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The existence of piecewise almost periodic solutions for impulsive neutral functional differential equations in Banach space
is investigated. Our results are based on Krasnoselskii’s fixed-point theorem combined with an exponentially stable strongly
continuous operator semigroup. An example is given to illustrate the theory.

1. Introduction

In this paper, we study the existence of piecewise almost
periodic solutions for a class of abstract impulsive neutral
functional differential equations with unbounded delay mod-
eled in the form

% (W® +g(tu)) = Au®) + f (bu,),

teR, t#t, i€Z, @

Mu(t)=1I(uw), i€z

where A is the infinitesimal generator of an exponentially
stable strongly continuous semigroup of linear operators
{T(t)},5o on a Banach space (X,|| - ), the history u,
(-00,0] — X, u,(0) = u(t + 0) belongs to an abstract phase
space B defined axiomatically, f(-),g(),L(:) (i € Z) are
appropriate functions, {t;};c, is a discrete set of real numbers
such that#; < t; wheni < j, and the symbol A§(t) represents
the jump of the function &(-) at t, which is defined by A&(#) =
§(t") - &),

The existence of solutions to impulsive differential equa-
tions is one of the most attracting topics in the qualita-
tive theory of impulsive differential equations due to their
applications in mechanical, electrical engineering, ecology,
biology, and others; see, for instance, [1-6] and the references
therein. Some recent contributions on mild solutions to

impulsive neutral functional differential equations have been
established in [7-14]. On the other hand, the existence of
almost periodic solutions for impulsive differential equations
has been investigated by many authors; see, for example, [2-
5,15, 16]. However, the existence of almost periodic solutions
for the impulsive neutral functional differential equations in
the form (1) is an untreated topic in the literature and this fact
is the motivation of the present work.

The paper is organized as follows: in Section 2, we recall
some notations, concepts, and useful lemmas which are
used in this paper. In Section 3, some criteria ensuring the
existence of almost periodic solutions for impulsive neutral
functional differential equations are obtained. In Section 4,
we give an application.

2. Preliminaries

Let (X, | - |I) be a Banach space. A : D(A) — X is the
infinitesimal generator of a strongly continuous semigroup of
linear operators {T(t)},, on the Banach space X and M, &
are positive constants such that |T(¢)]| < Mlef& fort > 0.
Let 0 € p(A); it is possible to define the fractional power
A% 0 < a < 1, as a closed linear operator with its domain
D(A%). We denote by X, a Banach space between D(A) and
X endowed with the norm [x[|, = [|A%x], x € D(A%); the
following properties hold.
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Lemma 1 (see [17, 18]). Let 0 < o < f3 < 1; then Xp is
continuously embedded into X, with bounded K; that is,

Il < Kllxllg- 2)

Moreover, the function s — A%T(s) is continuous in the
uniform operator topology on (0, 00) and there exists M, > 0
such that |AT(t)| < Mzef&tf“for everyt > 0.

Throughout this paper, let T be the set consisting of all
real sequences {t;};c, such that y = inf,.,(t;,; — ;) > 0.
For {t;};c, € T, let PC(R, X,) be the space formed by all
piecewise continuous functions ¢ : R — X, such that ¢(-)
is continuous at t for any ¢t ¢ {t;};c,; and ¢(t;) = ¢(t;) for all
i € Z;let PC(Rx X, X,) be the space formed by all piecewise
continuous functions ¢ : R x X, — X, such that, for any
x € X,, ¢(-,x) is continuous at ¢ for any ¢ ¢ {t;};c, and
¢t x) = ¢(t;,x) for all i € Z and for any t € R, ¢(t,-) is
continuous at x € X,,.

Definition 2. A number 7 € R is called an e-translation
number of the function ¢ € PC(R, X,) if

o+ 1) - ¢(1)], <& (3)

for all t € R which satisfies [t — ;| > €, for alli € Z. Denote
by T'(¢, €) the set of all e-translation numbers of ¢.

Definition 3 (see [1]). A function ¢ € PC(R,X,) is said to
be piecewise almost periodic if the following conditions are
fulfilled.

W{t] = ty;-thi € Z j = 0,£1,£2,.., are
equipotentially almost periodic; that is, for any € > 0,
there exists a relatively dense set of e-almost periods
that are common to all the sequences {t{ I8

(2) For any € > 0, there exists a positive number & = J(¢)
such that if the points t' and ¢ belong to a same
interval of continuity of ¢ and |t' — ¢”| < &, then

lp(t") = ¢(t")ll, < e.
(3) For every e > 0, T(¢, €) is a relatively dense set in R.

We denote by AP;(R,X,) the space of all piecewise
almost periodic functions. AP;(R, X,) endowed with the
uniform convergence topology is a Banach space.

Definition 4. f € PC(R x X, X,) is said to be piecewise
almost periodic in ¢ uniformly in x € X, if for each compact
set K € X, {f(x) : x € K} is uniformly bounded and,
given € > 0, there exists a relatively dense set Q(¢) such that

lft+7.x)- f(t,x)|, <e (4)

forallx € K, 7 € Q(e),and t € R, [t — ;| > eforalli € Z.
Denote by APp(R x X, X,,) the set of all such functions.

Lemma 5 (see [15]). Let ¢ € APp(R, X,); then the range of ¢,
R(¢p), is a relatively compact subset of X, .

Lemma 6. Suppose that f(t,x) € APp(R x X,,X,) and
f(t,) is uniformly continuous on each compact subset K < X,
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uniformly for t € R; that is, for every € > 0, there exists
0 > 0 such that x,y € K and |x-yll, < & implies that

Ift,x) = f(t, ), < € forallt € R Then f(,x(-)) €
APp(R, X,) for any x € APp(R, X,).

Proof. Since x € AP(R, X,,), by Lemma 5, R(x) is a relatively
compact subset of X .. Because f(t, -) is uniformly continuous
on each compact subset K € X, uniformly fort € R, then for
any € > 0, there exist a number 6 : 0 < § < €/2, such that

£t = 65, < 5, ©

where x;, x, € R(x), and ||x; — x|, < 6, t € R. By piecewise
almost periodic of f and x, there exists a relatively dense set
Q of R such that the following conditions hold:

|£ ¢t +7.x0) = ftx0)], < g,
(6)

€
It + 7) = x(Olla < 5

forx, € R(x)andt € R, [t —t;| > €,i € Z, T € Q. Note that
f+T,x({t+71)— f(t,x(1))
=fi+r,xt+71)-ft,xt+71)) 7)
+ ft,x(@t+71)— f(tx(1)).
We have
[ £+, x(t + 1) = £t x(D))],,
< | f@+7x(t+1) - f(5x(t+1), (8)
+f tx @+ ) = f tx @),
We deduce from (5) and (6) that the following formula holds:
[ £t +7x(t+1) = f(£,x@®)], <€
i€eZ,

€
teR, |t-t]|>e T€Q.
That is, f(-,x(-)) is piecewise almost periodic. The proof is

complete. O

Since the uniform continuity is weaker than the Lipschitz
continuity, we obtain the following lemma as an immediate
consequence of the previous lemma.

Lemma?7. Let f(t,x) € AP(R x X, X,) and f is Lipschitz;
that is, there is a positive number L such that

10 = ft ) < Lx =y (10)

forallt € Rand x,y € X; if for any x € APr(R, X,), then
f('; x()) € APT(R, XO()'

In this paper, we assume that the phase space B is a
linear space formed by functions mapping (—00, 0] into X,
endowed with a norm |- [l and satisfying the following
conditions.
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(1) If x € PC(R,X,), then x, € B forallt € R and
x|l < Lsup,,llx(s)l,, where L > 0 is a constant
independent of x(-) and ¢ € R.

(2) The space B is complete.

(3) If {¢p"},en € B is a uniformly bounded sequence in
PC((-00,0], X,,) formed by functions with compact
support and ¢” — ¢ in the compact open topology,
then ¢ € Band [[¢" — ¢y — 0,asn — oo.

Lemma 8 (see [1, 15]). Assume that f € APp(R,X,), the
sequence {x; : i € Z} is almost periodic in X,, and {t{ =
tij—thi € Z, j = 0,£1,£2,..., are equipotentially almost
periodic. Then for each € > 0, there are relatively dense sets
Qe fx, of Rand Q s, of Z such that the following conditions
hold.

<eforallt e R |t—t] >¢€ 1€

@ IfE+7) = fO)l
Qe fxpandi € Z.
(ii) Ix;q — xill < € forallq € Q. s andi € Z.

(iii) For every T € Q.. there exists at least one number
q € Qc f, such that

|t? - Tl <€ i€Z. 1)

Definition 9. A bounded function u € PC(R, X,) is a mild
solution of (1) if the following holds: 1, = ¢ € B, the function
AT (t - s)g(s, u,) is integrable, and for any t € R, t; <t <t;,,,

u(t)=T(t-0)[¢0)+g(o,¢)]—g(t:u)

- JtAT (t—5)g(s,uy)ds
(12)

+ J:T(t—s)f(s,us)ds
+ Y T(t-t)I(u).

o<t;<t

Since |T(t - 0)| < Mle_‘s(t_“) forallt > o,letoc — —o0;
then we have |T(t — 0)|| — 0, and the above formula can be
replaced by

w®= ~glw)- [ ATE-9g(su)ds

+ Jt T(t-s)f (s u,)ds (13)

+YT(t-t;) L (u,).

ti<t

3
In fact, for t > o,
t t
—J AT(t—s)g(s,us)ds+j T(t-s)f(s,u)ds
+ Y T(t-t)1 ()
J AT (t - s) g (s,u,)ds
+J AT (t —s) g (s,u,)ds
+J T(t-s)f(su,)ds
J- T(t-s) f(s,ug)ds
+ Y T(-t)I(w)
- > T(t-t)L ()
:—g(t,ut)—[ AT (t —s) g (s,u,)ds (14)

+jt T(t—s)f(ssu(s)ds
) TE-1)I(u(t)

—00<t;<t

+g(tu)-T(t-o0)
x [ —g(o,u(,)—J'(7 AT (0 - 5) g (s,u,)ds
+JG T(o—-s)f(s,u(s)ds

+ Z T(o—t;) L (u(t;)) +g(o,u,)

—00<t;<0

T(t-o0)[u(o)+g(o,u,)]
T (t-0)[u, (0)+ g (o, u,)]
T (t-0)[¢0)+g (o, ¢)],

=u(t)+g(tu)-

=u(t)+g(tu)-

=u(®)+g(tu) -
so that

u(t)=T(t-0)[¢p0)+g(o,¢)]-g(t.u,)

- J.tAT (t—5)g(s,u,)ds

+ J;T(t—s)f(s,us)ds+ Z T(t—ti)Ii(uti).

o<t;<t

(15)



In order to obtain our results, we need to introduce some
additional notations. Leth : R — Rbea continuous function
such that h(t) > 1 forallt € Rand h(t) — oo as |t| — oo.
We consider the space

0 _ R 1) P

(16)

Endowed with the norm [lull, = sup,.x(lu(®)l,/h(t)), it is a
Banach space.

We recall here the following compactness criterion in
these spaces, which we can refer to [7, 19-23].

Lemmal0. A set B C (PC)?I(R, X,) is a relatively compact set
if and only if
(1) limy) _, o (lx (@)l o/h(2)) = O uniformly for x € B;

(2) B(t) = {x()
everyt € R;

: x € B} is relatively compact in X for

(3) the set B is equicontinuous on each interval (t;,t;,)
(i€ 2).

Theorem 11 (Krasnoselskii’s fixed-point theorem [24]). Let
M be a closed convex nonempty subset of a Banach space X;
suppose that A and B map M into X such that

(i) Ax+ By e M (Vx,y € M),
(ii) A is completely continuous,

(iii) B is a contraction with constant L < 1.

Then thereisa y € M with Ay + By = y.

3. Main Results

In this section, we discuss the existence of piecewise almost
periodic solutions for impulsive neutral functional differen-
tial equation (1). To begin, let us list the following hypotheses.

(Al) The operator A is the infinitesimal generator of an
exponentially stable strongly continuous semigroup
of linear operators {T'(t)},5,; that is, there exist con-
stants M, > 0, § > 0 such that |T(t)| < Mle_& for
t > 0. Moreover, T(t) is compact for t > 0.

(A2) f(t,x) € APr(R x B, X,) is uniformly continuous in
x € B uniformly in ¢t € R; I;(x) is almost periodic
ini € Z uniformly in x € B and is a uniformly
continuous function in x for all i € Z. For every
I'>0Cy = supt€R,||x||23SlL||f(t’ My < 00, Cy =
supiez,"x”%ﬂllli(x)||“ < 00. Moreover, there exist a
number L, > 0, such that M, (C, /6 +C,/(1 —e )<
Ly/2, where C; =Cy,C, =Cyp .

(A3) g € APp(R x %,Xﬁ), g(t,0) = 0, and there exist a
number L, > 0 such that

lgt ¢1) - gt $)l|g < Li[|61 - 6l 17)

forallt € R, ¢;, ¢, € B.
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(A4) Let {x,} < APp(R,X,) be uniformly bounded in R
and uniformly convergent in each compact set of R;
then {f(:, x,,(-))} is relatively compact in PC(R, X ).

Theorem 12. Suppose that conditions (A1)-(A4) hold; then (1)
has a piecewise almost periodic solution provided that KLL, +
(My7/8P* sin(rr(1 + a — B))T(1 + a — B))L,L < 1/2.

Proof. Let
B={ue APp (R X,) : llully < Lo} (18)

Note that B is a closed convex set of AP(R, X,,). By (A3) and
Lemma 1, we have
|AT (¢ - 5) g (s u),

< ”AH“_‘BT (t- s)“ g(s, “s)";;

< ]\/Ize—é(t—s)(lL _ S)_(lm_ﬁ)“g(s, u,) - g(s, 0)"/3
(19)
< Mye e =) T PL

< Mye 9t - ) P L Lsupllu(r)l,

r<s

< Mye ®9(t — 5y P 1L,

and we infer that s — AT(t — s)g(s,u,) is integrable on
(o0, t].
Define the operator Y on (PC)E(R, X,) by

Yu(t)= -g(t.u,) - [ AT (t - 5) g (s,ug) ds

+ r T(t-s)f(suy)ds (20)

+ YT (t-t;) L (u).

t;<t

In order to prove that Y has a fixed point in AP-(R, X,), we
introduce the decomposition Y =Y, + Y,, where

Yu@®)= -g(t.u,)- [ AT (t - s) g (s,uy) ds,

Y,u(t) = [ T(t-s)f(s,uy)ds+ ZT(t—ti)Ii (uti).

i<t

(21)

Our proof will be split into the following three steps.

Step 1. We claim that Y;x + Y,y € B (for all x, y € B).
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For any x, y € B, by (A3) and Lemma 1, we have

Iix ol

= H—g (£, x,) - Jt AT (t - s) g (s, x,)ds
< gt x)l,
+ J_ AT (t - 5) g (s, x,)| ds

< Klg (&)l

[ At 9 g (s )l

= K|g(t, x,) - 9(t,0)|

t
" I AT (e - )|
x|g (s, x;) = g (s, 0] pels
< KLy |x g

[ e ol L dads
-0

< KL, Lsup|x(r)],

r<t
! 9
+ j M,e o) (¢ — g) (e h)
—00

x L, Lsup|x (r)|,ds

r<s

< KL, L|x]l,
t
+J M, e 309 (¢ — 5P
-0

x L, L|x||,ds
< KL,Llix],

M,m
TSP osin(r(1+a— )T (1+a—p)

X Ly L[l

oy ®l, = H LOT(t =9) f (s y,)ds

+YT(t

t<t

-t;)1; (J’t,-)

[04

< j IT (= 1| £Gs, v ds

DN G 1 ACTA] §
t;<t

5
t
< J M,e?9C, ds
—00
+ Y Me e,
ti<t
M s
< —1C,+ Y M e,,
9 t,<t
(22)

In order to estimate the last part of the second term on the
right hand side of the above formula, we assume that, for
everyt € R, there exists j € Z, such thatt; <t <t

t—t=(t-t)+(t;-t) = (j-i)p

ZMI e*é\(t*ti)cz < z M1 efs(j*i)ycz

j+»

t;<t —00<i<j
_ Z M, —6kyC2 _ M76Y c,,
0<k=j-i<co
(23)
SO
M,
Ly®l, < 1Cl T — 5, Ca (24)
Then,
yx(®) + Yy,
< @], + oy @),
< KL, L|x||,
+ Mo L, Ll
SFesin(m(1+a-B))r(1+a-p) "¢
M, M,
PO TTew
(25)

from KL,L+ (Mzrr/éﬁ_"‘ sin(m(l1+a- BT +a—-pB)L,L <
1/2, and we obtain that

Y, x(®) + Y, y®)|, < Loy %y €B. (26)

By (A2) and Lemma 6, f(t,y,) € APy(R,X,), and, by
(A3) and Lemma 7, g(t,x,) € APp(R, Xﬁ). By (A2) and [1,
Lemma 37], {I;(y, )} is almost periodic. From [1, Theorem 73],
for the two almost periodic functions f(t, y,), g(t, x,), there
exists a relatively dense set of their common e-translation
numbers. Then by Lemma 8, for every ¢ > 0, there exist
relatively dense sets Q ,; of Rand Q.. ; of Z such that
fort e Qe,f,g,l,» dqe Qe,f,g,I,-’

||g(t + T, Xppp) — g(t,xt)”ﬁ <e
- f&yl, <e (27)

L)l =e

Hf(t +7 yt+'r)

|| i+q yt+q |t1q - T| <6



wheret € R, [t — ;| > €,i € Z.Sofort € Q 4, . we know

that
Y,x (t+17) - Yyx (1)
t+T
=—g(t+7,x,) —J AT (t+1-5)g (s x,)ds
t
+g(t,x,)+ I AT (t - s) g (s, x,) ds
=—g(t+T %) + g(t:x,)
t
| ATe-9lg(nr) - g(sx)lds
h (28)
$0

||Y1x(t +7T) - le(t)”a
< ||g(t + 7, %) — g(t, xt)Ha
t
# | AT 9[99 sx)]lds

< K||g(t + 7, %) — g(t, xt)"ﬁ

+ t AT (1 — )
| 1

X “g (‘S +71, xs+‘r) -9 (S’ xs)"ﬁds

t
< Ke + J Mze_a(t_s)(t —5) 1 Pegs

-0

M,m
—€<K+aﬁ—asm(n(l+a-ﬁ))r(1+a—/3))'
(29)

That is,
Y, x(t + 1) = Yy x(®)],,
<e(K+(Mym)
x (8" sin (1 + &~ B))
xT(1+a-p))"),

- YLy (t)

(30)

Y,y(t+1)
= Jt+TT(t+T—s)f(s,ys)ds

+ ZT(t+T t)1; (yt)

—Jt T(t-s)f (s y,)ds
- 2T -t) 1 ()

t;<t
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t
:J T(t—S)f(S"'T)strr)ds

+ZT(t ; ,+q( )

—Jt T(t—s)f (s y,)ds
ST

t;<t

= J_ T(t=s)[f(s+T Yere)

—f (s, y)] ds
+§T(t i [1+q< )_Ii(yti):l’
(31)
so we have
t
| re-9lGrny - f s
t
< j IT (¢ = O£+ T yerr) = £(5, )] s
< [00 Mle_6(t_s)e ds < %e,
(32)
YT = )Ly, ) = L))
t,-<t o
< YT (¢ =t [Eiaq (32,) - 1 ()],
t;<t
_S(t—t. M
< Y Myt < e

t;<t

SO

Moy +0-Yoy 0, < (S + 5 )e 69

Combining (26), (30), and (33), it follows that Y,x + Y,y € B
(forall x, y € B).

Step 2.Y, is a contraction.
Let x, y € B; by (A3) and Lemma 1, we have

"le(t) - Yly(t)"oc

= ”—g (t.x,) - [OO AT (t - s) g (s, x,) ds

t
+g(ty)+ LO AT (t=5) g (s, y,)ds

[24

<|g(tx,)-g(t yt)"a
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.+[m"ATa—s)w(&&)—g@nnHLds
< K|gt, x) - g(t, 3l

v jm |47 <PT (¢ = 5)] (s x) - g, 3 s
< KLy||x, - )’t”%

+ J_too ||A““"’3T (t - s)“ Ly||x, - )’s"%ds

< KL, Lsup|x (r) -y (r)],
r<t

t
N J "AlmfﬁT (t - S)“ Ly Lsup|x(r) = y(r)] ,ds
o r<s
< KL Llx -y,
t
+ J Mye ™t —5) P L L x - y|| ds

< KLL|x =y,

N M,n
8Fsin(m(1+a—-p))T(1+a-p)
X LlL"x - y"a'
(34)
Therefore,
Yox =Yy,
M,m
KL,L L,L
: ! +Sﬁ’“sin(n(l+oc—[>’))F(1+oc—/3) ! ]
X[ =yl

(35)

Since KL,L+ (Mzn/(?ﬁ_“ sin(m(l+a—B)OI(1+a-p))L,L <
1/2 < 1, it follows that Y; is a contraction.

Step 3.Y, is completely continuous.

Claim 1. Y, is continuous.

Let {x,} € APr(R,X,), x, — xin APp(R,X,)asn —
00; by Lemma 5, we may find a compact subset B, € X, such
that x,(t), x(t) € By forallt € R, n € N; here we assume
B < B,. By (A2), for the given ¢, there exist & > 0 such that
x,y € B, |x - ylg < 8, implies that

”f (t,x,) = f(t yt)”a <6

7 () - 1 ()], <«

For the above §, there exists n, € N such that

(36)

- 50, < 5 @)

forn > nyand t € R; then

) = xt“% <9,
[ G = f (B2l <& (38)
1)) - 1 (%, )], < e
forn > nyand t € R. Hence,

“YZ (xn)(t) - sz(t) ||oc

J:)O T (t-5)f(s(x,),)ds

+ ZT (t - t,‘) I; ((xn)ti)

t;<t

- Jt T(t-s)f (s x)ds

YT (E-t) I (x,)

i<t

a (39)
< j_oo IT (6= NS (s (x,),) = £ (5,%)] s

+ Z T (t =) ||I,. ((xﬂ)t,-) -1 (xti)"a

ti<t
! s

< J M,e " eds
—00

+ ZMle"S(H")e

t<t
M, M,

= —e€+ 56
1) 1—e%

forn > ny and t € R, from which it follows that Y, is
continuous.

Claim 2. {Y,u(t) : u € B} is a relatively compact subset of X,
foreacht € R.
For anye > 0, let

t—e

Yeu (t) = J T(t-s) f (s,u,)ds

+ Y T(t-1)1 (u,)

t;<t—e

=T (e)

Jt_e T(t—e-s)f(su)ds (40)

+ ) T(t—e—t)1(u,)

t;<t—e

=T () Y,u(t-¢),
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where {Y,u(t — €) : u € B} is uniformly bounded in X, and
T(e) is compact, so {Ysu(t) : u € B} is relatively compact in
X, Moreover,

[ou @) - u @),

Jt T(t—s) f(s,x,)ds

+ Y T(t-t,)1 (u,)

t—e<t;<t

o

< Jt IT (t = s)| ||f(s, xs)"ads
t—e
+ 2 re=a)ln ()],

t—e<t;<t

(41)

t
< L Mle_‘s(t_s) If (s, )|l . ds

+ 2 Mie 0w,

t-e<t,<t

<eM,C, + SM,C,,
%

so {Y,u(t)
eacht € R.

: u € B} is a relatively compact subset of X for

Claim 3. {Y,u :
(5 tie) (z € 2Z).

Lett” <t',t",t' e (t,t,,,), i€ Z, ueB,

u € B} is equicontinuous on each interval

Y,u (t') -Y,u (t")

_ [mT(t' ) f(su)ds+ Y T( 1)1, (u,)

ti<t'

n

—Jt T(t —s) (s,u)ds
- 2T )1 ()

t<t”

(42)
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Moreover,

n

[OO [T(t' =s)-T(t" =5)] f (s:u,)ds

= J'OO [T (t' VU s) _ T(s)] f(t" _s, utu_s)ds
0
[T =) -1TO (- s ds

(43)

By (Al), for the given € > 0, there exists p(e) < €/4M,(C, +
C,/y), such thatif 0 < t' — ¢ < y, then

1-¢e%)e
d ( ) . (44)
AM,C," 4M,C,

fr (¢ ~1")-1] <min]

So

n

J_too [T (t' - s) -T (t” - s)] f(s,u(s))ds

< LOO ||T (¢ -t")- 1|| IT ()]
><|'f(t”—s u t -s " ds
< ro Y
o 4M,C,

jt T(t' - s) f(s, u(s))ds

s €
16 Clds < Z, (45)

o

= J [T (¢ = )| 17 (s, u(o)] s
< pM,Cy < <

Similarly,

S [T (f -) -1 ("~ 6)] 1 ()

<t

=2 (=) T (" =) =T (") 1 (u (1)
=2 [T =) -1 T (" - ) I (u(r)
t<t" N
< ) T =)~ 1) |7 (¢ = )| L],
t<t”
1- _8), "
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IA
o

Z T (tl - ti) L (u(t))

t'<t,<t!

o

< Y Jr )@,

t'<t;<t!
< ﬁMlC2 <<
Y 4
(46)
So that, for u € B,t',t" € (t;,t;,,),i € Z, foranye > 0,

there exists a positive number u(e), u < €/4M,(C, + C,/y); if
o<t -t <y,

[You) - Youe")| <e. (47)

That is, {Y,u : u € B} is equicontinuous on each interval
(b ti) (i € 2).

Since {Y,u u € B} ¢ (PC)?I(R,X“) and {Y,u :

u € B} satisfies the conditions of Lemma 10, Y, is completely
continuous.

By Krasnoselskii’s fixed-point theorem (Theorem 11), we
know that Y has a fixed pointu € B; thatis, (1) has a piecewise
almost periodic solution u(t). The proof is complete. O

Note that the condition of uniformly continuous is
weaker than that of Lipschitz continuous, so if assumption
(A2) is replaced by the following assumption:

(A2") f(t,x) € APH(R x B,X,), f(t,0) = 0,1,(0) =
0, I;(x) is almost periodic in i € Z uniformly in x € B and

1) = f& P < Laflx = Yl

(48
17:0) = L) < Lsllx = ¥l
forall x, y € B.
We can get the almost periodic solution of (1) by means
of contraction mapping principle.

Corollary 13. Suppose that conditions (Al), (A2'), and (A3)-
(A4) hold; (1) has a piecewise almost periodic solution provided
that

ML,L = ML;L

1 1—ed
M,m (49)
+(K+ 6/3"‘sin(n(1+oc—/3))1“(1+oc—[3)>
xL,L<1.

Proof. Asthe same discussion as Step 2 of Theorem 12, we can
prove that Y; is a contraction, and it remains to show that Y,

is a contraction. By Step 1 of Theorem 12, Y,B < B. For x,
y €B,

"sz(t) - YZy(t)”(x

[ -9l m) - £l

T -1)[5(x,) -1 ()]

t;<t

o

< | -9l - £ lds

+ 2T (=) |t - L)
ti<t
(50)
t
< J Mle_a(t_S)LZHxs - ys"%ds
o0

—8(t-t;)
+ Y M L -y
t,<t

t
< J Mle“s(t_s)LzL sup||x(r) - y(f’)",de
—00 r<s

+ Y Mye VL Lsuplx(r) - (),

t;<t r<t;

LZ L3
sML(2+ =5 ) Il

The proof is complete. O

4. Application

Consider the following impulsive neutral differential system:
0
2 [seo+|

2

- T D+ b ©ut)

Jn by (s;1,8)u(t+sn)dnds

oo JO

0&?
0
+J by(s)u(t+s8)ds+b, (1),
- (51)
(t,&) e Rx[0,7],
u(t,0)=u(t,m)=0, t€R,
Au(t;) (€) = L a; (t; —s)u(s,&)ds,
iez, ¢&elo,m],
where {tf =ty —thi € Z,j = 0,£1,42,..,, are

equipotentially almost periodic such that y = inf; ,{t;,, —
t;} > 0. The system (51) arises, for example, in control
systems described by abstract retarded functional differential
equations with feedback control governed by proportional
integrodifferential law; see [25, 26] for details.



10

Let X = L%([0,7]) and A be the infinitesimal generator
of an analytic semigroup {T'(¢)},5, which is compact for t > 0
and given by Au = " with domain D(A) = {u € L*([0, 7)) :
u” e L*([0, 7]), u(0) = u(xr) = 0}. The semigroup {T'(¢)},s is
defined for u € L*([0, 7)) by

T®Ou=Ye" (1,) ¢ (52)
n=1

where {¢,,n € Z} is an orthonormal basis of X; then
IT(t)ul < elul, 0 # u € L*([0,7]). For u € L*([0,7)),
a € (0,1), (A “u =37, n**(u, ¢, )b, X, is the Banach
space endowed with the norm | - ||, between X and D(A).

In this paper, we assume « = 1/4, f = 3/4.

To study the system (51), we make the following assump-
tions.

(i) The functions (9'/0&")b, (r, n,€),i = 0,1 are Lebesgue
measurable, b, (7,#,0) = b, (1,7, 7) = 0 and

L,
0 b3 ai 2
:= max J J J (—.bl (T,n,f)) dndrd€:i=0,1
0 Jooo Jo \ O
< 0.
(53)
(ii) The functions b, (i = 2,3,4), q; (i € Z) are

continuous, and the sequence of functions {a;,i € Z} is
almost periodic.

Under these conditions, we define f,g: Rx8 — X, I;:
B - X (ieZ)by

0 s
gt9)= || bGnootrsndds

teR, &el0,7],

0

f(t,¢)=b2(f>¢<t,£>+j by (5) (¢ + 5,E) ds + by (1, E).

teR, &e€0,m],

L(¢) = Jﬂai (t;—s)¢p(s,&)ds, ieZ Ee[0,n].
0
(54)

We assume further that f, g satisfy the following condi-
tion.

(iii) g € APp(R x %,Xﬁ) and f € AP;(R x B,X,) are
uniformly continuous in x € B uniformly in t € R.

Under the above assumptions, we can rewrite (51) as
the abstract form (1) and verify that the assumptions of
Theorem 12 hold; then we can get the next result, which is a
consequence of Theorem 12.

Proposition 14. Assume that the previous conditions are

verified, if
L,L(K+ 7)< L. (55)

The system (51) has a piecewise almost periodic solution.

Abstract and Applied Analysis
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