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We study the combinatoric convolution sums involving odd divisor functions, their relations to Bernoulli numbers, and some

interesting applications.

1. Introduction

The Bernoulli polynomials By (x), which are usually defined
by the exponential generating function

text 00 tk
i Y B (%) = 6)
k=0 :

play an important role in different areas of mathematics,
including number theory and the theory of finite differences.
It is well known that B, = B;(0) are rational numbers. It
can be shown that B,,,; = 0 for k > 1 and is alternatively
positive and negative for even k. The By, are called Bernoulli
numbers. Let N denote the set of positive integers. Further, let
N,d,k € N, where s, € N U {0}. Throughout this paper, we
define divisor functions as follows:

O (n) = st> Osr (mym) = Z &,
dln din
d=r mod m
)
5, (n) =Y (-n*'d’, ol m= Y d.
din dln
n/d odd
We also make use of the following convention:
o,n)=0 ifn¢Zorn<O. (3)

Ramanujan [1] proved that

n—1
mzlal (m)o, (n-m) = 1—12 (505 (n) + (1 — 6n) 0y (n)),

n—1
Y 0, (m) o5 (n—m) (4)
m=1

1
= S0 [2105 (1) + (10 = 30n) 05 (n) — 0, (n)]
using elementary arguments.

Let  be the complex upper half plane {z € C : Im(z) >
0} and let g be e for z € $. Denote #(z) by the Dedekind
n-function

n@=q[]10-q" )

n=1

and ¢4(n) by the nth coeflicient of (11(2)11(22)1’](32)7’[(6Z))2.
Alaca and Williams [2] proved that

Y o (o (m)

(I,m)eN?
2l+3m=n

1 ()+10<n>
= —_— n —_— _
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It turns out that we need not only divisor functions but
also the coefficients of certain modular functions. For other
divisor functions, Hahn [3] showed that

n—-1

16 )&, (m) &, (n - m) = =G5 (n) + 2 (n - 1) & (n) + &, (n)

m=1
7)

and Glaisher [4-6] extended Besgue’s formula by replacing
0, (n) in the convolution sum in (4) by other sums o (n); for
example,

n-1
* * n
24201 (m) o, (n—m) = 605 (n) — 603 <§>
m=1 (8)
n
— 6no, (n) + 6no, <§> .
Recently, the combinatorial convolution sum is studied [7-

10]. In [10] Williams proved the following.

Proposition 1. Let k,n € N andn > 2. Then

k-1 2%k n—1
Z (25 + 1) Zozk—zs—l (m) 054y (n—m)
m=1

s=0
2k +3 k
= Tkq 20 (n) + 5 )0 (n) )
1 & /2k+1 B

Cho et al. found out the linear sum for combinatorial
convolution sum of g;(m; 4, N) in [7].

Proposition 2. For k, N € Nand N > 3, one has

r
r=0

2k 2k [(N-1)/2] n—1
z( > Y Y ou, mi,N)o, (n—m;i,N)

i=1 m=1

% 2 *
= Ogpn (BN) = N 02k-1 (n; N)

1 [(N-1)/2]
-5 Y (N =2i) oy (mi,N)
i=1
1+(-DN 7, 2n 2, 2n
2 ( 2"“<N’2>_Nn02k1<N’2>>’
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where

o,(mi,Ny= Y d'-(-1) ) d,

din din
n/d=i(N) nld=—i(N)
" (11)
o, (mN) = Z d =0,(n)-o, (ﬁ)
dn
n/d#0(N)

Denote By by Zl;zo (’]‘) ZjB]- = 2FB,(1/2). The generating
function 2te'/(e* — 1) of B is an even function and By is
zero for all odd positive integer k. The aim of this paper is to
study two combinatorial convolution sums of the analogous
type of Proposition 2. When we write the convolution sums
as linear sum of divisor function, in the result by Williams
the coefficients are B, = B, (0) and ours are B;(1/2). More
precisely, we prove the following theorems.

Theorem 3. Fork,n € Nandn > 2,

k-1 2%k n-1
Z (25 + 1) ZGZk—Zs—l,l (m;2) 0111 (n—m32)
m=1

s=0
k
_ a2k-1 n 1 2k +1 (12)
=2 02"“<5>+ 4k+2§<2i+1>

X By 2i03i11,1 (12) .

Equation (7) is a special case when k = 2 for the following
theorem because B, = 14/30 and B, = —1/30.

Theorem 4. Fork,n € Nandn > 2,

k-1 2k n—-1
Z (25 + 1) Z&Zk—Zs—l (m) Gygyy (n—m)
m=1

s=0
1_ k\ _
= _Eazkﬂ (n) + <” - E) Oop—1 (1)

k-2
4k +2 2i+1 (13)

i=0

X (Ezk—Zi + (2

k-2
4k +2 2i+1

i=0

2k-2i
= 2) sz—zi) 0%is1 (1)

= 2k-2i ~
X (sz—Zi -2 IBZk—Zi) Osiq1 (1)

Remark 5. The product of two modular forms is another
modular form of bigger weight. The dimension [(k+1)/2] +1
of space M,;,,(I;(2)) of modular forms on I;,(2) is approx-
imately linear for k and the space E,,,(I;(2)) generated
by generating functions of divisor functions is clearly 2 as
k grows. More precisely speaking, for the Eisenstein series
Gyisr and Gy, which will be defined in Section 2

G;s+2 (2) G;k—Zs (2) € My, (I, (2))

(14)
= Ejpyy (ro (2)) @ Sak+2 (F(, (2)) >
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where S, (I(2)) is the space of cusp form of weight 2k + 2
on I;)(2) and it is orthogonal complement of E,;,,(I;(2))
in M,,,(T,(2)). Since E2k+2(l" (2)) = (Gys2>Gopyy) and
Sakr2(I0(2)) = Chys - s Aygesny o110

G;s+2 (Z) G;k—Zs (Z)

[(k+1)/2]-1 (15)

Y Bh(2)
r=1

= |Gy (2) + .Gy, (2) +

for suitable constants oy, &y, By, . . ., Biks1)/2)-1- On the other
hand, Theorems 3 and 4 show that the combinatorial convo-
lution sums are written as only divisor functions; that is,

k-1
2k ) . i
Gosi2 (2) Gy (2)
SZ() <25 +1 2542 2k-2s (16)
= a,Gyepz (2) + Gy, (2).
The disappearance of B;, ..., B+1)/2)-1 i observed in Exam-

ples 17 and 18.

All calculations in Lemmas 6 and 7 and Theorems 9 and
10 are obtained by usins SAGE.
2. Modular Forms

In this section, we observe the convolution sums as a view
point of generating functions of divisor functions.
The normalized Eisenstein series Gy is defined by

Bk - n
—§+;%4wq. (17)

For the generating function of ;_; ; (1) we denote

Gy (2) = Gy (2) - 2'Gy (22)

k-1 _ g 00 (18)
= By + Zak—l,l m2)q".
n=1

Let I be a finite index subgroup of SL(2, Z). The modular
form f(z) of weight k on I' is a holomorphic function on $
such that

cz+d

f(az+b>=(cz+d)"f(z) v(‘z Z)er 19)

for a positive integer k. The vector space over C of holomor-
phic modular forms of weight k on I is finite dimensional and
is denoted by M (I').

Note that G, € M(SL(2,2)) (if2 | k > 2) and G}, €
M (To(2) (if 2 | k > 2) for [,(2) = {(24) € SL(2,Z) : 2 |
c}. Moreover, the product of two modular forms f; and f, of
weights k; and k, is also modular form of weight k; + k,.

The A is the discriminant function

A@) =1 (2)= Y1) q" (20)

n>1

with Ramanujan 7-function as its coeflicient. It is modular of
weight 12 on SL(2, Z).

Define the following two weight 14 modular forms A,
and A, , by using the Dedekind #-function defined in (5):

Ay (2) = 14(GE (2) - 5G¢ (2) 1 (2) 1° (22)

v N
= Z s (N) g
N=1

Ay (2) =24°(G; ()7 @)1 22) = Y 14, N GV,

N=1
(21)
We get the lemma.
Lemma 6. Consider the following:
¢y
G; (2)Gly (2) = =Gy (2) - (2)
2 008 g 12 T 808 Grz
1365 26880 (22)
—A 2
TR A(z) + (2z),
(2)
G4 (2)Gs (2) = 44224 G (2) - 221120 G2 (@)
4928 (23)
~ %1 A( )— A(2 )
(3)
* 2 1 1
(Ge (Z)) 5528 G (2)~ ——— 348264 12( z)
85 2560 (24)
—A —A (22
+691 @)+ 691 (22).

Proof. The functions G;G},, G,G;, and (G})* are modu-
lar functions of welght 12 on I;,(2). Note that M,,(I,(2))
is a 4-dimensional vector space over C generated by
G1,(2),G,(2), A(z), and A(2z) because dim (M (T(2))) =
[k/4] + 1. Their q—expansions are as follows:

+q+20494° + 1771484°
G, (2) = 65520 q q q
+4196353q" + 488281264 + O (q°),
. 1414477
G, ()= - 5500 T17 g’ +177148¢" + ¢°

+488281264° + O (q°),
2 3 4
A(z) =q—-24q +252q" — 1472q
+4830q° + O (q°),

Sl 87 131 , 9129 ;
+—q+—q + —
6336 44 44 11
866403 4 2223801 5 6
+ + +0 ,
44 1 22 1 (q )

G, (2) Gy, (2) =




4
G; (2)G; (2) = % . %,ﬁ %qz_% ;
P B B o(f),
s 122352259q4 . 3647231qs Lo(d).
(25)

By comparing the above expansions with ones of G5 (z)
Gy,_,s(2) for s = 1,2, 3, we get our result.

Lemma 7. Consider the following:

)

. . 691 1885739
G, (2) Gy, (z —G,, (z
2 (2)G, (2) = 174752 G (@) - 715609440 14 (2)
891 8525 (26)
- g 14,1 (2) - _762 A14,2 (2),
(2)
. . 31 4769
G ()G (z — " G
1 (D61 (@) = 1775561 (@)~ S s O @
81 245 @7)
+ gAm,l (=) + ﬁAM,Z (2),
3)
. . 17 5249 .
G (2)Gi(z) = ——Gy, (2) - ——G¥, (z
s ()G (2) 349504 14 (2) 110093760 14 (2)
9 25 (28)
86 141(Z) 54 142(2)

Proof. One can prove these by using a similar way to
Lemma 6 and 4-dimensional vector space M,,(I;,(2)) gen-
erated by G, G}, A4, and A |, over C because their g-
expansions are as follows:

Gy(z) = - ﬁ +q+8193q" + 15943244
+671170574" +12207031269° + O (q°) ,
Gy, (2) = % +q+q +1594324q°
+q" +12207031269° + O (q°), (29)
Ay (2)=q- 64q" — 18364’
+40964" +39904° + O (q°),
Ay, (2) = q+ 640" + 123697
+40964" - 574504° + O (q°) . .
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Remark 8. (1) A(z) is the normalized Hecke eigenform on the
full modular group of weight 12:

t(p™)=1(p)r(p)-p"'7(p") for p prime, r>1,

T(mn) =t(@m)t(n) if ged (m,n) = 1.

(30)

(2) Ay,,(2) and A, ,(2) are normalized newforms on
I[,(2) of weight 14. The coefficients G,;(n) (j = 1,2) satisfy
that

Cia,j (Pm) = (") € (P)
- P13514,j (pH) for p odd prime p, r > 1,
€14,j (27) = €14,;(2)"

forr >0,

Cua,j (mn) = ¢y ; (M) ¢4 ; (1) if ged (m,n) = 1.
(31)

Moreover, for the Atkin-Lehner involution W, = (§ 1),

AWy = Ay, —A gy, (32)

A 14,2|14W2 =

if we define the action y = (¢ %) € GL(2, Q) on the complex

valued function f as

_ k/2 k-[az+b
(fley) () = det(y)"“(cz + d) f< +d>' (33)

By the help of Lemmas 6 and 7 we get the formulae for
each convolution sum.

Theorem 9. Consider the following:

¢y)
n—1
Z 01,1 (M32) 09y (n—m; 2)
m=1
31 227 1 34
= 5528711 (W~ Gogog 11t (152) = 550 (152) ey
511 1365 26880
—o (m2)+ —— T(n)+—T<E>,
264 691 691 2
(2)
n-1
Z 031 (mM;2) 05, (n—m;2)
m=1
17 79 7
32) + ;2
44224 oy (n) - 321120 o1y, (m52) 40071(’1 )
+1270 (1:2) 203 () - 4928 <n>
DN n, - - b
480 ! 691 691 \2

(35)
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(3)
n—1
Y 05, (ms2) 05, (n—m;2)
m=1
1 61 36
= 5521 7 Sagea i 52 o
31 85 2560 [n
s S 2590 (1),
T35 BT T+ T3
Theorem 10. Consider the following:
0]
n-1
Yoy, (m2) oy, (n-m;2)
m=1
691 1885739 1
= —0 n)— —— 0 n;2 - —0 1’1;2
174752 13 () 715609440 131 (152) 24 1 (152)
1414477 8625
+m"u (”§2)_ 141( n) - C142( n,
(37)
(2)
n—-1
Z 03, (M;2) 091 (n—m;2)
m=1
31 4769 7
—0 n;2 + —0,
= 174752 913 () = 28834080 131 (52) 240 !
511 81 245
x (n;2) — 64031 (n;2) — %6 —Cyy (M) + ECM,Z (n),
(38)
(3)
n—1
Z 051 (M;2) 071 (n—m;2)
m=1
17 5249 31
= 2 =01° ;2
~ 349504 013 (1) = 110093760 T132 (152) = 504 72 (152)
9
+ EGS,I (12) — —cpqy (n) - 5142( n.
(39)

3. Proof of Theorems

In his series of eighteen papers published between 1858
and 1865, Joseph Liouville (1809-1882) stated without proof
several elementary arithmetic formulae. One of these is the
following formula.

Proposition 11 (see [10, page 112]). Let f : Z — C beaneven
function. Let n € N. Then onen obtains

Y (fla-b)-fla+b)

(ab,x,y)eN*
ax+by = n
a,b odd

= £(0) (o7 (0) = 05 (m)) - 5 Z df (d)
deN
dln
d even

-2 Y fo.

deN  teN
dln 1<t<d
d odd t even

(40)

Now we are ready to prove our theorems in Section 1.

Proof of Theorem 3. We apply f(x) = x* (k = 1) in

Proposition 11. Then the left-hand side is

Z (@ _b)zk _

(a,b,x,y)el\l4
ax+by =n
a,b odd

(a+b)*

(abx,y)eN*

ax+by =n
a,b odd

2k
(Z <2rk> (_1)ra2k—rbr
r=0
2k
_ Z <2:<> aZk—rbr)
r=0

2k
2 _
Z Z < rk> 2Ky
(a,b,x,y)eN* 7=0

ax+by =n" odd
a,b odd

23 (%) ¥
(a,b,x,y)eN

ax+by = n
a,b odd

k-1
2k
2_22;(25+1>

=2

(41)
a2k—25—1b25+1

% Z ZaZk—Zs—l b25+1
m=1 alm b|(n—m)
2ta 2tb
n—-1k—1
=233 (o441)

m=1s=0

X 021(—25—1,1(m;2)(725+1,l (n-m;2)*

On the other hand by using Bernoulli’s identity [10, page 42],

(42)

Zl"

]. k+1 k+1—7
. B 1,
k+lz< J > i



the right-hand side is

Y (@a-b*-(a+b)*

(a.b,x,y)eN*
ax+by =n
a,b odd

3 (B

(t,l,b,x,y)el\l4
2k
_ Z (2k) azkrbr>
r
r=0

ax+by = n
2k
-2 ¥y (B

a,b odd
(a,b,x,y)EN4 r=0

ax+by =n odd
a,b odd
(43)
2k—2s—17 2s+1
ZZ Z a b
25 + 1
(abx,y)eN*
ax+by =n
a,b odd

k-1
2k
- _2520 (25 + 1)

ZaZk—Zs—l Z b2$+1

alm bl(n-m)
2ta

__23535(25+1>

m=1s

n—-1
<D,
m=1

X Ook=25-1,1(m;2) 03,1 1 (n-m52)

After dividing both sides by —2 we get

2%k-1 n 1 & 2k +1
27 Ok 4k+zszk—2i 2i 41 ) O2irra (12).
(44)
]

Remark 12. When f is a constant function in Proposition 11,
it is a trivial formula such that

0, (n) =20, (n) -0y, (:2). (45)

Corollary 13. For k > 1,

2k +1

2k+1 2k+1-r
(j,r,2k+1—r—j

)

)ygzo (46)
r=0  j=0

Proof. Applying n = 1 in Theorem 3, our resultis proved. [
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Corollary 14. Let N € N. Then one has

k-1 zk IN
Z <25 + 1> Z O2k-2s-1 (m) 0541 (2N -m)
- HE (47)

2k1*

=2 Ook+1 (N)

Proof. Let n = 2N in Theorem 3. Then the left-hand side is

SISV
Z <25 + 1) Z Ook—25-1,1 (M52) 031 2N —m;2)
s=0 m=1

-3 (.%)

2N-1
x Z Ok—2s-1,1 (M32) 035,11 2N —m;2)

m=1
2|m

2N-1
+ Z Ok-2s-1,1 (M32) Op11 2N —m;2)

m=1
2¢m

SZ(:)<ZS+ 1)

N-1
Z Ogks-1,1 (2M52) Opgp1, (2N — 2m)

m=1
2N-1
+ Z Ok-2s-1,1 (M52) 03011 2N —m;2)

m=1
24m

1o \ N2
= Z <2$ + 1> zazk—zs—l,l (m;2) 03641, (N —m52)
s=0 m=1

k-1 2k 2N
3 (251) Dot 9o N .

2¢m

(48)

The right-hand side of Theorem 3 for n = 2N is

Kk
2%k-1 1 2k + 1Y\ 5
2oy N+ == ) (21' 1 )sz72f02f+1,1 (2N;1)
i=0

2k +1
x Z(;(Zz + 1>BZk 2i02i+1,1 (N3 2)
i
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- - N
= 2% 1(72k+1 (N) - 2% 10'2k+1 <?>

k2l oo \ N2l
" Z) (21’ + 1) Zlazk—m‘-u (m;2) 01,1, (N = m;2).
1= m=

(49)
Since 0] (N) = 0(N) — 0,(N/2), we are done. O

Remark 15. The above result is also in [8, Theorem 3.4], but
we do not use the combinatoric convolution sums of o; -
functions but odd divisor function.

Corollary 16. For the odd prime p case, one has

_ -1
Z (25 + 1) Z O%2k-2s-1,1 (m;2) Oos41,1 (p —m 2)
s=0 m=1

(50)
> 2/p'B;.

2k+1 2k+1-r
Z Z 2k +1
4k+2 t2k+1—j—r

j=0
Proof. In Theorem 3,

p-1
Z <25 + 1) ZGZk—Zs—l,l (m52) 05541, (p—m;2)
m=1

k
1 = 2k +1
= —4k+2;BZk 25(2s+ 1)‘725+11(P’2)

1 2k+1

= 2k+1
= k12 Y By ( , )Ur (p)
r=0

2k+1 2k+1-r 2%k + 1 j .
4k+2 Z ;3 (J,r 2%k+1-j _r>2 B;(1+p")
2k+1 2k+1-r
2k +1 ior
4k+2 Z 20 (],1" 2k+1—j—r>2 P'B;
(51)
by Corollary 13. O
Proof of Theorem 4. Note that
G, (n) = o, (n) - ZSHUS <g> ,
(52)

0,1 (1:2) = 0, () - 20, (g) .

We reconsider Proposition 1 as the last one in the previous
line:
k-1

Z <Zs+ 1) fozk 26 1( )‘725“ (%)
H ) -

. 2k+1 n
B,i0ski1-2j 5)

J:2

Thus,

k-1 n—-1
2k _ ~

Z (25 + 1) ZUZk—25—1 (m) Gyey (n—m)

s=0 m=1
S 5 2k-2. m

—48

; (25 + 1) e <‘72k—zs-1 (m) =27 "oy 5 (E»

n—-—m
X (025+1 (1’[ - m) - 225+20.25+1 (T))

—

n—-1
- ZZ (25 + 1) Z‘Tzk—zs—u (m;2) 0%s41,1 (n—-m;2)
m=1
k-1 n—1
2k
- Z (25 + 1> Zazk—Zs—l (m) 03541 (n—m)
s=0 m=1

2k+lz (25+ 1> Zazk 25 1( )02$+1 (¥>

k
= —lﬁzkﬂ (n) + <n - 5) Oy () +

2 4k + 2

X % (22]:: 11> (sz 2 T (22k_2i - 2) BZk—Zi) 2511 (1)
iz

1 'Sk +1 L
& 2%k-2i _
+ 4k + 2;) <2i +1 > (BZkui -2 sz—zi) 05341 (1)
(54)
by Proposition 1, Theorem 3, and (53). O

The following examples show us that the coeflicients of
cusp forms disappear in the combinatorial convolution sum
for the weights 12 and 14, explicitly.

Example 17. Consider the case of Theorem 3 for k = 5. The
left-hand side is

SEURES
Z (25 + 1) Z Og_ps1 (M52) 0,1 (n—m;2)
m=1

s=0

n—-1
=20) 0y, (m;2) 0y, (n—m;2)
m=1

(55)

n—1
+240 ) 03, (m52) 07, (n - m;2)

m=1

n—1
+252 Z 05, (Mm;2) 05, (n—m;2).

m=1

When we put the formula in Theorem 9 in the above, the
coeflicients of 7(n) and 7(n/2) are zero.
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Example 18. The left-hand side of Theorem 3 when k = 6 is

n—1
243 0y, (ms2) 0y, (n - m;2)
m=1
n—1
+440 ) 03, (m;2) 09, (1 — m;2) (56)
m=1

n—-1
+1584 ) 05, (m;2) 07, (n—m;2).
m=1

By applying Theorem 10 to the above, one can check that our
theorem is true and the coeflicients ¢, , () and ¢, , (1) of cusp
forms disappear.
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