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The paper deals with convex combinations, convex functions, and Jensen’s functionals. The main idea of this work is to present
the given convex combination by using two other convex combinations with minimal number of points. For example, as regards
the presentation of the planar combination, we use two trinomial combinations. Generalizations to higher dimensions are also

considered.

1. Introduction

Let 2 beareal vector space. A set of € X isaffineifit contains
the lines passing through all pairs of its points (all binomial
affine combinations in ¢/, i.e., the combinations p, P, + p,P,
of points P;, P, € & and coeflicients p,, p, € R of the sum
py+p, =1). Afunction f: &/ — Risafline if it satisfies the
equality f(p, P, + p,P,) = p, f(P,) + p, f(P,) for all binomial
affine combinations in <.

A set € < X is convex if it contains the line segments
connecting all pairs of its points (all binomial convex com-
binations in @, i.e., the combinations p, P, + p,P, of points
P,,P, € ¥ and nonnegative coeflicients p;, p, € R of the
sum p; + p, = 1). A function f : € — R is convex if it
satisfies the inequality f(p, P, + p,P,) < p, f(P)) + p, f(P,)
for all binomial convex combinations in €.

Using the mathematical induction, it can be proved that
every affine function f: &/ — R satisfies the equality

f <iPiPi> = iPif (P) ¢y

for all affine combinations in & and that every convex
function f: € — R satisfies the Jensen inequality

f <ZP1‘Pi> < Zpif (P) (2)

for all convex combinations in €.

For an affine or a convex combination P = Y p;P,
the point P itself is called the combination center, and it
is important to mathematical inequalities. Recognizing the
importance of the combination center, the authors (see [1])
have recently considered inequalities on simplexes and their
cones.

A general overview of convex sets, convex functions, and
its applications can be found in [2]. In working with means
and their inequalities, we can rely on the book in [3]. Many
details of the branch of mathematical inequalities are written
in [4].

2. Convex Combinations of the Line

The section shows the importance of convex combination
centers in deriving inequalities. The main result is Theorem 2.

If a,b € R are different numbers, say a < b, then
every number x € R can be uniquely presented as the affine
combination

b. ©)

The above binomial combination is convex if and only if the
number x belongs to the interval [a, b]. Given the function

iR - R,let f{I;“Z} : R — R be the function of the line
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passing through the points (a, f(a)) and (b, f(b)) of the graph
of f. Using the affinity of f{;“;}, we get the equation

ine - X X
Sl == @+ (4)

If the function f is convex, then, using the definition of
convexity, we obtain the inequality

)< fim (x), ifxelab], ()
and the reverse inequality
f) 2 fiy (x), ifx¢(ab). (6)

By the end of this section we will use an interval .¥ ¢ R
with the nonempty interior .7°.

The following lemma represents a systematised version of
[5, Proposition 2] and deals with two convex combinations
having the same center. Assigning the convex function to
such convex combinations, we obtain the following Jensen
type inequality.

Lemma 1. Let a,b € ¥ € R be points such that a < b. Let
YL, pix; be a convex combination with points x; € [a, b, and
let Z;”:l q;y; be a convex combination with points y; € . \
(a,b).

If the above convex combinations have the same center

DX = ) a;¥p %
i=1 j=1

then every convex function f: % — R satisfies the inequality

Zpif (x;) < Z‘b‘f (J’j)- (8)
i=1 =1
If f is concave, then the reverse inequality is valid in (8).

Proof. Assume f is convex. If a < b, the right-hand side fol-
lows from the series of inequalities

ZPif (x;) ZP: {l;n;} {l;nzf} (ZP: z)
i1

];n;} <Zq1y1> ZqJ o ( ) ©)
< Yaif (%)
j=1

derived applying the inequality in (5) to x; and the inequality
in (6) to y;. If a = b, we use any support line f{l;’;e instead of
the chord line fl;“be} O

Lemmal is the generalization of Jensens inequality:
applying this lemma to the convex combination center equal-

ity

le= Zpixi’ (10)
i=1
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with the assumption a = b = ¢, we come to the Jensen ine-
quality

f <Zpixi> =1f() < Zpif (%) (11)

So, the discrete form of the famous Jensen inequality
(discrete form in [6] and integral form in [7]) can be derived
applying the convexity definition and the affinity of the chord
or support line. The different forms of Jensen’s inequality can
be seen in [8].

Theorem 2. Let a,b,a,,b; € .F € R be points such that a; <
a <b<b.Letc=Y", px;bea convex combination of the
points x; € [a;, b] \ (a,b) with the center ¢ € (a, b).

Then there exist two binomial convex combinations xa+ f3b
and oy a; + b, so that

aa + b = Zpixi =oa; + by, (12)
i=1

and consequently, every convex function f : F — R satisfies
the inequality

of @+ B B < Y pf () <o f @) + Buf () 03

If f is concave, then the reverse inequality is valid in (13).

Proof. We use the formula in (3) to calculate the coefficients
a = (b—c)/(b—a)and = (c—a)(b—a) that satisfy c = aa+f3b
and also for «; and f3,. Now we need to apply Lemma 1 to both
sides of the obtained equality in (12). O

The graphical representation of the equality in (12) and
the inequality in (13) is shown in Figure 1.

Binomial convex combinations are included into the
definition of convexity. The following corollary demonstrates
how the binomial combinations may be assigned to each
convex combination.

Corollary3. Let Y. | p;x; bea convex combinationin % C R.
Then there exist two binomial convex combinations pyx,+q, ¥,
and px +qy with points x,, ¥y, X, y from the set {x,, ..., x,} so
that

PoXo +q0Yo = ZPi i =px+qy (14)

i=1

and consequently, every convex function f : 5 — R satisfies
the inequality

pof (x0) + a0 f () < Zpif (x) < pf(x)+qf (y). (15)

Proof. Putc = Y, p;x; and suppose x; < --- < x,,. Take
x=xand y = x,. If x = y,wetake p =g =1/2.If x < y,
we calculate the coefficients p and g by the formula in (3) to
getc = px +qy.
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0‘1.1((‘11)Jr ﬁlf(bl)

Z pif(x;)
i=1

af(a)+ Bf(b)

c=aa+ b= ZP,(X)—“lul + B

i=1

FIGURE 1: Line convex combinations with the same center c.

If ¢ is equal to some x; , then we take x, = y, = x; and
Do = qo = 1/2. Otherw1se it must be ¢ € (x;, x;,,) for some
pair, in which case we take x, = x; and y, = x;,,. Calculating
Po and g, by (3), we also get ¢ = pyxy + o Vo-

It remains to apply Lemma 1 to both sides of the obtained
equality in (14). O

Respecting the Jensen inequality, the formula in (15) can
be expressed in the extended form:

f <ipixi> < pof (x0) + a0 f (30)

(16)

M=
S}

<

fx)<pf)+af (y).

i=1

Let us show how the intermediate member in (13) can be
transformed into integral. Let & € .7 be a bounded set with
the length |Z| > 0, and let f be an integrable (in the sense
of Riemann or Lebesgue) function on &. Given the positive
integer n, we employ a partition

—-

]
—

Z = 3711" (17)

1

where each of pairwise disjoint subsets &,,; contracts to the
point as n approaches infinity. Take one point x,; € &, for
everyi = 1,...,nand then compose the convex comblnatlon
¢, of the points f(x,,;) with the coefficients p,; = |Z;|/|Z];
that is,

< 1
G IEﬂZI il £ (%) (18)
Letting # to infinity, the sequence (c,),, approaches the point

(x)dx. 19)
"7t

Using the integral method with convex combinations,
we obtain the mixed discrete-integral form of Theorem 2 as
follows.

Corollary 4. Leta,b,a,,b, € 7 € R be points such that a, <
a < b < by. Let the barycenter c of the set [ay, b;]\ (a, b) belongs
to (a, b); that is,

_ S * 4%

,b). (20)
b—a -b+a € (@b)

Then there exist two binomial convex combinations ca+ f3b
and o a; + f31b; so that
aa+ Bb=c=awaya, + b, (21)

and consequently, every convex function f : F — R satisfies
the inequality

I[m By ] () dx
a, a,-b+a (22)
< alf (al) + ﬁlf (bl) .

If f is concave, then the reverse inequality is valid in (22).

af (a) + Bf (b) <

The summarizing Jensen’s functional of a function f :
# — R for the given convex combination ), p;x; in .5
is defined with

]p1x1+---+pnxn (f) = szf (xi) -f (Zpixi> . (23)

If the conditions of Theorem 2 hold, we get the functional
inequality

]aa+ﬁb (f) < Ip1x1+~~-+pnxn (f) < ](xla1+ﬁ1bl (f) : (24)

The integrating Jensen’s functional of an integrable func-
tion f: 5 — R for the given subset & € .# with the length
|Z| > 0 is defined with

f<|g| j xdx>. (25)

If the conditions of Corollary 4 are satisfied, we get

Joarpp (F) < i pnap) (F) < Jayaspn (F) - (26)

The inequalities in (24) and (26) offer the local bounds of
Jensen’s functionals. The global bounds of Jensen’s summariz-
ing functional were investigated in [9]. Some new Jensen type
inequalities were obtained in [10].

Jo (D)= 17 [ £ s

3. Convex Combinations of the Plane

This section contains the main results, Theorem 6, and its
consequences.

We assume that R is the real vector space treating its
points as the vectors with the standard coordinate addition
(xp,¥1) + (o 9,) = (X + x5, + y,) and the scalar
multiplication a(x, y) = (ax, ay).

If A(xy,y4), B(xg, y5), and C(xc, yo) are the planar
points that do not belong to one line, respectively, the convex



hull conv{A, B,C} is a real triangle, and then every point
P(x, y) € R? can be presented by the unique affine combina-
tion

P =aA+ BB+yC, (27)

where

x y1
xp yp 1
Xc Yo 1
X ya 1|’
xg yp 1
xc yc 1

x y 1
Xa yal
Xc Yo 1
Xa yal
xg yp 1
Xc Yo 1

ﬁ:_

, (28)

x y 1
Xa yal
xg yp 1
Xa yal|’
xg yp 1
Xc yc 1

The above trinomial combination is convex if and only if the
point P belongs to the triangle conv{A, B, C}.

Given the triangle with vertices A, B, and C, the convex
cone G 4, with the vertex at A is the set spanned by the vectors
A —-Band A - C (similarly € and € ; all three cones can be
viewed in Figure 2); that is,

Goa={A+p(A-B)+q(A-C): p,g e R,p,q>0}.
(29)
Given the function f : R* — R, let f&a)g,ec} C R -
R be the function of the plane passing through the points
(A, f(A)), (B, f(B)), and (C, f(C)) of the graph of f. Due to

the affinity of fFi™

LABC it follows

freme (P)=af (A)+Bf (B)+yf (C).  (30)

For a convex function f, using the convexity definition, we
get the inequality

f(P)< f{‘ff’;fc} (P), ifPeconvi{A,B,C}, (31

and using the affinity of f&a;ec}, the reverse inequality

f(P) 2 file (P), fPeB,uEU%.  (32)

By the end of the section we will use a planar convex set

% < R with the nonempty interior €°. The area of a planar
set &/ will be denoted with ar(</).

Lemma 5. Let A,B,C € % < R® be points, A =

conv {A, B,C}, and € = € ,UE UG be the cone union. Let

Y, a;A; bea convex combination of the points A; € A, and let

Z;":l B;B; be a convex combination of the points B; € €, N'E.
If the above convex combinations have the same center

n m
Z(xiAi = Zﬁij’ (33)
i=1 =
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Ay Ca I B,

n
P=aA+BB+yC= ZP,-Pi =a A, + BB, +y,C,
i=1

FIGURE 2: Plane convex combinations with the same center P.

then every convex function f: € — R satisfies the inequality

j=1

i“if (A < iﬁjf (Bj)' (34)

Proof. If the set conv{A, B, C} is a real triangle, we can apply
the proof of Lemma 1 using f{i?;)ec} instead of f{l;ng} respect-
ing the plane inequalities in (31)-(32). If conv{A,B,C} =
conv{A, B}, then we rely on the proof of Lemma 1 with the
chord line f{ljf’%}. If conv{A, B,C} = {A}, we use any support

line f{lg‘}e at the point A. O

Theorem 6. Let A,B,C;A,,B,,C, € € < R* be points such
that

A = conv {A,B,C} C conv {A,B,,C,} = A, (35)

with A # 0, and let € = €, U €5 U G be the cone union.
Let P = Y| p;P; be a convex combination of the points P; €
&, N A, with the center P € A°.

Then there exist two trinomial convex combinations A +
B+ yC and «, A, + 3,B, + y,C, so that
Y 144 1P N4

n
oA+ BB+yC = zpipi = A+ BB+ Cys (36)
i=1

and consequently, every convex function f: € — R satisfies
the inequality

of (A)+ BF (B) + 1 (©) < Y pof (B)

i=1

<o f(A)+Bf(B)+1.f(C).
(37)

Proof. First we calculate the coefficients by the formula in
(28) to get the equality in (36) and then apply Lemma 5 to
its both sides. O

The graphical representation of the equality in (36) can be
seen in Figure 2.

Applying the integral method with convex combinations,
we obtain the form as follows.
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Corollary 7. Let A,B,C; A, B,,C, € € < R* be points such
that

A = conv {A,B,C} C conv {A,B,,C,} = A, (38)

with A° # 0, and let € = €, U € U B be the cone union.
Let the barycenter P of the set €, N A | belong to A; that is,

I%AmAI xdx dy J% na, ydxdy A’ (39)
ar (6,NA,)" ar (€,NA))

Then there exist two trinomial convex combinations aA +
B+ yC and a; A, + 3,B, + y,C, so that
Y 1411 1P 14

aA+BB+yC=P=o A, + BB, +yCy, (40)

and consequently, every convex function f: € — R satisfies
the inequality

af (A) + Bf (B) +yf (C)

< [g o, f (%) dxdy
T ar(8,nA)

<o f(A)+Bif (B) +nf(Ch).

If f is concave, then the reverse inequality is valid in (41).

If the conditions of Theorem 6 are valid, then using the
summarizing Jensen functional of f for the given convex
. . n
combination )\, p;P;

]P1P1 Ay

Zplf (P)- (Zp, > (42)
we get the functional inequality

]ocA+ﬁB+yC (f) < ]p1P1+---+p,,P,, (f)
(43)

< ay A+ B+y,C, (f) .

If the conditions of Corollary 7 are satisfied, then applying
another integrating Jensen functional of f for the given
subset &/ C € with the area ar(</) > 0,

x,y)dxdy
T (f) = LG r)dedy ar ()
(44)
L{xdxdy jdydxdy
ar () ar () ’

we have the inequality

Jaaspseye (F) < Jz,on, (F) < Jua,+p,8,4pc, (f) - (45)

4. Generalization

The aim of the section is to generalize Theorem 6 and
Corollary 7 to more dimensions.

IfA,,..., A, € R™arepointssuch thatthe vectors A, —
A,,...,A; — A, arelinearly independent, then the convex
hull

A=convi{A,,...., A} (46)

is called the m-simplex with the vertices A,,..., A,,,;. All
the simplex vertices can not belong to the same hyperplane
in R™. Any point P € R™ can be presented by the unique
affine combination

m+1

P=) ajA; (47)

If we use the point coordinates, then the coefficients «; can
be determined by the generalized coeflicient formula in (28).
The combination in (47) is convex if and only if the point P
belongs to the m-simplex A.

Given the m-simplex with vertices Ay,..., A, ,;, let €,
be the convex cone with the vertex at A, spanned by the
vectors Ay — Ay,..., Ay — Ay, (similarly € .., €, )
that is,

m+1
Ca, = {Al 2 (A A peRp> 0}- (48)

k=2

Given the function f: R"™ — R,let f}¥ : R" — Rbe
the function of the hyperplane (in R™*') passing through the
points (A, f(A))) of the graph of f. Applying the affinity of

fzp to the combination in (47), it follows

m+1

h
LR =Y af(4)). (49)
=1
If we use the convex function f, then we get the inequality
f(P)< f2(P), ifPeA, (50)
and the reverse inequality
b m+1
f®) = £ (), ifPel]JE,, (51)
=1

which can be proved in the same way as the inequality in (32).

By the end of the section we will use a convex set € < R™
with the nonempty interior €°. The volume of a set 7" ¢ R™
will be denoted with vol(7").

The generalization of Theorem 6 applied to m-simplexes
is as follows.

Theorem 8. Let A,,...,
points such that

A, B,...sB,,, € € < R" be

A= conv {A,,... B} =4,

(52)

A} € conv {By,...,



with A® # 0, and let €, = m“%”A be the cone union. Let P =

Y, piP; be a convex combination ofthe points P, € €y N A,
with the center P € A°.

Then there exist two (m + 1)-membered convex combina-
tions Z] , &jA;and Z /3]B so that

m+1 m+1

Z“A _Zpr i Zﬂ]B]’ (53)
j=1

and consequently every convex function f : € — R satisfies
the inequality

m+1 m+1

Z“Jf( j) < Zif(Pl)SZlﬂjf(Bj). (54)

i=1
Using the integrals, we get the form as follows.

Corollary 9. Let A,,..., A
points such that

Bi,...;B € € € R™ be

m+15

A= conv {A,,...,A, .} € conv {B,...,B,.;} =A,

(55)

with A° # 0, and let €, = '"H%A be the cone union. Let the
barycenter P of the set €5 N A belong to A% that is,

P<I%AmA1xldx1""’dxm ngnAlxmdxl,...,dxm>

IR

vol (E,NA;) vol (6,NA;)
e A’
(56)

Then tlhere exist two (m +1 1)-membered convex combina-
tions Z;r:rl a;f(A;) and Z"H B;f(B)) so that

m+1 m+1

Y aA;=P=Y BB, (57)
j=1 j=1

and consequently every convex function f : € — R satisfies
the inequality

S I@AMIf(xlw--)xm)dxl,...,dxm
j;“;’f (4)) < vl (@ina)

(58)

m+1

< J_:Zlﬁjf (B)).

If f is concave, then the reverse inequality is valid in (58).

If the conditions of Theorem 8 are valid, then using the
summarizing Jensen functional of f for the given convex
combination Y, p;P,, we get the functional inequality

]a1A1+~-+am+1Am+1 (f) p1P1+ +p, P, (f)
(59)
= ]/3131+"'+/3m+13m+1 (f) :
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If the conditions of Corollary 9 are satisfied, then applying
another integrating Jensen functional of f for the given
subset 7° € & with the volume vol(7") > 0,

Jo (f)

- lefdxl,...,dxm

B vol (7))

~ J‘ledxl,...,dxm J‘medxl,...,dxm
vol (7) T vol (7) ’
(60)
we have the inequality
]oclA1+--~+ocm+1Am+1 (f) < ]%AHAI (f)

(61)

< ]ﬁlBlJr'"*ﬁmHBmﬂ (f) :
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