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Algorithm based on fractional difference was used for the edge extraction of thenar palm print image. Based on fractional order
difference function which was deduced from classical fractional differential G-L definition, three filter templates were constructed
to extract thenar palm print edge. The experiment results showed that this algorithm can reduce noise and detect rich edge details
and has higher SNR than traditional methods.

1. Introduction
Thenar area refers to the uplift muscle which is the joint of
one’s wrist and thumb. Everyone has his or her unique thenar
palm print patterns. But the palm print texture structure
changes with age and disease. For example, roughness and
thickness appear in the palm print with disease. According
to the Traditional Chinese Medicine theory, one’s thenar
palm print image is closely related to certain diseases such
as asthma. For some patients, lattice distribution and rough
texture appear in their thenar palm print. Doctors tend to
think that the shape of one’s palm print is closely related to his
or her kidney deficiency and could be an indicator of asthma
and can be used for the diagnosis of some allergic disease.
In the medical practice of Traditional Chinese Medicine,
by observing the patient’s thenar palm print direction, the
distance between palm print lines, groove depth, grain
interaction, and pattern characteristic, doctors usually divide
the thenar palm print into 4 levels. Class A: thenar skin
is moist and soft with delicate texture and furrow is very
shallow; no distribution characteristic pattern can be seen.
Class B: thenar skin is moist and soft, texture is clear, and
lattice type distribution can be found, but the gap is narrow.
Class C: thenar skin is smooth but less moist, texture is clear

and visible, lattice type distribution can be found, and the
gap is wider. Class D: thenar skin is dry and rough, texture is
clear and visible, large lattice type distribution can be found,
and texture space is significantly widened compared with the
Class C level. So far, the classification of thenar palm print
of patients relies on the subjective observation of the doctors’
naked eyes. In addition to medical treatment, palm print is
also studied for other purposes [1–4].
In order to make the observation more objective and
more accurate, we should conduct preprocessing, feature
extraction and classification of the thenar palm print by using
image processing technology. The computing is particularly
important in order to realize the quantitative identification
of thenar palm print. Thenar palm print image edge mainly
refers to the texture features, such as lines, the distance
between the lines, and the pattern characteristic, which is
the main basis to carry out further classification. So effective
edge detection plays an important role in feature extraction
and quantitative identification. Edge detection (see [5–14])
method can detect the image edge to the precise location
of thenar palm print and can also inhibit irrelevant details
and noise. The classic methods of image edge detection
like gradient method, conventional first-order differential
and two-order differential method, and Laplace differential
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algorithm are sensitive to noise. Their performance for the
thenar palm print image edge extraction is not accurate and
could not obtain the edge localization and achieve noise
filtering. Generally speaking, the low frequency part of the
image corresponds to the smooth area, namely, the image
of the nonedge region, while the middle frequency part of
the image corresponds to texture information and the high
frequency part corresponds to the image edge area and noise.
With regard to the thenar palm print image processing,
if an integer order differential method is employed, texture
details with little gray changes in the palm print image will
decay greatly. If fractional differential algorithm is employed,
this information can be retained to some extent. So compared with integer order differential method, the fractional
differential method is in a better position to deal with the
high frequency texture image. As for the thenar palm print
image, texture information is what the doctors are really
interested in. So the edge detection algorithm using fractional
order differential characteristics of palm print is preferred.
In this paper, first, the fractional difference equation is
obtained according to G-L fractional differential definition.
Second, we construct some filter templates to extract the palm
print image edge. The experiments show that the fractional
differential edge detection algorithm is better than integer
order differential methods and also has higher signal-to-noise
ratio.

2. Fractional Differential Operators
2.1. Fractional Calculus. Fractional calculus should really
be called noninteger order calculus. As early as nineteenth
century, the concept of fractional calculus appeared together
with integer order calculus. In the past two hundred years,
fractional calculus has gradually developed into a system as
a pure mathematical branch. But not until recent decades,
and with the development of engineering technology, has
fractional calculus caused the attention of both scientists
and engineers. It was found that the fractional differential
operator has many advantages over integer order ones in
many engineering problems. Many scholars have developed
different definitions of fractional calculus, among which
the most well-known definitions are Riemann-Liouville’s
definition and Caputo’s definition [15, 16]. These definitions
are equivalent to each other in most cases. But GrunwaldLetnikov’s definition is easier to be applied in numerical
analysis. In this paper, we use Grunwald-Letnikov’s definition
to construct fractional order differential filter for image
filtering and edge extraction of thenar palm print.
2.2. Fractional Difference. Fractional differential definition
is a kind of generalization of the classical integer order
derivative definition for continuous function. Usually, the 𝑛th
derivative of a continuous function is defined as
𝑑𝑛 𝑓 (𝑥)
1 𝑛
𝑛
=
lim
∑ (−1)𝑖 ( ) 𝑓 (𝑥 − 𝑖ℎ) .
𝑖
ℎ → 0 ℎ𝑛
𝑑𝑥𝑛
𝑖=0

(1)

The above differential operator does not need to be constrained only to integers. For example, the (1 + 𝑖)th derivative
of the (1 − 𝑖)th derivative yields the 2nd derivative.
For a general function 𝑓(𝑥) and 0 < 𝛼 < 1, the complete
fractional derivative is
1
𝑑 𝑥 𝑓 (𝑡)
𝑑𝑡.
∫
𝐷𝑛 𝑓 (𝑥) =
(2)
Γ (1 − 𝛼) 𝑑𝑥 0 (𝑥 − 𝑡)𝛼
For arbitrary 𝛼, because the gamma function is undefined for
arguments whose real part is a negative integer, it is necessary
to apply the fractional derivative after the integer derivative
has been performed. For example,
𝑑
(3)
𝑓 (𝑥) .
𝑑𝑥
Generally, we have Riemann-Liouville fractional derivative
𝐷3/2 𝑓 (𝑥) = 𝐷1/2 𝐷1 𝑓 (𝑥) = 𝐷1/2

𝑑𝑛 −(𝑛−𝛼)
𝑑𝑛
(4)
𝐷𝑡
𝑓 (𝑡) = 𝑛 𝐼𝑡𝑛−𝛼 𝑓 (𝑡) .
𝑛
𝑑𝑡
𝑑𝑡
The corresponding derivative is calculated using Lagrange’s
rule for differential operators. Computing 𝑛th order derivative over the integral of order 𝑛 − 𝛼, the 𝛼 order derivative is
obtained. It is important to remark that 𝑛 is the nearest integer
bigger than 𝛼.
𝐷𝑡𝛼 𝑓 (𝑡) =

Caputo Fractional Derivative. There is another way for defining fractional derivatives, the Caputo fractional derivative
which was introduced by M. Caputo. In contrast to the
Riemann Liouville fractional derivative, when solving differential equations using Caputo’s definition, it is not necessary
to define the fractional order initial conditions. Caputo’s
definition is as follows:
𝐶 𝛼
𝑎 𝐷𝑡

𝑓 (𝑥) =

𝑥
𝑓(𝑛) (𝑡)
1
𝑑𝑡.
∫
Γ (𝑛 − 𝛼) 𝑎 (𝑥 − 𝑡)𝛼+1−𝑛

(5)

Besides the above two definitions, we have also Grunwald-Letnikov’s fractional derivative definition as shown
below by using Γ function:
𝑑𝛼 𝑓 (𝑥)
1 ∞
Γ (𝛼 + 1)
𝑓 (𝑥 − 𝑖ℎ) ,
=
lim
∑(−1)𝑖
𝛼
𝛼
ℎ→0ℎ
𝑑𝑥
Γ (𝛼 − 𝑖 + 1)
𝑖=0

(6)

where
∞

Γ (𝑛) = ∫ 𝑡𝑛−1 ⋅ 𝑒−𝑡 𝑑𝑡 = (𝑛 − 1)!
0

(7)

and 𝛼 can be noninteger. The 𝛼th difference of 𝑓(𝑥) can be
expressed as follows:
𝑓𝛼 (𝑥) ≈ 𝑓 (𝑥) + (−𝛼) 𝑓 (𝑥 − 1) +
⋅ 𝑓 (𝑥 − 2) +
+ ⋅⋅⋅ +

(−𝛼) (−𝛼 + 1)
2

(−𝛼) (−𝛼 + 1) (−𝛼 + 2)
𝑓 (𝑥 − 3)
3!

Γ (−𝛼 + 1)
𝑓 (𝑥 − 𝑛) .
𝑛!Γ (−𝛼 + 𝑛 + 1)

(8)

The 𝛼th difference is actually the approximation of the 𝛼th
derivative. Fractional calculus has been applied to many areas
[15–20].
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Figure 1: The original image.

Figure 3: Image got by Prewitt operator.

Figure 2: Image got by Sobel operator.

Figure 4: Image got by Laplace operator.

2.3. Fractional Order Filter. In general, the 𝑀×𝑁 image filter
template for a gray image is given as follows:

Table 1: Filter template 1.

𝑎

−𝛼
4

𝑏

𝑔 (𝑥, 𝑦) = ∑ ∑ 𝑤 (𝑠, 𝑡) 𝑓 (𝑥 + 𝑠, 𝑦 + 𝑡) ,

−𝛼

(9)

−𝛼

𝑠=−𝑎 𝑡=−𝑏

where 𝑎 = (𝑚 − 1)/2 and 𝑏 = (𝑛 − 1)/2.
In order to get a complete picture of the filtered image,
the filter template must be applied to 𝑋 = 0, 1, . . . , 𝑀 − 1 and
𝑌 = 0, 1, . . . , 𝑁 − 1. Thus, we guarantee that all the pixels
in the image are filtered. For digital images, the fractional
order differential filter can be equal to the image itself in size.
In order to realize the filtering and minimize the error, we
can select the first three terms in the fractional difference to
construct isotropic filter. We construct the below fractional
order differential filter template 1, filter template 2, and filter
template 3. In the structure of filter 3, we first consider the 𝑋
direction and 𝑌 direction around the upper and lower side.
So there are two 𝑓(𝑥, 𝑦) terms in the two directions; therefore,
there are four 𝑓(𝑥, 𝑦) terms. Considering the effect of oblique
direction of 45 degrees above the pixels, we add 4 oblique

−𝛼
Table 2: Filter template 2.

−𝛼
−𝛼
−𝛼

−𝛼
8
−𝛼

−𝛼
−𝛼
−𝛼

directions. Because each oblique above contains one 𝑓(𝑥, 𝑦)
term, there are 8 𝑓(𝑥, 𝑦) terms for all the different directions.
All the fractional order differential filter templates have
the same direction of rotation (see Tables 1, 2, and 3).

3. Image Edge Extraction Experiments
Experiments were carried out by using MATLAB. The thenar
palm print image was taken by the digital camera in high

4

Journal of Applied Mathematics

Figure 5: Edge extracted by Sobel operator.
Figure 7: Edge extracted by Laplace operator.

Figure 8: Image got by 0.9th template 1.
Figure 6: Edge extracted by Prewitt operator.
Table 3: Filter template 3.

−𝛼

𝛼∗𝛼−𝛼
2
−𝛼

−𝛼

−𝛼

8

−𝛼

−𝛼

−𝛼
𝛼∗𝛼−𝛼
2

−𝛼

𝛼∗𝛼−𝛼
2
𝛼∗𝛼−𝛼
2
𝛼∗𝛼−𝛼
2

𝛼∗𝛼−𝛼
2
𝛼∗𝛼−𝛼
2
𝛼∗𝛼−𝛼
2

light background. The digital camera’s shooting angle is
perpendicular to the palm thenar area and the palm is in
the natural state of relaxation. Firstly, we carry out the palm
print image segmentation to identify the thenar palm print
region by using palm print positioning point segmentation
method based on the segmentation of the thenar palm print
image. Second, we use the three-edge detection method to
process the thenar palm print image. The test results are
shown in Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
and 15. For comparison, we also use the traditional integer
order differential operator Sobel, Roberts, Prewitt, LOG, and
Laplace operator to construct filter templates to process the

thenar palm print image. The traditional edge detection is
mainly to estimate the direction gradient of gray image by
scale change detector of gradient operator or derivative based
on these changes. We enhance the area in the image and
then carry out the threshold operation on the gradient. If the
gradient value is greater than a given threshold, then there is
edge. Test effect is shown below. It can be seen from Figure 1
that different filter templates yield different palm print edge
intensities.
3.1. Analysis of Fractional Order on the Processing Results.
The experiment analyses of filter template 1, filter template 2,
and filter template 3 show that when the fractional order is
0.5, the palm print image is clear and with least noise. With
the elevation of fractional order, palm print texture details
become clear and rich gradually. As the filter size increases,
the edge becomes clear, but not very obvious.
3.2. Comparison of Fractional Differential Algorithm with
Other Edge Extract Operators. The image in Figure 5 is the
classical first-order Sobel operator, Prewitt operator, and the
second-order Laplacian operator and fractional order (0.5
order) comparison diagram edge extraction operator. The
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Figure 11: Image got by 0.6th template 1.
Figure 9: Image got by 0.8th template 1.

Figure 12: Image got by 0.1th template 2.
Figure 10: Image got by 0.7th template 1.

Table 4: PSNR of edge information extracted by different order
differential.

diagram shows that fractional templates detect edge detail
and localization accurately.
3.3. The Peak Signal-to-Noise Ratio for Different Algorithms.
We add random noise to palm print image and compare
the peak signal-to-noise ratio (PSNR) for various algorithms
to extract edge information. The peak signal-to-noise ratio
(PSNR) formula is
psnr (𝑓0 , 𝑓) = 10log10

𝑁 × 𝑀 × 2552
2

𝑁
∑𝑀
𝑗=1 ∑𝑖=1 [𝑓 (𝑖, 𝑗) − 𝑓0 (𝑖, 𝑗)]

.
(10)

The higher the peak signal-to-noise ratio (PSN) is, the
better the effect to extract texture information is. We adopt
the following evaluation method. We first do image edge
extraction with adding random noise and without noise
by using different methods. Then we analyze the difference
between the two methods. In the above equation, 𝑓(𝑥, 𝑦)
represents image edge extracted from the noise added image.
In Table 1, the peak signal-to-noise ratio of different order
differential extractions based on edge information is listed
where the stochastic noise with mean value 0 and variance
0.003 was added. And from the result we can see that the

Number of iter.
1
2

Sob

Lap

22.55
23.7

22.40
23.81

Method
Fractional order
0.6
0.4
0.2
0.1
23.15 23.36 23.55 22.74
24.47 24.56 24.63 24.15

antinoise performance of differential algorithm is good and
can be used to extract the edge of thenar palm print image.
In Table 4, we list the peak signal-to-noise ratio for
different methods to extract the edge of image.
From Table 4, it can be seen that although the impact
of the two added noises is different, the signal-to-noise ratio
of the differential algorithm is higher than that of Sobel
method and Laplace method. And the peak signal-to-noise
ratio decreases with the increase of differential order. The
order of peak signal-to-noise ratio and the maximum value
appeared in the 0.2 order. When the order is less than 0.2, the
peak signal-to-noise ratio began to decrease. If the differential
order is very small, the fractional algorithm has no significant
effect on the enhancement of palm print texture; meanwhile,
the image texture information has an effect on extraction of
the edge. We also notice that the noise has different effects on
different parts of the image. As shown in Table 1, for the mean
value 0 and variance 0.003 random noise, the effect on the
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Figure 15: Image got by 0.7th template 3.
Figure 13: Image got by 0.9th template 3.
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Figure 14: Image got by 0.8th template 3.

extraction of edge information is different. At the same time
filter templates 1–3 are only an approximation of fractional
order differential template, so we can only conclude that the
optimal fractional order of differential template number is
0.2.

4. Conclusion
Simulation results show that the ability of fractional differential edge detection algorithm to extract the image edge information varies from different fractional orders. In general,
the ability gradually increases with the increasing of order.
The ability also increases with the template size but not in a
positive proportional manner. Compared with the traditional
first-order and second-order differential operators, the edge
detection based on fractional differential method has higher
signal-to-noise ratio. In this paper, the template itself is actually the approximate representation of a fractional differential
method. So how to find the fractional order differential
operators to achieve higher accurate edge extraction is a
problem for further study.
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