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This paper investigates the finite-time stability problem of switching genetic regulatory networks (GRNs) with interval time-varying
delays and unbounded continuous distributed delays. Based on the piecewise Lyapunov-Krasovskii functional and the average dwell
time method, some new finite-time stability criteria are obtained in the form of linear matrix inequalities (LMIs), which are easy
to be confirmed by the Matlab toolbox. The finite-time stability is taken into account in switching genetic regulatory networks for
the first time and the average dwell time of the switching signal is obtained. Two numerical examples are presented to illustrate the

effectiveness of our results.

1. Introduction

In the last decade or so, the genetic regulatory networks
(GRNs) have become an important research area in molec-
ular Biology. On the one hand, how to construct GRNs
from gene expression data; on the other hand, what is the
dynamic characteristics of gene regulatory networks. The
stability is one of vital dynamic characteristics of GRNs and
is researched in this paper. There are also many references on
the stability of GRNs [1-6].

High throughput biological experiments have proved that
time delays were ubiquitous in GRNs. The existence of time
delays influences the stability of GRNs, which can give rise
to oscillatory or unstable networks. Therefore, it is necessary
to study the influences of time delays for the stability of
GRNs. There are a few theoretical results on GRNs with
time delays [7-15]. In [2], random time delays are taken
into account, and some stability criteria for the uncertain
delayed genetic networks with SUM regulatory logic where
each transcription factor acts additively to regulate a gene
were obtained. In [12], some stochastic asymptotic stability
conditions were established for a class of uncertain stochastic
genetic regulatory networks with mixed time-varying delays
by constructing appropriate Lyapunov-Krasovskii function-
als and employing stochastic analysis method. In [13, 14],

authors studied GRNs with constant delay, and asymptotical
stability criteria were proposed for GRNs with interval time-
varying delays and nonlinear disturbance in [10].

Cell-cycle regulatory processes can be viewed as finite-
state processes. So some complex GRNs were described
by continuous time switched system. Usually, a finite state
Markov chain was used to simulate this switch process [16-
19]. In [17], authors investigate the global robust stability of
uncertain stochastic GRNs with Markovian switching pro-
cess. In [19], control theory and mathematical tools were used
to analyze passivity for the stochastic Markovian switching
GRNs with time-varying delays. Some other methods are
also used to prove switched GRNS’ stability. In the literature
[20], authors used an average dwell time approach to consider
exponential stability of switched GRNs with time delays.

Both procedures of these proteins regulate gene expres-
sion and gene translated protein that are sometimes accom-
plished in a relatively short period of time. So it is realistically
significant to research the finite-time stability of GRNs and
some articles have researched the finite-time stability [21, 22].
There are few references about the finite-time stability of
GRNs; we research only the literature [23]. In [23], the authors
considered finite-time robust stability of uncertain stochastic
reaction-diffusion GRNs with time delays. The finite-time
stability of GRNS is the main contents in our paper.
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Motivated by the above discussions, we analyze finite-
time stability of switching genetic regulatory networks with
interval time-varying delays and continuous distributed
delays. Using a novel piecewise Lyapunov-Krasovskii func-
tional and finite-time stable definite, some new finite-time
stability criteria are obtained for the switched GRNs. The
features of this paper can be summarized as follows. (1)
the finite-time stability is researched in the switched GRNs
firstly; (2) continuous distributed delays are concerned; (3)
all sufficient conditions obtained depend on the time delays.

This paper is organized as follows. In Section 2, model
description, some assumptions, definitions, and lemmas are
given. In Section 3, some conditions are obtained to ensure
the finite-time stability of switched GRNs with interval
time-varying delays and continuous distributed delays. Two
numerical examples are given to demonstrate the effective-
ness of our analysis in Section 4. Finally, conclusions are
drawn in Section 5.

Notations. Throughout this paper, R, R", and R™" denote,
respectively, the set of all real numbers, real n-dimensional
space, and real n x m-dimensional space. Z, denote the set
of all positive integers. || - | denote the Euclidean norms
in R". For a vector or matrix A, AT denotes its transpose.
For a square matrix A, A, ,(A) and A_;,(A) denote the
maximum eigenvalue and minimum eigenvalue of matrix A,
respectively, and sym (A) is used to represent A + A”. For
simplicity, in symmetric block matrices, we often use * to
represent the term that is induced by symmetry.

2. Problem Formulation and
Some Preliminaries

We consider the following genetic regulatory networks:

mt)=-Am@)+Bf (p(t -1, (1)) + 1,

€))

pt)=-CP(t)+Dm(t-1,()),
where m(t) = [ml(t),...,mn(t)]T is the concentrations of
mRNAs, p(t) = [py(t),... ,pn(t)]T is the concentrations of

proteins, f(-) = [f;(),..., fn(-)]T is the regulatory functions
of mRNAs, A = diag(a,,...,a,) is the degradation rates
of mRNAs, C = diag(c,...,c,) is the degradation rates of
proteins, D = diag(d,,...,d,) is the translation rates of
proteins, I = [I,..., I,,]T is the basal rate, and 7, (t) and 7,(¢)
are time-varying delays.

For obtaining our conclusions, we make the following
assumptions.

Assumption 1. f; : R — R, i = 1,...,n are monotonically

increasing functions with saturation and satisfy

(@) - f. (b
Osfz(“)—l{z()gui, VabeR, i=1,...,n, (2)
.

where u;,i = 1,...,n are nonnegative constants.
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Assumption 2. 1,(t) and 7,(t) are time-varying delays satisty-
ing

0<7 <7, () €115 7, () < 75 < 00,

3)

0< 1y <7, () <1y, T, () < T3 < 00.

Vectors m”, p* are an equilibrium point of the system (1).
Let x(t) = m(t) — m", y(t) = p(t) - p*; we get

%(t) = —Ax () +Bg (y (t -7, (1)),
y(t)=-Cy(t) + Dx(t -1, (t)),

where x(t) = [x,(6),...,x, (01, y(6) = [ (®)..., y,O],
90) = 190, g1 and g,(3(®) = £+ — £i(p0).

According to Assumption 1 and the definition of g;(-), we
know that g;(-) is bounded; that is, 3G > 0, such that |g;(-)| <

G,i=1,...,nand satisfies the following sector condition:
0<%D  vaer/(Ohi=1.n ()
a

LetU = diag(uy,...,u,).

Sometimes, GRNs were described by continuous time
switched system, as in [17, 24, 25], so system (4) can be
described as switching system with switching signal:

X(t) = =Aypx (1) + Byyg (v (t - 1, (1)),

7 () = =Copyy (£) + Dypyx (t = 7, (1)) s

(6)

where o(t) : [0,00) — N = {1,...,N} is the switching
signal, which is a piecewise constant function depending on
time t. For each i € N, the matrices A;, B;, C;, and D,
are the ith subsystem matrices that are constant matrices of
appropriate dimensions.

For the switching signal o(t), we have the following
switching sequence:

{iorte)reor (iot) e lig €N k= 0,11}, (7)

in other words, whent € [t, ), i, th subsystem is activated.
The initial condition of system (6) is assumed to be

x()=¢(),

-p<t<0,

y®) =y,
(8)

p = max {7y, 7} .

For proving the theorem, we recall the following defini-
tion and lemmas.

Definition 3. The system (6) is said to be finite-time stable
with respect to positive real numbers (¢}, ¢, T), if

I¢ ®lcs + o ®lles < = IxOF + |y O < e,
vt € [0,T],

where [|¢(£)]] sup_p<o PO IO, (01l o
sup_pi<o llp®I, @)1}
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Remark 4. The Lyapunov stability implies that, by starting
sufficiently close to the equilibrium point, trajectories can
be guaranteed to stay within any specified ball centered at
the equilibrium point. It depicts character of the equilibrium
point of the system. The finite-time stability implies that,
by starting from any specified compact set, trajectories can
be guaranteed to stay within a large enough compact set. It
depicts character of all solutions of the system and is called
the finite-time boundedness in some literatures [21, 22]. In
addition, the Lyapunov stability is considered in infinite
interval, but the finite-time stability is considered in finite
interval.

Remark 5. In [23], the authors considered the finite-time
robust stability of GRNs, but in our paper we considered
the finite-time stability of switching GRNs, which are more
realistic GRNs than that of the [23]. For the first time switched
GRN¥’ finite-time stability is researched.

Definition 6. For any T > t > 0, let N,(t,T) denote the
number of switching of o(t) over (t,T). If

T—
N, (tT)<N,+

Ta

(10)

holds for Ny > 0, 7, > 0, then 7, > 0 is called the average
dwell time and Nj, is the chatter bound. As commonly used
in the literature, we choose N, = 0.

Lemma 7 (see [26]). For any positive definite matrix M €
R™", there exist a scalar q > 0 and a vector-valued function
w:[0,q] — R"such that

<Jj w(s) ds)TM (Lq w(s) ds) <q Lq W' (s) Mw (s) ds.
(11)

3. Main Results

In this section, we present a finite time stability theorem
for switching genetic regulatory networks with interval time-
varying delays (6).

Theorem 8. For switching system (6) with Assumptions 1 and
2, given a scalar o > 0, if there exist symmetric positive definite
matrices Py, Py;, Qi Ryi» Ryj» Ryyy Ry, foralli € N, the diagonal
matrix A, =diag(A,,;,...,A,,,) = 0, m = 1,2, matrices Q;,
Qs My, i € N, and positive scalars u > 1 such that the
following inequalities

QZi Mli —

[ % Q3i > 0, Pki < [/lij, k = 1,2,

Qi My; Qyj My (12)
[ N i Q3il < 123 % 5 5 Rli < [/lRl]-,

I=1,...,4, Vi,j €N,

[89]

-Q
+ sym {L1R,L, + L}

2
X [PliB - TzleiTRliAi — (1 = 131) BiTRziAi]

i
X Lyg+ L3Ry Ly + LRy Ly + LY
2 T 2T
X [PZiDi -1, D; R;;C; = (11, — 711) ' D; R4iCi]
T T T
XLg + LsRy L+ Ls(My; + A U) Lo+ LRy L,
T T
+L;RyLg + Ly [My; (1 - 713) + A,U] LIO}
<0, VieN,
(13)

hold, and the average dwell time of the switching signal o(t)
satisfies

Tlny

*
T,>T, =

* " IngA, —IngA, —aT’ (14)

where Q = diag(-2P;A; + Q;; + TZZIAITR“AI- + (1 — 121)2
A?RziAi - Ry — aPy;, =Ry — Ry, —Qu(1 — 73) + 7121DiT
RyDi+ (11, — T11)2DiTR4iDi —2Ry;, —Ry;, _2P2ici+Q2i+T121CiT
RyCi+ (11, - 711)2CiTR4iCi — Ry —aPy;, —Rs; — Ry, —Qy(1 -
Ti3) = 2Ry =Ry, Qa — 21, -Q5(1 — 13) + 7221BiTR1iBi +
(TZZ - TZI)ZBiTRZiBi - ZAZ)) Lj:[Onx(j—l)n’ Inxn’ Onx(ll—j)n]’ ] =
L...,10, A, = maxenfrnax(Pii) + oA max(Q1i) + Amax
(Py) + TioAmax(Qa)  + TioApax(Q3) Ao (UU) -+ 279
Anas M1 Ao (U) -+ (1/2) [ Ao (Ryy) + (73 = 11)°
Amax(Ra) + T Amax(Ry)) + (712 = 111" Amae Ry 11 Ay =
min;en [Min(A i (P;), Ain (Poi))]. The equilibrium point of
(6) is finite time stable with respect to positive real numbers
(¢1,6,T).

Proof. Based on the system (6), we construct the following
Lyapunov-krasovskii functional:
VG(t) (t) = Vl(f(t) (t) + VZU(t) (t) + V3O(t) (t) 5 (15)

where

View () = 5 (£) Piogyx (£) + 37 (£) Py v (£)

t

Vot (£) = I X' (8) Qippx (1) ds

=7, (t)

! T T [QZJ(t) Mla(t)]
+Jt7T1(t) [y (S),g (y(S))] Mla(t) Q3a(t)

* [9 (yy(z))] as



Vig (£)

0 t
_ J J L3057 (8) Ryt (s) ds dO
t

Ty, Jt+0

—1, t
+ J J; (13 — 151) i (s) Ryy(y% (s) ds dO

Ty, Jt+0

0 t
+ J J. 711)7T (S) R3g(t))./ (S) dsdo
-1y, Jt+0

-1 (t
* J J 0 (T2 —m11) )"T (8) Ryg(yy y (s) ds db.
t+

T2

(16)

First,whent € [t;, ), taking the derivatives of V,,i = 1,2,3
along the trajectory of system (6), we have that

Vioty () = 27 (8) Py (8) + 27 (£) Py 3 (1),
Vaaey () = X7 (1) Qo x (1) = X7 (£ = 7, (1)) Qe x”
x(t—1, (1) (1 -1, 1))
+[y" 0,9  (y )] [Qz;’“k’ M“’"")]

30(t;)
* [9 (yy( 2))]

- E-n0).9" (y(t-7, 1))

[P et )

x(1-1,(1),

Vigtry () = T X" (£) Ry )X (5)
t
_ J 7,%" (6) Ry, (6) 6
t—T7y;
+ (1 - T21)25‘T (1) Ry )X ($)

t—T7y;
[ ) 7 O Rag 5 010
t

T

+ 70y (B) Ragge 3 (5)

t
- j 1117" (0) Regge (6) dO

T

+ (112 - 711)2)"T (1) Ryg(ry ()

=1y
- L (712 - Tu) J"T ) R4U(tk))'/ (0)do.

T2

17)
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By Lemma 7, we have

t
_ L 7,&" (6) Ry, (6) d6

T

< —[x () -x(t- TZI)]TRla(tk) [x (@) - x(t-15)],
(18)

t
[ @R 68

T

<s-ly®-y(t- Tll)]TR3a(tk) y®-yt-m)l
(19)

=7y
- J; (12 = 721) < (0) Roo(r,)% (0) dO

T

t=7,(t)
== (Tzz - 721) [Jt <" () RZG(tk)x (0)de

—T2

=Ty
N L 57 (6) R (6) dB

—7,(t)

t=7,(t)
[ (- n )57 O Ry 00

—Tx

=Ty
_ L (13 () = T31) &7 (6) Ry % (6) dO

—1,(t)

t=7,(t)
[ 00 0) T O Ry 5 ©)d0

T

=Ty,
- L (T2 = 5 (£)) &7 (8) Ry (0) dO

—7,(t)
<-[x(t-1,0)-x(t-1,)]"

X Ry [ (t =75 (1) = x (t = 15,)]

- x(t-m) - x (- 0)]"

X Ryo(r,) [x(t=151) = x(t -7, (1))]

_Tz(t)_Tzl[ (

x(t-1,@1)-x(t- Tzz)]T

T~ T
X Rogieyy [x (t =7, (8)) = x (t = 7))
Ty — T, (F) T
-2 2 x(t—1y) - x(t—1, (¢
R [x (t —13) —x (t -7, (1))]

X Ry [x (£ = T51) = x (t =1, (1))] -
(20)
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Similar to (20), we can obtain

t-1,
- L (712 - Tu) J7T ) R4a(tk)y (6)do

<-[yt-1®)-y(t-m,)]"
X Ryg(ey [y (t =11 (1) = y (£ = 713)]
~y(t-m)-yE-n )]
X Ry [y (t = 711) = y (t =7, (1))] (21)

7 (1) -y T
- My (t-1, (1) -y (t-
L0y ey ) -y e~ )]

X Rygey [y (=71 (1) = y (t = 715)]

T T () [
T, — T

y(t-m)-y(t-n®)]"

X Rygt,) y(t-m)-y(t-7®)].
In addition, for any A ,, = diag(A,,;,...,A4,,,) = 0,m = 1,2,

the following inequality is true from (5):

- 22/\11‘91‘ (i ) [g: (v ) = w;y; (1)]

i=1

- ZZAZigi (i (t =7 (1))

i=1

x[g; (v (t =1, (1)) —w;y; (t — 7, (V)] 2 0.
(22)

It can be written as matrix form:

29" (y®O)A, [g(y @) -Uy®)] -2g" (y(t -1, (1)) A,

x[gy(t-7,®))-Uy(t-1,())] =0.
(23)

From (15) to (23), we have that

Vot ()

< 267 (0) Piogry [~ Aoty @ (0 + Boyg (v (t =11 (1))
+29" (£) oy [~Coryy () + Dy x (t = 75 (1))]
+ 7 () Qo () = x" (=7, (1)) Qo)X
X (t=1,(1) (1 -1p9) + ¥" () Qupy (t)
+ 2" (O Myog (y ) + 9" (7 (5) Qageyg (¥ ()
=y (t =1, () Qupyy (=11 () (1= 1)

- ZJ’T (t -7 (t)) Mla(tk)g (}’ (t -7 (t))) (1 - Tld)

where

5
—g' (Yt =11 (®) Qo (¥ (£ =71 (1) (1 - 71)
4 [~A gy O+ Bypg (-1 )]
X Ry [~ Aatu* (O + Byyg (7 (= 7, (1))]
# (T = T1) [~ Ay X + By g (y (£ - 7 )]
X Rag(i [~ At (O + Byyg (7 (= 1, (0))]
+ 72 [~Coy (O + Dy yx (=1, 0)]
X Rag(t,y [~Cottyy () + Dy x (t = 75 (1))]
4 (713 = 101) [y y ) + Doy (t =7, )]
X Ryg(t,y [~Cottyy () + Dy x (t =7, (1))]
= [ () = (£ = 12)] Riggep [x () = x (£ = 721)]
~ [ O =yt =) Ragiey [y O = y (£ = 71,)]
~[x(t-n @) -x(t-1)]"
X Ry [X (t =7, (1) = x (t = 15,)]
~lx(t-m) - x(t-m®)]
X Ry [X (t = 751) = x (t =7, (1))]
~lyt-n@)-yt-,)"
X Ryg(e [y (8 =71 (1) = y (£ = 715)]
~yE-m)-yE-n®)
X Rygey [y (t=101) =y (t =7, ()]
~2g" (y®) A [ (y ) - Uy )]
-2¢" (y(t -7 ()))
x Ay [g(y(t -1 (1)) -Uy(t -7 ®))]
< ETEE+ o (x" (1) Py x (6) + ¥7 (8) Py y (1))
< EBE+ V) (1),
(24)
=[x 0,5 (t-1y),x" (-1, (0),x" (t-13),
YO,y (=) y (- (@), (t-1y,)
g 0®).g (y(t-nM))].
(25)



By condition (13), we have

Vo (£) < aVg,) (1) (26)

Integrating (26) from t, to ¢, we obtain that

Vo'(tk) (t) < e‘x(t tk)Vo‘(tk (tk) . (27)

Using (12), at switching instant t;, we have

Vot (t) < UV (£) - (28)

Therefore, it follows from (27) and (28) that
Vot () < ea(t_tk)l"va(t;) (t)- (29)

Foranyt € [0, T], noting that N,(0,¢) < N,(0,T) < T/t,, we
have

ot T/r

o) <e Vo) (0)- (30)

On the other hand, it follows from (15) that

Vo) (0)

< max { D (P) + Ty (Q11)]

ieEN

X SUP HS" (t)“ Amax (Pai) + T1aA may (Qa)

—p<t<0
+ TIZ/\max (Q3i) /\max (UU)

+ 2TIZAmaX (Mli) /\max (U)]

X sup ”‘/’(t)” + 3 [TZI max (Ry;) + (T2 _721)3

—p<t<
Amax (RZI)]

X sup “‘P t)” +3 [711 max (Rs;) + (1'12_"'11)3
—p<t<0

A (R s [9 O}
—p<t<0
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< I’II?I).\IX {/\max (Plz) + TZZAmax (Qll) + /\max ( 21)

+ T12Amax (QZi) + TIZAmax (Q3i) Amax (UU)

+ 2T12Ama.x (Mli) Amax (U)
1
+ 5 [TglAmax (Ry;) + (10 - T21)3/\max (Ry)

+T131/\max (Ry;) + (712 — Tll)SAmax (R4i)] } >
Voo ()
z 1211? [Amin (Pli) ||X (t)"2 + /\min (PZi) “y (t)nz]

> 1}11151 [min (A0 (P1;) > i (Pyi))]

< (Ix®OF + [y ®[).
(31)
From (30) and (31) it is easy to obtain

A A
Ix @I + |y O < eu"= e < Tl (32)
P A

where

/\ = max {/\max (Pli) + TZZAmax (Qli) + Amax (PZi)

ieN

+ T A max (Qai) + TiaAmax (Q3:) Amay (UU)

+21,4 M)A

max ( max )

1 3
+ 5 [T;I/\max (Ry;) + (T35 = 121) A max (Ry;)

+ T131/\max (Ry;) + (712 - Tll)skmax (Ry) ] } >

Ay = mgl [mln (/\min (Pli) > Amin (Pzi))] .
1€
(33)
By (14) and (32), for any ¢ € [0, T'], we obtain that
lx O + |y O < . (34)
This completes the proof. O

Next, we consider the finite-time stability of the
genetic regulatory networks with time-varying delays and
unbounded continuous distributed delays:

% () = =A,x () + Byyg (v (t =7, (1))
+W(t)J- h(s)g(y(t-s))ds (35)

y () = =Cyyy () + Dy x (t = 7, (1)) ,

where o(t) : [0,00) — N = {I,...,N} is the switching
signal, the matrix W;,i € N, is the ith subsystem distributively
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delayed connection weight matrix of appropriate dimension,
h(-) = diag(h,(-),...,h,(+)) is the delay kernel function, and
all the other signs are defined as (6).

Assumption 9. The delay kernel h;s are some real value
nonnegative continuous functions defined in [0, 00), that
satisfy

JOO h]- (s)ds =1,

J shj (s)ds =k; < oo,
0 0

(36)
j=1...,n

Theorem 10. For switching system (35) with Assumptions 1-9,
given a scalar o > 0, if there exist symmetric positive definite
matrices Py;, Py, Qi Ry Ry Ry, Ry, the positive definite
diagonal matrix L; =diag(ly;,...,1,;), foralli € N, A,, =
diag(A,,15--->A), m = 1,2, matrices Qy, Qs My;, i € N,
and positive scalars y > 1 such that the following inequalities

[Qz;‘ M;;
* o Qy

in M1' sz Mlj
[* Q3il SH] Qs |” Ry < Ry,

]zo, Py<uPy k=12,

I=1,...,4, Vi,j €N,

[1]

1=
T T 2 T
+ sym {Fl Ry;F, + F, [PliBi - 15, B; Rj;A,;
25T
~(T — 721) B; RZiAi]
X Fo + F} Ry;Fs + F) RyFy + F)
2 T 2T
X [PZiDi — 13, D; Ry;C; = (11, — 711) D R4iCi]
T T T
X Fs + F5 Ry;Fs + Fy (My; + A \U) Fy + F; R,F,
T T
+F, RyFy + F; [My; (1 - 135) + A,U] F10}

<0, VieN,

(38)

hold, and the average dwell time of the switch signal o(t)
satisfies

>t Tlnp (39)
T,>1T, = ,
7% Ingh, —IngA; —aT
where QO = diag(-2P;A; + 7221A,TR11'A1' + (1 —1y)°
AzTRziAi - Ry — aP, =Ry — Ry, —Qu(1 — 153) + lelDiT

RyiDi+ (115 — T11)2DiT RyiD;—2Ry;, —Ry;, —2P5,Ci+Qy; +7121CiT
RyC; + (15— T11)2CiTR4iCi — Ry — aPy, =Ry — Ry, —Qy
(I = 713) = 2Ry, —RyyQy — 2A + L;, —Qy(1 — 7y3) +
T221BiT Ry;B; +(1y, - 721)23? RyBi—2A,,-L;), F; =
Lins 0n><(12—j)n]’ j= 1L..,1L )"1 = max;en{Ana(Py) +
T22Amax(Q1i) + )‘max(PZi) + TIZ/\maX(QZi) +
TIZAmax(Q3i) Amax(l][]) + 2‘rlz/\max(‘]VIli)/\max(Uv) + (1/2)

[Onx(j—l)w

[Edmax(Ri) + (2 =T Mna(Ra) + T Ama(Ry) +
(T2 = 711 Ainax(Rap)] + A (Ryy) + G Z;'l:1 Lik;b, Ay = Ay
The equilibrium point of (35) is finite time stable with respect
to positive real numbers (¢, c,, T).

Proof. Based on the system (35), we construct the following
Lyapunov-krasovskii functional:

Vo(t) (t) = Vla(t) (t) + VZO‘(t) (t) + V3O‘(t) (t) + V4O‘(t) (t) 5 (40)

where V) (), Vag) (), Vs () are defined as in Theorem 8,

n 00 t
Vi ©= Yot || W@ | a2 i) dsae. v

when t € [t;,t;,); taking the derivatives of V, along the
trajectory of system (35), we have that

V4a(tk) (t) = Zlia(tk)giz (yz (t))
i=1

(42)
~Yhowow | ()62 e~ 0) e,
i=1 0
By Cauchy’s inequality (I p(s)q(s)als)2 < (f pz(s)ds)
(I qz(s)ds), we obtain that
Zlia(tk) J h; (6) 9i2 (y;t-0))de
i=1 0
=Dl |, 1@
<[ m©d Ore-0) a0
’ (43)
n 00 2
2 Zlia(tk) [L h; (0) g; (y; (t - 0)) d@]
i1
00 T
= [JO hi (0) g; (7 (t - 0)) d@]
*Logy | [ (@4, (e~ 00) db)].
Therefore,
Viaty ) £ " (7 (0) Loyg (v (1))
00 T
-] m©a 0o as)] ”
0
<Ly | [ @, 06 -00) o]
Combing (17)-(23) and (40)-(43), we get
Vi () < ELEE + aVii () (45)



where

& = [xT ®),x" (t=1), %" (t-1, (1)), %" (t-13),

)’T (t) ’J’T (t - 711) >J’T (t -T (t)) ’)’T (t - 712) >
g (y®).g (y(t-1,®)),

U:O 1, (6) g, (7, (¢ - 0))d6ﬂ .
(46)

Similar to the proof of Theorem 8, for any t € [0, T], we have
that

Y
Ix @17 + [y @) < eTu" " (47)

!
2

where

ieN

/\,1 = max {/\max (Pli) + TZZAmax (Qli) + Amax (PZi)

+ T12Amax (in) + leAmax (Q3i) Amax (UU)
+ 2leAmax (Mli) /\max (U)

1
+ 5 [T;Amax (Ry;) + (195 = T21)3/\max (Ry)

+ T A max (Ry)) + (715 - T11)3Amax (R4i)]

A max (Ryr) + Gzzlijk'} >

=1
AL =2,
(48)
By (39) and (47), we obtain that
@ + 1y O <. (49)
This completes the proof. O

4. Numerical Examples

In this section, we will give two examples to show the
effectiveness of our results. The aim is to examine the finite-
time stability for gene networks under proper conditions by
applying Theorems 8 and 10.

Example 1. Consider a genetic regulatory network model
reported by Elowitz and Leibler [27], which studied the
dynamics of repressilator which is cyclic negative-feedback
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loop comprising three repressor genes (i = lacl, tetR, and cl)
and their promoters (j = cl, lacl, and tetR):

(50)

where m; and p; are the concentrations of two mRNAs and
repressor-protein; ¢, is the growth rate of protein in a cell in
the presence of saturating amounts of repressor, while «, + «
is the growth rate in its abscence; 3 denotes the ratio of
the protein decay rate to mRNA decay rate; and » is a Hill
coeflicient.

Taking time-varying delays and mode switching into
account, we rewrite the above equation into vector form by
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adjusting some parameters and shifting the equilibrium point
to the origin, and then we get the following model:

x(t) =-Ax () +Big(y(t -0 (1),

()
where
A, = diag (4,4,4),
D, = diag (2,1.5,1),
C, = diag (4,4,4),

=-Cy®)+Dix(t-1(t),

i=1,2,

C, = diag (5,5,5),

A, = diag (3,3,3),

(51)

D, = diag (1.2,1.2,1.2),

0 0 -1 0
By=2x|-1 0 0], B, =15x| -1
0 -1 0 0

ay Ry; 0

03]

i
where aj;

0

= “2P;A; + Q; + TzzlAzTRliAi + (1
24T i 2 T

TZI) Al RZIAI - Rli —‘(XPH, all)lo = PllBl - TZIBi RIIA

(T2 = T1)"B Ry, a3 = —Qu(1 = 1y3) + 71, D] RyD;

-1
0 0
-1 0

)

(52)

i~
+

(ti—11)° DiTR4iDi —2Ry;, ays = PD; - T121DiTR3iCi - (12—
11)°D; RyCp sy = —2PC; + Qy + 71,Ci Ry, C; + (1, -
11))°C! RyC; — Ry — &Py, ah, = -Qp(1 - 133) — 2Ry, a; g =
M;(1-135) + AU, aiO,lO = —Qy(1 - 73) + 75, B/Ry;B; +

(Tyy = Tp1)* Bl Ry;B; — 2A 5,

=1,2.

Due to the space limitation, we only list matrices P,;, P,,,

Q1> and Qq, here:

3.5732
—-0.2655
-0.3039

Pll

4.6463
-0.1506
—-0.1453

P12

9.1959
-0.3223
-0.2832

Qu =

-0.2655
3.3575
-0.2912

—-0.1506
4.7212
-0.1477

—-0.3223
7.4980
-0.2791

-0.3039
-0.2912
3.1531

—-0.1453
—-0.1477
4.7809

—-0.2832
-0.2791
5.9270

The gene regulation function is taken as g(x) = X/ +
x%), U = diag (0.65,0.65,0.65). The time delays 7,(t) and
7,(t) are assumed to be:

7, (t) = 0.6 + 0.4sint, 7,(t) =0.3+0.1cost; (53)
we can get the parameters as following:
7, =02, T, =1, T3 =04,
(54)
T, = 04, Ty, = 0.2, T,3 = 0.1,

andlet¢ =2,¢, = 15T =5, = 0.02, 4 = 1.2. By using
the Matlab LMI toolbox, we can solve the LMIs (12), (13) and
obtain feasible solutions. Equation (13) can be reformulated
in the following in the form of LMI:

0 0 0 0 a
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
Ry 0 0 My+AU o0 | 5
-R;; =Ry Ry O 0 0
* a;; Ry 0 a'l7,10
* * =Ry 0 0
* * * Qs —2A, 0
* * * * a’w’w
10.8205 —-0.4573 —0.4597
Qp, = —0.4573 10.9025 -0.4104 |,
—-0.4597 —-0.4104 11.0402
(56)

and 7, > T, 0.4003. The initial condition is x(0) =

(0.2,0.2,0.3)", ¥(0) = (0.3,0.2,0.5)". The simulation results
of the trajectories are shown in Figures 1 and 2.

Example 2. In this example, we consider the genetic regula-
tory (35) with time-varying delays and unbounded continu-
ous distributed delays, in which the parameters are listed as
follows:

A, = diag (2.1,1.2,2.5), C, = diag (4.6,4,5.2),

D, = diag (0.5,0.4,0.6), A, = diag (1.8,2,3.1),

C, = diag (5,4,5),

010
B,=(0oo01],
100

D, = diag (0.3,0.3,0.4),

0 07 0
0

( 0 0.7>,
07 0 O

B,

(57)
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and g(x) = x*/(1 + x%), U = diag (0.65,0.65,0.65). The time
delays 7, (t) and 7,(t) are assumed to be

Journal of Applied Mathematics

andlete; =256 =2T=5a=002u=12hjs)=¢",
and G = 1. By using the Matlab LMI toolbox, we can solve the
LMIs (37) and (38) and obtain feasible solutions. Equation

7 (£) = 0.5+ 0.3sint, 7,(t) =04 +0.1cost; (58) (38) can be reformulated in the following in the form of
LMI:
we can get the parameters as following:
T, = 0.2, T, = 0.8, T3 = 0.3,
11 12 13 (59)
T, = 0.3, Ty, = 0.5, T,3 = 0.1,
a, Ry 0 0 0 0 0 0 0 a 0
x -R,—Ry; Ry 0 0 0 0 0 0 0 0
* * dy, Ry aj, 0 0 0 0 0 0
* * * —R,, 0 0 0 0 0 0 0
% * * % ai Ry 0 0 My+AU 0 0
g=| * £ % % —Ry—R; R; 0 0 o o |, (60)
* * *ooox ¥ * a;7 Ry; 0 a;,lo 0
* * * * * * *  —Ry 0 0 0
* * * * * % % * a;9 0 0
* * * * * * * * * a110,10 0
* * * * * * * * * * -L

where ail -2PA; + TZZIA?R“AI- + (1, — TZI)ZAIT R,A; -
R.li —aPy, ai,m = P;B; - TzleiTRliAi — (15— 721)2 BzTRZiAi’
az; = —Qu(1 —7y3) + 71D Ry;D; + (r1; = 70,)° Dy RyD; —
2Ry;, @35 = PyD; - lelDiT RyC; — (115 - T11)2DiTR4iCi’ 55 =
2P, C; +Qy +17, G Ry C; + (11 —11)°C] RyCi— Ry; — Py,
ay; = —Qy(1 - 713) = 2Ry;, al7,1o = My(1 = 113) + AU, age =
Qy —2A,+1L;, aiO,lO = —Qy(1 - 1y3) + 15, B]R;B; + (15, -
731)° Bl Ry;B; = 2A,,i = 1,2.

Due to the space limitation, we only list matrices P, ;, P,,,
Q1> and Qy, here:

1.3745 —0.0657 —0.0145
P, =| -0.0657 1.3683 -0.0471 |,
~0.0145 —0.0471 1.2893
1.6025 —0.0233 —0.0056
P, = -0.0233 1.5143 -0.0073 |,
~0.0056 —0.0073 1.2907
25617 —0.0905 —0.0313
Q= [ -0.0905 2.0794 -0.0718 |,
~0.0313 -0.0718 2.4995
21367 —0.0751 —0.0258
Qp = -0.0751 2.1184 -0.0434 |,
~0.0258 —0.0434 2.2000

and 7, > 7, = 0.5012.

(61)

5. Concluding Remarks

This paper has investigated the finite-time stability for
switching genetic regulatory networks with interval time-
varying delays and unbounded continuous distributed delays.
By structuring appropriate Lyapunov-Krasovskii functionals
method, several sufficient conditions of switching genetic
networks were obtained, which guarantee that the system is
finite-time stable. Finally, two numerical examples illustrated
our results’ validity.
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