]. Upon setting p = 1,6 = 0, A = 1,
and g — 1, we obtain the integral operator D'F (z) studied
by Breaz et al. in [16]. For p = 1,m; = m, = --- = m, = 0,
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and g — 1, the operator Fq(z) reduces to the operator F,(z)
which was studied by D. Breaz and N. Breaz in [17]. Observe
that when p=n=1,m, =0,y, = y,andq — 1, we obtain
the integral operator I,(f)(z) studied by Pescar and Owa in
[18]. Also, for p =n =1,m; = 0,9, = l,andgq — 1, the
g-integral operator F_(z) reduces to the Alexander integral
operator I( f)(z) studied in [19].

Remark 7. Lettingm; = 0 foralli = {1,2,...,n}andq — 1,
the g-integral operator Gq(z) reduces to the operator Gp(z)
studied by Frasinin [15]. For p=1,m; =m, =---=m, =0
and ¢ — 1, the operator G, (z) reduces to the operator
C— (z) which was studied by Breaz et al. (see [20]). Also,
forp=n=1,m; =0,y, = l,andq — 1, theg-integral oper-
ator G,(z) reduces to the integral operator G(z) introduced
and studied by Pfaltzgra (see [21]).

In this paper, we obtain the order of convexity with
respect to g-differentiation of the g-integral operators F,(z)

and Gu(z) on the classes %(‘S’Z:ZA((X, k) and %%2:;3(“, k).
As special cases, the order of convexity of the operators

joz(f(t)/t)ydt and foz(f'(t))ydt is also given.

4. Convexity of the Operator F,

First, we prove the following convexity result with respect to
g-differentiation of the operator F,.
Theorem 8. Let m =

(my,my,...,m,) € Nj y =

(Vi Var--5¥e) € R, -1 < oy < pk; > 0, and f; €
UST (o k) foralli = {1,2,....,m}, n € N. If
0<p+yy(a—p) <p (30)
i=1

then the g-integral operator F,(z) defined by (28) is p-valently
convex with respect to g-differentiation of order p+ .., y;(e;—
p).

Proof. From (28), we observe that Pq(z) e - On the other
hand, it is easy to verify that

5 m;
i (2)
D,(F, @) = [p] 2" 1]‘[( 2L NEY
Now by logarithmic g-differentiation we have

Ing D4 (F, (@)
1-1D, (Fq (Z))

8,m;
g [p-1 & (Pa(Zinfi@)
e gy ()

_ &,m;
q 1 i=1 gq,P,Afi (Z)

)

(32)
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Therefore,

. 2D? (F, (2)) Z | (qu (257 £ @) . oci>

= o,m;
gq)p’h.fi (Z)

D, (Fq (Z)) +i=1y'

+ ZV;’ (2 = p).
i=1
(33)

Taking the real parts on both sides of the above equation, we
have
zD? (F, (z)
R4+ q ( q )
D, (£, @)
=p+ Z)’i (2 - p) (34)
i=1

n <qu(9‘;j;f;ﬁ(z)) )
Yi - .

+ R
2 o

i=1

Since f; € %&Z:Zi\(oci,ki) foralli = {1,2,...,n}, from (26) we

get
L i)
D, (F,(2))
2p+ Z)’i (a - p) (35)
i=1

N CACHNIC)

+Q vk - —Pl,|-
zl D i (2) !
As YL, v, k|@Dy(@o7 f(@)I D) £i(2) = [pl,] > 0, for
alli = {1,2,...,n}, we obtain from the above
2D’ (F, (2)) n
R4+ — T2V S 54 Yy (- p). (36)
{ D, (£, (2)) 2

This completes the proof. O

Corollary 9. Let m = (m;,m,,...,m,) € Nj, y =
YoVo--o¥) € RL -1 < o < pk; > 0and f; €
%é’g:;fi\(ai,ki)for alli={1,2,...,n},ne N. If
&,m;
2D, (20" f,(2)) .

S _P* Y v (= p)
20 £, (2) ’

STk , (37)
i=1 Yiki

for all'i = {1,2,...,n}, then the g-integral operator F,(z)
defined by (28) is p-valently convex with respect to q-
differentiation in U.

Proof. From (35) and (37) we easily find that F, € %q,P‘ O

Lettingg — 1,p=n=1,m; =0,y =y, =, k; =k,
and f; = f in Theorem 8, we have the following.

Corollary 10. Lety > 0, -1 < ¢ < 1,k > 0, and f €
UST (o, k). If0 < 1 +y(x— 1) < 1, then the integral operator
j;(f(t)/t)ydt is convex of order 1 + (o — 1) in %.

5. Convexity of the Operator G,

Now, we prove the following convexity result with respect to
g-differentiation of the operator G,,.

Theorem 11. Let m = (my,m,,...,m,) € Nj, y =
(YI)YZ)'~')V;1) € Ri, _1 S Oli < p, ki > 0, a}’ldfi €

UE (e, k) for all i = {1,2,...,m}, n € N.If

0<p+ Yy (o -p)<p, (38)

i=1

then the q-integral operator G,(z) defined by (29) is p-valently
convex with respect to g-differentiation of order p+ Y., y;(e;—

p)

Proof. From (29), we observe that Gq(z) e »-On the other
hand, it is easy to verify that

(D, (2% f.2))\
D, (G, (@) = [p], zpll'[(%) . (39)
q

i=1
Now by logarithmic g-differentiation we have

Ing D3(G,(@)
q_qu(Gq(z))

8,m;
_Ing | p-1 - D; (‘gqu,’)ufi (z)) p-1
-——[i7+2%< =

q-1 =\ D, (92;;:3 f (z))

(40)
Therefore,

1+M
Dq(Gq(z))

=P+iy.<1+w_w
R CHAC)

>+iYi(“i—P)-

(41)



Taking the real parts on both sides of the above equation, we
have

ZDS (Gq (Z))

1+
D, (G, (2)

" " D (227 £, (2))
q pA
:P+ZYi(“i_P)+ZVim 1++_“i
i=1 =1 Db, (@q,nl)‘f" (Z)>
(42)
Since f; € %‘gg::;(oci,ki) foralli = {1,2,...,n}, from (27) we
get
2
N zD; (Gq (Z))
D, (Gq (Z))

2p+ Z)’i (2 - p) (43)
izl
n D2 (%™ ;
+Zyiki 1+W_[p]q .
= D, (27 £ (2)

As Y s ki1 + (DUDY Fi(2)ID (D00 £i(2) - [l | >
0, foralli = {1,2,...,n}, we obtain from the above
2
N zb; (Gq (z))

> (o = p). (44)
5.(G, @) p+i;y((x p)

This completes the proof. O

Corollary 12. Let m = (m;,m,,...,m,) € N{, y =

(VisVar--5¥,) € R -1 < oy < pk; > 0, and f; €
UE" (e, k) for all i = {1,2,...,m}, n € NLIf
2 8,m; "
1+ Dq (@‘M”Afi (Z)) _ [p] _P + Zizl Yi ((xi B p)
o,m; q n . k. ’
D, (gzq, m (z)) Y Vi ki
(45)

for all'i = {1,2,...,n}, then the g-integral operator G,(2)
defined by (29) is p-valently convex with respect to g-
differentiation in .

Proof. From (43) and (45) we easily find that G, €€,, U

Lettingg — 1, p=n=1,m; =0,y =y, =, k; =k,
and f; = f in Theorem 11, we have the following.

Corollary 13. Let y > 0, -1 < a« < 1,k > 0, and f €
UECY (o, k). If0 < 1 +y(a — 1) < 1, then the integral operator

z ! . .
_[0 (f'())¥dt is convex of order 1 + y(ac — 1) in %.

We remark in conclusion that, by suitably specializing the
parameters in Theorems 8 and 11, we can deduce the results
obtained in [15, 22, 23].
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