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We study the Einstein multiply warped products with a semisymmetric metric connection and the multiply warped products with
a semisymmetric metric connection with constant scalar curvature, and we apply our results to generalized Robertson-Walker
space-times with a semisymmetric metric connection and generalized Kasner space-times with a semisymmetric metric connection
and find some new examples of Einstein manifolds with a semisymmetric metric connection and manifolds with constant scalar

curvature with a semisymmetric metric connection.

1. Introduction

The (singly) warped product Bx,F of two pseudo-
Riemannian manifolds (B, gg) and (F, gp) with a smooth
function b : B — (0, 00) is the product manifold B x F with
the metric tensor g = g ® b*g. Here, (B, gp) is called the
base manifold and (F, g) is called the fiber manifold and
b is called the warping function. Generalized Robertson-
Walker space-times and standard static space-times are
two well-known warped product spaces. The concept of
warped products was first introduced by Bishop and O’'Neill
(see [1]) to construct examples of Riemannian manifolds
with negative curvature. In Riemannian geometry, warped
product manifolds and their generic forms have been used to
construct new examples with interesting curvature properties
since then. In [2], Dobarro and Dozo had studied from the
viewpoint of partial differential equations and variational
methods the problem of showing when a Riemannian metric
of constant scalar curvature can be produced on product
manifolds by a warped product construction. In [3], Ehrlich
et al. got explicit solutions to warping function to have a
constant scalar curvature for generalized Robertson-Walker
space-times. In [4], explicit solutions were also obtained for
the warping function to make the space-time as Einstein
when the fiber is also Einstein.

One can generalize singly warped products to multiply
warped products. Briefly, a multiply warped product (M, g)

is a product manifold of form M = Bx, Fix, F,---x, F,
with the metric g = gz @ blng1 ® bzzgp2 -] bfngFm, where
for each i € {I,...,m}Lb : B — (0,00) is smooth
and (F;, g,) is a pseudo-Riemannian manifold. In particular,

when B = (c,d) with the negative definite metric gz = —dt*
and (F;, gg ) is a Riemannian manifold, we call M the multiply
generalized Robertson-Walker space-time. In [5], Dobarro
and Unal studied Ricci-flat and Einstein-Lorentzian multiply
warped products and considered the case of having constant
scalar curvature for multiply warped products and applied
their results to generalized Kasner space-times.

Singly warped products have a natural generalization.
A twisted product (M, g) is a product manifold of form
M = Bx,F, with a smooth function b Bx F —
(0,00), and the metric tensor g = gp ® b’gp. In [6],
they showed that mixed Ricci-flat twisted products could
be expressed as warped products. As a consequence, any
Einstein twisted products are warped products. In this paper,
we define the multiply twisted products as generalizations of
multiply warped products and twisted products. A multiply
twisted product (M, g) is a product manifold of form M =
Bxy, Fyxy F, -+ x, F, with the metric g = gp & blzgp1 ®
bZZgFZ---eab,zngpm,whereforeachi €{l,...,m}b :BxF, —
(0, 00) is smooth.

The definition of a semisymmetric metric connection
was given by Hayden in [7]. In 1970, Yano [8] considered
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a semisymmetric metric connection and studied some of its
properties. He proved that a Riemannian manifold admitting
the semisymmetric metric connection has vanishing curva-
ture tensor if and only if it is conformally flat. Motivated
by the Yano result, in [9], Sular and ézgﬁr studied warped
product manifolds with a semisymmetric metric connection;
they computed curvature of semisymmetric metric connec-
tion and considered Einstein warped product manifolds with
asemisymmetric metric connection. In this paper, we consid-
ered multiply twisted products with a semisymmetric metric
connection and computed the curvature of a semisymmetric
metric connection. We showed that mixed Ricci-flat multiply
twisted products with a semisymmetric metric connection
can be expressed as multiply warped products which gener-
alizes the result in [6]. We also studied the Einstein multiply
warped products with a semisymmetric metric connection
and multiply warped products with a semisymmetric metric
connection with constant scalar curvature; we applied our
results to generalized Robertson-Walker space-times with a
semisymmetric metric connection and generalized Kasner
space-times with a semisymmetric metric connection and
we found some new examples of Einstein affine manifolds
and affine manifolds with constant scalar curvature. We also
classified generalized Einstein Robertson-Walker space-times
with a semisymmetric metric connection and generalized
Einstein Kasner space-times with a semisymmetric metric
connection.

Semisymmetric metric connections have some physical
applications. In [10, 11], they considered orthogonal con-
nections with arbitrary torsion on compact Riemannian
manifolds. For the induced Dirac operators, twisted Dirac
operators, and Dirac operators of Chamseddine-Connes
type, they computed the spectral action. In addition to the
Einstein-Hilbert action and the bosonic part of the standard
model Lagrangian, they found the Holst term from loop
quantum gravity, a coupling of the Holst term to the scalar
curvature, and a prediction for the value of the Barbero-
Immirzi parameter. For connections whose torsion is not
zero, they showed that the Holst action can be recovered from
the heat asymptotics for the natural Dirac operator acting
on spinor fields. For the physical consequences of the use of
torsion connections in Lorentzian geometry, we refer to the
classical review [12] and the more recent overview [13] and
references therein.

This paper is arranged as follows. In Section2, we
compute curvature of multiply twisted products with a
semisymmetric metric connection. In Section 3, we study
the special multiply warped products with a semisymmetric
metric connection. In Section 4, we study the generalized
Robertson-Walker space-times with a semisymmetric metric
connection. In Section 5, we consider the generalized Kasner
space-times with a semisymmetric metric connection.

2. Preliminaries

Let M be a Riemannian manifold with Riemannian metric
g- A linear connection V on a Riemannian manifold M is
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called a semisymmetric connection if the torsion tensor T of
the connection V

T(X,Y)=VyY -V, X - [X,Y] 1)
satisfies
TX,Y)=n()X-7(X)Y, )

where 7 is a one form associated with the vector field P on
M defined by n(X) = g(X - P). V is called a semisymmetric
metric connection if it satisfies Vg = 0. If V is the Levi-Civita

connection of M, the semisymmetric metric connection V is
given by

VY =V Y + 7 (Y) X - g(X,Y) P, (3)

(see [8]). Let R and R be the curvature tensors of V and v,
respectively. Then R and R are related by

R(X,Y)Z=R(X,Y)Z+g(Z,VxP)Y - g(Z,VyP) X
+g(X,Z)VyP - g (Y, Z) Vi P
+71(P)[g(X,2)Y - g(Y,2Z) X] (4)
+[g(V,2)n(X) - g(X, Z2)n (V)] P
+rn(2)[r (V)X -n(X)Y],

for any vector fields X,Y,Z on M [8]. By (3)
and Proposition2, we have a multiply twisted
product (M,g) which is a product manifold of
foom M = Bxy, Fix, Fy -+ %, F, with the metric
g = gg ©® blng1 ® bzngz e @ bfngFm, where for each
i€fl,...,m}, bj: BXxF, — (0,00) is smooth.

Here, (B, gp) is called the base manifold and (F,, gFi) is
called the fiber manifold and b, is called the twisted function.
Obviously, twisted products and multiply warped products
are the special cases of multiply twisted products.

Proposition 1 (compare with [5, Proposition 2.2]). Let M =
Bxy, Fyxy F, -+ %, F, be a multiply twisted product and let
X,Y € I(TB) and U € I(TF,), W € I(TF,) and P € I(TB).
Then

= =B

(1) ViY =V, Y;

(2) vXU = (X(b,-)/bi)U;

(3) VuX = [X(B)/b; + n(X)]U;

(4) VoW = 0ifi# j;

G)VgW = Ulnb)W + W(nb)U - (gg(UW)/
b)gradpb; - b,gs, (U, W)gradyb, + VW - g(U,W)P
ifi= )

where V' denotes the semisymmetric metric connection on B

and gradgb;, grady, b; denote the gradient vector fields on B and
F, respectively.

Proof. Similar to Proposition 2.2 in [5] and Proposition 1 in
[6], we have
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(1) VY = ViY;
(2) VxU = VX = (X(b)/b)U;
(3) VyW = 0ifi# j;

4) VyW = Ulnb)W + W(nb)U - (gp(U,W)/
b)gradg by - bgp, (U, W)gradgh, + VW if i = j.
So by (3), we get Proposition 1. O

Similar to the proof of Proposition 1, we get the following.

Proposition 2 (compare with [5, Proposition 2.2]). Let M =
Bxy, Fyx, F, -+ %, F, be a multiply twisted product and let
X,Y € I(TB) and U € I(TF,), W € I(TF;) and P € I(TF,)
for a fixed k. Then

(1) VY = VY - g(X,Y)P;

(2) VxU = (X(B)/B)U + g(P,U)X;

3) VyX = (X(B)/b)U;

(4) VyW = gW, P)U ifi# j;

G)VgW = Ulnb)W + W(nb)U - (gg(U,W)/
bgradpb, — bgg, (U, W)gradgb, + V(W + n(W)U -
gUW)Pifi=j

Remark 3. When for each i € {1,...,m},b, : B — (0,00)
is smooth and P = 0, we get Proposition 2.2 in [5] by
Propositions 1 and 2.

Define the curvature, Ricci curvature, and scalar curva-
ture as follows:

R (X) Y) 7 = VXVY — VYVX - V[X,Y])

Ric (X,Y) = Y & (R(X, E) Y, Ey),
P (5)

S =Y &Ric (B, E),
k

where E; is an orthonormal base of M with (E, E;) = &.
The Hessian of f is defined by H/ (X, Y) = XYf — (V4Y)f.

Proposition 4 (compare with [5, Proposition 2.4]). Let M =
Bxy, FiXy, Fy -+ %, F,, be a multiply twisted product and let
X,Y,Z ¢ I(TB) and V € T(TE), W ¢ I(TF)), U € I(TE),
and P € T(TB). Then

() RX.V)Z =R (X, Y)Z;

Q) RV, X)Y = —[(HXX,Y)/b) + (P(B)/b)g(X,Y) +
n(P)g(X,Y) + g(Y, VxP) — n(X)n(Y)]V;

(3) R(X, V)W = R(V, W)X = R(V, X)W =0 if i # j;
(4) R, Y)V =0;

(5) RV, W)X = VX(Inb)W - WX(Inb)V ifi = j;
(6) RV, W)U =0ifi=j#kori#j+k

(7) R(U, V)W =—g(V, W)(gp(gradgb;, gradgb, ) /b;b, ) U~
g(V, W)((P(b;)/by) + (P(by) /b ))U - 7(P)g(V, W)U, if
i=j#k

(8) R, V)W = [WX(Inb)]V - g(W,V)- [(Vfg(gradei)/
b)+ (gradE_ (XIn bi)/biz) +(P(b)/b)X +VP+r(P)X -
n(X)P] ifi =

(9 RU VW = g(UW)grady(V(Inb)) - g(V,
W)grad,(U(Inb) + RE (U, V)W — ((|grad,zb13/67) +
2(P(b)/b)+m(P)(g(V, W)U -g(U,W)V) ifi = j =

Proof. Similar to Proposition 2.4 in [5], we have

(1) R(X,Y)Z = R¥*(X,Y)Z;

(2) RV, X)Y = ~(HZ(X,Y)/B)V;

(3) R, V)W = R(V,W)X = R(V, X)W = 0if i # j;

(4) R(X,Y)V =0

(5) RV,W)X = VX(Inb)W - WX(Inb)V ifi = j;

(6) RV, W)U = 0ifi = j#kori# j#k

(7) RU,VIW = —g(V,W)(gp(gradgh;, gradpb,)/bb)U,
iti = j+k;

(8) R(X, V)W = ~(g(V,W)/b,)Vi(gradgh) +
[WX(Inb)]V - 9r, w, V)gradFi(X Inb)ifi = j;

@ORV,WU =  g(V,U)grady(W(inb)) - g(W,
U)grady(V(Inb)) + RE(v, W)U - (|gradei|é/bi2)
(W, U)V - g(V,UW)ifi=j=k.

Then by (4), we get Proposition 4. O

Similarly we may get the following.

Proposition 5 (compare with [5, Proposition 2.4]). Let M =
Bxy, Fixy, Fy -+ %, F,, be a multiply twisted product and let
X,Y,Z ¢ I(TB) and V € T(TE), W ¢ I(TF;), U € I(TF,),
and P € I(TF,) for a fixed I. Then

WRXY)Z = RUXYV)Z + [¢(X,Z2)(Yb/b) -
9, Z)(Xb/b)]P + n(P)[g(X, 2)Y — g(Y, Z)X];
2) R(V, X)Y = ~(HA(X,Y)/b)V - 2(P)g(X, V)V if i #1;

@) RV, X)Y = —(Hi(X,Y)/b)V - m(V)(Y (b)/b)X -
9 X Y)Vy, P - g(X,Y)[n(P)V —n(V)P] ifi = I;

(4) RO VIW = (X(B)/)n(W)V if i # j;

G RV,WX = =8i(r(V)/B)XBW + 8i(n(W)/
b)X(b;)V ifi # j;

(6) RX,Y)V = n(V)[(X(b) /b)Y -

(7) RV, W)X = VX(Inb)W - WX(Inb)V - 8(X(b)/
L) [r(V)W - n(W)V] ifi = j;

B)RV,W)U =0ifi=j#kori#j+k

(9) R, VIW = ~g(V,W)(gp(gradgh; gradgh,) /b )U ~

W,V PU ~ gV, W)V,P — n(P)g(V, W)U +
gV, Wr(U)P + n(W)[n(V)U - n(U)V], ifi = j#k;

(10) REX, V)W = [WX(Inb)IV — g(W, V)(VE(gradgh)/
b) - grady (XInb)gs (W, V) + (X(b)/)n(W)V ~
gW, Vy P)X — g(V,W)(X(b)/b)P - g(V, W)r(P)X +
r(V)r(W)X ifi = j;

Y(B)/b)X]



(1) RU,VIW = g(U,W)grady(V(Inb)) - g(V,
W)grad,(U(Inb)) + RE(U V)W - (lgradgbls/
b)) (g(V, WU - g(U,W)V) + n(P)[g(U, W)V - g(V,
WUl ifi=j=k#l

(12) R(U, V)W = g(U,W)grad,(V(Inb)) - g(V,
W)grad;(U(Inb,)) + R(U, V)W - (Igradgb3/b7)
(g(V, W)U =-g(U, W)V)+g(W, Vi P)V —g(W, Vy, P)U +
gUW)V,P — g(V,W)VyP + n(P)[glU W)V -
gV,Wu] + [g(V,W)n(U) - g(UW)rn(V)IP +
aW)[an(V)U — n(U)V] ifi = j = k = I, where 65
denotes the Kronecker symbol.

Remark 6. When for eachi € {1,...,m}, b, : B — (0,00)
is smooth and P = 0, we get Proposition 2.4 in [5] by
Propositions 4 and 5.

By Propositions 4 and 5 and the definition of the Ricci
curvature tensor, we have the following.

Proposition 7 (compare with [5, Proposition 2.5]). Let M =
Bxy, Fyxy F, -+ x, F, be a multiply twisted product and let
X,Y,Z ¢ F(TB) andV € I(TF,), W € I(TF)), and P € T(TB).
Then

(1) Ric(X,Y) = Ric (X,Y) + Y7 LI(HAX,Y)/b) +
(P(b)/b)g(X,Y) + n(P)g(X,Y) + g(Y VxP) -
m(X)n(Y)];

(2) Ric(X,V) = Ric(V, X) = (I, - )[VX(Inb,)];

(3) Ric(V, W) = 0 ifi # j;

(4) Ric(V,W) = Ric"(V,W) + [(Agh/b) + (I -
1)(|grade,-|f3/bi2) + Zj#lj(gB(gradei,gradej)/
bb) + (1 - 2)n(P) + Yi (Vg PE) +
Zm Li(Pb;/b)) + (@ + I, = 2)(Pb/b)lg(V\W) if
i=j

where E;,1 < k < n is an orthonormal base of B with g, =
9g(E, E;) and dim B = n,dim M = n.

By (2) and (3) in Proposition 7, similar to the proof of
Theorem 1 in [6], we have the following.

Corollary 8. Let M = Bx, Fyx, F,---x, F, be a multiply
twisted product and dim F, > 1 and P € T(TB); then (M, V) is
mixed Ricci-flat if and only if M can be expressed as a multiply
warped product. In particular, if (M, V) is Einstein, then M can
be expressed as a multiply warped product.

Similar to Proposition 7, we have the following.

Proposition 9 (compare with [5, Proposition 2.5]). Let M =
Bxy, Fyxy F, -+ x, F, be a multiply twisted product and let
X,Y,Z ¢ F(TB)andV € I(TF), W € I(TF)), and P € I(TF,)
for a fixed r. Then

) Ric(X,Y) = RiP(XY) + Y LHAXY)/b) +

IX VAP~ 2) + g(X.Y) Yy, 6,9(Vg PE,),
where E_ for 1 < q <, is an orthonormal basis of TF,;
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(2) Ric(X, V) = (,-)[VX(Inb)] + (i-2)(X(B,)/b,)m(V);
(3) Ric(V, X) = (- D[VX(In b)]+ 2-7)(X(B,)/b,)m(V);
Oifi# js

(5) Ric(V,W) = Rich (V W) + g(V,W)[(Agb,/
b)) + (I, - 1)(|grady blB/b ) + Vrksilk(gp(gradgb;,
gradgh)/bb) + (n-2)n(P)] + (n-2)g(W, Vy,P)+
Q@ - mr(V)n(W) + g(V, W)divg P ifi = j

(4) Ric(V, W)

Remark 10. When for eachi € {1,...,m}, b, : B — (0,00)
is smooth and P = 0, we get Proposition 2.5 in [5] by
Propositions 7 and 9.

Corollary 11. Let M = Bx, F;x, F, -, F,, be a multiply
twisted product and dim F, > 1 and P € T(TF,); then (M, V) is
mixed Ricci-flat if and only if M can be expressed as a multiply
warped product and b, is only dependent on F,. In particular,
if (M, V) is Einstein, then M can be expressed as a multiply
warped product.

Proof. By (2) and (3) in Proposition 9, we have that
(M,V) is mixed Ricci-flat if and only if [VX(Inb)] =
0,(X(,)/b)n(V) = 0. By [VX(Inb)] = 0, similar to the
proof of Corollary 8, we get that M can be expressed as a
multiply warped product. When i#r, 7(V) = 0. When
i = r, by (X(b)/b)n(V) = 0, then b, depends only on
M O

re

By Proposition 7 and the definition of the scalar curva-
ture, we have the following.

Proposition 12 (compare with [5, Proposition 2.6]). Let M =
Bxy, Fyxy F, -+ %, F,, be a multiply twisted product and P €

I(TB); then the scalar curvature S has the following expression:

|grad b|B

§:§B+2i%ABbi+iS +il (I, -
i=1"i i=1

(grad gradej)

g
Sy b,

i=lj#i

+§:l (n+n+l,-2) Péb)

+ ZZZ,ZJ Pb)

i=lj#i j

+Zz (n+n-3)m(P)

+ ZilidivBP.

i=1

(6)

By Proposition 9 and the definition of the scalar curva-
ture, we have the following.
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Proposition 13 (compare with [5, Proposition 2.6]). Let M =
Bxy, Fi Xy, Fy -+ %, F,, be a multiply twisted product and P €

[(TE,); then the scalar curvature S has the following expression:

S= S+ZZ ABb+Z il(l—)

111 i=1

( gradgb,

g
3y b,

i=1j#i

|grad bl:

gradej)

+a(P)(-1) {7 -2)
+2 (7~ 1) divy P.
(7)

m}, b, : B — (0,00)
0, we get Proposition 2.6 in [5] by

Remark 14. When for each i € {1,...,
is smooth and P =
Propositions 12 and 13.

3. Special Multiply Warped Product
with a Semisymmetric Connection

Let M = IXbIFIXbZFZ s
with the metric tensor —dt’ & b; 9r, ©
open interval in R and b; € C*™(I).

Xy, Fy, be a multiply warped product
) bfngpm and I is an

Theorem 15. Let M = Ix, Fx, F,---x, F, be a multiply
warped product with the metric tensor —dtzeabngl & @b’ gr
and P = (9/0t). Then (M,V) is Einstein with the Einstein
constant A if and only if the following conditions are satisfied
foranyie{l,...,m}:

1) (F;, V) is Einstein with the Einstein constant A, »i €
{1,....,m}

(2) 221 li(bi,/bi - bi”/bi) =X

(3) A, =bb" - (I, - DB + (b}
b’ + (A +1; -

~bb)) X416 /b) + (2 -
2)bb! = \b2.

Proof. By Proposition 7, we have

a a m bl b”
R1C<at at> B _,Zl’ (E B 7)

1

— (0 o 0 e
Rlc<a,V>—R1c<V,at>—0,

Ric (V,W) = Ric" (VW) + g, (V; W)

I

X{_l’ibi” (1= 1) + (b - H)Z b

j#i

+(2—ﬁ)bl.2+(ﬁ+li—2)b,-bi':|.

(8)

By (8) and the Einstein condition, we get Theorem 15. O

Theorem 16. Let M = Ix, F\x, F,---x, F, be a multiply
warped product with the metric tensor —dt* @b} 9, @b’ g
and P € I(TF,) with gr (P, P) =1 andn > 2. Then (M, V) is
Einstein with the Einstein constant A if and only if the following
conditions are satisfied for anyi € {1,...,m}:

1) (F, VE) (i # ) is Einstein with the Einstein constant A;,
iefl,...,m}
(2) b, is a constant and Y L;(b]'[b) = pg; divg P =

ths o — g + A = (2= 1)b?, where g, i, are constants;

(3) Ric"(V,W) + /\gF V,W) =
gW, Vy,P)], forV, W e ['(TF,);

(n = 2)[n(V)nr(W) -

" — 2712 ! ! 12
(4) A;-bb +(n-2)b’b; -bb, Zj;&ilj(bj/bj)_(li_l)bi =
(A _Ml)bi2~

Proof. By Proposition 9(2) and g, (P, P) = 1, we have that b,
is a constant. By Proposition 9, then

m _ ) ) _
RlC(a 8t> Zl '+(z n)b; —dive P=-1  (9)

By variables separation, we have

II

ey

= Ho>

'M§
~w|

1l
—_

divg P =y, ‘uo—‘ul+A:(2—ﬁ)br2,

Ric (V, W) = Ric" (V, W) + b g, (V, W)

b bIZ b
. | —
X ! bi +(1 1 ]¢1] bb

+(ﬁ—2)ﬂ(P)j| + (1i—2) g (W, Vy,P)

+@-A (V)T (W) +g(V,W) divg P,

(10)
When i #r, then V,P = (V) = 0, so
Ric (V, W) = Ric" (V, W) + b g5, (V, W)
b brz —b b
x| ==+( -
b, b; ey j bb;
(11)

+(m-2) bf:| + /,tlbizgg (A%

= Abl gy, (V,W).



By variables separation, we have that (F;, vE) (i #7) is Ein-
stein with the Einstein constant A; and

A -bb" +(m-2)bb - b, Zl L (1, -1)b?

j#i j (12)

=(/\_.“l)bi2'

When i = r and b, is a constant, then

Ric” (V,W) + B} [(-2) b, + uy - A] g, (V, W)
’ (13)
= (1 -2) [ (V)T (W) - g(W,V,P)].
So we prove the above theorem. O

Remark 17. Comparing with Theorem 3.3 in [5], in Theorems
15 and 16, the unit vector field P emerges. For Theorem 3.3
in [5], P equals zero. So Theorem 3.3 in [5] is not the special
case of Theorems 15 and 16. Then equations in our theorems
are different from the equations in theorems in [5].

When M = Ix;, Fix, F,---x, F, is a multiply warped
product and P = 9/ ot, by Proposmon 12, we have
m m 12

Z Z +Zl(l

— 1 — 1

+ZZl,l] b, +Zz (m+1, —1) (14)

i=1j#i

+ ZZZIZJ

i=lj#i

Zl (-2).

The following result just follows from the method of separa-
tion of variables and the fact that each S is function defined
on F,.

Proposition18. Let M = Ix, Fx;, F, -+ x, F,, be a multiply
warped product and P = 9/0t. If (M, V) has constant scalar

curvature S, then each (F, VE) has constant scalar curvature
sk

When P ¢ I'(TF,), by Proposition 13, we have
m /2

§=—2Zl—g2 Z, -1) — b2

!

_ (15)
+7'[(P)(n— 1)(n-2)

b/b;
+ ZZZ,IJ b,

i=lj#i
+2 (- 1) divy, P
Similarly we have the following.

Proposition 19 (compare with [5, Proposition 3.5]). Let M =
Ix, Fyxy Fy -+ %, F, be a multiply warped product and P €
['(TF,). If (M, V) has constant scalar curvature S, then
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(1) each (F,, VE)Y (i # 1) has constant scalar curvature S&;
(2) moreover, if 9r, (P, P), divaP are also constants, then

F .
S’ is a constant.

Remark 20. When P = 0 in Proposition 19, we get Proposi-
tion 3.5 in [5].

4. Generalized Robertson-Walker Space-Times
with a Semisymmetric Metric Connection

In this section, we study M = I x F with the metric tensor
—dt* + f(t)*gg. As a corollary of Theorem 15, we obtain the
following.

Corollary 21. Let M = I x F with the metric tensor —dt* +
f(t)ng and P = 0/0ot. Then (M,V) is Einstein with the
Einstein constant A if and only if the following conditions are
satisfied:

(1) (F, VF) is Einstein with the Einstein constant Aps
D UIf'1H - (") =
G Ap—ff"+(A-Df?+Q-1-D)f*+QI-1f'f =0.

Remark 22. In Theorem 5.1 in [9], they got the Einstein
condition of M = I x F with a semisymmetric metric
connection, but they did not consider conditions (2) and (3).

Corollary 23. Let M = I x F with the metric tensor —dt* +
f(t)zgp and P = 0/0t and dim F = 1. Then (M, V) is Einstein
with the Einstein constant A if and only if ' = f' — Af.

By Corollary 21 (2) and (3), we get the following.

Corollary 24. Let M = I x F with the metric tensor —dt* +
f(t)gr and P = /ot and dimF > 1. Then (M,V) is
Einstein with the Einstein constant A if and only if the following
conditions are satisfied:

(1) (F, VF) is Einstein with the Einstein constant Aps
@ f"=f -ADf;
(3) A/ =D)+ 7+ 1+ WD) f* = 2ff = 0.

By Corollary 23 and elementary methods for ordinary
differential equations, we get the following.

Theorem 25. Let M = I x F with the metric tensor —dt* +
f(t)ng and P = 0/0t and dim F = 1. Then (M, V) is Einstein
with the Einstein constant A if and only if

(1) A < 1/4’ f(t) _ Cle((1+\/174/\)/2)t +cze((lfvlf4/\)/2)t,
2) A =1/4, f(t) = ;" + pteV/?",

GYA > 1/4,f(t) = e cos((VAL—1/2)t) +
o, e sin((VAL = 1/2)t).
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Let A/l = dy, Ap/(1=1) = dy, (1++/T—4d,)/2 = ay, (1-
V1 —4d,)/2 = by; then,ay+b, = 1, dy = ayh,. Whendim F >
1, by Corollary 24(2), we have the following three cases.

Case (i) (d, < 1/4). We have f = ce® + ozeb"t. By
Corollary 24(3), then

dy+¢ (ag +1+aghy - 2a0) >
+¢ (by +1+agby - 2by) et (16)

+2¢,6, (2agby + 1 — ag — by) e = 0.

When b, = 0, we getd, = 0, a, = 1, A = 0. By (16), d, +
¢ = 0,50 Ap = (I-1)c. In this case f = ¢je’ + ¢,. When
b+#0, then e*®', &', and e are linearly independent, so
G (b +1+agby —2by) = (1 -by) = 0and ¢, = 0. Then ¢; #0,
by ct(ag + 1 + agby — 2ay) = ¢/ (1 —ay) = 0,50 @, = 1; then
dy=A=0.Thus f = ¢¢".

Case (ii) (d, = 1/4). One has f = cle(l/z)t + czte(l/z)t. By
Corollary 24(3), then

— ,[r1 1 \* 5 2
dy+e (§C1+02+502t) +Z(C1+Gzt)
(17)

—2(lc+ 2 t>(c+ t)]—o
54 ) 2‘& 116G =V
The coefficient of 2¢’ is (1/2)(22, so ¢, = 0. The coefficient of

e'is ((1/2)¢, + &) + (5/4)(c)* = 2¢,((1/2)¢, + ), 50 ¢ = 0;
in this case we have no solutions.

Case (iii) (d, > 1/4). One has f(t) = cle(l/z)t cos(hyt) +
e sin(hyt), where hy = \/4d, — 1/2. By Corollary 24(3),
then

dy+é H(;—l + czh()) cos (hyt) + <% - clho) sin (hot)]2

+(1+dy) (¢ cos (yt) + ¢, sin (yt))’

—2(¢; cos (hyt) + ¢, sin (hyt))

X [(% + czh()) cos (hyt) + <% - Clho) sin (hot)] ]’

=0.
(18)

Considering the coefficients of cos (hyt)e’ and sin?(hyt)e’, we
get

1
<4_1 + d0> ¢ +hy - 6hy =0
) (19)
<4_1 + do>cl2 +ch + 6k = 0.
Adding the above two equalities, then 1/4 + d;, + b} = 0 and

d, = 0. There is a contradiction with d, > 1/4 and in this case
we have no solutions. So we obtain the following theorem.

Theorem 26. Let M = I x F with the metric tensor —dt* +
f(t)ZgF and P = 0/t and diim F > 1. Then (M, V) is Einstein
with the Einstein constant A ifand only if A = 0 and f = c e’ +c,
and (F, VY) is Einstein with the Einstein constant (I — 1)022.

By (14) and (15), we have the following.

Corollary 27. Let M = I X F with the metric tensor —dt* +
f(t)ng and P = 0/ot. Then (M,V) has constant scalar
curvature S if and only if (F, V") has constant scalar curvature
S and
B SF fll flz " !
S=—=-2l—-I(1-1)—=+2I'—=+(1-D1L (20)
2 f f? f
Corollary 28. Let M = I x F with the metric tensor —dt* +
f(t)zgF and P € I(TF) and gp(P,P) = ¢, diVFrP = c(;,
where ¢, and c(; are constants. Then (M, V) has constant scalar
curvature S if and only if (F, VF) has constant scalar curvature
S and
_§F " ”
S= 7 —2zf7 ~1(- 1)1;—2 o U-DIfP +2qL (21

In (20), we make the change of variable f(t) = +/v(t) and
have the following equation:

Moy, L3V S s _
14 (t)+TV(t) -y (t)+<l—1+7>1/(t)—7—0

(22)

Theorem 29. Let M = I x F with the metric tensor —dt* +
f(t)ZgF and P = 9/0t and dim F = | = 3. Then (M, V) has
constant scalar curvature S if and only if (F, VF) has constant
scalar curvature S

S < 3/4and S+ — 6 w(t) = ce@\-wIo
6, e @692 | (6F (6 4+ 5));

(2) S =3/4, v(t) = c,e®P" + ¢,te®?" 1 (SF/(6+9));

(B)S > 3/4, w(t) = ;&% cos((\(4/3)S - 1/2)t) +

(}26(3/2)t sin((\/m/z)t) + (SF/(6 + §));

(4) S=—6,v(t) = ¢, - (S"/9)t + c,e™.

Proof. If | = 3, then we have a simple differential equation as
follows:

< F
Vi) =3 (@) + (2+ g)v(t)— S? =0. (23)

If S# — 6, putting h(t) = (2 + S/3)v(t) — sF/3, it follows
that B (t) — 3K/ (t) + (2 + S/3)h(t) = 0. The above solutions
(1)-(3) follow directly from elementary methods for ordinary
differential equations. When S = -6, then v''(t) = 3V/(¢) -
§¥/3 = 0, and we get solution (4). O



Theorem 30. Let M = I x F with the metric tensor —dt* +

f(t)*gr and P = 0/t and dim F = 1 # 3 and S* = 0. If (M, V)
has constant scalar curvature S if and only if
S < Yo+ 1),v() = (qel@NI=@nmsme
1=/,
(2)5 = 1/ + 1), v(t) = (e + g1y,
3 S > ya +  1),v() =

(e, cos((\(( + 1)/DS - 1/2)t) +
et sin((\(( + 1)/DS = 1/2)8))* D,

Proof. In this case, (22) is changed into the simpler form
1 _ ! 2 ! <
ORI EELAO A0 +(l_1+§>:0_ (24)

v(t) 4 yr)? v
Putting v(t) = w(t) , then w(t) satisfies the equation w' -
Iw'+((1+1)/4)(I-1+S/)w = 0; by the elementary methods for

ordinary differential equations we prove the above theorem.
O

4/(+1)

When dim F = [ #3 and S” # 0, putting v(t) = w(t) D,
then w(t) satisfies the following equation:

I+1S

< F
w"—lw’+(l+—1) l—1+§ w-——=—w
4 I 4

5. Generalized Kasner Space-Times with
a Semisymmetric Metric Connection

1-4/0+1) _

(25)

In this section, we consider the scalar and Ricci curvature of
generalized Kasner space-times with a semisymmetric metric
connection. We recall the definition of generalized Kasner
space-times [5].

Definition 31. A generalized Kasner space-time (M, g) is
a Lorentzian multiply warped product of the form M =
Ixgp Fy X -+ Xgpn F,, with the metric g = -dt’ @ (/)2plgl;1 ®

) (pZPMgFm, where ¢ : I — (0,00) is smooth and p; € R,
foranyi € {I,...,m}and also I = (t,1,).

Z:nl i iPi
and 7 = Y7 Lp? for generalized Kasner space-times. By
Theorem 15 and direct computations, we get the following.

We introduce the following parameters { =

Proposition 32. Let M =

generalized Kasner space-time and P = 0/0t. Then (M, V) is
Einstein with the Einstein constant A if and only if the following
conditions are satisfied for any i € {1,...,m}:

I><¢p1F1 X -‘-x(meFm be a

(1) (E, V%) is Einstein with the Einstein constant A,, i €
{1,...,m};

(2) S = ¢")/d) = (7= (@/¢%) = A

(3) Li/¢™P = pi(@" [d) = (C = Dpi(¢™/¢*) + [{ + (11 -
2)p1(¢ /) =i+ A 2.
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By (14), we obtain the following.

Proposition 33. Let M = gon by be a
generalized Kasner space-time and P = 0/0t. Then (M, V)

has constant scalar curvature S if and only if each (F,, V') has
constant scalar curvature S° and

IXgo Fy X eeex

" 12 !
Zw ‘b (n+¢—zc)‘22+z(n—1)<‘i
+Q2-n)@m-1).

(26)

Next, we first give a classification of four-dimensional
generalized Kasner space-times with a semisymmetric metric
connection and then consider Ricci tensors and scalar curva-
tures of them.

Definition 34. Let M = Ix, Fy x -+
g=-di’eblgy ®
(i) (M, g) issaid tobe of type (I) ifm = 1 and dim(F) = 3;
(ii) (M, g) is said to be of type (II) if m = 2 and dim(F,) =
1 and dim(F,) = 2;
(iii) (M, g) is said to be of type (III) if m = 3 and dim(F,) =
1, dim(F,) = 1 and dim(F;) = 1.

Xy, Fy, with the metric
eb 9gr,,- Consider the following:

By Theorems 26 and 29, we have given a classification of
type (I) Einstein spaces and type (I) spaces with the constant
scalar curvature.

5.1. Classification of Einstein Type (II) Generalized Kasner
Space-Times with a Semisymmetric Metric Connection. Let
M = IxgnFX4nF, be an Einstein type (II) generalized
Kasner space-time and P = 0/0t. Then { = p, + 2p,, =
p? +2p3. By Theorem 15, we have

I ”
() w080 e
_pl%_(c_l)P1(i_2+[C+2pl]%=A+2, (27b)
A 1 12 !
(/521,2—Pz%—((—l)pz(f;5 [(+2p2]%:)t+2,

(27¢)

where 1, is a constant. Consider the following two cases.

Case (i) (( = 0). In this case, p, = —(1/2)p;, = (3/2)pf.
Then by (27a)-(5.2iii), we have

12
_,7‘(/;_2 -2, (28a)
" 12 !
P (_%+(i—2+2% =1+2, (28b)
A 1 " 12 !
—ifzpl(‘%%”%)‘“z 28
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Case (i)(a) (n = 0). One has p; = 0; by (28a), A = 0. By (28b),
A + 2 = 0; this is a contradiction.

Case (i)(b) (n#0). One has p; #0.
Case (i)(b)(1) (A, = 0). By (28b) and (28¢), A = -2 and

" 12 ! 12
—¢—+¢)—2+2¢;=0, ¢—2=%; (29)
¢ ¢ ¢ 7
then ¢ = coei(m)t which does not satisty the first equation
in (29); this a contradiction.

Case (i)(b)(2) (A, #0). By (28b) and (28c), we have A, /¢ P =
(3/2)(A+2), so ¢ is a constant. By (28b), A +2 = 0,s0 A, = 0;
this is a contradiction. In a word, we have no solutions when
{=0.

Case (ii) ({ #0). One has 5 #0. Putting ¢ = y*/", then y"' —
v+ (/\r;/(z)l// = 0. Hence,

WA < Clag, v = M 1-42n/3%)/2)t

((1=+1-4An/3%)/2)t

+

e
(2) A = Clany = a4 qre,

GYA > Clan, v = eV cos((\/4Aq/{> - 1/2)t) +
e sin((+\/4An/2 - 1/2)1).

We make (27a), (5.2ii), (5.2iii) into

2.0 N
Cv-v )

o i Y = ¢n/(, (30a)

¢ n ¢ !
_% (‘/:b? N C+(2P1 (i{) A2 (30b)
A (¢°) . {+2p, (¢) 4o (30¢)

e ¢ ¢ 3 @

When p; = p,, type (II) spaces turn into type (I) spaces, so
we assume p; # p,. By (30b) and (30c), then

r piham 1-2p¢/n (A+2) ’11// (31)
B — .

V-0 ¢

Case (ii)(1).ConsiderA < Cz/4iq, Y= cle“t + qebt, where a =

(141 - 4Ag/02)/2, b = (1 — /1 — 4Ay/32) 2L

By (31),
at bt
ace” +bge

pidan ( at e\ 1=2028/m
=——="(cqe” +¢e )
(p2—p1) ¢ '

A+2n 222) il (cle“t + czebt) )

(32)

9
Case (ii)(1)(a) (¢; = 0). One has
(A+2) ’1] bt Pidan be\1-2P:¢/n
b- == . (33
[ ¢ (pz—pl)ZZ( ) ()

Case (ii)(1)(a)(1) b#0, p;A,#0). One has p, = 0 and { =
PN = pf andb = (1 - V1-4A)/2and y = czebt. By (30b)
andb* —b+ A = 0,weget -b* +3b =LA +2andb = 1. But
b < 1/2, and this is a contradiction.

Case (ii)(1)(a)(2) (b+0, p;A, = 0). If p; = 0, then { = 2p,,
n=2piandb = (A+2)5/{* soA =—-4and b = ~1. By (30c),
we get A, = 0 and —2b* +4b = A + 2 which is a contradiction.

IfA, =0,by (30b) and b = (A + 2)17/(2, we get A = 0 or
—2. When A = 0, then b = 2#/¢* = 0; this is a contradiction.
There is a similar contradiction for A = -2.

Case (ii)(1)(a)(3) (b = 0). One has y = ¢,; by (30a), A = 0. By
(30b), A = —2; this is a contradiction.

Case (ii)(1)(b) (¢, = 0). One has

[a_(A+2)’1] at _ PiAan
¢ 1 (po-p) ¢
Case (ii)(1)(b)(1) (p;A, #0). One has p, = 0and { = 2p,, 5 =
2pfanda = (1+V1-4A)/2and A, = A+2—(1+V1 - 41)/2.
By (30b), thena = land A = 0,s0 A, = land v = ¢
and ¢ satisfies (30c). In this case, we get p, =0, p; #0, ¢ =
e, A=0, A, = 1.

Case (ii)(1D(b)(2) (p, Ay = 0). If py = 0, then { = 2p,, 17 = 23
andy = ce” anda = (A +2)5/¢*,s0 A = 0and a = 1. By
(30c), we get A, = 0 and ¢ satisfies (30b) and (30c). In this
case, p; =0, p, 20 A =0, A, = 0, ¢ = e’/ P2

IfA, =0,by (30b)anda = (A + 2)71/(2, then A = 0 and
a= 211/(2 = 1. By (30c), then A, = 0 and ¢ satisfies (30b) and
(30¢). In this case, p; #0, p, #0, A =1, =0, p, = 4p,, ¢ =
Coet/sz-
Case  (i))(1)(c)
eat) ebt, (Cleat
by (32), then

- a0 [p-B e -0,

( : at)1*2pzt/n‘ (34)

(¢, #0,6#0,b#0). If p,+#0, then
+ ert)l_zl’ A1 are linearly independent;

e g
A (35)
Piral at\1-2p:¢/n
——=—=—(c¢e .
(P2 —p1)€2( ")
Soa=b=A+ 2)17/(2, and this is a contradiction.
If p, = 0, then by (32),
a- (A +22)’1 _ PiAa _ -0,
¢ (Po-p1)¢
(36)
b_()t+2);1_ pIAZrI =0’

¢ (p2—-p) ¢

so a = b and we get a contradiction.

Case (ii)(1)(d) (¢, #0,6,#0,b = 0). When 1 - 2p,{/n#0, we
have similar discussions. When 1 —2p,{/n = 0, we have (A +
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2)71/(2 = 1.Byb = 0,then A = 0 and 27 = ;= 4p,, so
4p, = (and p, = 2p,. Butyy = 2p,(; then p; = p, = 0. This
is a contradiction.

Case (ii)(2) (A = (2/411, v = cle(l/z)t + czte(l/z)t). By (31), we
have

1

(37)

pidan 172p2(/n(e(1/2)t)1*2172(/11

) (p,—p1) & (@ +at)

wherea, = 1/4 + 217/C2.

Case (ii)(2)(a) (¢, #0). One has (1/2)¢ +’cz —ayq + (6/2 -
ay6,)t#0 and p, = 0. By (30¢), A, + (¢°) /¢ = A + 2, then
¢( =6 AT DL 1 q e /2t ot e(l/2)t)(z/11 = e(*A2+A+2)t;
this is a contradiction with ¢, # 0.

Case (ii)(2)(b) (c, = 0). By (37), we have

1
<5C1 - aoﬁ) e/

piAan
(p—p1) &

(38)

(Cl)1—2p2(/;1(e(1/2)t)1*2172(/'1.

If a, = 1/2, then p;A, = 0and A = 2. If p; = 0, then { = 2p,
and by (30b), (%) /¢° = 4 and ¢° = e*. By (30¢),

A, 16p, (+2p,
- +4 =4, (39)
2py8/
(C(;e(l/Z)t) P ! ( C

so A, = 0 and we have a contradiction by (39).

If p, #0,then A, = 0,50y = ¢;eM/? and ¢° = ¢ye*. Then
by (30b), we have p;, = 0 which contradicts with p; #0.

If ay#1/2, then p, = 0Oand { = p;,qy = p; and A =
1/4 and a, = 9/4. By ¢* = ¢,¢/?" and (30b), we have a
contradiction. In a word, we have no solutions in case (ii)(2).

Case (ii)(3). One has A > Cz/4r1, Y = cle(l/z)t cos(at) +

(1/2)t \/4)L;1/(2 —1/2. By (31), we have

ce sin(at), where a =

<%1 + aoz> cos (at) + (—ac1 + %) sin (at)

iAo

=, - ) lacos @ +esin (at))' e 2l
2 Pl

A+2)n
g

+

(¢, cos (at) + ¢, sin (at)) .
(40)

If p, #0, then p;A, = 0 and
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c A+2) A+2)
31 +ac, = z Tlcl, —ac, + % = 2 17(2, (41)
SO 612 + 622 = 0. This is a contradiction.
If p, = 0, then
A A+2
C—1+a(;2: P 541 ( +2)1161,
2 (p2-p)¢ ¢
A A+2) (42)
) PiraN +2)n
—ac, + = = I
) (p2—p1) & ¢
Then C12 + 622 = 0. This is a contradiction. By the above

discussions, we get the following theorem.

Theorem 35. Let M =1 Xgp1 F1X¢p2 F, be a generalized Kasner
space-time and dim F, = 1,dimF, = 2 and P = 0/0t. Then
(M, V) is Einstein with the Einstein constant A if and only if
(F,, V™) is Einstein with the Einstein constant \,, and one of
the following conditions is satisfied:

¢)) p2=0, p;#0, ¢:Coet/pl’ A=0, AZZ 1;
(2) pl :0) PZséO) A:0, A2 :0, ¢:Coet/P2;
(3) pi#0, p#0.A =1y =0, py = 4py. ¢ =Gl

5.2. Type (1I) Generalized Kasner Space-Times with a Semisym-
metric Metric Connection with Constant Scalar Curvature. By
Proposition 33, then (F,, V') has constant scalar curvature
S and

F, " ” 1}
SZ —2(¢— —(q+c2—2c)¢—2 +6(¢L—6. (43)
P ¢ ¢ ¢

If{ = 0, when# = 0, then p, = p, = 0and S = $ —6.If
n#0, then

§:

A (5+6) (44)
" (/)2 ¢2Pz ’
If { #0, putting ¢ = y*/ ) we get
4(2 " 1262 I (G F,  1-4p,{/(1+(7)
- -(S+6 Sy PR = 0,
el tora? —(Sre)yrsty

(45)

5.3. Type (III) Generalized Kasner Space-Times with a
Semisymmetric Metric Connection with Constant Scalar Cur-
vature. By Proposition 33, then

¢Il ¢IZ !
S=-20" - (n+-20) = +6{ = -6. (46)
¢ ( ) ¢ ¢
If{ =# =0, then p, = p, = p; = 0, and we get S = 6.
If{ = 0, #0, then [(In¢)']* = —(S+6) /1, s0 when S+6 >
0, there are no solutions, when S + 6 = 0, ¢ is a constant, and
when S+ 6 < 0, ¢ = ce*(V-+O/t,



Abstract and Applied Analysis

If { # 0, then 7 # 0; putting ¢ = y*/ ) then

i , (S+6)(n+8)

v -3y + i v =0. (47)

So, we get

(1) S+6 < 9% (n+),y = el 9-(S+6)(1+¢1) ¢/t |

Qe((s— 9-(S+6)(n+¢)/¢2)[2)t

(2) S+6 =92/ + ), v = %" 4 o tel¥?),
@S + 6 > 0 + Oy
e cos((\-9 + (5 + 6)(1 + (/2 /2)8)

6, sin((y/=9 + (S + 6)( + L)/ /2)0). So
we get the following theorem.

+

Theorem 36. Let M = IX¢p1 F, X g0 F2X¢p3 F; be a generalized
Kasner space-time and dim F, = dim F, = dim F; = 1, and
P = 0/0t. Then S is a constant if and only if one of the following
cases holds.

(1) One has{ =y =0, S = —6.

(2) One has { = 0,n+0; when S+6 > 0, there are no
solutions, when S + 6 = 0, ¢ is a constant, and when

S+6<0,¢=cet V(SO
) If¢+0

@S + 6 < Wi + ) ¢

3+1/9-(S+6)(n+(2) /32 /2)t

(Cle( +
%e(s— 9—(S+6)(fl+(2)/(2/Z)t)zf/(’?*'fz))
®S + 6 = 9%y + O, ¢ =

(Cle@/z)t + Qtee/z)r)%/(wcz),
(©) S+6>92/(n+C%), ¢ = (c, e
cos((\-9 + (S + 6)n + C)/¢2/2)8) +cre®"

sin((-9+ (S +6)(n+{)/2/2))) /1.

5.4. Einstein Type (III) Generalized Kasner Space-Times with
a Semisymmetric Metric Connection. By Proposition 32, we
have

I_ " 12
(B )-0-0%a
_Pl:%+((_1)%f—2%:+(%:/\+2, (48b)
_PZ:%+((_1)%’;—2%:+C%:A+2, (48¢)
_pS:%;’+((_1)%’j—2%:+C%=A+2. (48d)

1

If{ =5 =0,by(482a), A = 0 and by (48b), A = -2; thisisa
contradiction.

If { = 0,7+#0, adding (48b), (48¢c), and (48d), we get
A = —2. By (48a), ¢"*/¢* = 2/nand ¢ = ce™V*™. But by
(48b), then ¢" /¢ + ({ — 1)(¢'*/¢?) — 2¢/p = 0, and this is a
contradiction.

Consider {#0. If p; = p, = p;, we get type (I), so we
may let p, # p,. By (48b) and (48c), we have (¢()I/¢( =A+2
and (69" /65 = 269 /6% = 0,50 ¢ = e and A = —2
or 0. When A = -2, y is a constant; by (48a), A = 0, thisis a
contradiction. When A = 0, y = ¢,e*""/ ¢ and v' -y =0,
50 217/{* = 1. In this case, we get when p; # p; for some i, j €
{(1,2,3, A = 0, 27/0% = 1, ¢ = ,e®/*. We get the following
theorem.

Theorem 37. Let M = I><¢pl F, X g F2><¢;73 F; be a generalized
Kasner space-time for p;# p; for some i,j € {1,2,3} and
dimF, = dimF, = dimF; = 1, and P = 0/0t. Then
(M, V) is Einstein with the Einstein constant A if and only if
A=0, 217/(2 =1,¢= cOeZt/(.

Remark 38. Comparing with Proposition 4.3, Proposition
4.11, Section 5 in [5], in Proposition 32, Proposition 33, and
Theorems 35-37, the unit vector field P = 0/0t emerges. For
Proposition 4.3, Proposition 4.11, Section 5 in [5], P equals
zero. So equations in our theorems are different from the
equations in theorems in [5].
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