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We develop a new split-step 6 (SS8) method for stochastic age-dependent capital system with random jump magnitudes. The main
aim of this paper is to investigate the convergence of the SSO method for a class of stochastic age-dependent capital system with
random jump magnitudes. It is proved that the proposed method is convergent with strong order 1/2 under given conditions. Finally,
an example is simulated to verify the results obtained from theory.

1. Introduction

Stochastic partial differential equations are becoming
increasingly used to model real-world phenomena in
different fields, such as economics, biology, and physics.
Recently, the study of the stochastic age-dependent (vintage)
capital system has received a great deal of attention. For
example, Wang studied stability of solutions for stochastic
investment system [1]. Zhang et al. studied the convergence
and exponential stability of numerical solutions to the
stochastic age-dependent capital system [2, 3].

In the stochastic age-dependent capital system, due to the
effects of external environment for capital system, such as
innovations in technique, introduction of new products, nat-
ural disasters, and changes in laws and government policies,
the size of the capital systems increases or decreases drasti-
cally. So Poisson jumps with deterministic jump magnitude
have been used in stochastic age-dependent population equa-
tions. For example, Li et al. [4] studied the Euler numerical
method for stochastic age-dependent population equations
with Poisson jumps. L. Wang and X. Wang [5] analysed the
convergence of the semi-implicit Euler method for stochastic
age-dependent population equations with Poisson jumps.
Rathinasamy et al. [6] developed the numerical method for
stochastic age-dependent population equations with Poisson

jump and phase semi-Markovian switching. However, the
random jump magnitude is now commonly seen in financial
models [7-9]. In this paper, we will consider the following
stochastic age-dependent capital system with random jump
magnitudes as shown in [10]:

dK (t,a) = —u(t,a) K (t,a)dt
+ f (K (t,a)dt + g(t,K(t,a)) dW (t)
+h(t,K (t,a), yye) AN (2),

K (t,0) = ¢ (t)

in D,

=a(t)B(t)F(L(t>,jAK(t,a)da), @

0

inte[0,T],

K(0,a) =K,(a), inae][0,A],

A
N (t) = Jo K (t,a)da, inte[0,T],

where K(t,a) denotes the stock of capital goods of age a at
time t, dK(t,a) = (0K(t,a)/0t + 0K(t,a)/oa)dt, ¢(0) =
K,(0), and D = [0,T] x [0, A]. N(¢) is defined as total
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output produced in year ¢; also a is the age of the capital; the
investment ¢(t) in the new capital. The f is the appreciation
(when f > 0) or depreciation (when f < 0) of the production
capacity, and g represents the volatility of the capital stock.
The value of h is the actual jump and y; is the underlying
random variables of the magnitudes, and often it is called
“mark” of the jump.

Also W(t) is a standard Wiener process. N(t) is a scalar
Poisson process with intensity A, . It is assumed that for some
q > 1 there is a constant C such that [E[Iy,-lzq] < C; that is,
the 2gth moment of the jump magnitude is bounded. The
maximum physical lifetime of capital A, the planning interval
of calendar time [0, T'), the depreciation rate p(t, a) of capital,
and the capital density K (a) (the initial distribution of capital
over age)are given. The a(t) denotes the accumulative rate
of capital at the moment of £, 0 < «(t) < 1, and B(¢) is the
technical progress at the moment of t. This makes that total

output produced in year t be defined as N(t) = _[OA K(t,a)da.
In each sector all the firms have an identical neoclassical
technology and produce output using labor and capital.

The production function F(L(¢), JOA K(t, a)da) is neoclassical,

where IOA K(t, a)da is the total sum of capital at time t and L(¢)
is the labor force.
The integral version of (1) is given by the equation

t

ds - Jty(s, a)Kds + J f(s,K,)ds

0 0

' 0K
K=K - .[0 da

(2)
+ th(s, K)dW (s) + Jth(s, K,y (s)dN (s),
0 0

where K, = K(t, a) for fixed a.

Since the system (1) does not have closed form solutions,
itis necessary to develop numerical methods for (1). Recently,
Zhang and Rathinasamy [10] first derived the numerical
solutions for stochastic age-dependent capital system with
random jump magnitudes. However, their method belongs to
the classic explicit Euler method and has a lower accuracy in
[10] if we do not consider the appropriate step sizes.

Higham and Kloeden [11] first constructed the split-
step backward Euler (SSBE) method for nonlinear stochastic
differential equations with Poisson jumps. Tan and Wang [12]
studied the convergence and stability of the SSBE method
for linear stochastic delay integrodifferential equations. Ding
et al. [13] developed the split-step 6 method for solving the
stochastic differential equations. Rathinasamy [14] investi-
gated the split-step 6 methods for stochastic age-dependent
population equations with Markovian switching. Thus, we
can construct the SSO method for stochastic age-dependent
population equations with random Poisson jumps.

In this paper, we will investigate the convergence of the
SSO method for system (1). The outline of the paper is as fol-
lows. In Section 2, we will introduce some preliminary results
which are essential for our analysis. Section 3 will show us the
SSO method for solving stochastic age-dependent population
equations with random Poisson jumps. In Section 4, several
lemmas which are useful for our main result are proved. We
give the main result that the numerical solutions converge to
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the true solutions with strong order 1/2 in Section 5. At last, a
numerical example is given to verify the results obtained from
the theory.

2. Preliminaries

Throughout this paper, it will be denoted by L2([0, A]) the
space of functions that are square-integrable over the domain
[0, A]. Let

V= H' ([0, A]) = {E |Eel? ([o,AD,g—f % ([o,A])},

a
3)

where 0§/0a is generalized partial derivative with respect to
ageaand V is a Sobolev space. H = L2([0, A]) such that V —
H = H — V.V’ = H([0, A)) is the dual space of V.
We denote by || - [|,| - | and || - ||, the norms in V, H, and v,
respectively, by (-, -) the scalar product in H. (., -), the duality
product between V and V', is defined by

A
(',-)=J. u-vda, ueV,veV' (4)
0
Let W(t) be a Wiener process defined on (), %, ?) and taking
its values in the separable Hilbert space S,

W) =Y B Me; (5)

i=1

where {e;},., is an orthonormal set of eigenvectors of G,
B;(t) are mutually independent real Wiener processes with
incremental covariance A; > 0, Ge; = Ae;, and tr G = Y o) A,
(tr denotes the trace of an operator). For an operator g ¢
Z(S, H) to be the space of all bounded linear operators from
Sinto H, itis denoted by | gl|, the Hilbert-Schmidt norm; that

1s,

lgl; = tr (9Gg"). 6)

Let C = C([0, T]; H) be the space of all continuous func-
tion from [0, T] into H with sup-norm [|¢[| .=sup,_.|$I(s),
LY = LP([0,T); V), and L%, = LP([0, T]; H).

Let (Q, %,P) be a complete probability space with a
filtration {F},,,, satisfying the usual conditions (i.e., it is
increasing and right continuous while %, contains all P-null
sets).

Definition 1. Let (Q, F,{#,},P) be the stochastic basis and
W, a Wiener process. Suppose that K|, is a random variable
such that [E|K0|2 < 00. A stochastic process K, = K(t,a)
for fixed a is said to be a solution on Q) to the stochastic
age-structured capital system for t € [0,T] if the following
conditions are satisfied:

(D1) K, is a #,-measurable random variable;

(D2) K, € I?([0, T]; V) N L2 C([0, T); V), p > 1, T > 0,
where IP([0, T]; V) denotes the space of all V-valued
processes (Kt)te[O,T] (one will write K, for short)
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measurable (from [0,T] x Q into V), and satistying

E JOT IK,I”dt < oco. Here C([0,T];V) denotes the
space of all continuous functions from [0, T] to V;

(D3) it satisfies the following equation:

t
K, v) + aKs,v ds
t 0 aa

(f (s,K,),v)ds 7)
+ J (g (s, K,),v) dW (s)

t
+ J <h (S, Ks’ YN(S)-FI) > V> dN (5) >

o

forallv € V,t € [0,T], a.e. w € Q, where the stochastic
integrals are understood in the It6 sense.

The parameter A is the maximal age of the capital, so
K(t,a) =K, =0,Va > A.

As the standing hypotheses we always assume that the
following conditions are satisfied.

(H1) £(£,0) = 0, g(t,0) = 0, and h(t, 0, yys1) = 0.t €
[0, T].

(H2) (Lipschitz condition) there exists a positive constant
k such that x, y € H and Vt,

Q) [f& )= f(E&0)NVIgt, y) = gt 0l, < kly—xI,
(ii) h(t, y,u) — h(t, x,v)| < k[|ly — x| + |u —v|].

(H3) u(t, a) is nonnegative measurable in D such that
0<py<u(t,a) <p< oo, (8)
and B(t) is nonnegative continuous in [0, T'] such that

«(t)B(t) <u; n isanon-negativeconstantin [0,T].

)

(H4) F(L,N) = 0, (F(L,0) = 0), 0F/0L > 0,0 < 0F/ON <
F,, where F, is a positive constant.

In an analogous way to the corresponding proof pre-
sented in [15], the following existence and uniqueness of
solutions is established: under the conditions (H1)-(H4), (1)
has a unique continuous solution K(t, a) on (t,a) € D.

We note for the following jump process:

Y () = YN = ZY}'HI[TJ’TM) (), (10)
j

where 7, = 0 and I, is the indicator function for the set A;
that is, I,(x) = {(1): i;ﬁ )
Then the following lemma can be found in [16, 17].

Lemma 2. There exists a constant B for any t € [0,T] and
E[ly:|*1] < B for some q > 1 such that

E Hot [p(s) - y(s)|2ds] < CAD, (11)

3. The Split-Step 6-Method

Let 7; denote the jth jump of N(s) occurrence time. Suppose,
for example, that jumps arrive at distinct, ordered times
T, < T, <,..5lett),t,,..., 1, be a deterministic grid point
of [0, T]. We construct approximate solutions to models of
the form (1) at a discrete set of times 7,. This set is the
superposition of the random jump times of a Poisson process
on [0,T] and a deterministic grid ¢,,t,,...,t,, and satisfies
max|t,, — 7| < A.Let A =t —t,, AW, = W(t,,,) -
W(t,), and AN,, := N(t,,;) — N(t,) denote the increments
of the time, Brownian motion, and the Poisson processes,
respectively.

For system (1) the split-step 6 approximate solution is
defined by the iterative scheme

aQn+1
da

QZ :Qn_ + [(1_6) [_M(tn’a)Qn+f(tn’Qn)]
+0 [~p (t,,a) Q, + f (£, Q1] A,
(12a)

Quit = Q) + 9t Q) AW, + h (£, Q> Yvee 1) AN,
(12b)

with initial values Q, = K(0, A), Q,(1,0) = [ f(t,a)Q,da,
n > 1; Q, is the numerical approximation of K(t,,a) with
t, = n - A; the time increment is A = T/N « 1. Where
0 € [0, 1], if we give 8 = 1, the SSO method becomes the SSBE
method in [11]. If @ = 0, the SSO method is an explicit method.

To answer the question of the existence of numerical

solution, we will give the following lemma.

Lemma 3. Let conditions (H2) and (H3) hold, and let 0 < 0 <
1and 0 < A < 1/0(k + p); then the implicit equation (12a) can
be solved uniquely for Q,,, with probability 1.

Proof. Writing (12a) as Q;, = F(Q}) = y + OA[-u(t,,a)Q; +
f(t,,Q,)], and using condition (H2) and (H3), we have
IF () = FW)| < 6A[|f (tw) = f (60)] + |u (@) (u = )]
<OA(k+p)|u—vl.
(13)

Then the result follows from the classical Banach contraction
mapping theorem [18]. O

When Lemma 3 followed, we find it is convenient to
use continuous-time approximation solution in our strong



convergence analysis; hence for € [t,,¢,,,), we can define the
following step functions:

N-1
Z,(t)=Z, (t,a) = ZQ,,I[”MM)A” ), (14)
n=0
N-1
Zy(t) = Z, (t,0) ). Q) Iiar ueryan (1) (15)
n=0
N
&) = Y y(t) Iaenm @) > (16)
n=0

where N is the largest number such that NA < T
Whent € [t,,t,,,), Lemma 3 ensures the existence of Q;,
by (12a); then we define

Q=Q- r?

. L (1-6) [-u(s,a) Z, () + f (5,2, (5))] ds
+ L O[-p(s,a)Z,(s)+ f (s, Z,(s))] ds

t t
+| a6z @)W+ | hsz, 0. 56)an,
0 0 )

with initial value Q, = p(0,a), Q(t,0) = [." f(t,a)Q,da, Q, =
Q(t, a).

It is easy to verify that Z,(t,,a) = Q, = Q(t,,a); that is,
Z,(t,a) and Q(¢, a) coincide with the discrete solutions at the
grid points. Hence we refer to Q(t,a) as a continuous-time
extension of the discrete approximation {Q,}. So our plan is
to prove a strong convergence result for Q(t, a).

4. Several Lemmas

In this section, we will give several lemmas which are useful
for the following main result.

Lemma 4. Under the conditions (H1)-(H4), there are con-
stants p > 2 and C, > 0 such that

E [ sup |Kt|P] <C,. (18)
0<t<T

The proof is similar to that in [3].
Next lemma shows the relationship between E|Q);, |2 and

ElQ,I*.

Lemma 5. Under conditions (H1)-(H4), let 0 < 0 < 1,0 <

A < min{1,1/0(k + 1), 1/27/3(@* + k?)}, and E|0Q,,,, /0al* <
00; then there exist two positive constants C, and C such that

E|Q;[* < GEQ +Cs. (19)
where Q,, and Q,, are produced by (12a) and (12b).
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Proof. Squaring both sides of (12a) and using the elementary
inequality (@ + b + ¢)* < 3a® + 3b” + 3%, we find
aQn+1

|Q| <3|Q| + 3| =Ll A2

3[1-6) [—u(tn, AQ, + ft,Q)] Y

+0[-p(t,a) Q; + f (1, QI °A”

Using the elementary inequality [(1-0)x + 9y|2 < (1-0)|x|*+
Olylz, we obtain

2

aQn+1 A2

oa
+3(1-0) [-u(t,,a)Q, + f(t,, Q)] A
+36[-ult, Q) + f(t,, Q)] A

Due to 0 < 6 < 1 and conditions (H2)-(H3), we can get

(1)

2

Qn+1 Az

da
6 [lult, Q" + £, Q)[*] A7

6 [|ut,, Q[ + | f(t,, Q)" A° (22)
aQn+1

Qi <31, + 3 %2

<3]Q, [ + 3| A% +6 (@ + k) [Q,[° A7

+6 (@ + k%) |Qj;|2] A2

Taking mathematical expectation for both sides, we can
obtain
ElQ| < 3[E‘% N [3+6(a +K) A E|Q,°
n aa n

(23)

+6(& + k) AE|Q[".

Since 6(& + k*)A% < 1/2, thus 1 — 6(&* + k*)A* > 1/2; then

by 0 < A < 1, we have
3+6(&2+k2)A2

T 1-6(a + k) A2

<6[1+2(@ + k)] E|Q,|" + 6E

E 2\
[ElQ* |2 + 3 |an;1/aa|
1-6(a +k?) A2

2
il

E|Q,

‘ aQn+1 ?
da

= GEQ,[ +Cs,
(24)

where C, = 6 + 12(@” + k?) and C; = 6E|0Q,,,,/dal*. The
proof is completed. O

The next lemma shows that the continuous numerical
solutions Q, have bounded second moments.
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Lemma 6. Under conditions (H1)-(H4), let 0 < 8 < 1,0 <

A < min{1,1/8(k + &), 1/27/3(@* + k2)}; then there exists a
constant C4 > 0 such that

[ sup |Qip, ] <C, (25)

te(0,T]

where T, = inf{t > 0,|K,| > n}, 0,
and v, = 1, \ 0,,.

= inf{t > 0,|Q,| = n},

Proof. From (17), we can get

0
4Q = - Dat+ (1-0) [t 2,00+ f (52, @) o

O[-u(t,a)Z, () + f (s, Z, ()] dt

+9(sZy (1) dW, + h(s, Z, (1), 7 () dN,.
(26)

Applying the Ito formula [19] to [Q,, | it yields

5 tAv, aQs
2 - >
lQO | + JO < aa s

—2J (-0 puGa)Z, (s)
0

2
'Qt/\vn =

+9[,¢ (S, 61) Zz (5) > Qs) dS
tAv,
2] (-0 (2, )
+ ef (5, ZZ (S)))Qs) ds (27)

tAv,
+2L (Qu g (s, 2.)) dW (5)
12 JO (Quh (s, 2.7 (5)) AN (s)
t[ o zlRas
0

tAV,
. L I (s, Zo 7 ()N ().

Using conditions (H1)-(H3) and the compensated Poisson
process N(t) := N(t) — A,t, we have

BQ

'Qt/\v ' |Q0
tAv,
+z,40L Q.| [(1-6) Z, (5) + 67, ()| ds

2 lll0-0f (2 0)

+0f (s, Z, (s))| ds

+2] Qo2 ()W)
" g (5 Zoo) s
0
tAv, .
+2L (Quh (s, 2, (5),7(s))) AN,
N JO "|h (5.2, (5).7 ()N,
+A Jo ’ |h(s,Z, (s) ,)7(5))|2ds

tAv,
+2M, JO Q4| |7 (s, Z, (s), 7 (5))] ds.
(28)

Note

— aQs

LAl E(L * d
=2 <s>[ ( <s>,j0 Q. a)

2

—F (L(s), 0)] (29)

) ([ ow)

1 ,{ 9F(L,N)
<N
2 oN

1
< ARl
where y € (0, Jj Q,da). Consider

20 L Q10 -6)Z, () + 62, ()| ds
< Uy Jo ’ |Qs|zds + 24, L ' “Zl (s)|2 + |Z2 (s)|2] ds,
tAv,
2 [ Illa-0) £ (.2, 6) + 0 (5 Za )] ds
tAv, 2
<] lafas
+2J [ACEACAVICYAC) BEE
B J»t/\Un |Q |2d5 + 2k2 J‘t/\Un [IZ (S)lz + |Z (S)|2] ds
- 0 S 0 1 2 >

2A, JO " Q| |7 (s, Z, (s), 7 (5))| ds



tAv,
0

tAv, n
SAIL |Qs|zds+A1J (s Z, (5) 7 (9))ds

IN

t.
0

tAv, v,
M I as w208 e - ol s
60)

Taking (29)-(30) into (28), we compute that for some positive
constants K, = A’Fn” + 1+ py + Ay, Ky = 2067 + ), K5 =
3k + 20K + 2,

P 2 tAv, 2
Qual < lQuP + K |l

EA

tAv, Uy,
+K, J |Zl(s)|2ds +K; J |Z2(s)|2ds

0 0

tAv,
0K L [7(9) — (o) ds
(31)

tAv,
+2 j (Qu g (52, (5)) dW,)

0

12 j (Quh(5 2, (5),7(5))) AN,

0
tAv, _ 2 —
+ L |h(s,Z,(s),y(s))| dN..
Now, it follows that for any ¢, € [0,T] and by Lemma 5

2

E sup |(2t/\v.,1
te[0.t,]

0 0<s<t

t,Av,
<E|Qy| + (K, + K, + K5C,) J E [sup |Q5|2] dt

+ K;C3T + A K*CT

+2E | sup J " (Qwg(s 2, (S))dWs)]

tefo,,] 70

+2FE supJ n(QS,h(S,Zg(S)i(S)))st

tefo,t,] 70

tAv, _
+E [ sup L |h (s, Z, (s),?(s))]szs] :

te[0,t;]
(32)

By Burkholder-Davis-Gundy inequality, we have

2E [ sup] J ’ (2 9(s,2,(9) dWS):I

€| sw o |+ [ lotezaonf

t
te[0,t, 0
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] t,Av,
<16 | s fof |+ [ elzore

te[0,t;

[E[ sup J n|h(s,Z2(s),7(s))|2dﬁs]

te[0,t,] JO

t Av,
<4 [Ej Ih (£, Z,(0), 5()[dt
0

zj’

IAUYI
E|Z,@)| + E[y(s) - y(s)[*dt
tAv, 5
ZJ E|Z,(0)|dt + K.K*CT,

IN
S

Ay
Kk
Kk

IN
S

tAv, —
2F l: sup J (Quh (s, Z,(s),7(9)) stjI

t Av,
< A—IL[E[ sup |Qt|2] VK, L Ih (1, Z,(0),7(9))dt

(33)

for some positive constants K, K5, K > 0. Substituting (33)
into (32) and then by Lemma 5, we can obtain that

2
-
te[0.t;]

< 2|E|Q0|2

t,Av,
+2 (K, + K, + K5G,) J E [ sup |Qy|* | dt

0 0<s<t

HA
0

U
£ 2K,CT + 2 (K, + Ks + Kg) K J E|Z,(1)|dt

+2(A, + Ks + Kg) K°CT

<2[K, + K, + K5C, + (K, + K5 + Kg) K°C, |
tAv, 5
XJ [E|:sup|Qs| ]dt
0 O<s<t
+ 2E|Qo|* + 2K,C5T + 2 (K, + K5 + Kg) K*°C,T
+2(A, + Ks + Kg) K°CT

tAU, 5
= K7+K8J E [sup|Qs| ]dt,

0 0<s<t

(34)
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where

K, = 2E|Qy|” + 2K;C,T + 2 (K, + Ky + Kg) K*C;T
+2(, + K5 + Kg) K°CT, (35)

Ky =2[K, + K, + K;C, + (K, + Ks + K¢) K°C, | .

Applying the continuous Gronwall inequality, we can easy get

[ sup |Qt/\v ] <Cy (36)
te[0,T]
with C, = K, exp(KgT). O

The next lemma shows that the continuous-time approx-
imation Q, in (17) remains close to the step functions Z, ()
and Z,(t) in the mean square sense.

Lemma 7. Under conditions (H1)-(H4), [EIaQS/BaI2
andlet0 < 6 < 1,0 < A < min{1, 1/0(k+7), 1/273(@* + k2)};
then there exist two positive constants Cs5 and Cgq that are
independent of A, such that

< 09,

ElQ - Z, ()]’ < CsA, (37)

EQ - Z, ()] < Cea, (38)

where Z,(t), Z,(t), and Q, are defined by (14), (15), and (17),
respectively.

Proof. Consider t € [nA, (n+ 1)A] € [0, T]; we have

Q-2 ()
= Q[ - Qn
__ [
- J;zA ads

t
+

[(1=0) f (5,2, (5)) +6f (5 Z5 ()] ds

t
+

).
J p(s,a)[(1-6)Z,(s)+0Z,(s)] ds
I

t
9(5, 7, () dW, + j h(52, (9, 7)) dN,
(39)

Squaring both sides and using the element inequality
(@a+b+c+e+ f)* < 5lal® +5[b]* + 5lc* + 5[d|* + 5lel’, we
have

Qi -2,
t aQs 2
=2 Jn Ba
2

+sj [(1=0) £ (5.2, (5)) +6f (5. Z, (5))] ds

t 2
+5 J p(s,a)[(1-6)Z,(s)+60Z,(s)] ds

t 2
+SJ g (s, Z,(s))dW (s)

t 2
+5 J h(s,Z,(s),y(s)) AN (s)| .

(40)

Now, the Cauchy-Schwarz inequality, condition (H3), and the
compensated Poisson process give

Q- 2, ()

t
csa
nA

v 57 AJ (1= 0)Z,(s) + 0Z,(s)|"ds

2

%ds

a

+5A J 10-0)f (2, ) +6f (.2, (o)[Fds

2

+5 J g (s, Z,(s)) dW (s)

nA

2

+10 J K h(s,Z, (s),y(s)) AN (s)

2

+ 1003 JtAh(s, Z,(s),y(s))ds| .

(41)

Taking mathematical expectation, by element inequality
(a+b)* < 2]al* + 2|b]%, and using the martingale isometry,
we have

ElQ - Z, 0

t
SSAJ
nA

+ 507 A J A E(|z, )| +|2, (5)|2) ds

2
2,

a




t

+10A j CELf (5.2 @) +ELS (5.2, ) s

¢

t
+ 5J Elg (s, Z, (5))[*ds
nA
t
+101, J Elh (s, Z, (5),7(s))[*ds
nA

+1002A j; Ei (s, Z, (5), 7)) ds.

(42)

By conditions (H1) and (H2), we get

ElQ, - Z, [

t
<
nA

+57A J E(1Z, 9)]" +]2, (9)]) ds

t
nA

2

%ds

Jda

t
+ 10AK J . E|Z,(s) + E|Z,(s)["ds

t
+ 5K j Ezfds

n.

t
+ (104, +10A7A) K j ) E|Z,(s)["

+ E[p(s) — p(s)|’ds.

0Q,

2 t
ds + (10AK* + 5E°A) j E|Z,(s)|"ds
a nA

t
s
nA

t
+ (54101, +10A2A) K2 J EZ, 0 ds

+ (101, + 10A]A) K*CA.
(43)

Since Z,(t) = Q, and Z,(t) = Q, on [nAt, (n+1)At), we have

ElQ - Z, 0

t
SSAJ
nA

t
+(5+101, + 10A]A) K J ) E|Q:| ds

0Q,

2 t
2 —2 2
~| ds+ (100K" + 53°4) LA E|Q,|"ds

+ (IOA1 + 10/\21A) K*CA.
(44)
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Then by Lemmas 5 and 6, we can derive
2
ElQ: - 2, )]
< [10AK* + 5p°A

t
+C, (54101, +10124) K] J ) E|Q,|*ds

2

ds

t

Q,

+(5+ 10A, + 10A§A)k2C3A+5AJ "

nA

+ (104, + 10A7A) K*CA

< [10AK* + 57 A + C, (5+ 104, + 10A7A) K| C,A

2

ds

t

0Q,
da

+ (5 + 10A, + IO)ﬁA) K*C,A + 5A J

nA

+ (104, + 10ATA) K*CA < CsA,
(45)

where

Cs = [10K% + 55 + C, (5 + 10, + 1013) K] C,

+ (104, + 10A]A) K°C + (5 + 10, + 10A}) K°C,
t

+ SJ
nA

Thus we can prove (37), and a similar analysis gives the proof
of (38).

aQ,

a

2
ds.

(46)

Lemma 8. Under conditions (H1)-(H4), for any p > 2, there
exists a positive constant C, such that

E [ sup |Qt|P] <C,. (47)
te[0,T]
Proof . The proof is similar to that of Lemma 4. O
5. Main Result

Now we use the above lemmas to prove a strong convergent
result.

Theorem 9. Under condition (H1)-(H4), let 0 < 6 < 1,0 <

A < min{1,1/8(k + %), 1/27/3(@* + k2)}; then there exists a
constant Cg > 0 such that

- [ sup |Kt/\un = Qi 2] < G, (48)

0<t<T
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Proof. From (2) and (17), we have

Kt_Qt

:_ra(Ks—Qs)

0 da

ds

- Lt p(s,a)[(1-0)(K,-Z, (s)
+0 (K, - Z, (5))] ds
t (49)
N L [(1-0)(f(sK) - f(s.Z,(5)))
+0(f (s Ky) = f (s, Z,(s)))] ds

N SEFTEPAR) B

t
+ L [h(s, K,y (s) —h(s,Z,(s),7(s))] dAN,.
Using the generalized It6 formula it yields

K, -Qf

_ ! a(Ks_Qs)
= ZJO <Ks —Qs,—T> ds

t
- ZJ (K, — Qg (s, a)
0
x[(1-0)(K,-Z, () +0(K, - Z, (s))] ds)
¢ [ K-Qua-0(f (K)- £ (2, 0)
+0(f (s, P) = f(s.2,(s)))] ds)
+ L lg(s,K,) =g (s, Zz(s))“;ds
t
#2] (K-Qulg(sK) -9 (5.2, ()] W)
+2 JO (K, - Quh (s, K,y (s))
~h(s,Z,(s),7(s))) dN,
+2M Jo (K, - Quh(s, K,y (s))
—h(s,Z,(s),y(s)))ds

+ Jo |h(s, K,y (s) —h(s,Z,(5),y (s))|2dNS

¢
th Jo [ (s, Kooy () = (5,25 (5) ’)_’(s))lzds.
(50)

By Cauchy-Schwartz inequality and condition (H2), we have
K- Qf
t
< (A2F12112 + Uy + A+ 1) J K, - Qs|2ds
0
t
+2 (K2 + Mo) J |Ks - Zl(s)|2ds
0
! 2
+20K [ o) - 70 ds
0
t
+ (3K + 21, K* + 2 J K, - Z,(s)|"ds
0
t
+2 [ (K- Qulg(K) =g (2, )] W)
t
+2 J (K, - Quh(s, Ky y(s)
0
~h(s,Z, (s),7(s))) AN,

N L 11 (5, Koy (5)) — e (5.2, (5) 7 (9))dN..
(51)
Hence for any ¢ € [0, T]

2
E sup

s€[0,t]

Ks/\un - Qs/\un

< (A2F12112 + Uy +A+ 1)

tAv, )
x J E sup |Kr/\vn - Qr/\vn| ds
0

r€[0,s]
) tAv, 2
+2.(K+ ) L E|K. - Z,(s)|ds
+2), K Ca

tAv,
+ (3K + 20K + 24 J E|K, - Z, ()| ds
0
sAv,
+2Esup | (K, - Qulg(nK)
s€(0,t] JO

—9(r. 2, ()] dw,)

SAU,
+ 2E sup J’O (Kr - Qr) h (T’, Kr) Y (r))

s€[0,t]

— h(s,Z,(r),y(r)))dN,

S\,
+E sup Jo |h(r,K,,y(r))

s€[0,t]

~h(r, Z, (r),7 ()| "dN,.
(52)
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Now using the Burkholder-Davis-Gundy inequality and
Lemma 2, we have

2 | sup [ (.- Qulo () - 9z, 0 aw) |

se[0,t] JO

K SAU,

<8E [ sup = Quny,

s€[0,t]

([ oo otz ]

1 2
< E [ sup |Kon, = Qo | ]

s€[0,t]

tAv,
‘ky J E|K. - Z,(s)|'ds,
0

22 sup [ (6.~ Qulh () - h s 2, )

se[0,t] JO

< SAIIE [ sup Ks/\vn - Qs/\vn

s€[0,t]

<J (s Koy (9))
0
1/2
~h(s, 2, (s),)_/(s))|2ds> ]

1 2
< Z[E [ sup |Ks/\vn - Qs/\vn| :|
s€[0,t]

tAv,
+k, L EK, - Zy()| + Ely(s) - 7(s)*ds

1 2
< Z[E [ sup Ks/\vﬂ - Qs/\vﬂ :|
s€[0,t]

tAv,
thy J E|K - Z,(s)|ds + k,ca™ 2,
0

E [ sup J ’ |h(r,K,,y(r)—h(r,Z,(r) ,)7(1'))|2dﬁr

se(0,t] JO

<4), Jo ’ Elh (s, Ky (s)) = B (s, Z, (s), 7 (s))|"ds

tAv,
< 40K J E|K, - Z,(s)[* + E|p(s) -7 (s)|ds
0
tAv, 2 1-(1/q)
<k, E|K, - Z,(s)|"ds + ksCA ,
0
(53)
where ky, k,, k; are positive constants. Therefore, inserting
(53) into (52) it has
2

E sup
s€[0,t]

K sAv, Qs/\vn

< (Azan2 + Uyt A+ 1)
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tAv, 2
X J E sup ds

0 ref0,s]

Kr/\v,, - Qr/\vn

tAv,
#2(R i) [ EIK 2,0 as
4 2Alkchlf(l/q)
tAv,
+(3K% + 21, K% + 2p) L E|K, - Z,(s)]ds

tAv,
+ (k) +k; +k;) Jo E|K, - QS"fds

2

P, sAv, Qs/\un

_ 1
+(ky + k) CATND 4 [ sup
2 Lsefof]

(54)

Then using Lemma 7, we have

2

E sup

s€[0,t]

- Qs/\vn

Ps/\vn
< (A2F12112 + g+ A+ 1)

tAv,
X J E sup

0 re[0,s]

2

ds

- Qr/\vn

P rAU,

) tAv, 2
w4 () [ EIR - Qfds
+4 (k2 + Ho) CsA (55)
+2 (3k2 + 20K+ 2uy + kg + Ky + k3)

tAv, 5

<[ EIP-Qas
+2 (3k2 + 20, K%+ 2uy + kg + Ky + k3) CeA
+ (20K + Ky + ky ) AT
1 2
+-E |: sup |Ps/\vn - Qs/\vﬂ|
s€[0,t]

That is,

2

E sup

s€[0,t]

- Qs/\vn

P, SAv,

<2 (A2F12112 +py+ A+ 1)

tAv, P
X J E sup |Pr/\vn - Qr/\u,,| ds

0 r€[0,s]
tAv, ' 2

+8 (k2 + /40) J E sup |Pr/\v,, - Qr/\vn

0 re[0,s]

ds
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+4 (3k2 + 20, K% 4+ 2u + Ky + Kk + k3)

tAv, 2
x J E sup |Pr/\v,, - Qr/\vn| ds
0 r€[0,s]

+8 (k2 + ;,to) C;A
+4 (3k2 + 20, K% 4+ 2uy + ky + Ky + k3) CeA

+2 (20K + ky + ks ) A9

t
) 2
< dlAl /a) d, J E sup lPr,\vn - van| ds,

0 ref0,s]
(56)
where
d, =8 (k2 + yO)CS
+4(3K% + 20,k + 2y + ky + Ky + K3) Cg
+2 (20K + Ky + k) A9, (57)

d, = 2(A2F12;12+y0+/11 + 1)+8(k2 +,uo)
+4 (3K + 20,k + 2 + kg + Ky +Ks).

Using the Gronwall inequality, we have

E sup [Py, — Qu | < d, exp (d,T) A = Coa "9,
se[0,4] " "

(58)

Since for any t € [0, T], thus we have

2 1-
E sup |Pt/\uﬂ = Qupy,| <CeA o, (59)
te[0,T]

The proof is completed. O

Theorem 10. Under conditions (H1)-(H4), let0 < 0 < 1,0 <

A < min{1,1/6(k + 1), 1/2\3(i* + k2)}; then there exists a
constant Cy > 0 such that

E [ sup |K, - Qf] < CoAt+0(A). (60)
0<t<T
Proof. Lete(t) = K, — Qy; it is easy to see that

E [ sup |e (l‘)l2

0<t<T

2
=E [ sup |e (t)| I{TH>T,UH>T}]
0<t<T

+E [ sup |e (t)|21{-rn§T or a,,sT}]

0<t<T

1

=E [ sup |e(t)|21{vn>T}:|

0<t<T

2
+E [ sup |€ (t)| I{T,,ST or ansT}:|
0<t<T

<] suple(enu)|

0<t<T

2
+E [ sup Ie (t)| I{T,,ST or U,ﬁT}j| :
0<t<T

(61)

Recall the Young inequality: for (1/p) + (1/q) = 1(p,q > 0),
we have

b
1/p
ab < ab 5Ur
as'?)f q » q
S( _) L0 48 b , Va,b,8 > 0.
p q(S‘J/P p q6q/P
(62)

Let p = 2,8 = A; we have

E |: sup e (t)lzl{r,,sT or D'nST}:|

0<t<T

< %[E [ sup |e(t)|4] + iP{Tn <Toro,<T}.

0<t<T
(63)
Note
E [ sup |e(t)|4] <8 ([E [ sup |Pt|4] +E [ sup |Qt|4]>
0<t<T 0<t<T 0<t<T
<8(C, +C,).
(64)

By Lemma 4, then

P
P 1 C
P{Tn < T} =E [I{TnST}%jI £ _4[E |: sup |Pt|4:| = _i;

similarly, the result can be derived for o,

T,

P
Q, 1 C
P{GHST}:IE[I{TWST}T} SFIE[SHP |Qtl4] S—7)

0<t<T n
(66)
so that
P{oy<Torvy<T}<Plo;<T}+P{y; <T}
_(c+c) (67)

= n4
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Euler approximation $S0 method with 6 = 0.2
o ) e
3 i
g g
’ . 1 el — 1
- ’ 0.5 * 0.6
: 0a 06 0a 04
a 0 o 02 ¢ a 0 0 .
(@) (b)
FIGURE 1: Expectation of numerical solution with 1000 tests, where A = 0.005 and Aa = 0.05.
SS6 method with 6 = 0.3 SS6 method with 6 = 0.4
< N
£ 2 £ 2
o o
oo =0
1 1
(@ (b)
FIGURE 2: Expectation of numerical solution with 1000 tests, where A = 0.005 and Aa = 0.05.
Then 6. Numerical Example
, (C,+C,) In this section, we consider the following stochastic age-
E| sup le (O Iz <1 or 0, <17 | < 4A (C,+Cy)+ — dependent capital system with random jump magnitudes age-
0<t<T " " 2An d d .
ependent in [10]
(68)
dK (t,a) = - SKdt + 2tKdt — tKdW (1)
By Theorem 9, (61) becomes (1-a)
+y()KdN (t), in D,
2 (Ci1+C)
E| sup le(®)|” | < CgA+0(A) +4A(C, +C;) + ———. 2 1
0<t<T 2An K(t,0) = 5 J K(t,a)da, intel[0,T], (72)
(69) (1-0"Jo
K(0,a)=e Y inge(0,A),
Letn > 2(A2)71/4; then
1
N(f) = J K (t,a)da, inte[0,T],
E [ sup |e<t)|2] ’
0<t<T where W (t) is a scalar Brownian motion and N(t) is a scalar
(70)  Poisson process with intensity A; = 1. Let y(f) be defined in

<CgA+0(A)+4A(Cy +C,) +A(C, +Cy)
= CoA +0(A),

where Cy = 5(C; + C;) + Cg. The proof is completed. O

Theorem 11. Under the conditions (H1) — (H4) there exists
a constant C such that E[|y,|*1] < C for some q > 1, the
numerical approximate solution (1) will converge to the exact
solution to (1) in the sense

im E [ sup |K, — Qt|zj| =0. (71)

1
A=0 | o«<T

Proof. The proof is easily deduced from Theorem 10. O

(16). Take T = 1, A = 1, and y to be a lognormal random
variable such that E[y] = 0.2 and [E[?z] =0.25.

It is easy to verify that the conditions (H1)-(H4) are
satisfied. Then the approximate solution will converge to the
true solution of (1) for any (t,a) € (0,1) x (0, 1) in the sense
of Theorem 11. Obviously, K(¢,a) in (72) cannot be solved
explicitly. It is necessary to know numerical approximation
Q(t,a) of K(t,a).

Now we fix step sizes A = 0.005 and Aa = 0.05 and
change the parameter 0 in all figures. Then we compare the
expectation of the numerical solution, where E[Q(t,a)] =
(1/1000) ¥,°F Q,(t, a).

In Figure 1, we show the expectation of numerical solu-
tion of the system (72) by Euler method in [10] and split-
step 0-method with 6 = 0.2, respectively. From the figure,
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SSO method with 6 = 0.5

EQ(t, a)

()
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SSO method with 6 = 0.6

EQ(t, a)

(b)

FIGURE 3: Expectation of numerical solution with 1000 tests, where A = 0.005 and Aa = 0.05.

we can see that the split-step 6-method also reveals the age-
dependent capital system tendency.

In Figures 2 and 3, the four pictures are simulation for
numerical solution Q,(t, a) of the system (72) by split-step 6-
method with 8 = 0.3, 0.4, 0.5, and 0.6, respectively.

7. Conclusion

Due to the complexity of this model, the comparison between
the Euler approximation and split-step methods is not
possible in this paper. Similarly, error analysis is also not
obtained in this paper due to unavailability of closed form
solutions. They will be discussed in the future researches.
But the visualization of Figures 1, 2, and 3 provides the
information about the split-step methods which coincide
with the Euler approximation. The comparison between
Euler approximation and split-step methods in the stochastic
differential equations in [11-13] shows that the split-step
methods are better than the Euler approximation. Similarly,
we believe that this new approximation of the system (1) in
this paper is a good approximation when compared with the
Euler approximation.
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