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This paper, by means of complex representation of a quaternion matrix, discusses the consimilarity of quaternion matrices, and
obtains a relation between consimilarity and similarity of quaternion matrices. It sets up an algebraic bridge between consimilarity
and similarity, and turns the theory of consimilarity of quaternionmatrices into that of ordinary similarity of complexmatrices.This
paper also gives algebraic methods for finding coneigenvalues and coneigenvectors of quaternion matrices by means of complex
representation of a quaternion matrix.

1. Introduction

An antilinear operator 𝑇 is a mapping from one complex
vector space 𝑉 into another 𝑊, which is additive and conju-
gate homogeneous, that is, for all 𝛼, 𝛽 ∈ 𝑉 and any complex
number 𝑎, 𝑇(𝛼 + 𝛽) = 𝑇(𝛼) + 𝑇(𝛽), 𝑇(𝑎𝛼) = 𝑎𝑇(𝛼) in which
𝑎 is the conjugate of 𝑎. Two 𝑛 × 𝑛 complex matrices 𝐴, 𝐵 are
said to be consimilar if 𝑆−1𝐴𝑆 = 𝐵 for some 𝑛×𝑛 nonsingular
complex matrix 𝑆. Consimilarity of complex matrices arises
as a result of studying an antilinear operator referred to dif-
ferent bases in complex vector spaces, and the theory of
consimilarity of complex matrices plays an important role
in quantum mechanics [1, 2]. Complex consimilarity is an
equivalent relation and has been studied [2–5].

In recent years, applications of quaternion matrices are
getting more and more important and extensive in quantum
mechanics, rigid mechanics, and control theory [6–17]; it is
becoming more and more necessary to study the theory and
methods of quaternion matrices. In paper [18], the author
introduced concepts of consimilarity of quaternion matrices.

If𝐴 and 𝐵 are both quaternionmatrices of 𝑛×𝑛, they are said
to be consimilar if 𝑆−1𝐴𝑆 = 𝐵holds for some 𝑛×𝑛nonsingular
quaternion matrix 𝑆. Write 𝐴

𝑠

∼ 𝐵 if 𝐴 is similar to 𝐵, 𝐴 𝑐𝑠∼ 𝐵

if 𝐴 is consimilar to 𝐵, and 𝐴
𝑝𝑠

∼ 𝐵 if 𝐴 is permutation sim-
ilar to 𝐵. Permutation similarity is both a similarity and con-
similarity relations. A quaternion 𝜆 is said to be the right
coneigenvalue attributed to 𝐴 if the con-eigenequation 𝐴𝛼̃ =

𝛼𝜆 holds. The consimilarity of quaternion matrices is natural
extension of that of complex matrices and will have potential
applications in the study of theory and numerical computa-
tions in modern quantum mechanics, and so forth.

Let R be the real number field, C = R ⊕ R𝑖 the complex
number field, and H = R ⊕ R𝑖 ⊕ R𝑗 ⊕ R𝑘 the quaternion
field, where 𝑖𝑗 = −𝑗𝑖 = 𝑘, 𝑖2 = 𝑗

2

= 𝑘
2

= −1. F𝑚×𝑛 denotes
the set of all 𝑚 × 𝑛 matrices on a field F. For 𝐴 ∈ H𝑚×𝑛, let
𝐴
𝑇 be the transpose of 𝐴 and 𝐴 the conjugate matrix of 𝐴.

For a quaternion 𝛼 = 𝑎
1

+ 𝑎
2

𝑖 + 𝑎
3

𝑗 + 𝑎
4

𝑘 with 𝑎
𝑡

∈ R, we
use 𝛼 = 𝑎

1

− 𝑎
2

𝑖 − 𝑎
3

𝑗 − 𝑎
4

𝑘 and 𝛼̃ = 𝑎
1

− 𝑎
2

𝑖 + 𝑎
3

𝑗 − 𝑎
4

𝑘

to denote the conjugate and 𝑗-conjugate of 𝛼, respectively.
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Let 𝐴 = 𝐴
1

+ 𝐴
2

𝑖 + 𝐴
3

𝑗 + 𝐴
4

𝑘, where 𝐴
𝑠

∈ R𝑚×𝑛; define
𝐴 = −𝑗𝐴𝑗 = 𝐴

1

− 𝐴
2

𝑖 + 𝐴
3

𝑗 − 𝐴
4

𝑘 to be 𝑗-conjugate of 𝐴. It
is easy to verify that 𝑗𝐴𝑗 = −𝐴, ̃̃𝐴 = 𝐴, and

𝐴 + 𝐵 = 𝐴 + 𝐵, 𝐴𝐶 = 𝐴𝐶, (1)

for any two 𝑛 × 𝑛 matrices 𝐴, 𝐵 and a 𝑛 × 𝑛 matrix 𝐶 with
quaternion entries.Obviously,𝐴 = 𝐴 if𝐴 is a complexmatrix.

By means of real representation of complex matrices
in paper [5], we studied the properties of consimilarity of
complex matrices and gave a relation between consimilarity
and similarity of complex matrices. This paper, by means of
a complex representation of a quaternion matrix, studies the
relation between consimilarity and similarity of quaternion
matrices and derives an algebraic relation between consim-
ilarity and similarity on quaternion field. Finally this paper
gives an application on coneigenvalues and coneigenvectors
of quaternion matrices.

2. Preliminaries

For a quaternion matrix 𝐴 of dimension 𝑛 × 𝑚, denote by
𝐴 = 𝐵

1

+ 𝐵
2

𝑖 + 𝐵
3

𝑗 + 𝐵
4

𝑘 ≡ 𝐴
1

+ 𝐴
2

𝑗, where 𝐴
1

= 𝐵
1

+ 𝐵
2

𝑖,
𝐴
2

= 𝐵
3

+𝐵
4

𝑖. The complex representation of the quaternion
matrix 𝐴 is defined [19] to be

𝐴
𝜎

= [

𝐴
2

−𝐴
1

𝐴
1

𝐴
2

] ∈ C2𝑛×2𝑚; (2)

the complexmatrix𝐴𝜎 is known as complex representation of
the quaternion matrix 𝐴. It is easy to verify that 𝐴𝜎 = (𝐴)

𝜎.
Let𝐴, 𝐵 ∈ H𝑛×𝑚,𝐶 ∈ H𝑚×𝑝, 𝑎 ∈ R.Then by the definition

of complex representation we easily get the following results:

(𝐴 + 𝐵)
𝜎

= 𝐴
𝜎

+ 𝐵
𝜎

, (𝑎𝐴)
𝜎

= 𝑎𝐴
𝜎

; (3)

𝑄
𝑇

𝑛

𝐴
𝜎

𝑄
𝑚

= 𝐴𝜎 = (𝐴)
𝜎

; (4)

(𝐴𝐶)
𝜎

= 𝐴
𝜎

𝑄
𝑚

𝐶
𝜎

= 𝐴
𝜎

(𝐶)
𝜎

𝑄
𝑝

= 𝑄
𝑛

(𝐴)
𝜎

𝐶
𝜎

, (5)

in which 𝑄
𝑡

= [
0 𝐼

𝑡

−𝐼

𝑡
0

] with 𝐼
𝑡

being the identity matrix,
and 𝑄

2

𝑡

= −𝐼
2𝑡

, 𝑄
𝑡

𝑄
𝑇

𝑡

= 𝑄
𝑇

𝑡

𝑄
𝑡

= 𝐼
2𝑡

. Clearly, from (5) we
know that a quaternion matrix𝐴 is nonsingular if and only if
complex representation matrix 𝐴

𝜎 is nonsingular.
For 𝐴 ∈ H𝑛×𝑛 and 𝛼 ∈ C2𝑛×1, if 𝐴𝜎𝛼 = 𝜆𝛼, then by (4) we

have

𝐴
𝜎

(𝑄
𝑇

𝑛

𝛼) = 𝜆 (𝑄
𝑇

𝑛

𝛼) ⇐⇒ 𝐴
𝜎

(𝑄
𝑇

𝑛

𝛼) = 𝜆 (𝑄
𝑇

𝑛

𝛼) . (6)

Thismeans that the eigenvalues of complex representation𝐴
𝜎

appear in conjugate pairs.
In the same manner, for a Jordan block 𝐽

𝑟

(𝜆) of an
eigenvalue 𝜆, if 𝐴𝜎𝑋 = 𝑋𝐽

𝑟

(𝜆), then by (4) we have

𝐴
𝜎

(𝑄
𝑇

𝑛

𝑋) = (𝑄
𝑇

𝑛

𝑋) 𝐽
𝑟

(𝜆) ⇐⇒ 𝐴
𝜎

(𝑄
𝑇

𝑛

𝑋) = (𝑄
𝑇

𝑛

𝑋) 𝐽
𝑟

(𝜆) .

(7)

And this means Jordan blocks 𝐽
𝑟

(𝜆) of complex representa-
tion 𝐴

𝜎 appear in conjugate pairs.
From the statement above we have the following result.

Proposition 1. Let 𝐴 ∈ H𝑛×𝑛. Then

(1) the real eigenvalues of complex representation 𝐴
𝜎

appear in pairs, and the imaginary eigenvalues of com-
plex representation 𝐴

𝜎 appear in conjugate pairs; that
is, if complex eigenvalue 𝜆 is an eigenvalue of 𝐴𝜎, then
complex eigenvalue 𝜆 is also an eigenvalue of 𝐴𝜎,

(2) the real Jordan blocks 𝐽
𝑟

(𝜆) of complex representation
𝐴
𝜎 appear in pairs, and the imaginary Jordan blocks

𝐽
𝑟

(𝜆) of complex representation𝐴
𝜎 appear in conjugate

pairs; that is, if 𝐽
𝑟

(𝜆) is a Jordan block of complex
representation𝐴

𝜎 related to complex eigenvalue𝜆, then
𝐽
𝑟

(𝜆) is a Jordan block of complex representation 𝐴
𝜎

related to complex eigenvalue 𝜆.

The following Proposition 2 comes from the fact that
𝑗𝐴𝑗 = −𝐴, (𝐽

𝑟

(𝑎 + 𝑏𝑖))𝑗(̃𝑖 + 𝑗) = (𝑖 + 𝑗)𝐽
𝑟

(−𝑏 + 𝑎𝑗) and ((𝐴
1

+

𝐴
2

𝑖)𝑗)(̃𝑖 + 𝑗) = (𝑖 + 𝑗)(−𝐴
2

+ 𝐴
1

𝑗) by direct calculation for
real numbers 𝑎 and 𝑏, and real matrices 𝐴

1

and 𝐴
2

.

Proposition 2. Let 𝐴 be a quaternion matrix. Then

(1) 𝐴𝑗 = 𝑗𝐴; this means that 𝐴 is consimilar to 𝐴; that is,
𝐴
𝑐𝑠

∼ 𝐴;

(2) if 𝐽 = 𝐽
𝑟

(𝑎 + 𝑏𝑖) is a Jordan block, 𝑎, 𝑏 ∈ R, then 𝐽𝑗
𝑐𝑠

∼

𝐽
𝑟

(−𝑏 + 𝑎𝑗);

(3) if 𝐴 = 𝐴
1

+ 𝐴
2

𝑖 is a complex matrix, 𝐴
1

, 𝐴
2

∈ R𝑛×𝑛,
then

𝐴𝑗
𝑐𝑠

∼ −𝐴
2

+ 𝐴
1

𝑗, 𝐴𝑗
𝑐𝑠

∼ (𝐴
1

+ 𝐴
2

𝑗) 𝑗. (8)

Based on the quaternion field H, the author in [18] gave
the following results.

Proposition 3 (see [18] ). If 𝐴, 𝐵 ∈ H𝑛×𝑛, then

𝐴
𝑐𝑠

∼ 𝐵 ⇐⇒ 𝑗𝐴
𝑠

∼ 𝑗𝐵 ⇐⇒ 𝐴𝑗
𝑠

∼ 𝐵𝑗 ⇐⇒ 𝑗𝐴
𝑠

∼ 𝐵𝑗. (9)

Proposition 4 (see [18] ). If 𝐴 ∈ H𝑛×𝑛, then

𝐴
𝑐𝑠

∼ 𝐽
𝑛

1

(𝜆
1

) ⊕ 𝐽
𝑛

2

(𝜆
2

) ⊕ ⋅ ⋅ ⋅ ⊕ 𝐽
𝑛

𝑟

(𝜆
𝑟

) ≡ 𝐽
𝑐

𝐴

, (10)

in which 𝜆
𝑡

= 𝑎
𝑡

+ 𝑏
𝑡

𝑗 are right coneigenvalues of 𝐴, 𝑎
𝑡

, 𝑏
𝑡

are
real numbers, and 𝑎

𝑡

≥ 0. 𝐽𝑐
𝐴

is uniquely determined by 𝐴 up
to the order of Jordan blocks 𝐽

𝑛

𝑡

(𝜆
𝑡

), and 𝐽
𝑐

𝐴

is said to be the
Jordan canonical form of 𝐴 under consimilarity.

3. An Algebraic Relation between
Consimilarity and Similarity

This section gives an algebraic relation between consimilarity
and similarity of quaternion matrices by means of the com-
plex representation in (2).

Let 𝐴, 𝐵 ∈ H𝑛×𝑛 be two quaternion matrices. If 𝐴 is
consimilar to 𝐵, then there exists a nonsingular quaternion
matrix 𝑆 such that 𝐴𝑆 = 𝑆𝐵, by (5) 𝐴

𝜎

𝑄
𝑛

𝑆
𝜎

= 𝑄
𝑛

𝑆
𝜎

𝐵
𝜎.
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This means that if 𝐴 is consimilar to 𝐵, then 𝐴
𝜎 is similar to

𝐵
𝜎.
Conversely, if𝐴𝜎 is similar to𝐵

𝜎, then𝐴
𝜎 and𝐵

𝜎 have the
same eigenvalues. By Proposition 1, let 𝜆

1

, 𝜆
1

, . . . , 𝜆
𝑟

, 𝜆
𝑟

be
all eigenvalues and 𝐽

𝑛

1

(𝜆
1

), 𝐽
𝑛

1

(𝜆
1

), . . . , 𝐽
𝑛

𝑟

(𝜆
𝑟

), 𝐽
𝑛

𝑟

(𝜆
𝑟

) corre-
sponding Jordan blocks.There exists a complex and full-rank
matrix 𝑋

𝑗

by [20, chapter 6.7] such that 𝐴𝜎𝑋
𝑡

= 𝑋
𝑡

𝐽
𝑛

𝑡

(𝜆
𝑡

),
𝑡 = 1, . . . , 𝑟. Then by (4), we have

𝐴
𝜎

𝑋
𝑡

= 𝑋
𝑡

𝐽
𝑛

𝑡

(𝜆
𝑡

) , 𝐴
𝜎

(𝑄
𝑇

𝑛

𝑋
𝑡

) = (𝑄
𝑇

𝑛

𝑋
𝑡

) 𝐽
𝑛

𝑡

(𝜆
𝑡

) ,

(11)

and (11) is equivalent to

𝐴
𝜎

(𝑋
𝑡

, 𝑄
𝑇

𝑛

𝑋
𝑡

) = (𝑋
𝑡

, 𝑄
𝑇

𝑛

𝑋
𝑡

) [
𝐽
𝑛

𝑡

(𝜆
𝑡

) 0

0 𝐽
𝑛

𝑡

(𝜆
𝑡

)
] . (12)

Therefore there exists a nonsingular complex matrix 𝑇 =

(𝑍,𝑄
𝑇

𝑛

𝑍) ∈ C2𝑛×2𝑛, 𝑍 ∈ C2𝑛×𝑛 such that

𝑇
−1

𝐴
𝜎

𝑇 = (𝐽𝑗)
𝜎

=
[
[

[

∑

𝑡

⊕ 𝐽
𝑛

𝑡

(𝜆
𝑡

) 0

0 ∑

𝑡

⊕ 𝐽
𝑛

𝑡

(𝜆
𝑡

)

]
]

]

, (13)

in which 𝐽 = ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝜆
𝑡

), 𝜆
𝑡

= 𝑎
𝑡

+ 𝑏
𝑡

𝑖, 𝑎
𝑡

, 𝑏
𝑡

are real numbers,
and 𝑏
𝑡

≥ 0.
Let 𝑍 = [

𝑍

1

𝑍

2

], 𝑍
1

, 𝑍
2

∈ C𝑛×𝑛, and 𝑆 = 𝑍
2

+ 𝑍
1

𝑗. Then

𝑇 = [
𝑍

1
−𝑍

2

𝑍

2
𝑍

1

] = 𝑆
𝜎. From the nonsingular complex matrix 𝑇,

we get 𝑆 is a nonsingular quaternion matrix; by (1) and (5),
(13) is equivalent to

𝐴
𝜎

𝑆
𝜎

= 𝑆
𝜎

(𝐽𝑗)
𝜎

⇐⇒ (𝐴𝑆)
𝜎

= (𝑆
̃
(𝐽𝑗))

𝜎

⇐⇒ 𝐴𝑆 = 𝑆𝐽𝑗 = 𝑆𝐽𝑗.

(14)

This means that 𝐴
𝑐𝑠

∼ 𝐽𝑗. Let 𝜆
𝑡

= 𝑎
𝑡

+ 𝑏
𝑡

𝑖, 𝑎
𝑡

, 𝑏
𝑡

are real
numbers, and 𝑏

𝑡

≥ 0, and 𝐽 = ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝜆
𝑡

) = ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝑎
𝑡

− 𝑏
𝑡

𝑖).
Then by Proposition 2 we have 𝐽𝑗

𝑐𝑠

∼ ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝑏
𝑡

+ 𝑎
𝑡

𝑗), and we
have 𝐴

𝑐𝑠

∼ ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝑏
𝑡

+ 𝑎
𝑡

𝑗). Similarly 𝐵
𝑐𝑠

∼ ∑
𝑡

⊕𝐽
𝑛

𝑡

(𝑏
𝑡

+ 𝑎
𝑡

𝑗).
Therefore 𝐴

𝑐𝑠

∼ 𝐵.
The statement above implies the following result.

Theorem 5. Let 𝐴, 𝐵 ∈ H𝑛×𝑛. Then 𝐴 is consimilar to 𝐵 if and
only if complex representation matrix 𝐴

𝜎 is similar to complex
representation matrix 𝐵

𝜎; that is,𝐴 𝑐𝑠∼ 𝐵 if and only if𝐴𝜎 𝑠∼ 𝐵
𝜎.

Combining Proposition 3 and Theorem 5, we get the fol-
lowing result.

Corollary 6. Let 𝐴, 𝐵 ∈ H𝑛×𝑛. Then

𝐴
𝑐𝑠

∼ 𝐵 ⇐⇒ 𝐴𝑗
𝑠

∼ 𝐵𝑗

⇐⇒ 𝑗𝐴
𝑠

∼ 𝑗𝐵 ⇐⇒ 𝑗𝐴
𝑠

∼ 𝐵𝑗 ⇐⇒ 𝐴
𝜎

∼ 𝐵
𝜎

.

(15)

The proof of the Theorem 5 is constructive, and the
following results come from the proof above.

Corollary 7. Let 𝐴 ∈ H𝑛×𝑛. Then the following statements are
equivalent.

(1) The Jordan canonical form of complexmatrix𝐴
𝜎 under

similarity is

𝐽 = ∑

𝑡

⊕ 𝐽
𝑛

𝑡

(𝜆
𝑡

) ⊕ ∑

𝑡

⊕ 𝐽
𝑛

𝑡

(𝜆
𝑡

) , (16)

where 𝜆
𝑡

= 𝑎
𝑡

+ 𝑏
𝑡

𝑖, 𝑎
𝑡

, 𝑏
𝑡

∈ R, 𝑏
𝑡

≥ 0, 𝑡 = 1, . . . , 𝑟, are
eigenvalues of 𝐴𝜎.

(2) The Jordan canonical form of quaternion matrix 𝐴

under consimilarity is

𝐽
𝑐

= ∑

𝑡

⊕ 𝐽
𝑛

𝑡

(𝜇
𝑡

) , (17)

where 𝜇
𝑡

= 𝑏
𝑡

+ 𝑎
𝑡

𝑗, 𝑎
𝑡

, 𝑏
𝑡

∈ R, 𝑏
𝑡

≥ 0, 𝑡 = 1, . . . , 𝑟, are
coneigenvalues of 𝐴.

Corollary 8. Let 𝐴 ∈ H𝑛×𝑛. Then

𝐴
𝑐𝑠

∼ 𝐽
𝑛

1

(𝜇
1

) ⊕ 𝐽
𝑛

2

(𝜇
2

) ⋅ ⋅ ⋅ ⊕ 𝐽
𝑛

𝑟

(𝜇
𝑟

) ≡ 𝐽
𝑐

, (18)

where 𝜇
𝑡

= 𝑏
𝑡

+ 𝑎
𝑡

𝑗 = (1/2𝑖)(𝜆
𝑡

− 𝜆
𝑡

) + (1/2)(𝜆
𝑡

+ 𝜆
𝑡

)𝑗 are
coneigenvalues of𝐴, 𝜆

𝑡

= 𝑎
𝑡

+𝑏
𝑡

𝑖, 𝑎
𝑡

, 𝑏
𝑡

∈ R, 𝑏
𝑡

≥ 0, 𝑡 = 1, . . . , 𝑟,
in which 𝜆

1

, 𝜆
1

, . . . , 𝜆
𝑟

, 𝜆
𝑟

are all eigenvalues of complex rep-
resentation 𝐴

𝜎, and 𝐽
𝑛

1

(𝜆
1

), 𝐽
𝑛

1

(𝜆
1

), . . . , 𝐽
𝑛

𝑟

(𝜆
𝑟

), 𝐽
𝑛

𝑟

(𝜆
𝑟

) corre-
sponding Jordan blocks in (16). 𝐽𝑐 is uniquely determined by 𝐴

up to the order of Jordan blocks 𝐽
𝑛

𝑡

(𝜇
𝑡

), and 𝐽
𝑐 is said to be the

Jordan canonical form of 𝐴 under consimilarity.

Corollary 9. Let 𝐴 ∈ H𝑛×𝑛. Then 𝐴 has at least a coneigen-
value 𝜇

𝑡

= Re(𝜇
𝑡

) + Im(𝜇
𝑡

)𝑗, Re(𝜇
𝑡

) ≥ 0. If 𝜆
1

, 𝜆
1

, . . . , 𝜆
𝑟

, 𝜆
𝑟

,
𝜆
𝑡

= 𝑎
𝑡

+𝑏
𝑡

𝑖, 𝑎
𝑡

, 𝑏
𝑡

∈ R, 𝑏
𝑡

≥ 0, 𝑡 = 1, . . . , 𝑟, are all eigenvalues of
complex representation 𝐴

𝜎, then 𝜇
1

, . . . , 𝜇
𝑟

are coneigenvalues
of quaternion matrix 𝐴, in which

𝜇
𝑡

= 𝑏
𝑡

+ 𝑎
𝑡

𝑗 =
1

2𝑖
(𝜆
𝑡

− 𝜆
𝑡

) +
1

2
(𝜆
𝑡

+ 𝜆
𝑡

) 𝑗, (19)

and for any nonzero quaternion 𝑝, 𝑝−1𝜇
𝑡

𝑝, 𝑡 = 1, . . . , 𝑟, are all
coneigenvalues of quaternion matrix 𝐴.

The following result comes immediately fromTheorem 5
and the definition of complex representation in (2).

Corollary 10. Let 𝐴, 𝐵 ∈ C𝑛×𝑛. Then 𝐴 is consimilar to 𝐵 if
and only if [ 0 −𝐴

𝐴 0

] is similar to [
0 −𝐵

𝐵 0

].

4. Algebraic Methods and Applications

This section gives an algebraic method for relation between
consimilarity and similarity of quaternionmatrices by means
of complex representation and obtains an algebraic method
for coneigenvalues and coneigenvectors for quaternionmatri-
ces as an application.
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Let 𝐴 ∈ H𝑛×𝑛, 𝐵 ∈ H𝑚×𝑚. Suppose there exists a complex
matrix 𝑇 ∈ C2𝑛×2𝑚 such that 𝐴𝜎𝑇 = 𝑇𝐵

𝜎. By (4)

𝐴
𝜎

𝑇 = 𝑇𝐵
𝜎

⇐⇒ 𝐴
𝜎

(𝑄
𝑛

𝑇𝑄
𝑇

𝑚

) = (𝑄
𝑛

𝑇𝑄
𝑇

𝑚

) 𝐵
𝜎

. (20)

Let 𝑇̂ = (1/2)(𝑇 + 𝑄
𝑛

𝑇𝑄
𝑇

𝑚

). Then

𝐴
𝜎

𝑇̂ = 𝑇̂𝐵
𝜎

. (21)

Let

𝑇 = [

𝑇
11

𝑇
12

𝑇
21

𝑇
22

] , (22)

where 𝑇
𝑘𝑙

∈ C𝑛×𝑚. It is easy to get by direct calculation

𝑇̂ = [

[

𝑇̂
1

−𝑇̂
2

𝑇̂
2

𝑇̂
1

]

]

, (23)

where

𝑇̂
1

=
1

2
(𝑇
11

+ 𝑇
22

) , 𝑇̂
2

=
1

2
(𝑇
21

− 𝑇
12

) . (24)

From (23) we construct a complex matrix 𝑆 using the identi-
ties 𝑗𝑇̂

𝑡

= 𝑇̂
𝑡

𝑗 and 𝑗𝑇̂
𝑡

𝑗 = −𝑇̂
𝑡

𝑆 = 𝑇̂
2

+ 𝑇̂
1

𝑗 =
1

2
(𝐼
𝑛

, 𝑗𝐼
𝑛

) 𝑇̂ [

𝐼
𝑚

−𝑗𝐼
𝑚

]

=
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝑇 + 𝑄
𝑛

𝑇𝑄
𝑇

𝑚

) [

𝐼
𝑚

−𝑗𝐼
𝑚

] .

(25)

Clearly 𝑆
𝜎

= 𝑇̂. Therefore by (5) and 𝑗𝐵𝑗 = −𝐵, (21) is equiv-
alent to

𝐴
𝜎

𝑆
𝜎

= 𝑆
𝜎

𝐵
𝜎

⇐⇒ (𝐴𝑆)
𝜎

= (𝑆𝐵)
𝜎

⇐⇒ 𝐴𝑆 = 𝑆𝐵 ⇐⇒ 𝐴𝑆𝑗 = 𝑆𝑗𝐵.

(26)

The statement above implies the following result.

Proposition 11. Let 𝐴 ∈ H𝑛×𝑛, 𝐵 ∈ H𝑚×𝑚. Then there exists
a quaternion matrix 𝑆 ∈ H𝑛×𝑚 such that 𝐴𝑆 = 𝑆𝐵 if and only
if there exists a complex matrix 𝑇 ∈ H2𝑛×2𝑚 such that 𝐴𝜎𝑇 =

𝑇𝐵
𝜎. In which case, there exists a complex matrix 𝑇 such that

𝐴
𝜎

𝑇 = 𝑇𝐵
𝜎; let

𝑆 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝑇 + 𝑄
𝑛

𝑇𝑄
𝑇

𝑚

) [

𝐼
𝑚

−𝑗𝐼
𝑚

] 𝑗. (27)

Then 𝑆 is a quaternion matrix and 𝐴𝑆 = 𝑆𝐵.

By Theorem 5 and the statement above we have the
following result.

Corollary 12. Let 𝐴, 𝐵 ∈ H𝑛×𝑛. Then 𝐴 is consimilar to 𝐵 if
and only if 𝐴𝜎 is similar to 𝐵

𝜎; that is, 𝐴 𝑐𝑠∼ 𝐵 if and only if

𝐴
𝜎

𝑠

∼ 𝐵
𝜎. In which case, there exists a nonsingular complex

matrix 𝑇 such that 𝐴𝜎𝑇 = 𝑇𝐵
𝜎; let

𝑆 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝑇 + 𝑄
𝑛

𝑇𝑄
𝑇

𝑛

) [
𝐼
𝑛

−𝑗𝐼
𝑛

] 𝑗. (28)

Then 𝑆 is a quaternion matrix and 𝐴𝑆 = 𝑆𝐵, and if 𝑆 is a
nonsingular, then 𝐴

𝑐𝑠

∼ 𝐵.

Corollary 12 gives an algebraic method for the relation
between consimilarity and similarity of quaternion matrices
by means of complex representation and turns theory of
consimilarity of quaternion matrices into that of ordinary
similarity of complex representation matrices.

As a special case of Corollary 12, we give an algebraic
method for relation between coneigenvalues and coneigen-
vectors of a quaternion matrix and corresponding eigenval-
ues and eigenvectors of the complex representation matrix as
follows.

Corollary 13. Let 𝐴 ∈ H𝑛×𝑛, 𝜆 ∈ H. Then there exists a vector
𝛼 ∈ H𝑛×1 such that 𝐴𝛼̃ = 𝛼𝜆 if and only if there exists a vector
𝛽 ∈ H2𝑛×1 such that 𝐴𝜎𝛽 = 𝛽𝜆

𝜎. In which case, there exists a
vector 𝛽 ∈ H2𝑛×1 such that 𝐴𝜎𝛽 = 𝛽𝜆

𝜎; let

𝛼 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝛽 + 𝑄
𝑛

𝛽𝑄
𝑇

1

) [
1

−𝑗
] 𝑗. (29)

Then 𝐴𝛼̃ = 𝛼𝜆.

Now we give algebraic methods for finding coneigenval-
ues and coneigenvectors of a quaternion matrix by means of
complex representation.

For 𝐴 ∈ H𝑛×𝑛, if 𝜇 is a complex eigenvalue of 𝐴𝜎 with
𝐴
𝜎

𝛽 = 𝛽𝜇, 𝛽 ∈ C2𝑛×1, 𝛽 ̸= 0, then by (11) and (12), 𝐴𝜎𝛽 = 𝛽𝜇,
𝐴
𝜎

(𝑄
𝑇

𝑛

𝛽) = (𝑄
𝑇

𝑛

𝛽)𝜇, and

𝐴
𝜎

(𝛽, 𝑄
𝑇

𝑛

𝛽) = (𝛽, 𝑄
𝑇

𝑛

𝛽) [
𝜇 0

0 𝜇
] ⇐⇒ 𝐴

𝜎

𝑇 = 𝑇(𝜇𝑗)
𝜎

,

(30)

in which 𝑇 = (𝛽, 𝑄
𝑇

𝑛

𝛽) ∈ C2𝑛×2. By Corollary 13, let

𝛼 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝛽 + 𝑄
𝑛

𝛽𝑄
𝑇

1

) [
1

−𝑗
] 𝑗. (31)

Then 𝐴𝛼̃ = 𝛼(𝜇𝑗). This means that 𝜇𝑗 is a coneigenvalue
of 𝐴 and if 𝛼 ̸= 0, then 𝛼 is a coneigenvector related to
coneigenvalue 𝜇𝑗.

By the statement above we get the following result.

Corollary 14. Let 𝐴 ∈ H𝑛×𝑛. If 𝜇 is a complex eigenvalue of
complex representation 𝐴

𝜎 and 𝛽 is eigenvector related to 𝜇

with 𝐴
𝜎

𝛽 = 𝛽𝜇, let

𝛼 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝛽 + 𝑄
𝑛

𝛽𝑄
𝑇

1

) [
1

−𝑗
] 𝑗. (32)

Then 𝐴𝛼̃ = 𝛼(𝜇𝑗). This means if 𝛼 ̸= 0, then 𝜇𝑗 is a coneigen-
value of 𝐴 and 𝛼 is a coneigenvector related to coneigenvalue
𝜇𝑗.
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Moreover, let 𝜇 = 𝑎 + 𝑏𝑖, 𝑎, 𝑏 ∈ R, and 𝑏 ≥ 0. Then by
Proposition 2 and the fact that ((𝑎+𝑏𝑖)𝑗)(̃𝑖 + 𝑗) = (𝑖 + 𝑗)(−𝑏+

𝑎𝑗) we have

𝐴𝛽 = 𝛽 (𝜇𝑗) ⇐⇒ 𝐴(
̃

𝛽(𝑖 + 𝑗))

= (𝛽 (𝑖 + 𝑗)) (𝑏 + 𝑎𝑗) ⇐⇒ 𝐴𝛾 = 𝛾𝜆,

(33)

inwhich𝜆 = 𝑏+𝑎𝑗 and 𝛾 = 𝛽(𝑖+𝑗).That is𝜆 is a coneigenvalue
of quaternion matrix 𝐴, and 𝛾 is a coneigenvector related to
𝜆.

By Corollary 14 and the statement above we have the
following result.

Theorem 15. Let 𝐴 ∈ H𝑛×𝑛. If 𝜇 is a complex eigenvalue of
complex representation 𝐴

𝜎 and 𝛽 is an eigenvector related to 𝜇

with 𝐴
𝜎

𝛽 = 𝛽𝜇, let

𝜆 =
1

2𝑖
(𝜇 − 𝜇) +

1

2
(𝜇 + 𝜇) 𝑗,

𝛼 =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝛽 + 𝑄
𝑛

𝛽𝑄
𝑇

1

) [
1

−𝑗
] 𝑗,

𝛾 = 𝛼 (𝑖 + 𝑗) =
1

4
(𝐼
𝑛

, 𝑗𝐼
𝑛

) (𝛽 + 𝑄
𝑛

𝛽𝑄
𝑇

1

) [
1

−𝑗
] 𝑗 (𝑖 + 𝑗) .

(34)

Then 𝐴𝛼̃ = 𝛼(𝜇𝑗) and 𝐴𝛾 = 𝛾𝜆. These mean that (𝜇𝑗) and 𝜆

are two coneigenvalues of quaternion matrix 𝐴, and if 𝛽 ̸= 0,
then 𝛼 and 𝛾 are corresponding coneigenvectors related to (𝜇𝑗)

and 𝜆, respectively. Moreover 𝑝
−1

𝜆𝑝 are right coneigenvalues
of 𝐴, and 𝛾𝑝 is corresponding coneigenvector for any nonzero
quaternion 𝑝.
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