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The aim of this paper is to propose some fixed point theorems in complete parametric metric spaces. Using these theorems, we
deduce as corollaries the recent results of Ionescu et al. Moreover, we suggest some new contractions and prove certain fixed
point theorems in triangular intuitionistic fuzzy metric spaces. We also discuss some illustrative examples to highlight the realized

improvements.

1. Introduction and Preliminaries

The concept of fuzzy set was introduced by Zadeh [1] in 1965.
In 1975, Kramosil and Michalek [2] introduced the notion of
fuzzy metric space, which can be regarded as a generalization
of the statistical (probabilistic) metric space. This work has
provided an important basis for the construction of fixed
point theory in fuzzy metric spaces. Afterwards, Grabiec [3]
defined the completeness of the fuzzy metric space (now
known as a G-complete fuzzy metric space) and extended
the Banach contraction theorem to G-complete fuzzy metric
spaces. Successively, George and Veeramani [4] modified the
definition of the Cauchy sequence introduced by Grabiec.
Meanwhile, they slightly modified the notion of a fuzzy
metric space introduced by Kramosil and Michélek and then
defined a Hausdorft and first countable topology on it. Since
then, the notion of a complete fuzzy metric space presented
by George and Veeramani has emerged as another charac-
terization of completeness, and some fixed point theorems
have also been proved on the basis of this metric space. From
the above analysis, we can see that there are many studies
related to fixed point theory based on the above two kinds of
complete fuzzy metric spaces (see for more details [5-11] and
the references therein). In 2004, Park introduced the notion
of intuitionistic fuzzy metric space [12]. He showed that, for
each intuitionistic fuzzy metric space (X, M, N, *,<), the
topology generated by the intuitionistic fuzzy metric (M, N)

coincides with the topology generated by the fuzzy metric
M. For more details on intuitionistic fuzzy metric space and
related results we refer the reader to [12-17].

Definition 1. A 5-tuple (X, M, N, *,0) is said to be an
intuitionistic fuzzy metric space if X is an arbitrary set, *
is a continuous t-norm, < is a continuous f-conorm, and
M, N are fuzzy sets on X* x (0, 00) satisfying the following
conditions, for all x, y,z € X and t,s > 0:
(i) M(x, y,t) + N(x, y,t) < 15
(ii) M(x, y,t) > 0;
(iii) M(x, y,t) = 1 forallt > 0 ifand only if x = y;
(iv) M(x, y,t) = M(y,x,1);
(V) M(x, y,t) = M(y,2,s) < M(x,z,t +5);
(vi) M(x, y,-) : (0,00) — [0, 1] is left continuous;
(vii) lim, _, [, M(x, y,t) = 1;
(viii) N(x, y,t) > 0;
(ix) N(x, y,t) = 0 ifand only if x = y;
(x) N(x, y,t) = N(y, x,1);
(xi) N(x, y,t) © N(y,2,8) = N(x,2,t +5);
(xii) N(x, y,-) : (0,00) — [0, 1] is right continuous;
(xiii) lim, _, . (N(x, y,t) = 0.
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Then (M, N) is called an intuitionistic fuzzy metric on X.
The functions M(x, y,t) and N(x, y,t) denote the degree of
nearness and the degree of nonnearness between x and y with
respect to t, respectively.

Definition 2. Let (X, M, N, *,<) be an intuitionistic fuzzy
metric space. Then,

(i) a sequence {x,} is said to be Cauchy sequence
whenever lim,,,, , M(x,,x,,,t) = 1 and
lim N(x,,x,,,t) =0forallt > 0,

m,n — 00

(ii) (X, M, N, #,<) is called complete whenever every
Cauchy sequence is convergent with respect to the
topology 7y ny-

Remark 3. Note that, if (M,N) is an intuitionistic fuzzy
metric on X and {x,} is a sequence in X such that
lim,, , , o M(x,,x,,,t) = 1, then lim,,_ N(x,,x,,t) =
0 as, from (i) of Definition 1, we know that M(x, y,t) +
N(x, y,t) < 1lforall x,y € Xandallt > 0.

Definition 4 (see [18,19]). Let (X, M, N, %, ©) be an intuition-
istic fuzzy metric space. The fuzzy metric (M, N) is called
triangular whenever

1 1 1
-1< -1+
M (x, y,t) M (x,z,t)

>

M (Z, 32 t) (1)
N(x,y,t) <N (x,z,t)+ N(z, y,t),

forall x, y,z € X andallt > 0.

2. From Parametric Metric to Triangular
Intuitionistic Fuzzy Metric

First we define the concept of parametric metric space.

Definition 5. Let X be a nonempty set and let % : X x X x
(0,00) — [0,00) be a function. We say & is a parametric
metric on X if

(i) P(x, y,t) = 0forallt > 0if and only if x = y;
(ii) P(x, y,t) = P(y,x,t) forall t > 0;

(iii) P(x, y,t) < P(x,2,t) + P(z, y,t) forall x, y,z € X
andallt > 0.

and one says the pair (X, &) is a parametric metric space.

Example 6. Let X denote the set of all functions f: (0,00) —
R. Define, # : X x X x (0,00) — [0,00) by L(f,g,t) =
|f(t) —g(t)| forall f,g € Xandallt > 0. Then (X, P) isa
parametric metric space.

Example 7. Let (X, M, N, *, <) be an triangular intuitionistic
fuzzy metric space. We consider the mapping & : X x X x
(0,00) — [0, 00) defined by P(x, y,t) := 1/M(x, y,t)—-1 for
all x, y € X and all t > 0. Then by Definitions 1(iii) and 4, &
is a parametric metric on X and hence (X, %) is a parametric
metric space.
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Let (X, &) be a parametric metric space. Let x € X and
r > 0; then the set

B(x,7) = {y € X; P (x, y,t) <r ¥Vt > 0} )

is called an open ball with center at x and radius r > 0.
Now we have the following definitions.

Definition 8. Let (X, &) be a parametric metric space, and let
{x,} be a sequence of points of X. A point x € X is said to be
the limit of the sequence {x,}, iflim,, , , . %(x, x,,,t) = 0 for
all t > 0, and one says that the sequence {x,,} is convergent to
x and denotes itby x, — xasn — oo.

Remark 9. Note that if (X, 9) is a parametric metric space
and {x,}, {y,} are two sequences in X such that x, — x
and y, — yasn — oo, then lim,,, , P(x,,y,,t) =
P(x, y,t) for all t > 0. That is, P is continuous in its two
variables.

Definition 10. Let (X, ) be a parametric metric space.

(S1) A sequence {x,} is called a Cauchy if and only if
lim,,,, , oo P(x,, X,,,t) = 0 forall t >0.

(S2) A parametric metric space (X, %) is said to be
complete if and only if every Cauchy sequence {x,}
in X converges to x € X.

Definition 11. Let (X, %) be a parametric metric space and
letT : X — X be a mapping. One says T is a continuous
mapping at x in X, if, for any sequence {x,} in X such that
x, — xasn — 00,Tx, — Txasn — oo.

Theorem 12. Let (X, P) be a complete parametric metric
space and let T : X — X be a continuous self-mapping such
that

P (Tx, Ty, t)

Srmax{g’(x,y,t),gj(x,Tx)t)) (3)

P (x,Tx,t) P (y, Ty, t)
P (3. Tyt),

P (x, y,t)

holds for all x, y € X withx# y and allt > 0 where0 <r < 1.
Then T has a unique fixed point.

Proof. Let x, € X. Define the sequence {x,} ¢ X by x,,, =
Tx,, for all positive integers n. If there exists n, € N U {0}
such that x, = x, , = Tx, , then x, isfixed point of T and
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we have nothing to prove. Hence we assume x,, # x,,,, for all

n € N U {0}. From (3) with x = x,, and y = x,_; we get
9) (xn+1’xn’t)
=P (Tx,, Tx,_;,t)
< rmax <|9’ (%, Xp_15) , P (x,,, Tx s 1),

P (xn—l’ Txn—l’ t) >

&P (xn’ Txn’ t) P (xn—1> Txn—l’ t)
P (xn, xn_pt) (4)

< r max {9’ (%, Xpp_15t) s P (%0 X115 1) 5

‘@ (xn—l’ xn’ t) 4
g) (xn’ xn+1’ t) ‘@ (xn—l’ xn’ t) }
‘@ (xn’xn—l’t)

= rmax{%P (x,, x,_1,t), P (x,, X1, t)} -

Now if max{P(x,, x,_;,1), P(x,, X1, 1)} = P(x,, Xpi15 1),
then from the above inequality we get

P (X1 %o t) STP (X0 Xpy1st) < P (X Xy t) s (5)
which is a contradiction. Therefore,
P (Xpi1> Xppt) S TP (X, X,_151) (6)
for alln € NU {0} and all ¢t > 0. Hence,
P (X415 Xppt) S TP (%1, X05 t) . (7)
Then for any n > m by (7) we have
P (%, Xy £)
<P (%, X_15t) + P (Xp_15 Xpyn» £)
+oot P X1y X ) ®)

-1, n2
< (r” +7" +---+rm)9(x1,x0,t)

rm

< 1_rg’(xl,xo,t),

for all + > 0. By taking limit as m,n — 00 in the above
inequality we get lim,, , ,,%(x,,X,,,t) = 0. Therefore,
{x,} is a Cauchy sequence in X. Since (X, P) is a complete
parametric metric space, there exists x* € X such that x,, —
x" asn — 00. Now since T is continuous,

x" = lim x,,, = lim Tx, = Tx". 9)

That is, T has a fixed point. To prove the uniqueness of x*,
suppose that y* is another fixed point of T such that x* # y*.
From (3) we obtain

P(x", y",t)
=P (Tx",Ty",t)

< r max <l=@(x*,y*,t),9’(x*,Tx*,t),
(10)
P (y*, Ty",t),
ﬁ(x*,Tx*,t)g’(y*,Ty*,t)}
P (x*, y*,t)

=rP(x",y"t) < P(x", y" 1),
which is a contradiction. So, T has a unique fixed point. [

Example 13. Let X = [0, co) be endowed with the parametric
metric

tmax{x,y}, x+#y
P (x, y,t) = (11)
0, x=y,

forallx,y € Xandallt > 0. DefineT: X — X by

(1
gxz, if x € [0,1)

Tx = 1 éx, if x € [1,2) (12)

if x € [2,00).

Clearly, (X, &) is a complete parametric metric space and
T is a continuous mapping. Now we consider the following
cases:

(i) Let x, y € [0, 1). Then,

P (Tx, Ty, t)

1 a3
= tmax{gx ,=y } < gtmax{x,y}

< gmax{g’(x,y,t),@(x,Tx,t),

P (x,Tx,t) P (y, Ty, t)
P (3 Ty1), :

P (x, y,t)
(13)

(ii) Let x, y € [1,2). Then,

P (Tx, Ty, t)

—tmax{lx1 }<3tmax{x }
- 5057155 Y



<

gl W

max {95 (x, 9,1), P (x,Tx, 1),

P(
P (3. Ty t),

x,Tx,t) P (y, Ty, t) }
P (x, y,t) '
(14)

(iii) Let x, y € [2, 00). Then,

P (Tx, Ty, t)

(15)

P (3. Tyt),

P (x,Tx,t) P (y, Ty, t)
P (x, y,t)

(iv) Let x € [0,1) and y € [1,2). Then,
P (Tx, Ty, t)

—tmax{lle }<3tmax{x }
- 550575 Y

(16)
<

Ul | W

max {9’ (x, y,t), P (x,Tx, 1),

P (x,Tx,t) P (y, Ty, t)
P (3. Tyt), ~

P (x, y,t)

(v) Let x € [0,1) and y € [2, 00). Then,
P (Tx, Ty, t)

{1 2 2} {1 2 6}
=fmax{-x",—r <fmaxq—-x", —
5 5 5 5

17)

P (x,Tx,t) P (y, Ty, t)
P (3. Tyt), :

P (x, y,t)

(vi) Let x € [1,2) and y € [2, 00). Then,
P (Tx, Ty, t)

{1 2} {1 6}
=fmax{—-Xx,—r <fmaxq-x, —
55 55
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= ax X, y 5 axx, y

< gmax {Q’(x,y,t),g’(x,Tx,t),

P (x,Tx,t) P (y, Ty, t)
P (3. Tyt), :
P (x, y,t)
(18)
Therefore,
P (Tx, Ty, t)
3
< g max {@(x,y,t),@(x,Tx,t),

P (x,Tx,t) P (y, Ty, t)
P (3, Ty t), ,

P (x, y,t)
(19)

forall x, y € X with x # y and all t > 0. Hence, all conditions
of Theorem 12 hold and T has a unique fixed point.

Corollary 14. Let (X, %) be a complete parametric metric
space and let T : X — X be a continuous self-mapping such
that

P (Tx, Ty, t) < rmax{P (x,Tx,t), P (y, Ty, t)}  (20)

holds for all x,y € X and allt > 0 where 0 < r < 1. Then T
has a unique fixed point.

Corollary 15. Let (X, %) be a complete parametric metric
space and let T : X — X be a continuous self-mapping such
that
BP (x,Tx,t) P (y, Ty, t)

P (x, y,t)

P (Tx,Ty,t) < aP (x, y,t) +
(21

holds for all x, y € X with x+ y and allt > 0 where «, 3 > 0,
witha + B < 1. Then T has a unique fixed point.

Proof. Since
P (Tx, Ty, t)

BP (x,Tx,t) P (y, Ty, t)

<aP(x, p,t
aP (x, y,t) + ACRT)

< (“+/3)max{9’(x, ), 2 ("’T"’”@(%Txﬂ}

P (x, y,t)

< (oc+/3)max{g’(x,y,t),@(x,Tx,t), P (y,Ty,t),

P (x,Tx,t) P (y,Ty,t) }
P (x, y,t)
(22)
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holds for all x, y € X with x# y and all t > 0, all conditions
of Theorem 12 hold and T has a unique fixed point. O

Theorem 16. Let (X, %) be a complete parametric metric
space and let T be a self-mapping on X. Assume that

P (Tx, Ty, t)

B P (x,Ty,t) + P (y,Tx,t)
“\NP(x, Ty, t)+ P (y, Tx,t) + £ (t)

(23)
)@m%w

holds forall x, y € X and allt > 0 where € : (0,00) — (0, 00)
is a function. Then T has a fixed point.

Proof. Let x, € X. Define a sequence {x,} ¢ X byx,,, = Tx,
for all positive integers n. From (23) with x = x, and y = x
we get

n—-1

‘96 ('xn+1’ xn’ t)
=P (Tx,, Tx,_;,t)

B P (%, Tx,p_1,t) + P (x,_1, Tx,pp 1)
TN\ P (x,, Tx,p5t) + P (%1, Tx,ppt) + £(8)

X P (x,,%,_1>t)

( P ('xn—l’ Xn+1> t) ) (24)

'@ (xnfl’ Xn+1> t) +¢ (t)

X P (%, X 15 t)

< 9 ('xn—l’ 'xn’ t) + ‘@ ('xn’ xn+1’ t)
TN\P (% X t) + P (%, Xy 15 t) + L (2)

X P (X Xy_15t)
which implies {%(x,, x,..;,t)} is a nonincreasing sequence

and so

‘@ (xn—l’ xn’ t) + ‘@ ('xn’ xn+1’ t)
P (x> X t) + P (%, X015 1) + £ (2)

&P ('xn—Z’ Xn-1> t) +P (xn—l’ Xn> t)
P (xn—Z’ Xn-1> t) +P (xn—l’ Xn> t) +e (t) (25)

B P (xg, x15) + P (x1, %5, t)
T P (xgy X1 t) + P (%0, x151) + £ ()

=r<l,
for all n > 2. Therefore from (24) we get
gj (xn+1> xn’ t)

< P (xn—l’ X t) +P (xn’ Xn+1> t) (26)
P (x> Xpp ) + P (%, Xy 15 1) + £ (1)

X gj (xn’ xn—l’ t) < rg’ (xn’ xn—l) >

for all n > 2 where 0 < r < 1. Now, it is easy to show that
{x,} isa Cauchy sequence. The completeness of X ensures that

the sequence {x,} converges to some x* € X. From (23) we
obtain

P (X1, TX, )
=P (Tx,, Tx",t)

- P (%, Tx" 1) + P (x", Tx,, t) (27)
"\ P (x,, Tx*,t) + P (x*,Tx,,t) + £ (t)
X P (x,,x",t).
Taking limit as # — oo in the above inequality, we deduce

that 2(x*, Tx",t) = 0; thatis, x* = Tx". O

Example 17. Let X denote the set of all functions f
(0,00) — [0,00). Define £ : (0,00) — (0,00) by £(t) =1
and P : X* x X2 % (0,00) — [0, 00) by

P((£.9):(hj),t) =q(f ), h ) +q(g (1), j®), (28)
forall f,g,h, j € Xandallt > 0 where

max {f (t),h(t)}, f#h

0, fon @

q(f@®),h®) = {

Then (X% %) is a complete parametric metric space.
Define T : X* — X? by T(f,g) = (1,(1/4)g). If
(f,9) #(1,(1/4)j) or (h, j) # (1, (1/4)g), then

2((£.9).T(h j))+2((h j),T(f9) 21=¢(),
(30)

and so,
2[2((f£,9),T(hj),t)+ 2 ((h )T (f 9).1t)]

> 9’((129)’T(h,j),t)+95((h>j)>T(f,g),t)+€(i),)
31

which implies

1 2((f:9),T(hj).t) + Z((h j),T(f.9)t)

- <

2 2((£9),Thj),t) +2((hj).T(f.9)t)+L®)
(32)

Now we get

P (T (h )T (f.9).t)
-o((147)(100)

max {j (t), g ()}

In
Rl =

(max {h (t), f ()} + max{j (), g (O)})

2((h,j),(f:9)-1)

. 2(£9). T j).0) + 2 ((h).T(f9).1)
- 2((£9),T(hj),t) + Z((h ), T(f.9).1) + £(®)

xP((h j),(f.9).1)-

(33)



Alsoif (f,g) = (1,(1/4)j) and (h, j) = (1,(1/4)g), then f =
h=1,g=(1/4)j,and j = (1/4)g. Thatis, f = h = 1 and
g=j=0,andso

P(T(hj).T(f.9))
(1) (1)
=2((1,0),(1,0))

< P((h).T(f9).t)+P((f9).T (h j).1) )
P ((h7),T(f.9):t) +P((f9),T (h,j).t) + £(t)

x P ((hj),(f:9):1)

=0

IN

(34)

Therefore, all conditions of Theorem 16 hold true and T has a
fixed point.

If we take P(x, y,t) = 1/M(x, y,t) — 1 in Corollaries 14
and 15, respectively, we deduce the following recent results as
corollaries.

Corollary 18 (Theorem 2.1in [19]). Let (X, M, N, %,<) be a
complete triangular intuitionistic fuzzy metric space and let T :
X — X be a continuous mapping satisfying the contractive
condition

1
M (Tx, Ty,t)
35)

< rmax ! -1, ! -1t,
M (x,Tx,t) M (y,Ty,t)

forallx,y € X and allt > 0 where 0 < r < 1. Then T has a
fixed point.

Corollary 19 (Theorem 2.3 in [19]). Let (X, M, N, *,$) be a
complete triangular intuitionistic fuzzy metric space and let T :
X — X be a continuous mapping satisfying the contractive
condition

1
M (Tx,Ty,t)

(1/M (x,Tx,t) = 1) (1/M (y, Ty, t) - 1)
1/M (x, y,t) -

i)

forall x,y € Xandallt > 0 where a, 3 € [0,1] and 0 <
a+ 3 < 1. Then T has a unique fixed point.

(36)

By taking P(x, y,t) = 1/M(x, y,t) — 1 and €(t) = 1/t in
Theorem 16, we deduce the following result.

Corollary 20 (Theorem 2.2 in [19]). Let (X, M, N, %,<) be
a complete triangular intuitionistic fuzzy metric space and let

Abstract and Applied Analysis

T : X — X bea continuous mapping satisfying the contractive
condition

1
M (Tx, Ty,t)

< /M (x,Ty,t) =1+ 1/M (y, Tx,t) - 1 )
/M (x,Ty,t) =1+ 1/M(y, Tx,t) = 1+ 1/t (37)

1
(1)
forallx,y € X and allt > 0. Then T has a fixed point.

3. A New Fixed Point Theorem in
Intuitionistic Fuzzy Metric Spaces

In this section we suggest new contraction and prove fixed
point theorems in the framework of triangular intuitionistic
fuzzy metric spaces which can not be obtained from the
existing results in metric spaces.

Let Vo, denotes the class of those functions & : [0, 00) —
(0, 1) which satisfies the condition #(t,) — 1 =1¢, — 1.

Theorem 21. Let (X, M, N, *,$) be a complete triangular
intuitionistic fuzzy metric space and let T be a self-mapping on
X such that

1

— < Z PT Y, PT Yt
M (T Ty D (P" (x, 3,1)) P" (x, 3,1)

P (x, 3,1)))|

(38)
+ |QT(x,y,t) —3(

holds for all x, y € X and allt > 0 where & € ¥,

pT (x, y,1)

1 1
—max{ (x, y,t) M (x,Tx,t)’ M (y,Ty,t)’

1 1
E[M(x,Tm M(y,Tx,r)””’ (39)
Q" (x 1)
= max {M

(%, y,t), M (x,Tx,t), M (y, Ty, t),

M (x,Ty,t), M (y,Tx,t)}.

Then T has a unique fixed point.

Proof. Let x, € X. We define an iterative sequence {x,,} in the
following way:

x,=T"xy=Tx,, VYneN. (40)
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1

From (38) with x = x,,_; and y = x,, we get 1
2 | M (x,_,,Tx,,t)

1

. . 1
M (x,,%,,.1,t _— -1
it (e |
1
T M (Tx, 1, Tx,pt) (41) _ { 1
n-1> 4 4n> =max{———,
T T M ('xn—l’xn’ t)
< (P (%_1> X0 t)) P (x,_1,X1) . 1
+ |QT (xnfl’ X> t) -Z (PT (xnfl’xn’ t))| > M (xn’ Xnr1> t) , 2M (xn—l’xnﬂ’ t) }
forall t > 0 and all n € N wh <max{ ! !
or a and all n where = > >
M (xn—1> X t) M (xm Xn+1> t)
QT (xn—l’ Xn> t) l |: 1 -1
= max {M (xn—l’xn’t) ’M('xn—l’Txn—l’t) ’ 2 M(xn_l’xn’t)
1 1
M (x,, Tx,,t), M (x,_1, Tx,, 1), +—_1]+_}
m e (42) M (%, Xy101) 2
M (xn’ Txnfl’ t)} 1 1
S > >
= max {M (xnfl’ Xn> t) > M (xn’ Xn+1> t) > fax { M (xn_l, X t) M (Xn, Xpt1> t)

M (%, Xpe15t) s M (x5 %, 1)} = 1. 1[ 1 N 1 ]_ 1}
2| M (xn—l’ X t) M (xn’ Xn+1> t) 2
Now from (41) and (42) we have

1 1
= max , .
1 {M(xn1>xn’ t) M(xwanrl’t) }
M (%5 X1 1) (45)
<Z (PT (%,_1> X0 t)) P (x,_ 1%, 1) Thus
+1-2(P" (x, ,,x,,1) pr t) = ! !
| ( o ! )' (43) (xnil) xw ) fmax M (-xn—l’ xm t) ’ M ('xn’ xn+l’ t) '
=< (PT (%_1> X0 t)) P (x, ;. %,,t) (46)
+1-Z (PT (xn,l,xn,t)) Now if PT(x,_|,%,,t) = 1/M(x,,X,.,,t), then by (44) we
, " obtain
= g(P (%,1_1> X0 t)) [P (%15 X, t) = 1] +1, .
M (o gt)
which implies o Xt
1 1
<z -1 (47)
BT () e
M (xn’ Xn+1> t) (44) 1
< ——m——— — 1,
< Z(P" (%10 %,01)) [PT (xp 1o xpt) 1], M (X, X1 1)
which is a contradiction. Hence,
where
.
PT (xn—l’ xn’ t) M ('xn’ xn+1’ t)
1 1 1
Cmax{— L g:z( )[ 1w
{ M (xnfl’ X t) M (xnfl’ Xn> t) M (xnfl’ Xu> t)

1 1 1
b b < -, N
M (xn—l’ Txn—l’ t) M (xn’ Txn’ t) M ('xn—l’ Xp> t)

1)



foralln € N and all t > 0. Therefore {1/M(x,, x,,,,t) — 1}
is a nonincreasing sequence and so it converges to some
s > 0. Suppose to the contrary that s > 0. Taking limit as
n — oo in (48) we get lim, _, . ZL(1/M(x,_;,x,,t)) = 1.
Due to property of & we havelim, _, . (1/M(x,_;,x,,t)) = 1.
Equivalently, lim,, _, [1/M(x,_,x,,t) — 1] = 0, which is a
contradiction. Thus,

Jim M (x,,_p,x,,t) = 1. (49)

Now we want to show thatlim sup,, ,, _, . M(x,, x,,,t) = 1 for
all £ > 0. Suppose to the contrary

A :=limsup M (x,,, x,,, ) < 1. (50)

m,n — 00
From (38) we have

1
M (xn+1> xm+1’ t)

1
-~ M (Tx,, Tx,,t) (51)

<Z (PT (%> X t)) P" (x,, x,,,t)
+ |QT (%, X0 t) = & (PT (%, Xy t))' :
On the other hand,
P” (x,, %, 1)

1 1 1
- max { M (%, Xy t) " M (5, T )" M (%, Ty t)

1 1 1
- + -1
Z[NN%JRWQ M (s T 1) ]}

1 1 1
= max 5 > >
{ M (xn’ Xm> t) M (xn’ Xn+1> t) M (xm’ Xm+1> t)

1 1 1
= + -1,
2 |:M (xn’xm+1’ t) M (xm’xn+l’ t) :| }

1
M(xn’ xm+1’t)
1
= —1+1
M(xn’ xm+1’t)
<
T M (x,,x,,t)
i
M('xm’xm+1’t)
1 1
= + -1

M(xn’ xm’t) M(xm’xm+l>t)

(52)
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Similarly,

1 1 1
< +
M (xm>xn+1’ t) M (xm’ Xn> t) M (xn’ Xnt1> t)

-1,

(53)
so from (52) and (53) we obtain

P (x,, %, 1)

1 1 1
= max 5 > >
{ M (xw xm’ t) M (xn’ xn+1’ t) M (xm’ xm+1’ t)

1 1 1
- + -1
2 |:M(xn’ xm+17t) M(xrn’anrl’t) ] }

1 1 1
< max > > >
{ M (xn’ Xmo> t) M (xn’ Xp+1> t) M (xm’ Xm+1> t)

1 1

+ -1
M (xm’ Xm+1> t)

1 1

+ + -1-1(¢.
M('xm’xn’ t) M('xn’ xn+1’t) ] }
(54)

Taking limit supremum as m,n — o0 in (54) and using (49)
and (50) we deduce

1

1 lim sup
CE )

A m,n — 0o

< lim sup P (x,, x,,,t)

m,n — o0
<max{l 11 (55)
_ A) b b
1 [l+1—1+l+1—1—1]}
212 A
IR
- A, )A 2 - )L)
which implies
. T 1
lim sup P (x,,, x,,,,t) = i (56)

Further,

lim sup Q" (x,, x,,, t)

m,n — 0o

= max {lim sup M (x,, Xpr 1) 5

m,n — 0o

lim sup M (x,, Tx,, 1),

m,n — 0o
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lim sup M (x,,, Tx,,, t),
m,n — 00
lim sup M (x,, Tx,,,t),

m,n— 0o

lim sup M (x,,, Tx,,, t)}

m,n — o0
= max {lim sup M (x,,, X, 1),
m,n — 00

lim sup M (x,,, X,41£) »

m,n — 0O

lim sup M (x,,, X,41>£) »
m,n — oo

lim sup M (xn’ Xm+1> t) >

m,n — 0O

lim sup M (x,,, X,,41> t)}

m,n — 0O

= max {)L, 1, Llim sup M (x,, X115 1) »

m,n— oo

lim supM(xm,an,t)} =1.

m,n — 0O

(57)

Taking limit supremum as m,n — oo in (51) and applying
(56) and (57) we get

. 1
lim sup———=
mn—co M (xn+1"xm+1’ t)

< lim sup & (PT (%> X t)) lim sup P" (x,,, x,,,, t)

m,n — 00 m,n — o0

+

m,n — o0 m,n — o0

lim sup Q" (x,, x,,,t) — lim sup & (PT (%0 X5 t))l

_ L. T
= /\hm supg(P (xn,xm,t))

m,;n — 00

+

1-1lim supZ(PT (wam)t))l

m,n — 0o

= (% - 1>lim supg(PT (%, xm’t)) +1.

m,n — o0
(58)
On the other hand we have
1
-1
M (x,,, X, t)
1 1
< -1+ -1
M('xn’ xn+1’t) M(xn+l’xm’t)
(59)
1 1
< -1+ -1
M (xn’ xn+1’ t) M (xn+1’ xm+1’ t)

1

1
M(xm+1’xm’t)

By taking limit supremum as m,n — oo in the above
inequality and using (49) and (58) we get

1—1<limsu ! 1
b s p

min— oo M (xn+1’ Xm+1> t)
(60)
1
< (— - 1) lim sup & (PT (%0 X5 t))

A m,n— 00
which implies lim sup,, , , Z(P"(x, x,,,t)) = 1. Thus,
lim supm’nHwPT(x,,, X,»t) = 1 which is a contradiction.
Hence, lim sup,, ,, , o, M(x,,x,,,t) = 1. That is, {x,} is a
Cauchy sequence. Since X is complete intuitionistic fuzzy
metric spaces, there exists x* € X such that x, — x" as
n — 00. From (38) we have

1
M ('xn+l’ Tx*’ t)

1
-~ M (Tx,, Tx*,t) (61)

<& (PT (x,, x", t)) P (x,,x",t)
+ 'QT (x,,x"t) - & (PT (%, x", t))| ,
for all t > 0 where

P (x,,x",t)

= max ! > ! > ! >
M (x,,x*,t) M (x,,Tx,,t) M (x*,Tx*,t)

1 1 1
Z -1
2 [M(xn,Tx*,t) +M(x*,Txn,t) ]}

1 1 1
‘m“{M(xn,x*,t)’M(xn,xnﬂ,trM(x*,Tx*,tr

1 1 1
= + 1|,
2 [M(xn’Tx*’t) M('x*’xnﬂ’t) ]}

(62)
and so
nangoPT (x,,x",t) = m (63)
Note that
Q" (x,x7,1)
= max {M (x,, x",t), M (x,, X1, 1) »
(64)
M (x*,Tx",t), M (x,, Tx",t),
M (x*, x,,1, 1)},
and so

. T * _
Jim Q (x,,x",t) = 1. (65)
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By taking limit as# — oo in (61) we get

(66)

< lim & (PT (xn,x*,t)) <; - 1) :

M (x*,Tx*,t)

Now, if M(x*,Tx",t) < 1, then limnﬂmg(PT(xn,x*,t)) =
1. Hence,

1

lim PT (x X ) ————
n— oo (x, ) M (x*,Tx*,t)

=1, (67)

which is a contradiction. Thus, for all t > 0 M(x™,Tx",t) =
1; that is,x™ = Tx". To prove the uniqueness, suppose that
u# v, such that Tv = v and Tu = u. From (38) we get

1
M (u,v,t)

1
M(Tu Tv, t)

+|Q" wvt) - 2 (PT (ww1)|,

2(P" ) P v (68)

where
pr (u, v, t)

1 1 1
_maX{M(u,v,t)’M(u,Tu,t)’M(v,Tv,t)’

1 [ 1 1 ] }
= + -1
2 | M (u, Tv,t) M (v,Tu,t)

1 1 1
= > 1> 1) - =
max { M (u,v,t) M (u,v,t) 2} (69)

1
M ()

Q" (u,v,1)
= max {M (u,v,t), M (u, Tu,t),
M (v, Tv,t), M (u, Tv,t), M (v, Tu,t)} =

Hence,

1
M (u,v,t)

1 1 1
Sg(M(u,v,t)) M (u,v,t) +‘1_$<M(u,v,t)>‘

- T _r
_g(P (”’V’t))<M(u,v,t) 1)+1’
(70)

Abstract and Applied Analysis

which implies,

1
M (u, v, t) N

T 1 !
<z(pP (u,v,t))<m N 1> S Mwwt)

(71)
which is a contradiction. So, u = v. O

If in Theorem 21 we take Z£(t) = A where 0 < A < 1, then
we deduce the following Corollary.

Corollary 22. Let (X, M, N, *,<) be a complete triangular

intuitionistic fuzzy metric space and let T be a self-mapping on

X such that
1

M (Tx, Ty,t) <APT(x .0+ |Q" (v ) - A (72)

holds for all x,y € X and allt > 0 where 0 < A < 1. Then T
has a unique fixed point.

Example 23. Let X = {0, 1, 3,4} be a set with usual metric.
Define intuitionistic fuzzy metric by

1
M (x, y,t) = —1+|x—y|’
(73)
x—
N = 2

where a * b = min{a, b} and a & b = max{a, b}. Then X is
a complete triangular intuitionistic fuzzy metric space. Also
defineT: X — Xby

0, xe€{0,1}
Tx = 74
x {1, x€{3,4). (74)
Now we consider the following cases.
(i) Let x = 0 and y = 1. Then,
P (0,1,1)
{ 1 1 1
= max
M(0,1,£)’ M (0,T0,¢) M(1,TL¢t)’
:| 7l
2 M, T1 H M@, T0,0)
S N T
- M(0,1,£)’ M(0,0,£) M (1,0,t)’ (75)

R
2 M©0,06) F M(1,0,0)

Q" (0,1,1)
= max {M (0,1,¢t),M (0,T0,¢t),M (1,T1,t),
M (0,T1,t),M(1,T0,£)} = 1.
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So,
1
M(TO,T1,t)
:ls§-2+|1—§|
4 4

3 1 | T 3|
=-pPl(0,1,t) + 0,1,¢t) - =|.
2 ( )+1(Q ( ) 2

(ii) Let x = 3 and y = 4. Then,

PT(3,4,1)

1 1 1
= max > > >
{M(3,4,t) M(3,T3,t) M (4, T4 1)

I

1 1 1
p— + p—
2 [ M(3,T4,t) M (4,T3,t)

1 1 1
= max > > >
{M(3,4,t) M@3,1,t) M(4,1,1)

=
Q" (3,4,1)

= max{M (3,4,¢), M (3,T3,t), M (4, T4, 1),

1[ 1,1
2IlMB3,1,1) M@&1,1)

M (3,T4,t), M (4,T3,t)}
= max{M (3,4,t), M (3,1,£), M (4,1,1),

1
M3, 1,t),M(4,1,1)} = 3

Thus
_
M (T3,T4,t)
:1S§4+ 1_2
4 2 4

3 T | T 3|
= —P (3,4,t) + 3,4,t) — —|.
1 ( )+1Q ( ) 2

(iii) Let x = 0 and y = 3. Then,

P (0,3,1)

= max { 1 b 1 b 1 b
M (0,3,t) M(0,T0,t)’ M (3,T3,t)

il

1 1 1
p— + p—
2 [M (0,T3,t) M (3,T0,t)

1

1 1 1
= max 5 > >
{M(0,3,t) M (0,0,£) M(3,1,1)

-
Q"' (0,3,1)

= max {M (0,3,£), M (0,T0,t), M (3,T3,t),

1[ Lo,
21M(0,1,8)  M(3,0,1)

(76)

M (0,T3,t), M (3,T0, )}
= max {M (0,3,£), M (0,0,), M (3, T3, 1),

M (0,1,£), M (3,0,£)} = 1.
(79)

Thus

-4+|1—§
4

1
=2<

3
M(T0,T3,t) 4

(80)
=P (O,3,t)+|Q (0,3,1) 4|.

(77)
(iv) Let x = 0 and y = 4. Then

PT(0,4,1)

= max { 1 > 1 > 1 >

M (0,4,t)" M (0,T0,t)" M (4,T4,t)

1 [ 1 1 ”

- + -1

2L M0, T4,t) M (4,T0,t) (81)
{ 1 1 1
= max

M (0,4,t) M (0,0,t)" M (4,1,t)°

1]} _s,
QT (0,4,1)

= max {M (0,4,t), M (0,T0,t), M (4, T4,t),

1[ Lo,
2L M(0,1,8)  M(4,0,1t)

(78)

M (0,T4,t),M (4,T0,¢)} (82)

= max {M (0,4,£), M (0,0,t), M (4, T4,t),
M(0,1,£), M (4,0,8)} = 1.

Thus,

1

3 3
—:Zs—-5+|1——|
M (T0,T4,t) 4 4

(83)

3 3
= A_IPT (0,4,t) + |QT (0,4,1) - A_L|
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(v) Let x = 1 and y = 3. Then,
PT(1,3,1)

1 1 1
= max 5 5 >
{M(1,3,t) M1, T1,¢) M3, T3,1)

1 1
E[M(1T3t) M(3,T1,t)_1”

:max{ ! ! 5
M(1,3,t) M(1,0,t)’ M (3,1,1)

1
MG.0.0) 1” =3

(3,73,1),

b
2 (1, 1,¢)
Q" (1,3,1)
=max{M (1,3,t),M (1,T1,t),M
M1,T3,t),M (3, T1,t)}
=max{M (1,3,t),M (1,0,t),M (3, 1,¢),
M(1,1,¢),M (3,0,1)} = 1.

Hence
1
—:2S§-3+‘1—é
M(T1,T3,t) 4 4

3 1 | T 3|
=P (1,3,1)+|Q (1,3,t) - =|.
L L3 +1Q (L3 - 2

(vi) Let x = 1 and y = 4. Then

Pr(1,4,1)

1 1 1
- max {M L4t M(LTLEY M&T4E)

1 1
E[M(1T4t) M(4,T1,t)_1]}

1 1
- { M1,4,t) M(1,0,t) M(41,t)’

%[Mmr) M(41,o,t>'1”=4’
Q" (1,4,1)
— max {M (1,4,¢), M (1, T1,t), M (4, T4,1),
M (1,T4,t), M (4,T1, )}
— max {M (1, 4,£), M (1,0,), M (4, 1, ),
M(1,1,8), M (4,0,8)} = 1.

So we obtain
1
M (T1,T4,t)

3.1 l T 3|
:—P 1’4,t + 1,4,t I
2P LN +Q (Lat) -2

Abstract and Applied Analysis

Therefore all conditions of Corollary 22 (Theorem 21) hold
and T has a unique fixed point.

4. A Suzuki Type Fixed Point Theorem

In 2008, Suzuki proved a remarkable fixed point theorem that
is a generalization of the Banach contraction principle and
characterizes the metric completeness. Consequently, a num-
ber of extensions and generalizations of this result appeared
in the literature (see [20-29] and references therein). In
this section we prove and suggest a Suzuki type fixed point
theorem in the setting of intuitionistic fuzzy metric space that

84
(84) can not be obtained from the existing results in metric spaces.
Theorem 24. Let (X, M, N, *,$) be a complete triangular
intuitionistic fuzzy metric space and let T be a self-mapping on
X. Assume that there exists v € (0, 1) such that
+(ea )
1+7r \ M (x,Tx,t)
Fp— S (88)
T M(x, p,t) M (Tx, Ty, t)
r
<—+(1-r)M(y, Tx,t),
Mo D) (1-r)M (3, Tx,t)
(85) forallx,y € X and allt > 0. Then T has a unique fixed point.
Proof. Let x, € X. We define an iterative sequence {x,} by
x,=T"xy=Tx,, VneN. (89)
Now since
1 1 1
1) - _
L+r (M (xnfl’ Txnfl’ t) > M (xn—l’ Txnfl’ t)
1
S
M (xn—l’ xn’ t)
(90)
(86)  holds for all € N, from (88) we get
1
M (xm Xnt1 t)
_ 1 < r
M (Txn—bTxn’ t) B M (xn—l’xn’t) (91)
"
+(1-r)M(x,,Tx, ,t) < ————
' M (xn—1> X t)
+(1-r)M(x,,x,,t) = —— +1-71,
( ) ( ! ) M (xnfl’xn’ t)
which implies
(87)

- 1). (92)

1 1
_ 1<
M(xn’xn+1’t) (M(xn—l’xn’ t)
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Hence

1 ,,( 1 )
—— 1< | —¥-1). (93)
M('xn’ xn+1’t) M(xO’xl’t)

By (92) and triangular property of intuitionistic fuzzy metric
space we get

1

M (x,,, X, ) -1
< ; -1+ ; -1
© M (% X1 t) M (X115 X420 t)
U
M (X 1> Xy £) (94)

1
< (" ntl o m—1 S
<(rertee ) (i)

r" 1
< -1 >
1_”(M(xo’x1’t) )

for all m > n. Therefore, {x,} is a Cauchy sequence. The
completeness of X ensures that the sequence {x,} converges
to some x* € X; that is lim M(x,,x",t) = 1, for all
t>0.

Suppose there exists 71, € N such that

n— +00

1 1
L+r <M(Xn01,Txn01,t) ) 1)

1
> ——mM8M— — 1,
M (xno_l,x*,t)
(95)

g M(xno,x*,t) -t

Therefore by (92) we deduce

1
-1
M (xno—l’Txng—l’t)
= 1 -1
M (x”o_l’ Xn, t)
< ! -1+ ! -1
M (xno_l, X, t) M (xno, X, t)

1

) L+r (M(xnol’Txnol’t) ) 1)

13

< ! ! -1
IL+r\ M (xno_l,Txno_l,t)

+ r ( ! —1>
L7 \ M(x,, 1, Tx, 1.t)

1
= -1,
M (xno—pTan—pt)

(96)

which is a contradiction. Hence, either

1 1 _q
L+r \ M(x, 1, Tx, ,t)

1
<— = -1
M (x,_, x*,t)

(97)

or

! ! -1]< ; -1 (98)
L+7r \ M(x,,Tx,,t) M (x,, x*,t)
holds for all n € N. So from (88) we get

1
M (x,, Tx*,t)
B 1
M Tx, ;,Tx*,t
(T T, 1) )
r *
<——+(1-rM s Tx, 15t
M(xn_l,x*,t) +( T) (X Xn-1 )
r *
<—+(1-rM y X5t
M(xn_l,x*,t) +( 7') (x xn )
or
-
M(anrl’Tx*’t)
_ 1
-~ M (Tx,, Tx*,t
(Tx, ) (100)

r

<—— + (1=r)M(x",Tx,, t
M (x,, x*,t) +A=n) M (" T t)
r *
<——+(1-r)M(x, ,t).
M(xn,x*,t) +( T’) (x xn+1 )

If we take limitasn — +00 in each of the above inequalities,
we obtain

1
M (x*,Tx*,t)

This implies, M(x*, Tx*,t) = 1 for allt > 0; that is,x* =
Tx". Finally, we show that x* is the unique fixed point of T.
Assume, to the contrary, that w# x” is another fixed point
of T. By Definition 1, there exists £, > 0 such that 0 <
M(x",w,t,) < 1. Then

<r+l-r=1. (101)

. )0,
L+7r \ M (x*,Tx*,t,) M (x*, w, t,)
(102)
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and so by (88) we deduce
1 < r
M(Tx*,Tw, tO) - M(x*,w, tO) (103)

+(1-r)M(w,Tx",t,),

which implies
L<(l—r)M(wx*t) 104
M(x*,w,to) = 4 >t/ ( )

That is, 1 < M(w,x*,to)z. So, M(w, x",t,) = 1 which is a
contradiction. Thus T has a unique fixed point. O

Example 25. Consider the space X = {(0,0),(0,4),
(4,0),(4,5),(5,4)} endowed with the metricd : X x X —
[0, +00) given by
d((x1,%2), (31 72)) = %1 = 3| + %2 = 3] (105)
forall (x;, x,), (¥, ¥,) € X. Define intuitionistic fuzzy metric
by
M ((x15x2)» (715 32) 5 1)
_ 1
L+d((x1, %), (715 32))
N ((x1,%,), (51, 32) 1)
_ d((x1,%,), (y1> 72))
1+d((x1, %), (71> 32))

where a * b = min{a, b} and a © b = max{a, b}. Then X is
a complete triangular intuitionistic fuzzy metric space. Also
defineT: X — Xby

(106)

(x1,0) if x; < x,,
T (x;, = 107
(1,%,) {(0, x,) if x; > x,. (107)

Now, we consider the following cases.
(i) If (x, ) = ((0,0), (0,4)), then

1 0.9
MT0.0.70.4.0 = M(©0.0).0.4).0

+(1-0.9) M ((0,4),T(0,0),1).
(108)

(ii) If (x, y) = ((0,4), (0,0)), then

1 0.9

MT(0.4).70.0.0 = M(©0.4),0.0.0

+(1-0.9) M (T (0,0),(0,4),1).
(109)

(iii) If (x, y) = ((0,0), (4, 0)), then

1 0.9

M(T(0,0),T(4,0),8) b= M ((0,0),(4,0),1)

+(1-0.9) M ((4,0),T(0,0),1).
(110)
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(iv) If (x, y) = ((0,0), (4,5)), then
1 0.9

MTO.0.T@5.0 >~ M{0.0).45).0

+(1-0.9) M ((4,5),T(0,0),1).
(111)
V) If (x, y) = ((4,5), (0,0)), then

1 0.9
M (T (4,5),T(0,0),1) > < M ((4,5),(0,0),1)

+(1-0.9)M(T(0,0),(4,5),t).
112)
(vi) If (x, y) = ((0,0), (5,4)), then

1 0.9
M (T (0,0),T(5,4),t) 0= M ((0,0),(5,4),t)

+(1-0.9) M ((5,4),T(0,0),1).
(113)

(vii) If (x, y) = ((5,4), (0, 0)), then

1 0.9
MTG.4.T0.0.0 > M(5.4,0.0.0

+(1-0.9) M ((0,0),T (5,4),1).
(114)

(viii) If (x, y) = ((0,4), (4,0)), then

1 0.9
MT0.4.740.0 = M(©0.4).4.0).0

+(1-0.9) M ((4,0),T(0,4),1).
(115)

(ix) If (x, y) = ((4,0), (0,4)), then

1 0.9

M (T (4,0),T(0,4),t) b= M ((4,0),(0,4),1)

+(1-0.9) M ((0,4),T (4,0),t).
(116)
(x) If (x, y) = ((0,4), (4,5)), then

1 0.9
M (T (0,4),T(4,5),t) 0= M ((0,4),(4,5),t)

+(1-0.9)M((4,5),T(0,4),1).
17)

(xi) If (x, ¥) = ((4,5),(0,4)), then
1 0.9

MT5).T0.4.0 > M(@5),0.4.0

+(1-0.9)M((0,4),T (4,5),1).
(118)
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(xii) If (x, y) = ((0,4), (5,4)), then

1 0.9
MT0.4.T6.4.0 > M(©0.4),5.4.0

+(1-0.9)M((5,4),T(0,4),1).
(119)

(xiii) If (x, y) = ((5,4),(0,4)), then

1 0.9

MTGAO.TO4.0 > M(1.0.4.0

+(1-09)M((0,4),T(54),t).
(120)
(xiv) If (x, y) = ((4,5), (5,4)), then

1 0.9
M (T (4,5),T (5,4),1) =9 M ((4,5),(5,4),1)

+(1=0.9) M ((4,5),T(5,4),1).
(121)

Also notice that

1 1
1409 <M((4,5),T(4,5),t) - 1)

> ! -1
M ((4,5),(5,4),1)

(122)

(xv) If (x, y) = ((5,4), (4,5)), then

1 0.9
MITGA.TG.0  MGA.45).0

+(1-09)M((54),T(4,5),t).

(123)
But note that
o G e )
1+0.9 \M((54),T(54),t)
(124)
1
> -1
M ((5,4),(4,5),1)
Consequently, we obtain
s e )
1+09 \ M (x,Tx,t)
< ; -1 = ;
T M(x, y,t) M (Tx, Ty, t) (125)
0.9
< ——+(1-09)M(y,Tx,t).
M(x,y’t)ﬂ )M (y,Tx,t)

Hence, all conditions of Theorem 24 hold and T has (0, 0) as
a unique fixed point.

From Theorem 24, we deducethe following corollary.
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Corollary 26. Let (X, M, N, *,<) be a complete triangular
intuitionistic fuzzy metric space and let T be a self-mapping on
X. Assume that there exists r € (0, 1) such that
1 < r
M (Tx,Ty,t) ~ M(x, y,t)

+(1-r)M(y,Tx,t),
(126)

forallx,y € X and allt > 0. Then T has a unique fixed point.
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