Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 735946, 7 pages
http://dx.doi.org/10.1155/2014/735946

Research Article

Certain Integral Transform and Fractional Integral Formulas for
the Generalized Gauss Hypergeometric Functions

Junesang Choi' and Praveen Agarwal’

! Department of Mathematics, Dongguk University, Gyeongju 780-714, Republic of Korea
? Department of Mathematics, Anand International College of Engineering, Jaipur, Near Kanota, Agra Road, Bassi, Jaipur 303012, India

Correspondence should be addressed to Junesang Choi; junesang@mail.dongguk.ac.kr

Received 25 April 2014; Revised 23 May 2014; Accepted 4 June 2014; Published 16 June 2014

Academic Editor: Soheil Salahshour

Copyright © 2014 J. Choi and P. Agarwal. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

A remarkably large number of integral transforms and fractional integral formulas involving various special functions have been
investigated by many authors. Very recently, Agarwal gave some integral transforms and fractional integral formulas involving the
F;“‘ﬁ )(-). In this sequel, using the same technique, we establish certain integral transforms and fractional integral formulas for the

generalized Gauss hypergeometric functions F;“’ﬁ " (). Some interesting special cases of our main results are also considered.

1. Introduction and Preliminaries

The theory of special functions has been one of the most
rapidly growing research subjects in mathematical analysis.
A lot of special functions of mathematical physics and
engineering, such as Jacobi and Laguerre polynomials, can
be expressed in terms of the generalized hypergeometric
functions or confluent hypergeometric functions (see, e.g.,
[1, pages 66-69]). Therefore, the corresponding extensions
of several other familiar special functions are expected to be
useful and need to be investigated (see, e.g., [2-7] and, for a
very recent work, see also [8]).

Very recently, Parmar [9] introduced and investigated
some fundamental properties and characteristics of the more

generalized beta type function B;,“’ﬁ " (x, y) defined by (see
[9, page 37, Equation (19)])

1
() [ 1 — g__P
B, (x,9): Jo (-t R ((X,ﬁ, ) ) dt

(R (p) > 0;min {R (), R (), R (@), R (B} 0,

R (m) >0).
¢))

It is easy to see that the special case of (1) when m = 1 reduces
to the well-known generalized beta type function defined by
(see, e.g., [7, page 4602, Equation (4)]; see also [6, page 32,
Chapter 4])

B (5,9) = (B (x,9))

bl y-1 —-P
= L (-t F (oc;ﬁ;—t(l —t))dt

(R (p) > 0;min {R (x),R (y), R (), R (B)} > 0)-( |
2

For « = f, (2) reduces to the extended beta type function,
due to Chaudhry et al. [4, page 591, Equation (1.7)] (see also
[3, page 20, Equation (1.7)]), defined by

(ng,a) (x, )/))

! x—1 y-1 -P (3)
Jl)t (1-1) exp<t(1_t))dt

(R (p)>0).

B,(x,y)
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The classical Euler’s beta function B(x;, y) is defined by (see,
e.g., [1, pages 7-11])

B(x,y):= Ll f -0 dt (R(x) > 0,R(y) >0).
(4)

It is easy to see the following relation:

B(x,y) = By (x,y) = By*" (x,3) = BS"PY (x, ). ()

By making use of B,(x, y), Chaudhry et al. [4, page 591,
Equations (2.1) and (2.2)] extended the Gauss’s hypergeomet-
ric function as follows:

x Bp(b+n,c—b)Z"

F,(a,b;c;2) :=7;)(a)n Ble—b) (2l < 1),

(6)

where R(c) > R(b) > 0 and R(p) > 0 and (a),, denotes the
Pochhammer symbol given in (11).

Similarly, by appealing to Bg"’“) (x, y), Ozergin et al. intro-
duced and investigated a further extension of the following
potentially useful generalized Gauss hypergeometric func-
tions defined as follows (see, e.g., [7, page 4606, Section 3];
see also [6, page 39, Chapter 4]):

(o,8)
B, (b +n,c—b) "
P
£ __— = 1),
B(b,c-b) n! (=1 <D
(7)

where min{R(«), R(B)} > 0, R(c) > R(b) > 0, and R(p) >
0.

&P (a,bs:2)=) (a),
n=0

By using the more generalized beta function (1), Parmar
[9] introduced and investigated a family of the following
potentially useful generalized Gauss hypergeometric func-
tions defined as follows (see [9, page 44]):

(e, B3m)
. S B (b+n,c—b) "
F;“’ﬁ’m) (a,b;c;2) = Z (a), L z

= B(b,c-b) nl o (8)
(Izl < 1),
where min{R («), R(B), R(m)} > 0; R(c) > R() > 0 and

R(p) > 0.

It is obvious to see that

F}(,“’ﬁ;l) (ab;c;2) = F‘l(,“’ﬁ) (a,b;c;2),
FI()“’“;I) (a,b;c;2) = F, (a, b;c;z), %)

F&* (a,b;¢;2) = ,F, (a,b;62),

where the ,F,(-) is a special case of the well-known gener-
alized hypergeometric series ,F,(-) defined by (see, e.g., [1,
Section 1.5]; see also [10])

T Oy m(“l)n”'(cxp) z"
E =)y 1 ~"/mZ
= ,F (0‘1,~-

rrq

503 B B z),
(10)
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where (1), is the Pochhammer symbol defined (for A € C) by
(see [1, page 2 and pages 4-6])

), = 1 (n=0)
TTAAA+1),...,A+n-1) (neN:={1,23,..})
_T(A+n) -
=T (AeC\Z,).

(1)

Here, T' is the familiar Gamma function and C and Z,
denote sets of complex numbers and nonpositive integers,
respectively.

The above-mentioned detailed and systematic investiga-
tion was indeed motivated largely by a demonstrated poten-
tial for applications of the more generalized Gauss hyper-

geometric function F‘l(,“’ﬁ ") and their special cases to many

diverse areas of mathematical, physical, engineering, and
statistical sciences (see, for details, [9] and the references cited
therein). Very recently, Agarwal [11] gave some interesting
integral transform and fractional integral formulas involving
(7). In this sequel, using the same technique, we propose to
derive some integral transforms and image formulas for the
generalized Gauss hypergeometric function (8) by applying
certain integral transforms (like beta transform, Laplace
transform, and Whittaker transforms) and general pair of
fractional integral operators involving Gauss hypergeometric
function ,F,, which will be introduced in Sections 2 and 3,
respectively. We also consider some interesting special cases
of our main results.

2. Integral Transform and the Generalized
Gauss Hypergeometric Functions

In this section, we will prove three theorems, which exhibit
the connections between the Euler, Laplace, and Whittaker
integral transforms and the generalized Gauss hypergeomet-

ric type functions F;,“’ﬁ ;m)(a, b; c; z) defined by (8).

Theorem 1. Suppose that R(p) = 0, min{R(«x), R(P),
R@m)} > 0, R(c) > R(Db) > 0, and ] € C are parameters .
Then, the following beta transform formula holds:

B {Flg“’ﬁ;m) (1+m,b;c yz) : 1, m}

B(a,ﬁ;m)

:B(l,m)i(l)n 5 (b+n,c—b)y_"
n=0

B(b,c-b) n! 12)

= BUm FSF" (e y)  (|yl < 1),

where the beta transform of f(z) is defined as (see [12])

B{f(z):a,b} = Ll 271 - z)bflf (2)dz. (13)

Further, it is assumed that the involved Euler (beta) transforms

F ;f"ﬁ ™) exist,
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Proof. Using (13) and applying (8) to the Euler (beta) trans-
form of (12), we get

1
J Zl—l(l _Z)m 1

0

“ﬁm (I+m,b;c; yz)dz

BSF™ (bt m,c - b) (yz)"

B(b,c-b) n! dz.

1
_ I-1,y _ _ym-1
—Lz (1-2) Z(l m),

(14)

By changing the order of integration and summation and
using beta integral, we obtain

1
J 271 -2)™! Fz(,“’ﬁ;m) (I+m,b;c; yz)dz
0

o B (b4 n c=b)T(I+n)T (m) (y)"

. ¢ , S48
§z+ ) B(bc—b) Tl+m+n n
r(l)F(m)Z() By (b4 me=b) ()"

CT(l+m) B(b,c-b) "

>

which, upon using (8), yields our desired result (12). O

Theorem 2. Suppose that y > 0, R(s) > 0, min{R(«), R(P),
R@m)} > 0, R(c) > R(D) >0, R(p) =0, and |y/s| < 1. Then,
the following Laplace transform formula holds:

1-1 (o Bim) o (D) (apm) Y
L{z F, (a,b,c,yz)}— TIFP a,l,b,c,; ,
(16)

where the Laplace transform of f(z) is defined as (see [12])

Lif(2)) = JOOO e f (2) dz, 1)

and assume that both sides of (16) exist.

Proof. Using (17) and applying (8), we get

(o]
I-1 _-sz p(a,Bm) .
L Z e F, (a,b;c yz)dz

dz.

(o, Bsm) n
© o X B b+n,c-b) (yz)
_ I-1 _—sz p
N J[ “ ¢ r;)(a)" B(b,c-b) n!

(18)

By changing the order of integration and summation and
using Laplace transform, we get

(o)
1-1 _—-sz p(a,B5m) e
L z e F, (a,b;c; yz) dz

wpim . (19
) §< : B b+ mc=b 1+ (5)
B R B(b,c-b) stn ol
which, upon using (8), yields our desired result (16). O

Theorem 3. Suppose that w > 0, R(p) > 0, pand § € C.
Then, the following Whittaker transform formula holds:

(o]
J t’)_le_&/ZWA)M (61) F;mﬁ;m) (a, b; c; wt) dt
0

T((1/2) + p+p)T((1/2) —u+p)

F(1-A+p)

) 1 1
X ZF;‘f‘l’ﬁ’M) <a, STHEP 5—/4+p,b;c, 1- A+p; %)
(20)

provided that the integral involving Whittaker transform

(o, B5m)
F, converges.

Proof. Applying (8) and setting 8t = v in the left-hand side of
(20), we get

I <§)P_16‘V’ZWA,H g
y Z(a) (b +n,¢c—

B(b,c-b)
By changing the order of integration and summation, we
obtain

(21)
b) (wv)"

orom

(b+nc b) "
Bb,c-b) &l

5 PZ(a)

o0
x J vpm_le_”/ZWA,M (v) dv.
0

(22)

Next, we can use the following integral formula involving the
Whittaker function:

(o)
L £l Py, (1) dt

T((1/2) + u+9)T((1/2) - u+v)
T((1/2)=A+)

<2R(viy)>—%).

(23)

Then, after a little simplification, (22) becomes the following
form:

[ee]
J (o175t
0

X B(“’Bm)(b+nc—b)w

W (88 FSF™ (a, by c;we) dt

—5F
Z( W BGe—h) o (24)
1"((1/2)+M+p+n)1"((1/2) p+p+n)
F(1-A+p+n) ’
which, upon using (8), yields our desired result (20). O

It may be noted in passing that the special cases of
Theorems 1 to 3 when m = 1 immediately reduce to the
corresponding results due to Agarwal [11].



3. Fractional Calculus of the Generalized
Gauss Hypergeometric Functions

Recently, fractional integral operators involving the various
special functions have been investigated by several authors
(see, e.g., [11, 13-26]; see also [27, 28]). Here, in this sec-
tion, we will establish some fractional integral formulas
for the generalized Gauss hypergeometric type functions

Fl(,“’ﬁ " (a,b; ¢; z). To do this, we need to recall the following
pair of Saigo hypergeometric fractional integral operators.
For x > 0, 4, v, € C and R(«) > 0, we have

i x Y
(12" @)@ = T [, -0
F, <y+ v, —1 451 — i)f(t)dt,
(25)
\Ys 1 «© =1, —u-v
(E2r 0) = 05 j (- x)f
F, <y+v,—11;y;1— %C)f(t)dt
(26)

where the ,F, (-), a special case of the generalized hypergeo-
metric function (10), is the Gauss hypergeometric function.
The operator Ig ’;:"7( ) contains both the Riemann-

Liouville RH () and the Erdélyi-Kober E””( ) fractional
integral operators by means of the following relatlonshlps

(REF®) ) = (In*"f (1) (x)

(27)

) ﬁ j (x= )" f (1) t,

(Boif ) ) = (12" f ) ()

—p-n rx (28)
= );(—:; JO (x - f)“_lt"f (t) dt.

It is noted that the operator (26) unifies the Weyl type and the
Erdélyi-Kober fractional integral operators as follows:

(WELF®) @) = JE21F ) (x)
© (29)
= ; _ ol
- T (‘Li) Jx (t x) f (t) dt,
(KETF@©) (x) = (Je2 £ (1)) (x)
x (30)

- J:o (t — )M HTf(t) dt.
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We also use the following image formulas which are easy
consequences of the operators (25) and (26) (see [24, 26]):

r()‘)r()‘_v+’7) x/l—v—l
TA=-TA+p+n) 31)
A>0,A-v+7>0),

(27 0o -

T(v-A+D)T(n-A+1)
TA-MNT(v+pu-A+n+1)

A-v-1

(z22) -

(B-2+1>0,n-1+1>0).
(32)

The Saigo fractional integrations of generalized Gauss
hypergeometric type functions (8) are given by the following
results.

Theorem 4. Let x > 0, R(p) > 0, and p,v,n, p,e € C be
parameters such that

R(u) >0, R(p)>0, R(p)>max{0,R(v-n)}.
(33)
Then, the following fractional integral formula holds:
(I”m[t” ! /3"’ (abcet)])(x)
_ e F(P)F(P—V+’7)
T(p+u+nT(p-) (34)
a,bp,p-v+y;
2F1(;x2ﬁ ) ex|.
GPp—Vp+utny;

Proof. For convenience, we denote the left-hand side of the
result (34) by 7. Using (8), and then changing the order
of integration and summation, which is valid under the
conditions of Theorem 4, we find

. <Ig;”’”[tp . i B&F™ (b4 nyc b (et D( :

B(b,c-b)
) B(a’ﬁ;m)(b+n,c—b) n o
B Ty G S

(35)
Now, making use of the result (31), we obtain
(e, Bsm)
© B b+nc-b
Y ( )
= B(b,c-b)
(36)
T(p+mI(p—v+n+n) (ex)"
T(p-v+nm)T(p+u+n+n) n
This, in view of (8), gives the desired result (34). O
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Theorem 5. Let x > 0, R(p) > 0, and u,v,n,p,e € C be
parameters satisfying the following inequalities:

Ru)>0, R(p)>0, R(p)<1+min{R (1),R ()}.
(37)
Then, the following fractional integral formula holds:
Vs -1 plafsm) i
(sl s (e o
~p1 L -p+y)T(1-p+n)
TA-p)T(1-p-n+v+py) (38)

abl-p+v,1-p+y;
x Py o
Gl-p,l-p+tu+v-mn;
Proof. As in the proof of Theorem 4, taking the operator (26)
and the result (32) into account, one can easily prove (38).
Therefore, we omit the details of the proof. O

Setting ¥ = 0 in Theorems 4 and 5 and employing
the relations (28) and (30) yield certain interesting results
asserted by the following corollaries.

Corollary 6. Let x > 0, R(p) = 0, and p,n,p,e € C be
parameters such that R(u) > 0, R(p) > 0, and R(p) >
R(—1n). Then, the right-side Erdélyi-Kober fractional integrals
of the generalized Gauss hypergeometric type functions are
given by

(Egz [t’H F;“’ﬁ;m) (a,b;¢; et)]) (x)

_ 1 T (p-1)
L (p+p+n) (39)
a,b,p -
X IF;XI’ﬁ i ex | .
Cp+u+m

Corollary 7. Let x > 0, R(p) = 0, and u,n,p,e € C
be parameters satisfying the following inequalities R(u) > 0,
R(p) > 0, and R(p) < 1 + R(y). Then, one has

(ko 7 o) o

_ ! I(1-p+n)

T(1-p-n+p) (40)
abl-p+un;
(ee,Bsm)
X le)lﬁ o
Gl-—ptp-mn

Further, if we replace v with —y in Theorems 4 and
5 and make use of the relations (27) and (29), we obtain
other Riemann-Liouville and Weyl fractional integrals of

the generalized Gauss hypergeometric type function Fj(,“’ﬁ )
given by the following corollaries.

Corollary 8. Letx > 0, R(p) > 0, and u, p € C be parameters
such that R(u) > 0 and R(p) > 0. Then, one gets

(Rg’x [t‘H F;,“"B‘m) (a,b;c; et)]) (x)

— xp+y—1 r(p)

Corollary 9. Letx > 0, R(p) = 0, and u, p € C be parameters
satisfying the following inequalities R(u) > 0 and R(p) > 0.
Then, one obtains

-1 p(eBim) o
([ 0 ) o

a,b,1-p—u;
:xp+y—1r(1_P_/") e

(e, Bsm)
F
r(1-p)

14 p1 ;
ol-p;
(42)

4. Concluding Remarks

We can also present a large number of special cases of
our main fractional integral formulas in Theorems 4 and
5. Here, we illustrate two more formulas. Setting « = f3
in (34) and (38), respectively, and using the known for-
mula due to Lee et al. (see, [5, page 197, Equation (6.1)]),
we obtain certain interesting (presumably) new fractional
integral formulas involving the extended hypergeometric

function Fl(jm)(a, b; c; z) asserted by the following corollaries.

Corollary 10. Let x > 0, R(p) = 0, and u,v,n, p,e € C be
parameters such that

R >0, R(p)>0, R(p)>max{0,R(v-n)}.
(43)
Then, one has
(Ig)’;:’” [tp_lF;" (a,b;c; et)]) (x)

_ o1 L) T(p-v+n)
L(p+u+n)T(p-v) (44)

a,b,p,p-v+y;

x 2Fp, ex | .
GPp-Vptut

Corollary 11. Let x > 0, R(p) = 0, and u,v,n,e,p € C be
parameters satisfying the following inequalities:

R(u)>0, R(p)>0, R(p)<l+min{R (1), R )}.

(45)



Then, one gets

([, oo

T(1-p+»)T(1-p+7n)
TA-p)T(1-p-n+v+u)
abl-p+v,l1-p+n;

—B-1
= xP P

(46)

X ,F,, *
Gl-p,l-—p+tu+v-rn;

Settingm = 1 and & = fin Theorems 4 and 5 and making
use of the relation (6) yield some known fractional integral
formulas due to Agarwal [11]. Also setting 7 = 1 and making
use of the relation (7) give the known integral transforms and
fractional integral formulas due to Agarwal [11]. Further, if
we set m = 1 and p = 0 in Theorems 1 to 5 or make use
of the result (8), we obtain various integral transforms and
fractional integral formulas for the Gauss hypergeometric
function ,F;.

The generalized Gauss hypergeometric type functions
defined by (8) possess the advantage that most of the known
and widely investigated special functions are expressible in
terms of the generalized Gauss hypergeometric functions

Fl(,a’ﬁ ™ (see [9]). We may also emphasize that results derived
in this paper are of general character and can specialize
to give further interesting and potentially useful formulas
involving integral transform and fractional calculus. Finally,
it is expected that the results presented here with potential
special cases can find some applications in probability theory
and to the solutions of fractional differential and integral
equations.
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