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We solve the so-called dissipative nonlinear Schrödinger equation by means of multiple scales analysis and perturbation method
to describe envelope solitary Rossby waves with dissipation effect in stratified fluids. By analyzing the evolution of amplitude of
envelope solitary Rossby waves, it is found that the shear of basic flow, Brunt-Vaisala frequency, and 𝛽 effect are important factors
to form the envelope solitary Rossby waves. By employing trial function method, the asymptotic solution of dissipative nonlinear
Schrödinger equation is derived. Based on the solution, the effect of dissipation on the evolution of envelope solitary Rossby wave
is also discussed. The results show that the dissipation causes a slow decrease of amplitude of envelope solitary Rossby waves and a
slow increase of width, while it has no effect on the propagation velocity. That is quite different from the KdV-type solitary waves.
It is notable that dissipation has certain influence on the carrier frequency.

1. Introduction

In the last decades, Rossby waves theory has attracted
significant attention for it can testify some of the prime events
of geophysical fluid flows. Long [1] and Benney [2] studied
long waves in barotropic fluid and obtained a KdV equation,
which is a famous soliton wave equation and also can be used
to describe internal tide [3–5]. Domaracki and Loesh [6] and
Ripa [7] discussed the interaction of two envelope solitary
waves, but they did not consider the effect of basic flow on
the equatorial envelope solitary waves. Yang et al. [8] studied
the solitary Rossby waves induced by linear topography in
barotropic fluids with a shear flow. Tan [9] studied the effects
of forcing and dissipation on the collision interaction of two
envelope solitary waves. Song and Yang [10] derived an inho-
mogeneous mKdV equation including topographic forcing
by employing the perturbation method and stretching trans-
forms of time and space in stratified fluids. Song and Yang
[11] obtained an inhomogeneous BDO-Burgers equation

including underlying surface, slowly changing underlying
surface, and turbulent dissipation. Maslowe and Redekopp
[12] examined nonlinear long waves in stratified flows and
discussed the effect of shear on long waves in stratified flows.
Luo [13, 14] derived a higher order nonlinear Schrödinger
equation using a perturbation expansion method, which
describes nonlinearmodulatedRossbywaves in the geophysi-
cal fluid. In addition, he investigated envelope solitary Rossby
waves andmodulational instability of a uniform Rossby wave
train in two space dimensions. Yang et al. [15, 16] discussed
the effects of periodic external source on the generation of
algebraic Rossby solitary waves in stratified fluid and studied
the effects of topographic forcing and dissipation on solitary
Rossby waves.

In this paper, a dissipative nonlinear Schrödinger equa-
tion is derived by employing multiple scales in stratified
fluids. In addition, we study the effect of shear of basic flow,
Brunt-Vaisala frequency, and 𝛽 effect on inducing envelope
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solitary Rossby waves. Especially, we solve dissipative nonlin-
ear Schrödinger equation by using trial function method and
discuss the effects of dissipation on the evolution of envelope
solitary Rossby waves.

2. Governing Equation and
Boundary Conditions

Rossby waves are large-scale atmospheric movement and
satisfy the dimensionless quasigeostrophic potential vorticity
equation as follows [17, 18]:

(
𝜕

𝜕𝑡
+
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
)

× (∇2𝜓 + 𝛽 (𝑦) 𝑦 +
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
)) = 0,

(1)

where 𝜓 is the dimensionless stream function; 𝜌
𝑠
is the den-

sity;𝑁(𝑧) is called Brunt-Vaisala frequency, which measures
the stability of the stratification; 𝑓 is Coriolis parameter; and
∇2 denotes the two-dimensional Laplace operator and is
defined as

∇2 =
𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2
. (2)

The 𝛽 plane approximation is taken as 𝛽(𝑦); 𝛽 is the function
of latitude variable 𝑦. The lateral boundary conditions are
defined as

𝜕𝜓

𝜕𝑥
= 0, 𝑦 = 0, 1. (3)

The upper boundary condition satisfies

𝜌
𝑠
𝜓 → 0, 𝑧 → ∞. (4)

In lower boundary, considering the existence of turbulent
heating dissipation, the governing equation for the thermal
equation is

(
𝜕

𝜕𝑡
+
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
)
𝜕𝜓

𝜕𝑧
+ 𝜆
0

𝑁2

𝑓
∇2𝜓 = 𝑄, 𝑧 = 0,

(5)

where 𝜆
0
(𝑁2/𝑓)∇2𝜓 means the vorticity dissipation effect

induced by Ekman boundary layer, 𝜆
0
is dissipative coeffi-

cient, and𝑄 is used to eliminate the dissipation that is caused
by shear flow.

3. Dissipative Nonlinear Schrödinger Equation

The total stream function is assumed to have the following
form:

𝜓 = −∫
𝑦

(𝑢 (𝑠, 𝑧) − 𝑐
0
) 𝑑𝑠 + 𝜖𝜓, (6)

where 𝑐
0
is a constant and the phase velocity of linear long-

wave in shear flow; 𝜖 is dimensionless Rossby number 𝜖 ≪ 1

and characterizes the strength of the nonlinearity; and 𝜓 is
disturbed stream function. In order to balance the turbulent
dissipation and nonlinearity, we take

𝜆
0
= 𝜖2𝜆, 𝑄 = −𝜆

0

𝑁2

𝑓

𝜕𝑢

𝜕𝑦
. (7)

Substitution of (6) and (7) into (1), (5) with the boundary
conditions (3), (4) yields

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
+ 𝜖 (

𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
))

× (∇2𝜓 +
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
)) + 𝛽 (𝑦, 𝑧)

𝜕𝜓

𝜕𝑥
= 0,

(8)

𝜕𝜓

𝜕𝑥
= 0, 𝑦 = 0, 1, (9)

𝜌
𝑠
𝜓 → 0, 𝑧 → ∞, (10)

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
+ 𝜖 (

𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
))
𝜕𝜓

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓

𝜕𝑥

+ 𝜆𝜖2
𝑁2

𝑓
∇2𝜓 = 0, 𝑧 = 0,

(11)

where 𝛽 = 𝛽−𝜕2𝑢/𝜕𝑦2−(𝑓2/𝜌
𝑠
)(𝜕/𝜕𝑧)((𝜌

𝑠
/𝑁2)(𝜕𝑢/𝜕𝑧)), and

the apostrophe of the 𝜓 has been omitted for simplicity.
On account of the existence of these small parameters, we

can apply the multiscale expansion method to solve (8)–(11).
It is convenient to introduce the following small scales:

𝑇
1
= 𝜖𝑡, 𝑇

2
= 𝜖2𝑡; 𝑋

1
= 𝜖𝑥, 𝑋

2
= 𝜖2𝑥, (12)

where 𝜖 denotes the weakness of the nonlinearity. The
derivative transformations are
𝜕

𝜕𝑡
=
𝜕

𝜕𝑡
+ 𝜖

𝜕

𝜕𝑇
1

+ 𝜖2
𝜕

𝜕𝑇
2

;
𝜕

𝜕𝑥
=
𝜕

𝜕𝑥
+ 𝜖

𝜕

𝜕𝑋
1

+ 𝜖2
𝜕

𝜕𝑋
2

.

(13)

Substitution of (13) into (8), (11) yields

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(∇2𝜓 +

𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓

𝜕𝑥

+ 𝜖{(
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕

𝜕𝑦

𝜕

𝜕𝑥
)(∇2𝜓 +

𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓

𝜕𝑋
1

+ (
𝜕

𝜕𝑇
1

+ (𝑢 − 𝑐
0
)
𝜕

𝜕𝑋
1

)

× (∇2𝜓 +
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
))

+2(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)

𝜕𝜓

𝜕𝑥𝜕𝑋
1

}
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+ 𝜖2 {(
𝜕

𝜕𝑇
2

+ (𝑢 − 𝑐
0
)
𝜕

𝜕𝑋
2

)(∇2𝜓 +
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
))

+ 2(
𝜕

𝜕𝑇
1

+ (𝑢 − 𝑐
0
)
𝜕

𝜕𝑋
1

)
𝜕𝜓

𝜕𝑥𝜕𝑋
1

+ (
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(

𝜕2𝜓

𝜕𝑋2
1

+ 2
𝜕2𝜓

𝜕𝑥𝜕𝑋
2

)

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓

𝜕𝑋
2

+ 2(
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
)
𝜕2𝜓

𝜕𝑥𝜕𝑋
1

+ (
𝜕𝜓

𝜕𝑋
1

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑋
1

)

×(∇2𝜓 +
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓

𝜕𝑧
))} + 𝜖3 {⋅ ⋅ ⋅ } = 0,

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)
𝜕𝜓

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓

𝜕𝑥

+ 𝜖 {(
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
)
𝜕𝜓

𝜕𝑧

+(
𝜕

𝜕𝑇
1

+ (𝑢 − 𝑐
0
)
𝜕

𝜕𝑋
1

)
𝜕𝜓

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓

𝜕𝑋
1

}

+ 𝜖2 {(
𝜕

𝜕𝑇
2

+ (𝑢 − 𝑐
0
)
𝜕

𝜕𝑋
2

)
𝜕𝜓

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓

𝜕𝑋
2

+(
𝜕𝜓

𝜕𝑋
1

𝜕

𝜕𝑦
−
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑋
1

)
𝜕𝜓

𝜕𝑧
+ 𝜆
𝑁2

𝑓
∇2𝜓}

+ 𝜖3 {⋅ ⋅ ⋅ } = 0, 𝑧 = 0.

(14)
Assume the disturbed stream function 𝜓 has the following
asymptotic expansion:

𝜓 = 𝜓
0
+ 𝜖𝜓
1
+ 𝜖2𝜓
2
+ ⋅ ⋅ ⋅ . (15)

Substituting (15) into (9), (10), and (14), we can obtain sets of
equations and boundary conditions.

To order 𝑂(𝜖0), we have

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(∇2𝜓

0
+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓
0

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓
0

𝜕𝑥
= 0,

(16)

𝜕𝜓
0

𝜕𝑥
= 0, 𝑦 = 0, 1, (17)

𝜌
𝑠
𝜓
0
→ 0, 𝑧 → ∞, (18)

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)
𝜕𝜓
0

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓
0

𝜕𝑥
= 0, 𝑧 = 0. (19)

Obviously, 𝜓
0
satisfies the linear system (16), which has a

solution

𝜓
0
= 𝐴 (𝑋

1
, 𝑋
2
; 𝑇
1
, 𝑇
2
) 𝑒𝑖(𝑘𝑥−𝜔𝑡)Φ

0
(𝑦, 𝑧) + c.c, (20)

where c.c is an abbreviation for complex conjugate of its
preceding term; 𝐴(𝑋

1
, 𝑋
2
, 𝑇
1
, 𝑇
2
) is the wave amplitude; 𝑘 is

the zonal wave number; and 𝜔 is the angular frequency.
Substituting (20) into (16)–(19), we can get the following

equations for Φ
0
:

(
𝑑2

𝑑𝑦2
− 𝑘2 +

𝑓2

𝜌
𝑠

𝜕

𝜕𝑧

𝜌
𝑠

𝑁2
𝜕

𝜕𝑧
+
𝛽 (𝑦, 𝑧)

𝑢 − 𝑐
0
− 𝑐
)Φ
0
= 0,

Φ
0
(𝑦, 𝑧) = 0, 𝑦 = 0, 1,

𝜌
𝑠
Φ
0
→ 0, 𝑧 → ∞,

(
𝜕

𝜕𝑧
−

𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)Φ
0
(𝑦, 𝑧) = 0, 𝑧 = 0,

(21)

where 𝑐 = 𝜔/𝑘. In the case of order 𝑂(𝜖0), we can determine
the spatial structure of the wave but cannot determine the
evolution of the amplitude of the wave with time. In order to
determine the evolution of the amplitude 𝐴(𝑋

1
, 𝑋
2
, 𝑇
1
, 𝑇
2
),

we continue to solve higher order of the equation.
For the 𝑂(𝜖1) problem, we have

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(∇2𝜓

1
+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓
1

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓
1

𝜕𝑥
= 𝐹
1
,

(22)

𝜕𝜓
1

𝜕𝑥
= 0, 𝑦 = 0, 1, (23)

𝜌
𝑠
𝜓
1
→ 0, 𝑧 → ∞, (24)

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)
𝜕𝜓
1

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓
1

𝜕𝑥
= 𝐸
1
, 𝑧 = 0, (25)

where

𝐹
1
=

𝛽Φ
0

𝑢 − 𝑐
0
− 𝑐
(
𝜕𝐴

𝜕𝑇
1

+ 𝑐
1

𝜕𝐴

𝜕𝑋
1

) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

+ 𝑖𝑘(
𝛽

𝑢 − 𝑐
0
− 𝑐
)
𝑦

𝐴2Φ2
0
𝑒2𝑖(𝑘𝑥−𝜔𝑡) + c.c,

𝐸
1
= −

𝑢
𝑧
Φ
0

𝑢 − 𝑐
0
− 𝑐
(
𝜕𝐴

𝜕𝑇
1

+ 𝑐
𝜕𝐴

𝜕𝑋
1

) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

− 𝑖𝑘(
𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)
𝑦

𝐴2Φ2
0
𝑒2𝑖(𝑘𝑥−𝜔𝑡) + c.c,

(26)

and 𝑐
1
= 𝑐 + 2𝑘2(𝑢 − 𝑐

0
− 𝑐)2/𝛽, (𝛽/(𝑢 − 𝑐

0
− 𝑐))
𝑦

and
(𝑢
𝑧
/(𝑢 − 𝑐

0
− 𝑐))
𝑦
denote the first derivative of the variable 𝑦.
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Using the solvability with∫∞
0
∫
1

0
(Φ
0
/(𝑢−𝑐

0
−𝑐))𝐹

1
𝑑𝑦𝑑𝑧 =

0 and assuming

𝐼 = ∫
∞

0

∫
1

0

𝛽Φ2
0

(𝑢 − 𝑐
0
− 𝑐)
2
𝑑𝑦𝑑𝑧 − ∫

1

0

𝑢
𝑧
Φ2
0

(𝑢 − 𝑐
0
− 𝑐)
2

𝑧=0

𝑑𝑦,

𝐼
1
= ∫
∞

0

∫
1

0

2𝑘2Φ2
0
𝑑𝑦𝑑𝑧,

(27)

we obtain the following equation:

𝜕𝐴

𝜕𝑇
1

+ 𝑐
𝑔

𝜕𝐴

𝜕𝑋
1

= 0, (28)

where 𝑐
𝑔
= 𝑐 + 𝐼

1
/𝐼. It is clear from (28) that, in the 𝑂(𝜖1)

solution, the amplitude𝐴 propagates at the group velocity 𝑐
𝑔
.

Then, (22) and (25) can be simplified into

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(∇2𝜓

1
+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓
1

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓
1

𝜕𝑥
= 𝑖𝑘(

𝛽

𝑢 − 𝑐
0
− 𝑐
)
𝑦

𝐴2Φ2
0
𝑒2𝑖(𝑘𝑥−𝜔𝑡) + c.c,

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)
𝜕𝜓
1

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓
1

𝜕𝑥

= −𝑖𝑘(
𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)
𝑦

𝐴2Φ2
0
𝑒2𝑖(𝑘𝑥−𝜔𝑡) + c.c, 𝑧 = 0.

(29)

We assume that 𝜓
1
has the following wave-like form:

𝜓
1
= 𝐵 (𝑋

1
, 𝑋
2
; 𝑇
1
, 𝑇
2
) 𝑒2𝑖(𝑘𝑥−𝜔𝑡)Φ

1
(𝑦) + c.c; (30)

substituting (30) into (29) yields

𝐵(
𝑑2

𝑑𝑦2
− 4𝑘2 +

𝑓2

𝜌
𝑠

𝜕

𝜕𝑧

𝜌
𝑠

𝑁2
𝜕

𝜕𝑧
+

𝛽

𝑢 − 𝑐
0
− 𝑐
)Φ
1
(𝑦, 𝑧)

= 𝐴2𝐺
1
(𝑦, 𝑧) ,

𝐺
1
(𝑦, 𝑧) = (

𝛽

𝑢 − 𝑐
0
− 𝑐
)
𝑦

Φ2
0

2 (𝑢 − 𝑐
0
− 𝑐)

,

𝐵 (
𝜕

𝜕𝑧
−

𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)Φ
1
(𝑦, 𝑧) = 𝐴2𝐺

2
(𝑦, 𝑧) ,

𝐺
2
(𝑦, 𝑧) = (

𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)
𝑦

Φ2
0

2 (𝑢 − 𝑐
0
− 𝑐)

.

(31)

Obviously, 𝐴, 𝐵 are two dependent variables, and 𝐵 is related
to 𝐴2 in (31). We assume that 𝐵 = 𝐴2 for simplicity; then,

𝜓
1
= 𝐴2 (𝑋

1
, 𝑋
2
; 𝑇
1
, 𝑇
2
) 𝑒2𝑖(𝑘𝑥−𝜔𝑡)Φ

1
(𝑦) + c.c. (32)

To order 𝑂(𝜖2), we have

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)(∇2𝜓

2
+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧
(
𝜌
𝑠

𝑁2
𝜕𝜓
2

𝜕𝑧
))

+ 𝛽 (𝑦, 𝑧)
𝜕𝜓
2

𝜕𝑥
= 𝐹
2
,

𝜕𝜓
2

𝜕𝑥
= 0, 𝑦 = 0, 1,

𝜌
𝑠
𝜓
2
→ 0, 𝑧 → ∞,

(
𝜕

𝜕𝑡
+ (𝑢 − 𝑐

0
)
𝜕

𝜕𝑥
)
𝜕𝜓
2

𝜕𝑧
− 𝑢
𝑧

𝜕𝜓
2

𝜕𝑥
= 𝐸
2
, 𝑧 = 0,

(33)

where

𝐹
2
=

𝛽

𝑢 − 𝑐
0
− 𝑐
Φ
0
(
𝜕𝐴

𝜕𝑇
2

+ 𝑐
1

𝜕𝐴

𝜕𝑋
2

) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

+ 𝑖𝑘 (2𝑐
𝑔
+ 𝑐 + 3𝑐

0
− 3𝑢)Φ

0

𝜕2𝐴

𝜕𝑋2
1

𝑒𝑖(𝑘𝑥−𝜔𝑡)

+ 𝑖𝑘|𝐴|
2𝐴{Φ

0

𝜕𝐺
1

𝜕𝑦
+ Φ
0
Φ
1
(

𝛽

𝑢 − 𝑐
0
− 𝑐
)
𝑦

+2𝐺
1

𝜕Φ
0

𝜕𝑦
} 𝑒𝑖(𝑘𝑥−𝜔𝑡) + c.c + ◻,

𝐸
2
= −

𝑢
𝑧
Φ
0

𝑢 − 𝑐
0
− 𝑐
(
𝜕𝐴

𝜕𝑇
2

+ 𝑐
𝜕𝐴

𝜕𝑋
2

) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

− 𝑖𝑘|𝐴|
2𝐴(Φ

0

𝜕𝐺
2

𝜕𝑦
− Φ
0
Φ
1
(

𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)
𝑦

+2𝐺
2

𝜕Φ
0

𝜕𝑦
) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

+ 𝜆
𝑁2

𝑓
(

𝛽Φ
0

𝑢 − 𝑐
0
− 𝑐

+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧

𝜌
𝑠

𝑁2
𝜕Φ
0

𝜕𝑧
)𝐴𝑒𝑖(𝑘𝑥−𝜔𝑡)

+ c.c + ◻,

(34)

where ◻ expresses the terms associated with 𝑒±2𝑖(𝑘𝑥−𝜔𝑡),
𝑒±3𝑖(𝑘𝑥−𝜔𝑡), and so on.

Similarly, using the solvability conditions associated with
(34), we can obtain the amplitude 𝐴 satisfying the following
NLS equation with a dissipation item:

𝑖 (
𝜕𝐴

𝜕𝑇
2

+ 𝑐
𝑔

𝜕𝐴

𝜕𝑋
2

) + 𝛼
𝜕2𝐴

𝜕𝑋2
1

+ 𝛿|𝐴|
2𝐴 + 𝑖𝛾𝐴 = 0, (35)
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where

𝛼 = −
𝐼
2

𝐼
, 𝛿 = −

𝐼
3

𝐼
, 𝛾 =

𝐼
4

𝐼
,

𝐼
2
= 𝑘∫
∞

0

∫
1

0

2𝑐
𝑔
+ 𝑐 + 3𝑐

0
− 3𝑢

𝑢 − 𝑐
0
− 𝑐

Φ2
0
𝑑𝑦𝑑𝑧,

𝐼
3
= 𝑘∫
∞

0

∫
1

0

Φ
0

(𝑢 − 𝑐
0
− 𝑐)

{Φ
0

𝜕𝐺
1

𝜕𝑦
+ Φ
0
Φ
1
(

𝛽

𝑢 − 𝑐
0
− 𝑐
)
𝑦

+2𝐺
1

𝜕Φ
0

𝜕𝑦
}𝑑𝑦𝑑𝑧,

− 𝑘∫
1

0

Φ
0

(𝑢 − 𝑐
0
− 𝑐)

(Φ
0

𝜕𝐺
2

𝜕𝑦
− Φ
0
Φ
1
(

𝑢
𝑧

𝑢 − 𝑐
0
− 𝑐
)
𝑦

+2𝐺
2

𝜕Φ
0

𝜕𝑦
)

𝑧=0
𝑑𝑦,

𝐼
4
= 𝜆∫

1

0

𝑁2Φ
0

𝑓 (𝑢 − 𝑐
0
− 𝑐)

× (
𝛽Φ
0

𝑢 − 𝑐
0
− 𝑐

+
𝑓2

𝜌
𝑠

𝜕

𝜕𝑧

𝜌
𝑠

𝑁2
𝜕Φ
0

𝜕𝑧
)

𝑧=0
𝑑𝑦.

(36)

We called (35) dissipative nonlinear Schrödinger equation
(DNLSE); the coefficients𝛼,𝛿 are the so-called dispersion and
landau coefficients, respectively, which are related to 𝛽(𝑦, 𝑧)
and 𝑢(𝑦, 𝑧).

DNLSE (35) describes the evolution of envelop solitary
Rossby waves amplitude under the dissipation and 𝛽 effect
and reflects the characteristics of Rossby waves. If we intro-
duce the following coordinates transformation defined by
Jeffrey and Kawahara [19],

𝑇 = 𝑇
2
, 𝑋 =

1

𝜖
(𝑋
2
− 𝑐
𝑔
𝑇
2
) = 𝑋

1
− 𝑐
𝑔
𝑇
1
, (37)

then DNLSE (35) can be rewritten as

𝑖
𝜕𝐴

𝜕𝑇
+ 𝛼
𝜕2𝐴

𝜕𝑋2
+ 𝛿|𝐴|

2𝐴 + 𝑖𝛾𝐴 = 0. (38)

If there is no shear in the basic flow (𝑢 = constant) and 𝛽 is
the function of latitudinal variable 𝑦, then 𝛿 ̸= 0; (38) is still
the nonlinear Schrödinger equation. That is to say, though
there is no shear in the basic flow, the evolution of envelope
solitary Rossby waves also satisfies the nonlinear Schrödinger
equation as long as the 𝛽 effects exist. Only when the basic
flow has no shear and 𝛽 is a constant, the nonlinear term of
(38) will disappear. We are also aware that the condition

𝐼 = ∫
∞

0

∫
1

0

𝛽Φ2
0

(𝑢 − 𝑐
0
− 𝑐)
2
𝑑𝑦𝑑𝑧

− ∫
1

0

𝑢
𝑧
Φ2
0

(𝑢 − 𝑐
0
− 𝑐)
2

𝑧=0

𝑑𝑦 ̸= 0

(39)

is also essential to the existence of envelope solitary waves.
This means that it cannot produce barotropic instability. In
fact, once the barotropic instability is produced, it is impos-
sible for the envelope solitary wave to maintain a constant
waveform.

In the absence of dissipation (𝛾 = 0), (38) can be trans-
formed into the following standard NLSE:

𝑖
𝜕𝐴

𝜕𝑇
+ 𝛼
𝜕2𝐴

𝜕𝑋2
+ 𝛿|𝐴|

2𝐴 = 0. (40)

The single envelope soliton solution of (40) is

𝐴 (𝑋, 𝑇) = √
2𝛼

𝛿
𝐴
0
sech (𝐴

0
(𝑋 − 2𝛼𝑘

0
𝑇))

× 𝑒𝑖(𝑘0𝑋−𝛼(𝑘
2

0
−𝐴
2

0
)𝑇),

(41)

where 𝐴
0
and 𝑘

0
denote the amplitude and moving speed of

envelope solitary Rossbywaves, whose value is determined by
the initial state of𝐴(𝑋, 𝑇). A very notable feature of envelope
solitary Rossby waves is that the speed is independent of
amplitude, but the carrier wave is related to amplitude. The
computer simulation of the solution (41) is presented in
Figure 1. In the absence of nonlinear term (𝛿 = 0), (40) can
be transformed into the following form:

𝑖
𝜕𝐴

𝜕𝑇
+ 𝛼
𝜕2𝐴

𝜕𝑋2
= 0. (42)

In order to discuss the nonlinear effect, the initial condition
is taken as follows:

𝐴 (𝑋, 0) = 𝐴
0
sech (𝐴

0
𝑋) × 𝑒𝑖𝑘0𝑋, (43)

and the simulated result of (42) is shown in Figure 2. From
Figure 2, we can find that the envelope solitary wave cannot
maintain its initial waveform, and the amplitude of envelope
solitary Rossby waves decreases and the width of envelope
solitary Rossby waves increases with time.

Substitution of (41) and (15) into (6) yields

𝜓 = −∫
𝑦

(𝑢 (𝑠, 𝑧) − 𝑐
0
) 𝑑𝑠

+ 𝜖√
2𝛼

𝛿
𝐴
0
sech (𝜖𝐴

0
(𝑥 − 𝑉𝑡)) × Φ

0
𝑒𝑖(𝐾𝑥−Ω𝑡),

(44)

where

𝑉 = 𝑐
𝑔
+ 2𝜖𝛼𝑘

0
, 𝐾 = 𝑘 + 𝜖𝑘

0
,

Ω = 𝜔 + 𝜖𝑘
0
𝑐
𝑔
+ 𝜖2𝛼 (𝑘2

0
− 𝐴2
0
) .

(45)

Equations (44) and (45) show that the envelope soliton prop-
agation velocity 𝑉 is equal to the group velocity of Rossby
waves plus a small correction; the carrier wave number 𝑘 is
equal to the number of linear Rossby waves plus a small cor-
rection; the carrier frequency Ω is equal to the linear Rossby
waves frequency 𝜔 plus two small corrections, related to its
amplitude. That reveals the nonlinear characteristics.
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Figure 1: 𝛼 = 1/2, 𝛿 = 1, 𝐴
0
= 3/2, 𝑘

0
= 2.

4. Dissipation Effect on the Evolution of
Rossby Envelope Solitary Waves

In this section, we will analyze the dissipation effects on the
evolution of envelope solitary Rossby waves based on the
asymptotic solution. For the DNLSE (𝛾 ≪ 1),

𝑖
𝜕𝐴

𝜕𝑇
+ 𝛼
𝜕2𝐴

𝜕𝑋2
+ 𝛿|𝐴|

2𝐴 + 𝑖𝛾𝐴 = 0, (46)

assuming the solution of (46) has the following form:

𝐴 = √
2𝛼

𝛿
𝐶 (𝑇) sech (𝐵 (𝑇) (𝑋 − V (𝑇)))

× exp (𝑖 (𝑘 (𝑇)𝑋 − 𝑤 (𝑇))) .
(47)

Substituting (47) into (46), we can get the following equation:

√
2𝛼

𝛿

𝐶 (𝑇)

cosh (𝐵 (𝑇) (𝑋 − V (𝑇)))

× (−
𝑑𝑘 (𝑇)

𝑑𝑇
𝑋 +

𝑑𝑤 (𝑇)

𝑑𝑇
− 𝛼 (𝑘2 (𝑇) − 𝐵

2
(𝑇)))

+ 2𝛼√
2𝛼

𝛿

𝐶 (𝑇)

cosh3 (𝐵 (𝑇) (𝑋 − V (𝑇)))
(𝐶2 (𝑇) − 𝐵

2
(𝑇))

+ 𝑖√
2𝛼

𝛿
{−
𝐶 (𝑇) sinh (𝐵 (𝑇) (𝑋 − V (𝑇)))

cosh2 (𝐵 (𝑡) (𝑋 − V (𝑇)))

× (
𝑑𝐵 (𝑇)

𝑑𝑇
𝑋 −

𝑑𝐵 (𝑇)

𝑑𝑇
V (𝑇)

−𝐵 (𝑇)
𝑑V (𝑇)
𝑑𝑇

+ 2𝛼𝐵 (𝑇) 𝑘 (𝑇))
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Figure 2: 𝛼 = 1/2, 𝛿 = 0, 𝐴
0
= 3/2, 𝑘

0
= 2.

+
1

cosh (𝐵 (𝑇) (𝑋 − V (𝑇)))

× (
𝑑𝐶 (𝑇)

𝑑𝑇
+ 𝛾𝐶 (𝑇))} = 0.

(48)

Conditions on the 𝐵(𝑇), 𝐶(𝑇), 𝑘(𝑇), 𝜔(𝑇), V(𝑇) are deter-
mined by equating coefficients of cosh𝑛(𝐵(𝑇)(𝑋 − V(𝑇))),
(𝑛 ∈Z) by zero.This will produce a series of PDEs as follows:

𝑑𝐶 (𝑇)

𝑑𝑇
+ 𝛾𝐶 (𝑇) = 0, (49)

𝐶2 (𝑇) − 𝐵
2
(𝑇) = 0, (50)

𝑑𝜔 (𝑇)

𝑑𝑇
− 𝛼 (𝑘2 (𝑇) − 𝐵

2
(𝑇)) −

𝑑𝑘 (𝑇)

𝑑𝑇
𝑋 = 0, (51)

𝑑𝐵 (𝑇)

𝑑𝑇
(𝑋 − V (𝑇)) − 𝐵 (𝑇) (

𝑑V (𝑇)
𝑑𝑇

− 2𝛼𝑘 (𝑇)) = 0. (52)

From (49) and (50), we can get

𝐶 (𝑇) = 𝐵 (𝑇) = ℎ𝑒
−𝛾𝑇. (53)

From (51), we can get

𝑑𝑘 (𝑇)

𝑑𝑇
= 0,

𝑑𝜔 (𝑇)

𝑑𝑇
− 𝛼 (𝑘2 (𝑇) − 𝐵

2
(𝑇)) = 0, (54)

and the solution of (54) is

𝑘 (𝑇) = 𝑘
0
, 𝜔 (𝑇) = 𝛼(𝑘

2

0
𝑇 +

ℎ2

2𝛾
𝑒−2𝛾𝑇) . (55)

Substituting (53) into (52), we obtain

𝛾 (𝑋 − V (𝑇)) + (
𝑑V (𝑇)
𝑑𝑇

− 2𝛼𝑘 (𝑇)) = 0. (56)

Because of 𝛾 ≪ 1, the term of 𝛾(𝑋 − V(𝑇)) can be omitted in
(56). We can get

V (𝑇) = ∫ 2𝛼𝑘
0
𝑑𝑇 = 2𝛼𝑘

0
𝑇. (57)
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Figure 3: Variation of amplitude, velocity, and width due to the
presence of dissipation effect.

By virtue of (53), (55), and (57), the asymptotic solution of the
DNLSE (46) is

𝐴 = √
2𝛼

𝛿
ℎ𝑒−𝛾𝑇sech {ℎ𝑒−𝛾𝑇 (𝑋 − 2𝛼𝑘

0
𝑇)}

× 𝑒𝑖(𝑘0𝑋−𝛼(𝑘
2

0
𝑇+(ℎ
2
/2𝛾)𝑒
−2𝛾𝑇
)).

(58)

Figure 3 describes the variation of amplitude, velocity, and
width due to the presence of dissipation effect, and we can
get the following conclusions. The amplitude of wave is
decreasingwith time asℎ𝑒−𝛾𝑇, whereℎ is the initial amplitude.
As the amplitude decreases with time, the width of the wave
1/ℎ𝑒𝛾𝑇 becomes wider. However, dissipation has no effect
on the propagation velocity of envelope solitary wave, and
this is quite different from the solitary wave of KdV-type
[20–22]. This conclusion can also be obtained by Tan [9],
but the analytical solution of DNLSE was not given in that
paper. For the case of KdV-type solitary wave, dissipation not
only weakens the strength of solitary wave but also slows the
propagation velocity down. It is notable that dissipation has
certain influence on the carrier frequency.

Substituting (58) and (15) into (6), we obtain

𝜓 = −∫
𝑦

(𝑢 (𝑠, 𝑧) − 𝑐
0
) 𝑑𝑠

+ 𝜖√
2𝛼

𝛿
ℎ𝑒−𝛾𝜖

2
𝑡sech {𝜖ℎ𝑒−𝛾𝜖

2
𝑡 (𝑋 − 𝑉𝑡)} × Φ

0
𝑒𝑖(𝐾

𝑋−Ω

),

(59)

where
𝑉 = 𝑐

𝑔
+ 2𝜖𝛼𝑘

0
, 𝐾 = 𝑘 + 𝜖𝑘

0
,

Ω = (𝜔 + 𝜖𝑘
0
𝑐
𝑔
+ 𝜖2𝛼𝑘2

0
) 𝑡 +

𝛼ℎ2

2𝛾
𝑒−2𝛾𝜖

2
𝑡.

(60)

If we let 𝛾 → 0, (58), (59), and (60) reduce to (41), (44), and
(45), respectively.

5. Conclusions

In the paper, we derive the so-called DNLSE by means of
multiple scales analysis and perturbation method to describe
envelope solitary Rossby waves with dissipation effect in
stratified fluids. By analyzing the evolution of amplitude of
envelope solitary Rossby waves, we can find that the shear
of basic flow, Brunt-Vaisala frequency, and 𝛽 effect are
important factors to form the envelope solitary Rossby waves.
In addition, we get the asymptotic solution of DNLSE by
employing trial function method. With the help of the
asymptotic solution, the effect of dissipation on the evolution
of envelope solitary Rossby waves is thoroughly investigated.
The results show that the dissipation causes slow decrease
of amplitude of the envelope solitary Rossby waves and slow
increase of width, while it has no effects on the propagation
velocity. That is quite different from the KdV-type solitary
waves. It is notable that dissipation has certain influence on
the carrier frequency. It is also interesting for us to see how the
governing equation of envelope solitary Rossby waves will be
in the rotating stratified fluids. In the forthcoming days, we
will further discuss these problems.
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