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We establish an iterative method for finding a common element of the set of fixed points of nonexpansive semigroup and the set of
split equilibrium problems. Under suitable conditions, some strong convergence theorems are proved. Our works improve previous

results for nonexpansive semigroup.

1. Introduction

Let H be a real Hilbert space whose inner product and norm
are denoted by (-, -) and ||-||, respectively. Let C be a nonempty
closed convex subset of H, and let F be a bifunction of C x
C into R which is the set of real numbers. The equilibrium
problem introduced by Blum and Oettli [1] for F: Cx C —
R is to find x € C such that

F(x,y)>20, VyeC. )
The set of solutions of (1) is denoted by EP(F). Numerous
problems in physics, optimization, and economics reduce to
finding a solution of (1) (see [2-8]). The split equilibrium
problem was introduced by Moudafi in [9]; he considers the
following pair of equilibrium problems in different spaces: let
H, and H, be two real Hilbert spaces, let F; : CxC — R
and F, : Q xQ — R be nonlinear bifunctions, and let
A : H — H, be abounded linear operator, and consider
the nonempty closed convex subsets C € H; and Q < H,;
then the split equilibrium problem (SEP) is to find x* € C
such that

F (x",x) >0, VxeC, (2)

and such that

y eAx"€Q, FE(y,y)=20, VyeQ. 3)

The solution set of SEP (2)-(3) is denoted by Q = {p ¢
EP(F,) : Ap € EP(F,)}.

Recall that mapping T of C into itself is called nonexpan-
sive if

|Tx - Ty| <[x- 5], VxyeC. (4)

Let a family S = (T'(s))., be a nonexpansive semigroup on
H, if it satisfies the following conditions:

(S1) T(0)x = x Vx € H;

(S2) T(s+t) = T(s)T(t) for each s, t > 0;

(S3) IT(s)x-T()yll < llx—yl foreach x, y € Hand s > 0;
(S4) Vx € H,s — T(s)x is continuous.

The set of all the common fixed points of family S is denoted
by F,,.(S); that is,

F($)={xeC:T()x=x0<s<oo}= [] F(T(s),
0<s<oo
(5)

where F, (T(s)) is the set of fixed points of T(s). It is well
known that F, (S) is closed and convex.

In 2010, Tian [10] introduced the following general
iterative scheme for finding an element of set of solutions to
the fixed point of nonexpansive mapping in a Hilbert space.
Define the sequence {x,} by

xn+1 = ‘xnyf (xﬂ) + (1 - Al/taﬂB) Txn’ (6)
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where B is k-Lipschitzian and #-strongly monotone operator.
Then he proved that if the sequence {«,} satisfies appropriate
conditions, the sequence {x,} generated by (6) converges
strongly to the unique solution x* € F, (T of the variational
inequality

((yf —uB)x",x - x") <0,

In 2011, Ceng et al. [11] added the metric project to the
method of Tian (6) and studied the following explicit iterative
scheme to find fixed points:

VxeFE (T). (7)

Xpt1 = PC [“n)}f (xn) + (1 - ‘”(XnB) Txn] . (8)

They prove the strong convergence of x,, to a fixed point x* €
F,.(T) of the same variational inequality (7).

In 2008, Plubtieng and Punpaeng [12] introduced the
following implicit iterative algorithm to prove a strong con-
vergence theorem for fixed point problem with nonexpansive
semigroup:

5o=af(w)+0-a) L [TOxds O

n

where x,, is a continuous net and s,, is a positive real divergent
net.

In 2014, Kazmi and Rizvi [13] studied the following
implicit iterative algorithm. Under some assumptions, they
obtain some strong convergence theorem for EP (1) and the
fixed point problem:

u, = T} (x, + 0A" (T,> - 1) Ax,,),

- (10)
Xn = “n))f (xn) + (I - (an) S_ J;) T (S) Uy, ds,

where s, and r,, are the continuous nets in (0, 1).

Motivated and inspired by [10-13], we introduce an
explicit iterative scheme for finding a common element of
the set of solutions SEP and fixed point for a nonexpansive
semigroup in real Hilbert spaces. Starting with an arbitrary
x, € H, define sequences {x,} and {u,} by

u, = Tan‘ (xn + A" (Tri2 - I)Axn),

Xy = B pf () + (1 8) - [T 9w, ).
)

Under suitable conditions, some strong convergence the-
orems for approximating to these common elements are
proved.

2. Preliminaries

This section collects some results that will be used in the

proofs.
Let H be a real Hilbert space with the inner product -, -)
and the norm || - ||, respectively.
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It is well known that, for all x, y € H and A € [0, 1], the
following holds:

Jx + (= Dy = Al + (1= ) |y
~A1=N]x-

Let C be a nonempty closed convex subset of H. Then, for
any x € H, there exists a unique nearest point of C, denoted
by Pex, such that [ x — Pox|| < ||x — y|l for all y € C. Such Py
is called the metric projection from H into C. We know that
P is nonexpansive. It is also known that Pox € C and

(x=Pox,Pocx—2z) >0, VxeH,zeC.  (13)

It is easy to see that (13) is equivalent to

lx — z||2 > ||x - ch”Z + HPCx - z”z, Vx € H, z € C.
(14)

Let B : C — H be a nonlinear mapping. Recall the
following definitions.

Definition 1. B is said to be
(i) monotone if

(Bx-By,x—y) >0, Vx,yeC, (15)

(ii) strongly monotone if there exists a constant &« > 0
such that

(Bx —By,x—y) > alx - y||2, Vx,yeC, (16)

for such a case, B is said to be a-strongly monotone,

(iil) ac-inverse strongly monotone (a-ism) if there exists a
constant o > 0 such that

(Bx-By,x-y) 2a|Bx-By|’, VxyeC, 17

(iv) k-Lipschitz continuous if there exists a constantk > 0
such that

|Bx-By| <k|x-y|, VxyeC. (18)

Remark 2. Let & = uB — yf, where B is a k-Lipschitz and

n-strongly monotone operator on H with k > 0 and f is a

Lipschitz mapping on H with coeficient L > 0,0 < y < uy/L.

It is a simple matter to see that the operator F is (un — yL)-
strongly monotone over H; that is,

(Fx=Fyx=y)y=(un-yL) |x -,
V(x,y) € HxH.

(19)

Lemma 3 (see [14]). Let T be a nonexpansive mapping of a
closed convex subset C of a Hilbert space H. If T has a fixed
point, then I =T is demiclosed; that is, whenever the sequence of
x,, is weakly convergent to x and (I1-T)x,, is strongly convergent
to y, then (I -T)x = y.
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Lemma 4 (see [15]). Let C be a nonempty bounded closed
convex subset of a Hilbert space H and let (T(s))s, be a
nonexpansive semigroup on C. Then, for each h > 0,

lim sup =0.

t— +00 xeC

% LtT(s) xds — T (h) % J:T(s) xds

(20)

Definition 5 (see [9]). A mapping T : H — H is said to
be averaged if it can be written as the average of the identity
mapping and a nonexpansive mapping; that is,

T=(1-el+eS, (1)

where ¢ € (0,1),S : H — H is nonexpansive, and I is the
identity operator on H.

Proposition 6 (see [9]).

(D) IfT =(1-¢)S+¢eV,whereS: H — H is averaged,
V:H — H is nonexpansive, and € € (0,1), then T is
averaged.

(ii) The composite of finitely many averaged mappings is
averaged.

(iil) If T is v-ism, then, for y > 0, yT is (v/y)-ism.

(iv) T is averaged if, and only if, its complement I — T is

y-ism for some v > 1/2.

Assumption 7 (see [1]). For solving the equilibrium problem
for a bifunction F : CxC — R, let us assume that F satisfies
the following conditions:

(A1) F(x,x) =0forall x € C;

(A2) F is monotone, that is, F(x, y) + F(y,x) < 0 for all
x,y €G;

(A3) foreach x, y,z € C,

lim F (tz + (1~ 1) x,y) < F (x, )3 (22)

(A4) for each x € C, y — F(x,y) is convex and lower
semicontinuous.
Lemma 8 (see [2]). Let C be a nonempty closed convex subset

of H, and let F be a bifunction of Cx C into R satisfying (Al)-
(A4). Let r > 0 and x € H. Then there exists z € C such that

P(z,y)+l<y—z,z—x>20, Vy e C. (23)
r
Define a mapping T, : H — C as follows:

TF (x) = {zeC:F(z,y)+l(y—z,z—x> ZO,VyeC}
r
(24)
for all x € H. Then the following hold:

1) Tf is single-valued;

(2) TF is firmly nonexpansive; that is, for any x, y € H,

TFx - TrFy"2 <(T,x-T,y,x—y); (25)

(3) F,(TF) = EP(F);
(4) EP(F) is closed and convex.
Lemma 9 (see [16]). Let C be a nonempty closed convex subset

of a Hilbert space H, and let F : C x C — R be a bifunction.
Let x € Candry,r, € (0,00). Then

’
1- 2
Ty

F F
Trx—Trx”S
1 2

(

Lemma 10 (see [17]). Assume that A € (0,1) and yu > 0. Let
BbeaB : H — H which is y-strongly monotone and 0-
Lipschitzian on H with © > 0,17 > 0. Let 0 < y < 217/6%. Then
the operator - AuB is contraction; that is, || -AuB| < (1-A1),

where T = 1 — 1 — u(2n — u6?) € (0, 1].

Lemma 11 (see [10]). Let H be a Hilbert space, f: H — H is
a contractive mapping with constant 3 € (0,1). B: H — His
0-Lipschitzian and y-strongly monotone operator with 6 > 0,
n > 0. Then, for 0 < o < un/p,

To x| +1xl).  (26)

(x = y,(uB - of ) x = (uB~af) y) = (un - ap) |x - y|,

x,y € H.
(27)

That is, uB — of is strongly monotone with coefficient un — ofs.

Lemma 12. Let H be a real Hilbert space. Then the following
well-known results hold: Vx,y € H,

e+ I < el + 2 (p,x+ y) - (28)

Lemma 13 (see [18]). Assume that {a,} is a sequence of
nonnegative real numbers such that

Gy < (1 - yn) oyt 6n’ nz0, (29)
where {«,} is a sequence in (0,1) and {5,,} is a sequence in R
such that

(i) Zfil Yn = OO,
(i) lim sup,, _, . (8,/y,) < 0o0r Y72 18,] < co.

Then lim,, _, &, = 0.

3. The General Explicit Iterative Method

Let f : H, — H, be a contractive mapping with constant
B € (0,1) and let B : H, — H, be y-strongly monotone
and 6-Lipschitzian with @ > 0,7 > 0. Let 0 < u < 2#/6* and
0<y<un-ud/2)/p=1/B.LetS = {T(s) : 0 < s < oo} bea
nonexpansive semigroup on C such that I' = F, (S) () Q # 0.
Assume {r,} and {s,;} are the continuous nets of positive real

numbers such that lim, _, y,, = ¥ > 0 and lim,, _, ;s,, = +00.

n—0 n—0°n



In this section, we introduce the following explicit itera-
tive scheme that the nets {u,} and {x,} are generated by

u, = Tanl (xn +0A" (Tan2 - I)Axn),

n

Xy = B a0f () + (1= 0 8) - [T 9w, ds|,
' (30)

where § € (0,1/L), L is the spectral radius of the operator
A" A, and A” is the adjoint of A.

We prove the strong convergence of {u,} and {x,} to a
fixed point x* of S which solves the following variational
inequality:

((UF -yf)x",x" -%) <0, VxeT=F, (S| G

In the sequel, we denote by y, the sequence defined by

Yy = 1 rn T (s)u,ds. (32)

S, Jo

Next, we will prove first a lemma and then some corollaries
to be used in the proofs for the main result of this section.

Theorem 14. Let H, and H, be two real Hilbert spaces and
let C ¢ H, and Q < H, be nonempty closed subsets. Let
A : H, — H, be a bounded linear operator. Assume that
F,:CxC — RandF, : QxQ — R are the bifunctions
satisfying Assumption 7 and F, is upper semicontinuous in the
first argument. Let the sequences {u,} and {x,} be generated by
(30), and suppose that the sequence {a,} satisfies the following
conditions:

(a) a0, € (0,1) and lim

(b) X2, = 0;

(c) either Y72 let,,1 — &, | < 0o or lim,,_, (/) = 1.

«, =0;

n— 00

Then the sequences {u, } and {x,,} converge strongly to x* €
I = F,.(S)NQ, where x* = P (I — uB + yf)x", which is the
unique solution of the variational inequality (31).

Proof. We divide the proof into several steps.

(i) {x,,} is well defined.

For «,, € (0,1) and Vx € H,, define a mapping G : H, —
H, by

Gx =P. [ocnyf (x) + (I — pat,,B) si

<[ T (v oa” (18 - 1) ax)s]
(33)

According to Lemma 8, we can easily know that Tf; ! and

T:: > both are firmly nonexpansive mappings and are averaged
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operators. From Proposition 6, we can obtain that the opera-
tor (I + 6A" (TrF > —I)A) is averaged and hence nonexpansive.
Following Lemma 9 and Vx, y € H,, we get

|Gx -Gy

1
Pe [cwf + (I - pe,,B) -

n

x J T(s) T (1+6A" (T - 1) A) ds] x

0

1
- P [%yf + (I - pex,B) .

n

x J T(s) TV (1 + 64" (T — 1) A) ds] y”
. n n

<

I:“an + (I - “(an) Sl

n

x J T(s) T (1+64" (T ~ 1) A) ds] x
. n :

- [aan + (I - [’“XnB) Sl

n

x J T ()T (1+6A° (T ~ 1) A) ds] yH
. : :

<oy |f ) - f W)+ (1 -a1)

X

(™ F, * F,
. L T (s) [T} (x + A" (T;> —T) Ax) ds

=T} (y+0A™ (T,? - I) Ay) ds]

<ayBlx-y|+(1-ea,1)

X

T, (x+8A" (T;? — I) Ax)ds
- Tf;l (y +06A" (Tri2 - I) Ay) ds”
< e -yl+ (1 -a1) x5

= (1 _(xn(T_(xn/j))"x_y"'
(34)

Since 0 < 1 —«, (7 —«,f3) < 1, we can claim that the mapping
G is a contraction mapping. Therefore, by Banach contraction
principle, G has the unique fixed point x*.
(ii) The sequences {u,}, {v,}, and {x,} are bounded.
Letting p € T = F,,(S)[)Q, we obtain that p = Tanlp,
Ap = TanzAp, and p = T(s)p.
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From (30), we obtain

Jut, - pIf

TH(I + A" (T - DA)x, - p||

= |rF + 84T (rf - DAY, - T |
< |x, + 84 (1" - DAx, - p|
<%, - plf + 64T - DA,
+268 (x, - p, A" (T;? - I) Ax,,)
< |lx, - p|* + 8 (T - 1) Ax,, AA™ (T}> - I) Ax,,)
+28 (A(x, - p), (T, - 1) Ax,)
< |lx, - pl* + L8> (T - 1) Ax,, (T} - T) Ax,)
+28 (A(x, - p) + (T}2 - 1) Ax,
- (1> - 1) Ax,, A" (T - I) Ax,,)
<, - ol + L& (T — 1) Ax, |
+28 {(TP Ax, - Ap, (T[> - T) Ax, )
2
}
< = ol + L8| (12 - 1) A

r2s {3r -1 - |17 - 1) 4]

- ||(TF - 1) Ax,

<%y - plf +L(T ~ 1) Ax, | - 8| (17 - 1) Ax,|

= lxu - ol + 8@ - (TP ~ 1) Ax, |-

(35)
Since & € (0, 1/L), we have
s = pll < 1, = - (36)
From (32), we have
1 (*
"yn —P" =\ J- T(s)unds_PH
S, Jo
(37)

1
< —
Sn

rn (T (s)u, — T (s) p)ds

0

<l = pll < % = pll-

Further, using (31) again, we obtain

%, = pl

= |[Pc | e,yf (x,) + (I - pax,B) sl Ln T (s) unds] - pll

IN

“n)/f (xn) + (I - ."“an) Sl Jon T (S) unds - pll

= e (oF (5,) - wBp) + (1 - i, B) =

n

x J "T(s) u,ds — (I - pa,B) p‘l

0
Sy “)/f (xn) - tqu" + (1 - “nT)

X

1 J "T(s)unds—pH
0

Sn

1
s, HYf (xn) - [’lBP" + (1 - ‘an) S_

n

xj""T(s)un-T(s)pnds
0

< oy ”f (xn) - f (p)" + o, HYf (P) - .”Bp”
+(1-a,7) Ju, - p

= [1 -y (T_Yﬂ)] “un —P" T o, “))f(P) _AMBP” .
(38)

It follows from (40) and induction that

Iyf (p) - uBp]

39
— (39)

I, - pll <

Hence, the sequence {x,,} is bounded and therefore {1}, {y,,},
and {f(x,,)} are also bounded.

(iii) Consider that lim,,_, . |lx,, — u, ] = 0.
According to (35) and Lemma 12, we obtain

2
I, = £l

, 2
<(1-ap,7)

1 j ’ T(s)u,ds — p

S, Jo

+ 20, (yf (x,) —vf (p) +vf (p) - uBp: x, - p)
< (1 + ocfl'rz) ”un - p||2 + Zany[j’"xn - p”2

+2a, (yf (p) - uBp, x, - p)



<l = oI + 0,71, = I + 20, 8], - I
+2a, [lvf (p) - uBp| %, - Pl

<Jlsy - pIf 8 @8- (72 - 1) A, |
+ o, 7x, = p” + 20,98, - pI

+ 20, [lyf (p) - uBpll %, - pll-

(40)
From (40), we obtain
8(1-L1) (17 - 1) Ax,|
<, (( +298) I, - oI (@

+2|lyf (p) - uBp| |, - o) -

Since x,, is bounded, lim
obtain that

«, = 0,and 6(1 — LS) > 0, we

n—00"'n

fmlrE-)asf=o @
From (30), we have
. - pI

= | (1+ 84" (T - 1) A) x, - p|

- (1o (1) ), 12

< <u,1 - p,x, +0A" (Tri2 - I) Ax, = P>

3 (o oI 0 (27 - 1) 5,
a2 08" (15 - 1) e, ] 09

<l ol + .~ P

et~ x, -~ 84" (T~ 1) A |}

{len = oI+ o = I = it =,

<

- &A (1 - 1) Ax,|]

+ 268 |A (u, - x,)| '

(15 1)}
Hence, we obtain
Ju, - oI

< xu = oI = et — %l - A" (152 - 1) Axn"z

+28 | A (u, - x,)| |

(172 - 1) Ax,
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< e = oI =y = °

+26 A (u, - x,)| "(Trlz2 - I) Ax,

(44)
It follows from (40) and (44) that
I, oI
2 2 2 2

<, = pl” + 0,7 [|x, = plI” + 20,98 %, - 1

+ 20, [lyf (p) - uBp |x. - pl
<l = I = s = %[

+26[|A (u, = x,)|| | (77 - 1) Ax, | (45)

a2, = pl + 20,8, - I
+ 20, [lvf (p) - uBp| %, - pl
= Jeu = 2l =y - °

+268 | A (u, - x,)| | (Trl::2 - I) Ax,,

+a,M,;,

where M, = ©llx, — pl* + 2yBlx, - pI* + 2lyf(p) -
uBpllllx, — pll. From (46), we obtain

= x,|° < 28| A (1, — x,.)| ”(sz - I) Axn“ +a,M,.
(46)

Since x,, is bounded, lim,_, &, = 0, and § > 0 and
considering (42), we can claim that

nli_,néo ””n - xn” =0. (47)

(iv) Consider that lim,, _, 1,1 — %,/ = 0.
From (30) and Lemma 13, we have
et = s |
= |1 (x, + 84" (177 - 1) Ax,,)
~ T (%, +0A (T2 ~T) Ax,, )|
< |[(x, + 84" (1;> - 1) Ax,,)
~ (%1 + 04T (T2 = 1) Ax,,, )|

+ l_n‘;l

Tanl (xn +0A" (Tr’:z —I) Axn)

— (x, +8A" (T}? - T) Ax,)
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< o = x50 = SAT A (x,, = x,,1)|

+ 8| Al||T> Ax, - T} Ax, |

1— =1

n

+

Tril (xn +0A" (T::2 - I) Axn)

— (x, +0A™ (1> - 1) Axn)"
= (“xn - xn—1”2 - 28"A (xn - xn—l)“2
+ S1AI i — %)

cotan( 14, - %)l

1_E

s [ ax, - a5, .|

l_rn_‘l

anl (xn+8A* (TrFﬂ2 —I)Axn)

—(x, +0A" (Tf} -1) Axn)“
< (1= 20041 + 81411 |, - x|
+ )| A|? < 1%, = %1

1_n1_‘1

+ |1 Ax, - Ax, ||)

+ l_rn__l

T (x, + 6A* (T - 1) Ax,
I~ i

—(x,+6A" (T - 1) Ax,,
( (77,

< (1= 81AI7) [lx, = %1

OIAR (|, - ]+

;
1-8A] ==
,

n

X

F,
T, A'xn - Axn—l" >

Tp-1

1-

T, (x, +0A™ (T,? - I) Ax,,)

(x +8A" ( )Ax “

= "xn - xn—l" +48 ”A” I1 - b
rn

x |17 Ax, - Ax, |

+ 1_7‘71__1

|5 (x, + 04" (T} - 1) Ax,,)

—(x, +0A" (TF 1) Axn)“

=t = x|+ |1 = 22| (B 1Al e, +E,)

(48)
where
- s, - as, |,
&, = |17 (x,+ A" (T> - I) Ax,) (49)
—(x, +08A™ (T2 - 1) Ax, )| -
From (32), we obtain
“yn ~ Vn-1 ||
= 1 rn T (s)u,ds — an_l T (s)u,_,ds
Sy Jo S,—1 Jo
1 (% 1 (%
<|l— J T (s)u,ds — — J T (s)u,_,ds
S, Jo S, Jo
1 (% 1 Sp-1
+— J T (s)u,_,ds— j T (s)u,_,ds
S Jo Sp-1 Jo
(50)

1 (%
<= L IT (s) (u, = wa,,_y)|| ds

_ 1 j T (s)u, ds
S

n—-1 J0

+

1 J ' T (s)u,_,ds
S, Jo

1 1
< ||un - un_1|| +|— -
S

J " (s)u,_,ds
0

n n—-1

1
+ —
n

Following (48) and (50), we obtain

Jﬂ T (s)u,_,ds||.

Sn-1

"yn - yrhl"
< (b=l + |1 -

1 1

N

Tn-1

(G145, +5))

n

1
+ —
n

J- ' (s)u,_,ds
0

J T (s) u,_,ds

s -
(51)

n n—-1

Using (30) again, we obtain
It =l
= [|Pc [aayf (x,) + (I - pet,B) 3]
= Pefog, 1 pf (x,0) + (I = pog, 1 B) y, ]|
< Jlecuyf (x,) + (I = pet,B) y, = 1 pf (x,4)
~ (I~ pot, 1 B) 34|
= floy (f () = f (xas)) + (04 = @) f (3,-1)
+ (I = o, B) (3 = Y1) + (@ = @) Y|



< (xnyﬁ “xn - xn—l” Ty |‘Xn - (xn—ll ”f (xn—l)"
+ (1 - (XnT) "yn - yrkl" +u |‘xn - ‘xnfll ||yn71”
< ocnyﬁ “xn - xn—l” +y |‘Xn - (xn—ll ”f (xn—l)"

1- Tp-1
T

(61415, +5,))

#(1=00) (= 50+

Sy
1_1 I T (s)u,_,ds
Sn Sp-1 0
1 Sn
+ — J T (s) thy_1ds| + p|et, = ot | | vus |
n Sp-1

= (1-a,(r-yB))

B ( "xn - xrﬁl" + Y |“n - an71| "f (xnfl)“

ffr- 12 @At + )
r}‘l

1 1 Sp-1

— - J- T (s)u,_,ds
Sn Sn-1 0

1

J ' T (s)u,_,ds

S,

r— + |ty = g | | i |

n

n—1

< (1 &, (T - )’/3)) "xn - xna"

+M2<Y|“n_05n—1|+ l_r”_l l_ 1
n Sn Sn-1
1
+ +M|06n—“n—1| ’
n—1
(52)
where
M, = max <]sup (8lAlle, +&,),
n=1
Sn—-1
sup< J T (s)u,_ds >’ sup ")’n—l”]’ :
n=1 Sn nzl
(53)

Since {x,}, {u,}, and {y,} are bounded, we can claim that
{Ax,} and {T'(s)u,_,} are bounded. We can deduce that

sup,.; (6llAlle, + &) < oo, sup,,; (I LS:_I T(s)u,_,ds|) < oo
and sup,.,[1y,_; Il < 00, and M, < co.

Following conditions (a)-(¢c), lim,_,,r, = r > 0,
lim, s, = +c0, and Lemma 13, we obtain that

lim |x,,, - x,| = 0. (54)

n— 00

(v) Consider that lim, _, . [IT'(s)x,, — x,,| = 0.
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From (30) and (32), we obtain

"xn+1 - yn"

<

P- [(xnyf (x,) + (I - pex,,B) sl J:n T (s)u, ds]

n

- Pey, (55)
1 (*
< Ocn)}f (xn) + (I - lbl(an) - J T(S) Uy, ds— Yn
Sy, Jo
1 (%
<a,|yf (x,) - uB— J T (s)u,ds|.
S, Jo
Since lim,, _, . &, = 0 and x,, and u,, are bounded, we obtain
nli_,néo ”xnﬂ - yn” =0. (56)
By (54) and (56), we get
"xn - yn" = ”xn - xn+1" + ||xn+1 - yn" . (57)
Next, we have
lim [lx, - y,[ = 0. (58)
On the other hand, by (30), we have
[T (s)x, = x,|
1 (%
<|\T(s)x,—T(s)— J- T (s)u,ds
S, Jo
1 Sy 1 Sy
+|[T (s) —J T(s)u,ds— —J T (s)u,ds
S, Jo S, Jo
1 (%
+|— J T(s)u,ds—x,
S, Jo
1 (%
<l|x,—— | T(s)u,ds
S, Jo (©) (59)

+

TO+ [ TOuwds- = ["TOu,ds

n 0 n

lJ-nT(s)unds—xn
0

+

Sn

<2 ||xn - yn” +

T (s) Sl L T (s) u,, ds

—lJ-”T(s)unds

n J0

So without loss of generality, we may assume that S = {T'(s) :
0 < s < 400} is nonexpansive semigroup on K, and, by
Lemma 4, we obtain

lim HT(S) Sl J T (s)u, ds - Sl J "T()uds|. (60)

0 n Jo
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From (58), (59), and (60), we have
Jim [T () x,, = x,,| = 0. (61)

(vi) Consider that w € EP(F,) [ EP(F,).

Since {x,,} is bounded, there exists a subsequence {x,, } of
{x,,} which converges weakly to w. From (47), we obtain {u,, }
which converges weakly to w. From (58), y,, — w follows. We
show w € EP(F,). According to (30) and (A2),

1
r_<y_un’un_xn> 2Fl (y’un) (62)

n

and hence

<y -, — a > > Fy (y.uy,)- (63)

n;

Since (u,, - x,)/r, — Oandu, — w, from (A4), it follows
that 0 > F,(y,w) forall y € H. Fort with 0 < ¢t < 1 and
y € H,let y, = ty + (1 — t)w; then we get 0 > F,(y;, w). So,
from (A1) and (A4) we have

0=F (9 ) <tF, (¥ ) + A =) F (y,w) < tF, (yp(y))
64

and hence 0 < F(y,, y). From (A3), we have 0 < F,(w, y) for
all y € H. Therefore, w € EP(F)).
Since x, — w and A is a bounded linear operator, we
obtain Ax,, — Aw. Let Vo, = AXp, = T X Following (42),
1 Yl]'

we obtain limnﬁoovnj = Tri 2] Xy, Then

from Lemma 8, we get

= 0and Axnl_ -,

F, (Ax"j B V"f’y> + ri <y B (Ax"j a V”f) ’ (Ax”f B v,,j)
nj

- Axnj> >0, VyeQ
(65)

Since F, is upper semicontinuous in the first argument,
taking lim sup to above inequality as j — 0o and using
limsup,_, ., =r > 0, we obtain that

F,(Aw,y) =20, VyeQ, (66)

which means that Aw € EP(F,) and hence w € Q.
(vii) Consider that ((uF - pf)x*,x* -X) <0, Vx el =

Fix (S) ﬂ Q
According to (30), letting

= af () + (1 B) © [T Ouds (67

n J0

we can observe that

Xn+1 = PCZn = PCZn -z, t (xnyf (xn)

S (68)
+ (I - pox,B) sl L T (s) u, ds.

n

Observe that

1 1
(MB - Yf) Xn = E (PCZn - zn) + E (xn - 'xn+1) (69)

+ (I - /’uan) (yn - xn) .

Hence, for each p € T = F,(S) (] Q, we can obtain

<(MB_Vf) X X _P>

1 1
= <PCZn_zn’xn _p> »+— <xn ~ Xn+1> Xn _p>
“n “n

1
+ (I~ p2,B) (3, = x,) %, = p) (70)

n

1 1
= <PCZn_zn’xn _p> »+— <xn ~ Xn+1> Xn _P>
“n an

1
+ ‘x_<yn_xn’xn_P> _”<Byn_an’xn_p>'

n

Taking limitn — oo in (70) and noticing that By, — Bx,, —

Bx*-Bx*=0,y, - x, > oo,and Pez,, — 2z, — Pcox" -
x* = 0, we obtain that
((uB-yf)w w-p) <0, (71)

which implies w = P.(I — uB + yf).

(viii) Consider that w € T = F, (S)[) Q.

From (30), we have x,,,, = P-z,, and, for any given x* €
r)

*

Xy =X =Poz,—z,+2,—x
= PCZn —Z,t oy, (Yf (xn) - nqu*) (72)
+ (I - l’“an) Yn — (I - A“(XnB) x".
Since P is the metric projection from H, onto C, we obtain
z,, Pcz, —x") <0. (73)

<PCzn -
It follows from (72) and (37) that
2
“xn+l - X“

= (Pezy = 2 Xy = X7) + 4, (Vf (5,) = pBx™, X0y = x7)

+ (I = o, B) (3 = %7) s Xy = X7)
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< o, (yf () = UBX", X,y = x7)

+ (I = pot,B) (3, = x7) > Xy —x7)
<oy (f (x0) = f(x7)5 2000 = x7)

+ o, (pf (x7) = pBx", Xy = X7)

+ (I = po,B) (9, = x7)» Xy = x7)
< oy lx, = x| 00 = X7

+ o, (f (x

b (1= o0 [y = 2 s - °]

")~ UBxXT, Xy — X)

< @B xs = x| s = 7|
+ o, (pf (x7) =

Y e [T

* *
UBx", X,y = X7)

< (1=, (7= yB)) [ = %[ e = %7}
+ o, (pf (x7) =

< @B [y = x| s = 7]

* *
UBx", X, = X7)

+ o, (pf (x7) = uBx", X0y —x7)

T e [T

(1-a,(r-yB)
2 (

6, = 2P+ [y = %7 )

+ 0, (pf (x7) = uBxX", X0y = X7)
(74)

which hence implies that
(E XIIZ
(1 + o, (1~ Yﬁ))
20, x*)—uBx*,x,., —x"
+w<)’f( ) = UBx", X,y = x7)

a, (1= yB)) e = [

' m vf (&%) = uBx", x0y = x7)

<(1-

<(1-a,)|x, - x| + &b,
where

an:(xn(‘[_)//j)’
b - OF () =B 5y ).
n 1+(X (T Yﬂ) Vf X UbX s Xy =X ).

It is easily seen that Y a, = oo and limsup,_, b, < 0
(due to (a), (b), (c), and (72)). According to Lemma 13, we

can conclude that x,, — x*. This completes the proof. [
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Corollary 15. Let H, and H, be two real Hilbert spaces and
let C ¢ H, and Q < H, be nonempty closed subsets. Let
A : H, — H, be a bounded linear operator. Assume that
F,:CxC — RandF, : QxQ — R are the bifunctions
satisfying Assumption 7 and F, is upper semicontinuous in the
first argument. Let the sequences {u,} and {x,} be generated by

un—TFl (x +0A" ( I)Axn),

- 77)
Xpt1 = “n}’f ('xn) + (I - l’“an) S_ J() T(S) unds'

Suppose that the sequence {w,} satisfies the following condi-
tions: (a), (b), and (c) (the same in Theorem 14). Then the
sequences {u,} and {x,} converge strongly to x* € I =
F..(S) N Q, wherex™ = P.(I— uB+ yf)x", which is the unique
solution of the variational inequality (31).

If B is a strongly positive bounded linear self-adjoint
operator on H,; with constanty > 0 such that0 <y < y/a <
y + 1/a, we can easily obtain the following corollary.

Corollary 16. Let H, and H, be two real Hilbert spaces and
let C ¢ H, and Q < H, be nonempty closed subsets. Let
A : H, — H, be a bounded linear operator. Assume that
F,:CxC — RandF, : QxQ — R are the bifunctions
satisfying Assumption 7 and F, is upper semicontinuous in the
first argument. Let the sequences {u,} and {x,} be generated by

Uy

=T} (x, +0A" (T} - 1) Ax,,),

- (78)
Xne1 = (Xnyf (xn) + (I - oan) 5_ J;) T (s) unds'

Suppose that the sequence {w,} satisfies the following condi-
tions: (a), (b), and (c) (the same in Theorem 14). Then the
sequences {u,} and {x,} converge strongly to x* € I =
F..(S)(Q, wherex™ = P.(I- uB+ yf)x", which is the unique
solution of the variational inequality

B)x",x-x") <0,

((yf - Vx el (79)

4. Application

In this section, we introduce an example of numerical test to
illustrate the algorithm given in Corollary 16.

Example 17. Let C,Q = [0,+00) € H; = H, = R, the set of
all real numbers, with the inner product defined by (x, y) =
xy, Vx,y € R, and induced usual norm || - ||. Assume that
F, :CxC — RandF, : QxQ — R are defined by
Fi(x,y)=(x - 4)(y — x),V¥x,y € C,and F,(u,v) = (u +
2)(v — u),Vu,v € Q. It is easy to claim that the bifunctions
F, and F, satisfy Assumption 7 and the bifunction F, is upper
semicontinuous. Next, we can find the formula of Tri 1x. From
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FIGURE 1: Convergence of iterative sequence {x,,}.

Lemma 8, we can claim that T x is single-valued; for any y €
C, r>0, '

Fl(x,y)+%<x—z,y—x>20

(=>—(r+1)x2+(rx+x—4r—z)y+(4r+z)x20.
(80)

Letting H(y) = —(r + Dx* + (rx + x — 4r — Z2)y + (4r + 2)x,
we obtain that

z=(r+1)x—4r, (81)
and so

Tanlx =(r,+1)x—4r,. (82)

Similarly, we can also obtain that
TEu = (r, + 1) u + 2r,. (83)

For all x € R, we can define mapping f(x) = (1/4)x,
A(x) = —(1/2)x, B(x) = 2x, and the nonexpansive mapping
T is satisfied as Tx = x Vx e C. It is claimed that the
mapping f is contraction with constant § = 1/2, Ais a
bounded linear operator on R with adjoint operator A* and
Al = |A™|| = 1/2,and Bis a strongly positive bounded linear
self-adjoint operator with constant y = 1 on R. On the other
hand, we can take y = 2 which satisfies 0 < y < y/a <
y + 1/a. Hence, it is easy to observe that F, (T) = (0, co),
EP(F,) = {4}, and EP(F,) = {-2}. Furthermore, we can
obtain that Q = {p e EP(F,) : Ap € EP(F,)} = {-2}.
Consequently, I' = F,.(S)[1Q = {-2}. Therefore, all the
assumptions in Corollary 16 are satisfied. We can obtain the
following numerical algorithm:

u, =T <xn Ry (12> -1) Axn),
n 8 n

X = 2 <1x)+<1 2 >u
L 1 \4T" n+l/) "

(84)

1

where &, = 1/(n + 1) and r, = 1. Then, by Corollary 16,
the sequence {x,,} converges to a solution of Example 17. For
a number ¢ = 107, using the MATLAB, we generated a
sequence {x,} as in Figure 1.
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