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We prove the existence of solutions to a class of Monge-Ampére equations on exterior domains in R" (n > 2) and the solutions are
close to a cone. This problem comes from the study of the flow by powers of Gauss curvature in Minkowski space.

1. Introduction and Main Results

The Euclidean space R™"! endowed with the Lorentz metric
ds* =Y dx}—dx’,, is called Minkowski space. We denote
it by R™'. A space-like hypersurface in R™" is a Riemanian
n-manifold, having an everywhere lightlike normal field »
which we assume to be future directed and thus satisty the
condition (v, v) = —1. Locally, such surfaces can be expressed
as graphs of functions x,,,; = u(x,...,x,) : R - R
satisfying the space-like condition [Du(x)| < 1 forall x € R".

If a family of space-like hypersurfaces X, = X(-t) :
R"” — R™! satisfies the evolution equation
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on some time interval, we say that the surfaces M, := X, (M)
are evolved by K”-flow, where K(-,t) is the Gauss curvature
of M, and & # 0 is a constant. When the initial surface is
a graph over a domain Q ¢ R”, (1) is equivalent, up to a
diffeomorphism in R", to

= —\1-|DV
3 |DV|

with | DV (-, t)| < 1, where V is a function defined in Qx [0, T').
The flow (2) was studied in [1] for the special case & =
1. In fact, the authors in [1] used the flow (2) to prove

o
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existence and stability of smooth entire strictly convex space-
like hypersurfaces of prescribed Gauss curvature and give a
new proof of Theorem 3.5 in [2].

A function u = u(x) is called a translating solution to
the K*-flow if the function V(x,t) = u(x) + t solves (2).
Equivalently, u(x) is an initial hypersurface satisfying

det (D) = (1 - Ipup) P )

The space-like condition reads as
|Du (x)| < 1. (4)

The space-like hypersurfaces evolved by mean curvature
flow in Minkowski space were studied in [3-6]. The translat-
ing solutions were introduced in [3, 4] and studied in [7, 8].

In this paper, we consider strictly convex space-like
hypersurfaces of translating solutions to K*-flow as graphs
over R" \ D, where D ¢ R”" is an open domain whose
boundary oD is a smooth submanifold of R". We want to look
for a function u € C*°(R"\ D), which solves the problem (3)-
(4) with the boundary condition

u=¢

where ¢p € C*(dD) is a given function.

There are similar problems for the equation of translating
solution of Gauss curvature flow in Eucliden space [9], the
equation of prescribed Gauss curvature in Eucliden space
[10], and the equation of prescribed Gauss curvature in

on 0D, (5)
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Minkowski space [11], respectively. It was shown that there
are convex solutions to the Dirichlet problems for the three
equations on exterior domains, and the solution is close to the
rotationally symmetric one at infinity for the first equation
and close to a cone for the second and third equation under
the assumption that there exists a strictly convex subsolution
which is close to a cone up to the third order (see (7) and (8)).

In this paper, we will show that the same results as in
(10, 11] hold for the problem (3)-(5). We would like to point
out that (3) is essentially different from the equations in [9-
11]. For example, the equation of prescribed Gauss curvature

in Minkowski space, det(D*u) = (1 - IDuIZ)("”)/z, has an
explicit solution u = /1 + |x|?, from which one can easily
construct subsolution or supersolution for given Dirichlet
problems. However, it is unknown if there is such a solution

to (3). In particular, it has no solution in the form of u =
1+ |x]).

Definition 1. A function u € C™(R" \ D) is called a
subsolution of (3)-(5), if u is strictly convex and satisfies

det (ng) > (1 - |Dg|2)(n+2_ﬁ)/2, in R"\ D,
IDy| <1, in R"\D, (©)
u=¢, on 0D.

Here and below, we set 8 = 1/a.
The main result of this paper is the following theorem.

Theorem 2. Let D C¢ R" (n > 2) be an open set whose
boundary 0D is a smooth submanifold of R" and ¢ € C*°(dD).
Suppose that f < (3/2) = 2nand u € CP(R"\ D) isa
subsolution of (3)-(5) which is close to a cone, that is,

sup [u— |x|| < oo
R™D | | @)
and satisfies the following decay conditions at infinity:

D (u - |x1)| =O< ! >

|x|

(8)
1
|D2 (u- |x|)| + 'D3E| = O<W)

Then there exists a smooth, strictly convex hypersurface of the
exterior Dirichlet problem (3)-(5) and the solution u is close to
a cone in the sense that

sup |u — |x|| < co.
R"™\D ©)

Although the above theorem has an obvious disadvantage
that it assumes the existence of a locally strictly convex
subsolution, this assumption is reasonable and necessary in
some case for the Dirichlet problems on nonconvex domains;
see [12] for the details. However, in the special case when
D = B, (0) is a ball and the boundary values are zero, we
can construct an explicit subsolution.
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Theorem 3. Let D = B, (0) with py > 0 and ¢ = 0. If f < 0,
then there is a strictly convex subsolution u of (3)-(5) such that
(7) and (8) are satisfied.

We consider the local problem

2\ (142-p)/2 _
uR| ) , in Bx\ D,

det (DzuR) = (1 - 'D

sup 'DuR| <1, (10)
Bi\D

u® =u, on 0D UOBy,

where R > 4R; and D C By for some constant R, >
1. It is well known from the standard continuity method
as in [13] that the Dirichlet problem (10) has a locally
strict convex solution in COO(ER \ D). Our main task is to
show that the C*-norms of u* are uniformly bounded in R.
Once this is established, by the standard Krylov/Shafanov
theory, Schauder regularity theory, and a diagonal sequence
argument, we can obtain a smooth locally strictly convex
solution u to (3)-(5) on exterior domain R" \ D.

The paper is organized as follows. In Section 2, we prove
the C” and C" a priori estimates for u*. The C*-estimates are
given in Section 3. Finally, we prove Theorem 3 in the last
section.

2. C% and C' A Priori Estimates

From now on, we assume D and u as in Theorem 2 and u®
as in (10); lower indices denote partial derivatives in R", for
example, u; = 0u/dx;. The inverse of the Hessian of u is
denoted by W) = (uij)_l. We use the Einstein summation
convention. The letter ¢ denotes a constant independent of R
which may change its value from line to line throughout the
text.

Without loss of generality we can assume that 0 € D. It is
easy to check that i = \/1 + Ix|*+ Lisa supersolution to (3)

for « < 0, where the constant L > maxyp(¢ — \1 + lx|%).
Owing to the maximum principle, we can obtain the
following lemma as Lemma 2.2 in [10].

Lemma 4. The functions u® converge locally uniformly to a
continuousfunction uas R — oo. Moreovet, u < u < uin
By \ D.

Proof. From the maximum principle we obtain that
u<u®<u inBy\D (11)
for any R > 4R, and

R, R

u'=u<u’ on 0By UdD (12)

for 4R, < R; < R,. Again by the maximum principle, we have

u® <u® in By \ D. (13)
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We conclude that u® are monotone in R and converge locally
uniformly to a continuous function u according to Dini’s
theorem. O

To simplify the notation, we will omit the index R and
from now on assume that u is a solution of (10) with R fixed
sufficiently large. The estimate for the first derivatives is stated
in the following lemma.

Lemma 5. For R/2 < |x|
independent of R such that

< R, there is a constant c

|V, (4 - u) (x)] < %, 14)
|V, ()] < % 1)
\/1 - I% < |Du(x)| < 1, (16)

where v = x/|x| and T are unit vectors parallel and orthogonal
to x, respectively.

Proof. From the convexity of # and Lemma 4, we can prove
(14) and (15) by using the similar proof techniques of (2.2)
and (2.3) in [10]. Then, we need only to prove (16). Since u is

strictly convex, for R/2 < |x| < R, |Du| attains its maximum
at 0By. In view of (8), we may take

2 C
D =0 (1 - —) . 17
| Dyl R (17)
Hence for x € 0By, by (14) and (17) we have
|Du(x)|* =

|Vru(x)|2 + |V7,u(x)|2

= V)| + |[Vux) + V,u-w@| s
> |Du)|” - 2|9, (u-u) (x)| 2 1 - %.

On the other hand, by the proof of Theorem 4.1 in [12],

Du| < Du| < 1.
max |Du| ?gl ul 19)
The lemma is completed. O

3. C? A Priori Estimates

In this section, we prove the C* a priori estimates for solutions
of (10) under the assumption of Theorem 2. As in [12],
one obtains that the second derivatives on 0D are bounded
uniformly in R. Furthermore, by considering the function

a
w= E|Du|2 +log ug (20)

for some constant a > 0 and assuming its maximum over

(x,&) € B\ Dx §"! is attained at an interior, one can prove
that

maxlDu| <c+ max |D’u
max max [D'u. (21)

Therefore, it suffices to bound |D*u| on the outer boundary
OBy.

Next, we will give estimates for the tangential second
derivatives, the mixed second derivatives, and the normal
second derivatives on the outer boundary 0By, respectively.

Theorem 6 (tangential second derivatives at the outer bound-
ary). Let x, € 0By and 1,, T, be tangential directions at x,.
Then we have at x,,

|u

%. (22)

T, |x|'r1‘r2

Proof. We may assume that x, = R-e,, = R-(0,...,0,1). Then

0By, is represented locally as graph of w, where

w®) = R -z £=(x5,%...,x,,) R (23)

Note that the Dirichlet boundary condition implies
(- 1) (R0 (%) = 0. (24)

We differentiate twice with respect to X,
to obtain that, at x,,

Xp1<ij<n-1

i+ 2(u—u),.w; =0. (25)

nj ot

(u _E)ij + (u - u)

According to the decay conditions at infinity (8), we have

lu; = 1xl;;] = O(1/R?). Observing that
5.
w; (%) = 0, W;; (%) = _%- (26)
Then, by Lemma 5 we have
i = Ixly| = | u—u), @+ (u - |x|)lJ| [

O

Theorem 7 (mixed second derivatives at the outer boundary).
For x, € 0By, let T,v be unit vectors in tangential and normal
directions, respectively. Then

|u‘rv (x0)| = (28)

<
TR

The proof is going to be put in three lemmas and will
be finished below Lemma 10. Similar to Theorem 6, we may
assume that x, = R - e, and represent 0By locally as graph of

w with w(X) = — |x]*. We take the logarithm of (3),

2 —_
log det u;; — y log(l - |Du|2) =0, (29

and differentiate with respect to x;,

ij ”zﬁ

uu, ~\Duf? uiny = 0, (30)

ijk L—



4
where (1Y) = (uij)_l. We introduce the linear differential
operator L by
o ij n+2-— ﬁ
Lw = u’w; + - Dul D’ u;w; (31
and define the linear operator for t < n:
S 9 _ 0 x 0
T:=—+ 0)x,— = — — ——. 2
0x; ;wtr( )%y ox, O0x, Rox, (32)

In the following we restrict attention to the domain Qj :=
Bs(x,) N By with x, € 0Bg and § < R/2. Notice that Q5 C
By \ D.

Lemma 8. The function u — u satisfies the following estimates:

T (u—-u)| < in Qg (33)

=ik

IT(u-w) < he-x’ on 3B (39)

|LT (u—u)| < cR+ % tr (uij) in Qy, (35)

where tr(u’) = ¥ u".

Proof. For (33), by the assumption (8) and C' estimates of
Lemma 5, we get

T (u-w)] < (u-u),| +|(u-uw),
<2|D (u~-u)

<2|(u-u),|+2|(u-u),| (36)

< 2|(u = |xl).| + 2| (u— Ix]),| + %

c c
+ o< —
R

R

o

where v = x/|x| and 7 is unit vector orthogonal to x.
For the second inequality (34) we use that (1 —u), + (u -

u),w, = 0 and note that w,(0) = 0, |w;| < ¢, lw;| < ¢/R,
|wijk| < ¢/R?. Then for x € 0By,
n-1
T(u-u)=- (wt ) xy> (u-u),
y=1
(37)
n—1
= — Z xywtys (055) xs(u - E)n
V»>s=1

with 0 < 8 < 1, which implies (34).
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To prove (35), by Lemma 5, we may take 1/(1 — |Dul?) =
O(R). In view of (8), (30), and u”ujk = &y, we obtain

LT (1 — u)]

x5 n+2-B
+ <u’um-j + iy,
1 — |Du]

Xt
TR )|t

(8. S,
Py, + L,
R ™ R

n+2-4 x
1— |Du|2 ui Eti + Eznz

ij [ O; 8J't
uJ <Etgn] + izﬂi

(38)
O

In the next lemma, we introduce a function 7”, which will
be the main part of a barrier function to prove Theorem 7.

Lemma 9. There exists a positive constant € independent of R
such that

1 1,
T = (u_g)+ﬁd_2R5/4d (39)

fulfills the estimates
LY < —eR WEUID) _ og=GID 4y (uij) , in Qg, (“0)

7 >0, on 0Qs

provided that 8 = R** and R is sufficiently large. Here d =
R — |x| is the distance from 0By.

Proof. Inview of 8 = R¥*, for x € 0Q4,d = R—|x| < & = R*/*,
and u > u, we have

)t d- L ps Ly L p
7 =(u g)+\/§d SR Z@d 2R5/4d >0
on 0Q;.
(41)
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We fix x € Qg and set v = x/|x|. Let , 7' belong to an
orthonormal basis for the orthogonal complement of » which

we choose such that the submatrix (u”,) is diagonal. Assume
that v and 7, 7’ correspond to the indices nand 1,...,n - 1,
respectively. We use the Einstein summation convention for
7, 7. The matrix u” is positive, and thus testing with the
vectors v = T gives

1
|u‘VT| S E (uVV +uTT . (42)
In view of
v o_ ijﬁﬁ
|| [x]
(43)

] . .. xX: X;
tr (u" ) = tr(u”) -u” =u’ (61-1- - —'—]>
| |x]

Direct computations using (17) give

g Dul?
Lu:u']uij+(n+2—ﬁ)ﬁ
(44)
|Dul?
<(mn+2- B) W
By (8), (16), and (42) we have
y n+2-p
_ i - F
Lu=u Ui+ 7 D’ u;l;
n+2- ﬁ
= ————ul; + 1 [Ixl + (u = |x])..
g T Il + (u = 1x1)
1’1+2—ﬁ 1 l]< X; X]> ii
= ——Syu+—u' (5, - —~— | +u’(u—|x|).
et 1 O Qe ) T
n+2-p -
=—u +—tr +u' (u—|x|)
" 1Dul T T ( ) (=),

+2u” (u = |xl),, +u” (u - |x1),,

n+2 1 c ! c
—‘Li 121+<___2>t1‘(un)——2uw,
1 = [Du| Xl |x| ||

-B

[\

Ld = uij(R - |x|)1] WH (R le)i
_ _Ltr(urr') _nt2-Bux
|| 1 - [Duf x|
i n+2-p
Ld®* =u’ (R~ |x)?), + ——Lu((R — |x])?
(R~ Ix)?), - |Dulzu,(( Ix)?),

2R 7’ ij
>—"tr(u” )+2tr(u’

()2 )

n+2-— 2Rx;

1 — |Du] | x|

d ' n+2-— 2Rx;
:—2—tr(u”)+2uw— éui( x’—2xi>.

|| 1 - |Du| |x|

(45)

Then,

1 1,
L%zL(u_E)-f_ﬁLd_zR_S/llLd

2_
cer 2B (- u)

1-|Duf

n+2-B wux; 3/4
+— d-R
_ IDI/l| R5/4 |X| ( )

1 ¢ 1/(1 d o
-|l——+——=-—|tr(u
[le |x|* |x|<¢§ RS“)] ( )
1 c vy
Thus, for R large enough, we have
1 TT’ l vy
—Rtr(u )—Wu . (47)

!
Expanding the determinant and using that (u"" ) is a diagonal
matrix give

(46)

LY < cRY? -

ull 0 0 uln
det (u’] ) = det 0
: 0 un—ln—l un—ln (48)
u no . un—ln unn
_ Hull Z|um'| H ' < l_[u”-
T'#T

By the inequality for arithmetic and geometric means,

1 1,
Etr( )+Wu
1?1—1 1 1/7!
ii 49
>/ (3) R—/H] )
i

> n[(det (u,.j))]‘(1/")R—(1/n)<n+<1/4>)'

Hence for large R,

1 ' 1 1 d
LY < cRY? - R tr (u” ) - u” - —tr (u” )

4R5/4 4R

]' vy

apsi”

-(1/n) __ 1 i
< cRY? c[det(uij)] n R+ (1/4) _ 4R_5/4 tr (u’])

(nr2-p)/2] "M
- R (1 D)) o

1 ..
- 4R5/4 tr (ulj)



12 pG-2p-2mjan 1 ij
<cR cR R tr (u )

_ pG-2p-2myan 1 ij
< —cR _4R5/4 tr(u )

(50)

Note that we have used the fact (3 — 23 — 2n)/4n > 1/2 in
the last inequality, which is from the assumption < (3/2) -
2n. O

Lemma 10. There exists a positive constant A independent of
R such that

1
®:=7+A-F-|x—x0|ziT(u—g) (51)
satisfies
LO<0, in Qg
(52)
®>0, on 895,
where 8 = R¥* and ¥ is as in Lemma 9.

Proof. According to Lemma 9, the fact ® > 0 on 0Q; follows
from

1
A-ﬁ-|x—xolziT(u—z)20 on 0Qs, (53)

which can be attained by choosing A sufficiently large. The
property L® < 0 now follows from the inequality

— gRE2FIAn _ g5t gy (uij) +cARMY 4 ¢
(54)

A () <0,

T

which holds for R large enough. O

Proof of Theorem 7. The maximum principle applied to (52)
yields that ® > 0 in Q;. Since ®(x,) = 0, it follows that

8, (x) 20 (55)

with v = —x,/|x,|. Thus we get

7', (x0) 2 |(T (1= u)),| (xo)- (56)
That is,
1 1
~(u=u), = =R =[x, + (R~ |x]); | (%)
s e
> [ = )+ 5 )| (x0) = 0 - ), (o),
which, together with (8) and (14), implies
o ()] <t ()] (=) + =< 2 (59)

That is, (28) holds. O
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Theorem 11 (double normal C-estimates at the outer bound-
ary). Under the assumption of Theorem 2 and the notation of
Theorem 7, we have

|u,, (x0)| < c. (59)

Proof. As the proof of Lemma 9, we fix x, € 0By and set
v = xo/|xl. Let 7, 7’ belong to an orthonormal basis for

the orthogonal complement of v which we choose such that

!
the submatrix (u°") is diagonal. Assume that v and T, 7/

correspond to the indicesnand 1,...,n — 1, respectively. We
expand the determinant,

2-B)/2
(1 3 |Du|2)(n+ B/
2
= det (”ij) = Uy H”ii - Zukn : H Uj;
i<n k<n k#i<n (60)
1
2
=Upy - H”ii - Huiizukn_‘
i<n icn  ken  Ykk
Then, for 3 < (3/2) — 2n, we have
2-B)/2
(1-1Dul)"™ " g
— n
Upp = —
[ Ticntti kan Pkk
(61)
2
cR(+2-P)/2) (c¢/VR)
< — + <c.
(C/R) k<n C/R
O

Proof of Theorem 2. It follows from Theorems 6, 7, and 11
that ||uR||Cz are uniformly bounded in R. By the standard
Krylov/Shafanov theory, Schauder regularity theory, and a
diagonal sequence argument, we obtain a smooth locally

strictly convex solution u to (3)-(5) on exterior domain R" \
D. O

4, Proof of Theorem 3

In this section, we prove Theorem 3, which gives a simple
example of a barrier construction.

Proof of Theorem 3. We introduce functions

(1) =ap7 >,
oo (62)
= - d )d X
0 L(j (@) dr)dp

P
where 0 < a < 1 will be determined. We define u by

u:R"\B, — R
(63)
x> x| = py + 17 (Ix]).

Then, for r > p,,

00
2 -2

(p(T)d‘r:ngr <-<1 (64)

0<—fl’(r)=j

r

4
2
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Obviously, u = 0 on 0B, . Moreover,
sup [u—r| < py+ J <j (p(T)dT) dp,
Po P
lD(g—r)|:|f1'(r)|:O<l), (65)
r
1
|D* (u—7)| +|D’u| = O(ﬁ)’

where r = |x|. Therefore, u is close to a cone in the sense of
(7) and satisfies the regularity conditions (8) and (17).
We compute the Gauss curvature of graph u as follows:
n Xi ’
w=(1+r)=5 |Dul =147,

i 1 xixj " x,-xj
zij=(1+17);(51~,-—r—2)+17 ) —7 (66)

"
detng= 177’”—571’)(1 +;7')n_1 - % (1 +11')n_1.

rn—l

Take 0 < a < min{l, 1/(2p,)*}. Using the assumption 8 < 0
and the fact that

2
IDuf* = (L47) = 1-apglr?+ Splr ™ = 1-apr ™,
(67)
we conclude that
det D*u
(1 - |Du|2)(n+2_ﬁ)/2

1 1
(1 _ (1 +n,)2)(n+2—/3)/2 -l (68)

=¢(r) (1 +;7')n_1 .

31— _o\—(n+2-PB)/2 _
Zapgr 3,1 "(apér 2) n+2-p)/ A

= Qg B B E S (0 fap) 2 1

Thus,
(n+2-P)/2
det D’u > (1 - |Duf’ s x> pys
u ( | —| ) Po (69)
u=0, |x|=p,.
The theorem is completed. O
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