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Planar linear discrete systems with constant coefficients and delays x(k + 1) = Ax(k) + Z?zl le,(k — my;) are considered where
ke Zgo = {0,1,...,00}, m,m,,...,m, are constant integer delays, 0 < m, < m, < --- < m,, A, B',...,B" are constant 2 x 2
matrices, and x : Z% — R’ It is assumed that the considered system is weakly delayed. The characterlstlc equations of such
systems are identical "with those for the same systems but without delayed terms. In this case, after several steps, the space of
solutions with a given starting dimension 2(m,, + 1) is pasted into a space with a dimension less than the starting one. In a sense,
this situation is analogous to one known in the theory of linear differential systems with constant coeflicients and special delays
when the initially infinite dimensional space of solutions on the initial interval turns (after several steps) into a finite dimensional
set of solutions. For every possible case, explicit general solutions are constructed and, finally, results on the dimensionality of the
space of solutions are obtained.

wherel = 1,2,...,nand @ is 2 X 2 zero matrix. Together with
(1), we consider an initial (Cauchy) problem

L1 Preliminary Notions and Properties. We use the following

notation: for integers s, g, s <
..»q}, where s =
Throughout this paper, using notation Z1, we always assume
s < q. In the paper, we deal with the discrete planar system

where my,m,, ...

matrices, A

© - R Throughout the paper, we assume that

x (k) = ¢ (k), (3)

where k = -m,, LOwithg : Z2°  — R The
existence and umqueness of the solution of the initial problem
(1), (3) on Z%) are obvious. We recall that the solution x :

" Z‘_’j’nn — R?of (1), (3) is defined as an infinite sequence
x(k+1) = Ax (k) + Y B (k-m), 1) fx(=m,) = g (-m,),

=1
x(-m,+1)=¢(-m,+1),...,
,m,, are constant integer delays, 0 < m; < 4)
- < m,k € ZP, A, B, .., B" are constant 2 x 2 x(0) = ¢(0),
= (@), B' = (bl) ij=121=12,. x(1),x(2)s. s x(®),...}

such that, for any k € Z°, equality (1) holds.
The space of all initial data (3) with ¢ : Z°, ~— R’
is obviously 2(m,, + 1)-dimensional. Below, we descrlbe the

g, we define Z1 = {s,s +

—00 or g = oo is admitted, too.

-m, +1,.

..,n, and

B +0, )
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fact that, among system (1), there are such systems that their
space of solutions, being initially 2(m,, + 1)-dimensional, on
a reduced interval turns into a space having a dimension less
than 2(m, + 1). The problem under consideration (pasting
property of solutions) is exactly formulated in Section 1.4.

1.2. Weakly Delayed Systems. We consider system (1) and look
for a solution having the form x(k) = EX*, where k € ZE(r)nn’

A = constant with A#0, and & = (51,52)T is a nonzero
constant vector. The usual procedure leads to a characteristic
equation

D := det (A + YA B - M) =0, (5)
=1

where I is the unit 2 x 2 matrix. Together with (1), we consider
a system with the terms containing delays omitted:

x(k+1) = Ax (k) (6)
and its characteristic equation
det (A - AI) = 0. @)

Definition 1. System (1) is called a weakly delayed system if
characteristic equations (5), (7) corresponding to systems (1)
and (6) are equal, that is, if, for every A € C \ {0},

=1

D = det (A + ZA””IBZ - M) =det(A-AI). (8)

We consider a linear transformation
x(k)=8y(k), 9)

with a nonsingular 2 x 2 matrix &, then the discrete system
for y is

yk+1)=Agy()+ Y By (k—m), (10)
I=1

with A; = ST'AS, BIS = §7'B'S, wherel = 1,2,...,n. We
show that a system’s property of being one weakly delayed is
preserved by every nonsingular linear transformation.

Lemma 2. If system (1) is a weakly delayed system, then its
arbitrary linear nonsingular transformation (9) again leads to
a weakly delayed system (10).
Proof. It is easy to show that

det (AC; + ZA"’”B’& - M) =det(Ag—-AI) (1)

I=1
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holds since
"
det <A§ + Y A™Bl - M)
I=1
=det(Ag+A™By +A"™B;,
+.-+ A" B —)LI)
=det(s'AS + A ST'B'S
+ATRSTIB S+
+A SIS - ASTLS)
=det[s”' (A+A™B' + 1B’
+o+ ATB - /\I) cS’]

=detS ' det(A+A"™B' + 17" B’

12
+oo 4 ATB = AT det S =
=det(A+A™™B' + 1B’
+o+ AT™B - /\I)
= det <A + YA B - /\I> :
1=1
det(Ag — AI) = det ($™'AS - AS™'IS)
=det[sT (A-AD S|
=detS " det (A - M) detS
=det (A - D),
det (A + Z/\_'”’Bl - M> =det(A - AI);
1=1
that is, equality (8) is assumed. O

1.3. Necessary and Sufficient Conditions Determining Weakly
Delayed Systems. In the next theorem, we give conditions, in
terms of determinants, indicating whether a system is weakly
delayed.

Theorem 3. System (1) is a weakly delayed system if and only
if the following 3n+n(n— 1)/2 conditions hold simultaneously:

bil + béz =0, (13)
bov

L= (14)
b21 b22
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a a bl bl
;1 :2 11 Y12 -0, (15)
by byl ay ay
b,ob| (b by
s e R (16
by b, by by

wherel,v=1,2,...,nandv > I.

Proof. We start with computing determinant D defined by
(5). We get

, 17)

where
Dy =ay, +b AT 4 BIATE e BT - A,
D, =ay, +bLA™ £ AT e AT,
(18)
Dy =ay + by A 4B AT b AT,
Dy =ay + b, A AT e BT - A

Expanding the determinant on the right-hand side along
summands of the first column, we get

a;p apt bfz/\_ml + blzz)‘_mz +e b BHAT

D =
Gy Gy + LA™ DA e AT — A

1 1 y-m 2 y-m, . n oy -m,
o by,  ap+b AT LA e BT
1 1 y-m 2 \—m noy-—m,
by ay + b AT + b, AT e+ DA )
R NI N LIy S R
11 12 12 12 12

+AT
by, Ay + by A DA e+ DA — A

n 1 y-m 2 y-m n oy -m,
by  ap+bp AT+ b AT e+ BA

+AT
b, ay + b A+ B AT e+ DA™ - A

1 y-m 2 y-m noy—m,
-1 ap +b A7+ b, e+ DA

0 ay+bLA™ + B2 A e p BT )|
19)

+A

Expanding each of the above determinants along sum-
mands of the second column, we have

1 2
ap ap A1 by A1 B,
D= +AT clrAT™ 5
dy Ay ay by, ay by,
a, b
_ 11 Y12 a 0
ook AT R 1|
ay by a1
1 1 21 1 12
—m, by ap, -m, by, by, —m, by, by,
+A 1 1 g1 1 2
by ay o by by, by,
1 7 1
11 O b, 0
oA 1
b21 bzz b21 -1

3
2 2 41 2 12
L I: by, ap L™ by by —m, b, b12‘
b221 )) b221 bzlz b221 b222
b b |2
-m, Y11 Y12 11
MR T —1}
b1 92 21
+-
1 2
+/\—mn[ lnl ap L™ lnl b, 1 blnl blzi
by ax by bzlz by bzzz
bl b0
-m, Y11 Y12 11
R P R —1]
21 922 21
-1a -1 b 1 b2
+/\[ e NELEE 2
0 ay 0 bzz 0 bzz
0 b, 0 -1
(20)
After simplification, we get
_lan-A ap —my+1 (11 1
D= " AT (B )
= AT (b b, ) = AT (B 4 B)
1 g1
A |:a11 12 bn b12 ]
b211 bzlz dy1 Gy
2 32
LA™ |: 1 %1 bu b12 :|
b221 b222 a1 G
- ap ap by b
+---+Am[bn o +
b1 9 ay Ay
1 41 2 12
L by by| |biy by
b221 b222 b211 bzlz
(21)
1 1 n n
o AT l: by by| [bi b ]
1 41
by Uyl by by
- b2, b2 b b
+/\m2m3[11 12| 4 |11 12]
A
—m,— b2 b b’ bl
+...+Am2 mn[ 11 121 4 121 122
by Ul by by,

RS Afmn—lfmn [

n
b21
1 1
“om, by, b )
+ AT b112 +AT
21 22
n n
_om, b, b
o AT R
b1 922

n—1 n—1
bll b12

7 n
bl 1 blz

|

n n—1 n—1
b22 b21 bZZ

2 2
bl 1 b12

2 2

21 722




Now we see that for (8) to hold; that is,

I=1

D = det (A + ZA"’”BZ - /\I>

= det (A - AI) (22)

ap—A  ap

ay  ap-A

>

conditions (13)-(16) are both necessary and sufficient. O

Lemma 4. Conditions (13)-(16) are equivalent to

trB' = detB =0, (23)

det(A+B') = det 4, (24)

det (B' +B") =0, (25)
wherel,v=1,2,...,nandv > I

Proof. (I) We show that assumptions (13)-(16) imply (23)-
(25). Itis obvious that condition (23) is equivalent to (13), (14).
Now we consider

] I
aj +by, a,+b,

det(A+B') = (26)

1 1|
ay + by ay+by

Expanding the determinant on the right-hand side along
summands of the first column and then expanding each of
the determinants along summands of the second column, we
have

] ] I
ay ap +b,| by aptb,

det (A + Bl) = . . ;
Gy Gy + byl by ay by,
1
|91 912 a; by,
Ay an| lay b, (27)
1 1 1
b, ap b, b,
1 1 1
by anl |by by
= [dueto (15) and (16)] = det A.
Now we consider
bo+b!, b+ b
der(B )= [T O
by +b, by +b,y,

Expanding the determinant on the right-hand side along
summands of the first column and then expanding each of
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the determinants along summands of the second column, we
have

| | v
by, by, +by,

1 1 v
by by, + by,

v | v
by, by, + by,

det(B'+ B') = .
by by, + by

1 1
bl 1 b12
1 !
b21 b22

1 v
bll b12

1 v
b21 b22

(29)
by by

v v
b21 b22

v 1
bl 1 blZ
+

v 1
b21 b22

= [dueto (15),(17)] = 0.

(II) Now we prove that assumptions (23)-(25) imply (13)
and (16). Due to equivalence of (13) and (14) with (23), it
remains to be shown that (23)-(25) imply (15) and (16).

If (24) holds, then, from computations in (27), we see that
by by
v, v

1

1 1
ay by by oap

=0, (30)

I I
a by by, ay

and because of (23) we get (15).
Finally, we show that (23) and (25) imply (16). From (29)

(using (23)) we get

%1 bj, " bl béz

by by |by by

that is, (16) holds. L]

det(B'+B") = =0, (3

1.4. Problem under Consideration. The aim of this paper is to
give explicit formulas for solutions of weakly delayed systems
and to show that, after several steps, the dimension of the
space of all solutions, being initially equal to the dimension
2(m,, + 1) of the space of initial data (3) generated by discrete
functions ¢, is reduced to a dimension less than the initial
one on an interval of the form Z° with an s > 0. In other
words, we will show that the 2(m,, + 1)-dimensional space
of all solutions of (1) is pasted to a less-dimensional space of
solutions on Z°. This problem is solved directly by explic-
itly computing the corresponding solutions of the Cauchy
problems with each of the cases arising being considered. The
underlying idea for such investigation is simple. If (1) is a
weakly delayed system, then the corresponding characteristic
equation has only two eigenvalues instead of 2(m, + 1)
eigenvalues in the case of systems with nonweak delays. This
explains why the dimension of the space of solutions becomes
less than the initial one. The final results (Theorems 10-13)
provide the dimension of the space of solutions. Our results
generalize the results in [1, 2], where system (1) with n = 1
and n = 2 was analyzed.

1.5. Auxiliary Formula. For the reader’s convenience, we
recall one explicit formula (see, e.g., [3]) for the solutions of
linear scalar discrete nondelayed equations used in this paper.
We consider initial-value problem for the first order linear
discrete nonhomogeneous equation

wk+)=awk)+gk), w(ky) =wp kEZZ:, (32)
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witha € Cand g : ZP — C. Then, it is easy to verify that
unique solution of this problem is

k-1
w (k) = " w, + Z akil*rg (r), ke Z;OOH. (33)

r=k,

Throughout the paper, we adopt the customary notation for
the sum: Zf:e s F (i) = 0, where £ is an integer, s is a positive
integer, and “%” denotes the function considered indepen-
dently of whether it is defined for indicated arguments or not.

Note that the formula (33) is used many times in recent
literature to analyze asymptotic properties of solutions of
various classes of difference equations, including nonlinear
equations. We refer, for example, to [4-8] and to relevant
references therein.

2. General Solution of Weakly Delayed System

If (8) holds, then (5) and (7) have only two (and the same)
roots simultaneously. In order to prove the properties of the
family of solutions of (1) formulated in the introduction, we
will discuss each combination of roots, that is, the cases of two
real and distinct roots, a pair of complex conjugate roots, and,
finally, a double real root.

Although computations in Sections 1.2 and 1.3 were
performed under assumption that A #0, results of this part
remain valid also if one or both roots of characteristic
equation (7) are zero.

2.1. Jordan Forms of the Matrix A and Corresponding Solutions
of Problem (1) and (3). It is known that, for every matrix
A, there exists a nonsingular matrix S transforming it to the
corresponding Jordan matrix form A. This means that

A =84S, (34)
where A has the following four possible forms (denoted
below as A,,A,, A5 A,), depending on the roots of the
characteristic equation (7), that is, on the roots of

A = (ay, + ay) A+ (ay,85, — apa,) = 0. (35)
If (35) has two real distinct roots A,, A,, then

T

if the roots are complex conjugate, that is, A, , = p + ig with
q#0, then

Az = (—pq g) G7)

and, finally, in the case of one double real root A,, = A, we

have either
A0
A3 = (0 A) (38)

5
or
Al
A, = ( 0 A). (39)
The transformation y(k) = S7'x(k) transforms (1) into a
system

yk+1)=Ay(k)+ Y By (k—m), keZy (40)

I=1

with B = S7'B'S, B = (), 1 = 1,...,n,and i, j = 1,2.
Together with (40), we consider an initial problem

y (k) =¢" (k), (41)

k € ngn with ¢* : ngn — R* where ¢*(k) = S p(k) is
the initial function corresponding to the initial function ¢ in
(3).

Next, we consider all four possible cases (36)-(39) sepa-
rately.

We define

@, (k) = (¢; (k),0)",

0
kez, .

@, (k) := (0, 9] (k))T’ (42)

Assuming that (1) is a weakly delayed system, by Lemma 2,
the system (40) is weakly delayed system again.

2.1.1. Case (36) of Two Real Distinct Roots. In this case, we
have A = A, and Ak1 = diag()t’;,)tl;). The necessary and
sufficient conditions (13)-(16) for (40) turn into

b+ b5} =0, (43)
bl*ll bl*zl *]7 %] *17 *]
bl bl =b11b22_b12b21 =0, (44)
b1 922
A 0 b*l b*l . .
bz*ll’ b [0 3 =M b+ A, =0,  (45)
biy bi|_ |bi by

+ =0. (46)

*V KV *] %]
b21 b22 b21 b22

Since A, #A,, (43) and (45) yield b = b}l = 0, then, from
(44), we get bl*zlb;ll = 0, so that either bz*ll = 0or bl*zl =0.In
view of assumptions B'+ 0,1 =1,2,...,n, we conclude that
only the following cases I, IT are possible:

Mb=bl=bl=00bl%0,1=1,2,...,n
() b = =b =005l #0,1=1,2,...,n
In Theorem 5 both cases I, II are analyzed.

Theorem 5. Let (1) be a weakly delayed system and (35) has
two real distinct roots A, A,. If case (I) holds, then the solution



of the initial problem (1), (3) is x(k) = Sy(k), k € ann, where
y(k) has the form

(¢" (k) ifkeZ’,,
k-1 [ n

Nig ©) + S| St (s - m»]
r=0 LI=1

. 1+l
if keZ"",

k-1 [ n
Mgt @+ Y| 3 bt (- m»]

r=0 LI=s+1
: 1 - k
* —1-r
+Zb12 Z)H @, (r —m)
=1 r=0

k-1
+0,(0) ) A’I“"A’;’"l]
r=my+1

if kezlt!

m+2

s=1,2,...,n—1,

2 (r—my)

n m
Aogr )+ 3! [Zaﬁ‘l‘fcp
I=1 r=0
k-1 1
0) Y ATAY ]

r=m;+1

if ke Zy) .

(47)

If case (I1) is true, then the solution of initial problem (1), (3) is
x(k) = Sy(k), k € Z% where y(k) has the form

o" (k) if ke 2°,,
k-1 n

Ao @+ S [zb;:cpl (r- m»]
r=0 1=1

if kez™",

k-1 n
Mg 0+ | 350, r-m)|
r=0 I=s+1
Zb*l [Z/\I;l_rd)l (r—my)
r=0
k) = 3 = r—my; y k—1-r
r @, 0) Y AT ]
r=my+1

if kezlr!

mg+2
s=1,2,...,n—-1,

n my
Ao @+ 3 [za';“qn (- m)
I=1 r=0
k-1
+0, (0) Y M;’"'A’;‘H]
r=m;+1

lf k e Zm +2°
(48)
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Proof. If case (I) is true, then the transformed system (40)
takes the form

My (R)+ Y by, (k=my),  (49)

I=1

v (k+1) = Ay, (k),

yi(k+1)=

(50)
kezpy,
and if case (II) holds, then (40) takes the form
nk+1) =27y (k), (51)
y5 (k+1) = Ly, (k) + Y byl y, (k= my),
I=1 (52)

kezp.

We investigate only the initial problem (49), (50), (41) since
the initial problem (51), (52), (41) can be examined in a similar
way.

From (50), (41), we get

¢ (k) ifkeZ®, ,
k) = n 53
y2 () {A’;go;m) if k € %, ©3)
then (49) becomes
»n(k+1)
Ay (k) + ZbIZ(PZ (k—my) ifkezg,
Ay (k) + ble/\k "5 (0)
+Zb12q>2 (k —my) if ke Zpe,,,
Ay, (k) + Zb*’)d‘ "3 (0)
+Zb12§02 (ke —my) if ke Z$3+1>
1)/1 (k) n Zb*l)‘k my ok (O)
+ Z Iﬂlz(p2 (k-my) ifk e stjrll,
I=s+1
s=3,4,...,n—-1,
Ay, (k) + Zb*lAk s (0) ifkeZd .
‘ (54)
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First, we solve this equation for k € Z;". This means that we
consider the problem

y(k+1) = Ay, (k)

+Zb12(p; (k-m), kezg, (55)

¥ (0) = ‘P; 0).

With the aid of formula (33), we get

» (k) = 1901 (0)+ Z/\k o |:Zb12(P; ml):| >
(56)

m;+1
kez™".

Now we solve (54) for k € Z™ 4l with initial data deduced
from (56); that is, we consider the problem

yi (e +1) = Ay, () + by A5 93 (0)

kez™

m;+1°

‘szn‘l’;k (k=m),

1 (my+1) = A7 *(0)+ZA’”I

r=0

[Zblzgo; ] :

(57)

my+1
my+2

Applying formula (33) we get (fork € Z

k (m;+1)

y (k) = y (my +1)

k-1
+ Z AII_I_Y |:b*1/\r m, *(0)

r=m;+1
+ Zblzq’z ]
k—m;— m1 *
— /\1 1 [ +1 (0)
< my—r VS
+Z)‘1 [ZbIZ(PZ H
r=0
k-1 .
3 e o
r=m;+1

+Zb12‘P2 ml)]

= Mo; (0) + ZA" e [Zb s (r ]

k-1
+ Z Ak 1-r |:b*1/‘r my *(0)

r=m;+1

¢ Shilo: <r—mz>]

1=2

= /\lffPf (0) + Z/\k e |:Zb12¢2 (r- ml):|

+ b1*21 [ZAII_H?’; (r—my)

r=0

k-1
rr () Y A’;-l-ugml].

r=m;+1

(58)

Now we solve (54) for k € Zm 1 with initial data deduced
from (58); that is, we consider the problem

nk+1)=2Ay (k) + zble/\k "o, (0)

I=1

+ Zblz‘Pz (k-m), ke Z$3+1>
yi (my +1) = Amzﬂ 1 (0) + Zlmz ' |:Zb12q’2 ]
r=0

b [Zaz"ﬂq); (r—m)
r=0

+§02 (0) Z /\mz r rm1:|'

r=my+1

(59)

ms+1
my+2

Applying formula (33) yields (for k € Z

» (k)

= /\lr(mﬁl))’l (”’"2 + 1)

LY e [zb*uz-mxo; 0+ Sbilo: <r—ml>]

r=m,+1 1=3

e a0+ S Sutes - |
1=2



+by; |:Z’V1n2_r¢g (r-my)
r=0
+(P2 (0) Z Amz r r— m1:| ]
r=m;+1

+ Z A I‘T[Zb;;’;v ™% (0) +Zb12q)2 (r - m,)]

r=m,+1

1‘P1 0) + ZAk e [zblz‘/’z (r—my ]

+byy [Zlﬁ_l_rq)ﬁ‘ (r—my)

r=0

XAUNDY A’I‘l‘%’zml}

r=my+1

+ Z Ak 1- Y[Zb*llr m *(0)

r=m,+1

+Zb12§"2 (r- ml)]

k-1 n
= Mgy (0)+ Y AYH [be§¢§ (r- mz)]
r=0 1=3

+ b1*21 [ZAI;_I_r‘P; (r—m)
r=0

k-1
+9;(0) Y A’i“‘%’z’"l]

r=m;+1
my
*2 k—1-r *
+by, Z)h @5 (r—my)
r=0

k-1
+9y (0) ) Aﬁ“‘%"”] -

r=my+1

(60)

From (56), (58), and (60) we deduce that expected form
of the solution of the initial problem for k € Z* ., with

initial data derived from the solution of previous equation for
keZ, !, is

(k) = 1§01 0) + Z/\k e [Zbu(/); ml):|

I=s

s—1 m
St | Bt )

r=0
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k-1
+, (0) Y ATITAL™

r=m;+1

ifkez™"!

mg_1+2°

(61)

We solve (54) for k € Z with initial data deduced
from (61); that is, we consider the problem

yk+1)= Ay (k) + zb*l/\k ml(Pz (0)

=1

+ Z biags (k—my), ke Zys

I=s+1

1) = :"“*o>+ZA"”[zb:;¢; }

+Zb [ZAm Ty (r—-my)

=1

mS
+ @3 (0) Z A’l”s_’/\g_m’].
r=m;+1

(62)

Applying formula (33) yields (for k € 7M1

mg+2

n (k)

= )‘II_(mSH))ﬁ (mg+1)

+ Z A1 r[Zb;;lA’ "t (0) + Zbu(pz (r—m,)]

r=mg+1 I=s+1

— )L];_(mS-H) |: rln+1 * (0) + ZAm —r |:Zb1*21([); (r_ml):|

s—1 m
Y [zmo; (= m)

I=1 r=0

+} (0) Z A’{’S‘C\’Z""’H

r=my+1

+ Z /\k 1-r [Zbl*zl/\r m ok (0)

r=mg+1

e S bl (- mg}

I=s+1

1901 (0) + ZAk o |:Zb1*2190; (r- m,)]
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s—1 !
*
+ ZbIZ

m

k—1-r
Z’M P,
r=0

(r—m) 191 (0) + ZAk o [ Z bqu)Z ]
I=1 I=s+1
m ol | N ko1
+¢, (0) Z )t];_l_r)trz_ml] + ;bu |:Z(:)’11 ' @, (r—m)
r=my+1 = r=
k-1 -
n z Aklr[zbl*zl/\f my *(0) + ¢, (0) ZIAI /\2 l:|'
r=mg+1 r=myt
(63)
3 bl -
I=s+1
In the end we solve (54) for k € Zz 4, with initial data
1% (0)+Z )Lk 1-r [ b s (r—my) deduced from (63); that is, we consider the problem
+ b -m * my x 00
1;1 12 ( l)] y (k+1) =7,y (k) + Zblzl/\k ‘9, (0), keZp .,
I=1
+b*1[ 1/\k_1_’ “(r—-m Jron & rpen
2 ;) G 2 yy (m, +1) = A7 +1‘P1 (0) + ZAI by, ¢, (r-m,)
+ ¢, (0) Ak_l_r)trml] (SN m-r
? r=mzl+1 ' ? + Zblz ZA @, (r—my)
1=1
+ b*Z Z)Lk—l—r * _ i _ _
12 [; 1 (2 (1’ mZ) +(P; (0) Z )L”lnn ?‘Arz my .
r=my+1
R T A - (64)
+; (00 Y ATITA, ]
r=m,+1
+ “ee

+byy [ DMy (r-mey)
r=0

Applying formula (33) yields (for k € Z3? +2)

m,

¥ (k) k (m,+1)
o § o]

r=mg_;+1

yl (mn+ 1)

+ Z Ak 1-r [Zb*l/\r m,q)z (O)]
r=m,+1

k-1 L
+b1*21 |:‘P; (0) Z Al_l_r/\rzrm]

r=ms+1

k—(m m * *n %
:Al ( n+1)[ g +1‘P1 0)_’_2/\

2 L
+ by, [‘P; (0) Z Ay _r’\g_mz]

o, (r-m,)

r=mg+1

n-1
+...

l; [Z)\m Ty (r—my)

r=mg+1

vl () Y Aﬁ”“‘“’[”””
+ 12[ 2(0) Z /\klr/\rm:|

r=my+1
+ Z Aklr[Zb*l/\r m *(O)]
r=m,+1
+ Z/\klr[zblz% ]
r=mg+1

I=s+1

= Mo (0)+ Y AT b s (r—m,)
r=0
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m
YA gy (r —my)

r=0

tor (0 ) AT

r=m;+1
[be‘éﬂ " *(m]
- m,)

|

+ Z)Lklr

r=m,+1

= Mo; (0)+ Zlk bl (r

ZAk 1-r *(r—ml)

r=0

+ bf‘z1 [

+ ¢ (0) Z ARty

r=m;+1

+ b1*22 [ZA]I_I_Y‘P; (r—m,)
r=0

|

el 3 e

r=m,+1

|

+ e

my,_1

#n—1 k—1-r

+byy |: Z A ey (r-m, )

r=0

mS
w0 $ ]
r=m,_,+1

k-1
k=1-ryr—my
0 > AN

r=ms+1

b [<p;
b2 [q);

L

+b)y [

g ) + S [
=1

|
|

|

m
YN s (r—my)

r=0

k-1
k=1-ryr-m,
0 > AN

r=mg+1

k-1
93 (0) > AT

r=m,+1

k-1
+o3 (0 Y AT

r=my+1

Abstract and Applied Analysis

Summing up all particular cases (56)-(65) we have

o7 (k) if k € z°_m
k-1 1
1‘P1 0) + ZM ' Zbu% (r- ml)
r=0
if k € z'”l“,
= k-1 & 1 ]
1‘/’1 (0) + Z)H ' Zbu(Pz (r— ml)
r=0 =2 J
+b) [Zx\k ol (r—my)
r=0
k-1 1
+9y (0) Y AT "Ag"’“l]
r=m;+1

if ke 7™

my+2°
1‘P1 0) + Z)Lk - I:Zblz%
+b1*21 [ZA}I_I_Y?’; (r—m)
r=0

k-1 ]
+g3(0) ) ATTA

r=m;+1

[Zkklr r—mz)

+(P;< (0) Z Ak—l—rAr—mz

r=m,+1

ifke pie]

my+2°

N (k) = 3

1‘P1 0) + Z)Lk - [ Z blz‘/’z (r—m)

|

I=s+1
X *] k=1-r *
+Zb12 |:Z/\1 ' @ (r—my)
I=1 r=0
* 3 k=1-ryr-m
+p; (0) Y AN
r=my+1
if k € Zperty',
Nig; (0)
n my
®] k—1-r
+Zb12 Z)‘l ' @5 (r—my)
1=1 r=0
* £ k=1-ryr—m
+p3 (0) Y AN
r=my+1
if k e an" 2

(66)

Now, taking into account (42), formula (47) is a consequence
of (53) and (66). Formula (48) can be proved in a similar way.

Finally, we note that both formulas (47), (48) remain valid
for b7 b 0. In this case, the transformed system

|

(65)
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(1) reduces to a system without delays. This possibility is
excluded by condition (2). O

2.1.2. Case (37) of Two Complex Conjugate Roots. The neces-
sary and sufficient conditions (13)-(16) take the forms (43),
(44), (46), and

%] %]
bll b12
-q

P q

]
] x| T b =0,
b21 b22 ’ )

(67)

= p(biy +b3,) +q (b, -

where,v=1,2,...,nand v > L
The system of conditions (43), (44), and (67) gives b;s =

bl (br))? = —(bj})* and admits only one possibility; namely,

21°
bl=bl=bl=b=o0. (68)

Consequently, B = ©, B' = @.
The initial problem (1), (3) reduces to a problem without
delay

x(k+1)=Ax(k),

(69)
x(k)=9k), kez’,
and, obviously,
¢ (k) ifkez® ,
k) = "y 70
* (k) {Ak(p(O) if k € 7. 70)

From this discussion, the next theorem follows.

Theorem 6. There exists no weakly delayed system (1) if A has
the form (37).

Finally, we note that the assumption (2) alone excludes
this case.

2.1.3. Case (38) of Double Real Root. In this case we have
A = Ajand Ak3 = diag(/\k,/\k). For (40), the necessary and
sufficient conditions (13)-(16) are reduced to (43), (44), (46),
and

Aol el b
b21 b22

o A

= A (b +b3,)

0, (71)

wherel =1,2,...,n.
2
From (43), (44), and (71), we get blebz*ll = —(bl*ll) . From
the condition (46) we get

bfllbgzv - bl*zlbz*lv + bz*zlbff - bgllbfzv =0, (72)

where ,v = 1,2,...,nand v > L. Multiplying (72) by b{;b7,
we have
17 vy *lq v #1\2, wvy #v
bubzz b12b12 - (bIZ) b21 b12
(73)
slq %vy %lq % slq %l /7 xv\2
+ bzzbuvbubuv - bzlblz(blzv) =0.

1

Substituting blb:! = —(b7!)", biybs) = —(by) into (73) and
using (43) we obtain

w1y xvy *xly xv *1\2 /7 %1\2
— by by byby, + (blz) (ty)

, (74)
wlq xvy g xv *] v\ 2
- b11b11 b12b12 + (bu) (blz) =0.
The equation (74) can be written as
(bilbyy - bye) = 0
1291 ~ 91291 75)

wly kv g xvy %]
blell - blZ bll'

Now we will analyse the two possible cases: b{;b;; = 0 and
bib;1 #0.

For the case bj3b;] = 0, we have from (43), (44) that b} =
bl = 0and b/l = 0or b}l = 0.For bl = 0and b} #0,
condition (46) gives bl*zv =0,wherel,v=1,2,...,nandv > L.
Then, from (43), (44) for [ = v, we get b)) = b, = 0 and
by #0.

For bz*ll = 0 and bl*zl #0, condition (46) gives b," = 0,
where ,v = 1,2,...,nand v > [, then, from (43), (44) for
I=v,wegeth] =by, =0and b, #0.

Now we discuss the case b/}’ # 0. From conditions (43),
(44), we have b7b:! = —(b*))" and b'b;! #0. This yields
bl*ll +0, bz*zl #0 and, from (75), we have b))’ #0, b/, #0. By
conditions (43), (44) for v = I, we get by, 0, b}’ 0.

From the assumptions B' # ®, we conclude that only the
following cases ((I), (II), (III)) are possible:

M bl =bl = b = 0,07 %0,

() bl = bl = b2l = 0,b5] #0,

(I11) bJb;! #0,
wherel =1,2,...,n.
2.1.4. Case bi3bjl = 0
Theorem 7. Let (1) be a weakly delayed system, (35) has a
twofold root A,, = A, bijb;l = 0 and the matrix A has the
form (38). Then the solution of the initial problem (1), (3) is

x(k) = Sy(k), k € Z(j’nn, where in case bz*ll = 0, y(k) has the
form
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y (k) =1

b},

y (k) = 1

¢* (k) if kez’,
AI;(P* (0) + ZAk 1-r |:Zb*l
if ke z;"l“,

A" (0) + Z)J‘ =r

Z b1zq)2 (r- ml)]

I=s+1

By [ZA’H-’@Z (r—m)
=1

r=0

+(k=1-m) A", (0) ]
lf k € sttrl;l’
s=1,2,...,n—1,
Ayp™ (0)
n my
+Zb1*21 ZA"*HCDZ (r—my)
I=1 r=0

+(k=1-m) A", (0)

if keZy, .,
(76)

= 0 is true then the solution of initial problem (1), (3) is
x(k) = Sy(k), ke Z

S » where y(k) has the form

) szezomn,
k-1 n

Ao (@) + YA [ Sblo, ( ]
r=0 I=1

if kez"",

k-1 B n .

ASp* (0) + ZA -l Z by, @, (r - m,)]
r=0 I=s+1

S my
+Zb2*11 [ZAkerbl (r—my)
I=1 r=0
+(k=1-m) A", (0) ]
s-¢-1+1

mg+2
,n—1,

ifkeZ
s=1,2,...

No® (0)

n my
+Zb2*11 z/\k_l_r(bl (r—my)
=1

r=0

+(k-1-m) A (0)

lf ke Zm +2°
(77)

Abstract and Applied Analysis

Proof. Case (I) means that b 5 #0. Then (40) turns into the
system

y (k+1) = Ay, (k) + Y by, (k=m), kezZy
= (78)
v, (k+1) =MLy, (k),
and, if bz*ll #0, (40) turns into the system
i (k+1) = Ay, (k),
\ (79)
vy (k+1) = Ay, (k) + Y bty (k—my), keZ.

=1

System (78) can be solved in much the same way as the
systems (49), (50) if we put A; = A, = A, and the discussion
of the system (79) goes along the same lines as that of the
systems (51), (52) with A; = A, = A. Formulas (76) and (77)
are consequences of (47), (48). O]

2.15. Case biib;! 0. Fork e Z?mn, we define

b*l
O/ (k) = ( [901 (k) + b*l(/’z (k):| ’
(80)

%]
b12

T
bl
_( 11) [‘Pl k) + b*1<p2 (k)D

Theorem 8. Let system (1) be a weakly delayed system, (35)

admits two repeated roots A, , = A, brib;} #0 and the matrix
A5 has the form (38). Then the solution of the initial problem
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(1), (3) is given by x(k)
form

=Sy(k), k € Zfomn, where y(k) has the

¢" (k)

k-1
A (0)+ Y AT

r=0

if keZ?,,
Zq)z* (r- m,)]

=1
. )
if kez"™,

k-1
ALo™ (0) + ZA"‘H

r=0

i®ﬂ%mﬂ

I=s+1

+i %Akil*r(bl* (r-m)

I=1 Lr=0

y (k) = 1 + (k=1 -m) Ao (0) ] (81)

lf k € ZmSJ:ZJrl’
s=12,....,n—1,
A" (0)
n my
+Z Z)tk_l_r(l)l* (r—-my)
I=1 Lr=0

+(k—1-m) Ao (0)

lkaZerZ

Proof. In this case, all the entries of B*! are nonzero and, from
(43), (44), and (71), we get

by b

B = 1\2 , (82)
_(bll) _b*l
b

wherel = 1,2,...,n, then, the system (40) reduces to

y (k+1) = Ay () + Y b yy (k= my) + b3y, (k—my)],
=1
(83)

Y (k+1)

[l

=/\)’2(k)_z bl yr (k- ml)"'bu)/z(k_ml)}’

=1
(84)

where k € Z°. Tt is easy to see (multiplying (84) by b} /b;!
and summing both equations) that

b*l b*l
yl(k+1)+b =y (k+1) =2 [yl(k)+b*1y2(k)],

11

85)
kezy.
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Equation (85) is a homogeneous equation with respect to the
unknown expression

*1

b,
y1 (k) + (b“ )J’z (k) (86)

then, using (33), we obtain

*1

b
(k) + I%)’z (k)
11

*1

b,
o1 0+ 5393 ) &7

ifkez?,,

- b*l
2 [(pl O+ 593 (0)] ifk e 7.

With the aid of (87), we rewrite the systems (83), (84) as
follows:

)Uﬁ (k)+Zb [‘1’1 (k —my)
1=1
b*l i
g1 (k- m)|
11
if k € Zy",

* b*l %
Ay, (k) + bfllkk_ml [‘Pl (0) + ﬁ‘l’z (0)]
11
*1

. b, ]
+anl [‘Pl (k- ml)"'b*l‘/’z (k —my)

=2
ifke Zzzﬂ,
e b*l
M )+ Y [cpl Ot ©
I=1 J

X b*l )

n(k+1) =1 +Zb111 [‘Pl (k- m1)+b*l(P2 (k—m)
1=3 -

ifke Z$3+1,

> * —m, * b*l *
SACEDY AV [sol (0) + %95 (o>]
I=1 11
*1

. b
I ]

I=s+1

if ke Zm‘jrll,
s=3,4,...,n—1,

“ # —m, * b*l #
Ay (k) + Zbul)tk ' [?1 0) + b1*21 P, (0):|

I=1

if ke Z%®°

L m,+1°
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; " (b*l)z
NGRS ;,[wdk—MD
I=1 12 1
b*
e (-m)|
if ke Zg”l,
(b1)
Ayz (k) _ b*l /\k my
[%@+w%m4
S o1 =)
b*l i
+b1*21 @ (k- ml)]
if k € Zgzﬂ,
2 b*l
Ay, (k)_z( lil) [‘Pl 0)‘" ok (0)]
o by by
n ( *1)2
11 %
Sl ot (k-m)
1=3 12
Y, (k+1) =1 bl
o2 (k- m)|
if k e ZZSH,

- (511)°

Ay, (k) - Z 7 [‘P1 0) + b*l (Pz (0)]
I=1 b12
s ()T
- Z bl |:(P1 (k - ml)

I=s+1 %12 1
b*

il - ml)]

if ke stﬁrll,

s=3,4,...,n—1,

()

Ay, (k) = Z X
=1 Y12
b*l
ol )+ 3k 93 )
if k €Z, ..
(88)
First, we solve this system for k € Z;" and consider the
problems
y (k+1) = Ay, (k)

+Zb111 (2} (k —my) + blTZl% (k —my)
=1 11
if ke Zy",

1 (0) = 95 (0),

Abstract and Applied Analysis

¥y (k+1) = Ay, (k)

( ) b*l

_Z b*l k m1)+ b*l (PZ (k_ml)

if k € Zy",
,(0) = ¢; (0).
(89)
With the aid of formula (33), we get
¥ (k)
k-1
= Mo (0) + Y AT

r=0

(90)

Zbl ¢; (r—my) 1*21‘1’2 (r-m)| |
bll

kezmt,
¥, (k)
k-1
_A (PZ (0)_ZAk 1-r
r=0
" (b*l)z pil
(Z bl [‘Pl (r—m)+ #% (r- ml)] >
=1 %12 11
kezmt.
(o1
Now we solve system (88) for k € Zm > that is, we

consider the problem (with initial data deduced from (90),
(91))

y (k+1)
e b*l
= Ay (k) + B A [<pi‘ 0+ 759 <o>]
11

b, .
Fﬁ"z (k - ml)

11

+prﬂkm

ifkez™

my+1°
1 (my +1)
m,
= A" gr (0) + Y AT
r=0

: [soi" (r—mp)+

b*l .
s r-m)] ).
11
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Y, (k+1)
b*l 2 b*l
_ Ayz (k) _ (b*l) A,k my [(pl (0) + b*l (Pz (0)]
2
. 07 (k) + 02 g (-m)|
=2 b12 ' b 1 ?
if k € Z$2+1>
¥y (my +1)

— /\mlﬂ(p; (0) _ Z/\ml—r
r=0

. <Z(Z) [t =)+ g -om)| >

(92)

my+1
my+2

Formula (33) yields (for k € Z

¥y (k)

k-1
_ Ak—(ml-*-l)yl (ml + 1)+ Z Ak—l—r

r=m;+1
f b*l
X <b1*11)t —m |:(P1 (O) + b*lq)z (0):|
+ )by [qoi‘ (r—my)
=2

b*l .
ser))

11

_ Ak—ml [Amﬁl * (0) + z/\ml—r

r=0

y (zbff [oi-m)
=1
b*l .
Aot -m)] )
11

k-1 f ) b*l
n Z AT (bl*llA —my |:(P1 (0) + b*lgt)z (0):|

r=m;+1

15
gt )+ S (zb;a’ [oi¢-m)
r=0 =1
b*l i
gt -m)] )
11

k-1
N Z 1= r<b1*11/\k ", [‘Pl (0) + b*l(Pz 0)]

r=m;+1

M:

+ )b [(pf r—my)

b, .
+b1*2 P, (r_ml):|>

1

11
k L o sl
= (0)+ Y A (be‘l

r=0 1=2

Il
S}

07 - m)

b
i -m))
11

*1

by .
2l ()|

S [svf (r—m)+

r=0

. s X b*l .
+(k—1-m,) bnl’lk o |:§01 0)+ #(PZ (0):|
11
. k-1 f n !
=y (0)+ Y A< (Zbﬁ [fPf (r—m)
r=0 =2

by .
+b*1q)2 (r_ml):| )
11

et (30 [ o)+

r=0

by .
192 (f -my)
bll

+(k-1-m,) Aftmm [(pf (0)

o0 )

(93)
¥, (k)
_ yk—(my+1) Yoo
=2 ¥, (my +1) - ZA
r=m;+1
(B1) by}
X bl — ‘P1 0) + b*l% (0)

i( *l) [ ¢y (r—m)
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by
+b*1 (PZ (7" - ml)]
11

— Ak—ml [Amﬁl ® (0) _ ZAml—r

r=0

*1

b12 *
0
g 0]

< k—-1-r N (bl*ll)z % _
Ny (0)- A D | 1 (r=m)
12

by
g (r—m»]
11

k-1 bl 2 #1
- A"““(—( i)y ’"l[ [ (0)+ U2 3 <o>]

b}

b*l
g1 (r-m)|
11
k ki [ ( *l)
:)L(PZ(O)—Z)L r Z o [(p1 (r—-my)
r=0 1=2 12
bl
g1 (r-m)| )
11

by,
Py ) (r—m)
bll

)

07 -
(o12)’

lem b*1
—(k=1-my) At o [ 1 (0) + b*1<p2 (0)]
12

Abstract and Applied Analysis

‘ S N
=19, (0) - Z)u 1=r Z - [(p1 (r—-my)

b * *
b1*21 blzl?’z (” - ml)] )
11

(bl : b
S (3 o (r-m) s s (- m)|
12 r=0 11

+(k=1—-m)) At

|:(P1 0) + b*l(PZ (0)]>
(94)

Now we solve (88) for k € Zmz 1> that is, we consider the
problem (with initial data deduced from (93), (94))

»n(k+1)
*1

b},
= Ay (k) + Zb*l)tk " |:(P1 (0) + b*l(PZ (0):|

I=1

z * % b*l *
3o (k=) s )
11
ifk e ZZ3+1,

y1 (my + 1)

— Amzﬂgpik (0)

+Z)mer
r=0
X ib*l (r - bl*zl e
| e (r ml)‘*ﬁ‘l’z (r—my)
=2 11
bt (3 [ om) g (- m)|
r=0

b*l
+( ml),vnz m, [4’1 (0) + b*l% (O)D,

GO, ]
1

[?1 (0) + b*l 902 (0)

e (b) 7 by
SRRl ot (ke m) s 22 g -m)|
11

ifkez™

my+1°



Abstract and Applied Analysis

¥, (my +1)
Amz‘*‘l * (0) ZAmz—r
r=0

(S5 e

by 1
) b 1b121(P2 (r_ml)]>
11
L1)2
(b1)

U my—r * b*l *
S (o (- m + g (-
12 11

r=0

b*l
+(my —my) AT [‘P1 0) + bl ¥, (0)] >

(95)

Applying formula (33) yields (for k € Z7*!

my+2

» (k)

= kmsD) T ki

= vy (my + 1) + Z A
r=my+1

“lyr-m 2%
<Zb A [cpl ©0) + 750 <o>]
n ; b*l
+ Zbll [‘P1 (r—my) + b1*21 ¢, (r _ml)])
1=3 11

_ Ak_mz_l |:/1m2+1q)ik (0) + Zlmz—r

r=0

(Bt o -
1=2

b
- i m)] )
11

+ bl*ll (Z’\mz_r [‘Pr (r—m)

r=0
*1

+o5 s (r—my)
by

+ (my —my) AT

[‘Pl (0) + b*1‘P2 (O)]>]

b
+ Z Ak 1-r <Zb*llr m |:(P1 (()) + b*l(pz (0):|

r=my+1

- St [<pr (r—m)
1=3
b*l
- gt -m) )
Mgt )+ S (zbff i -m)
r=0 1=2

b
i -m)] )
11

it (32 gt o) + P (o)

r=0

+(my —my) ARt [(Pl 0) + b*l(Pz (0)] )

+ Z /\k 1- r(Zb*l)Lr m; |:(pik (0)+

r=my+1

b*l(PZ (O)]
+ )b [wi‘ (r—m)
1=3
b*l .
+ 1*21(/)2 (r_ml)
by
k o o sl
i @+ 20 (3o - m)
r=0 1=3
b*l i
+ 1*21 P, (r_ml)
bll
b*l .
szl(Pz (1’ _mz)
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In the end, we solve (88) for k € Z;’ o with initial data
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and from cases (91), (94), (97), (101), and (104) we conclude
that

(5 (k)

k-1 n b*l 2
Ak(p; (0) _ ZAk—l—r <z ( ;il)

r=0

I

—_

=

5]
—

r=0

r=0

b*l 2 m, b
_% (Z)\,k = [gol (r—m)+

r=0

*1

n b*l 2 b
Ag? (0) - ZA"”<Z( ) [% (r—m)+

*1

* b *
o (r-m)+ g (r—m»])
11

or (r—mo])

. b*l
_( *1) (ZAk - r[ (r—m)+ *1‘/’2( —m)
by, by

#1

b},
+(k=1—-m)) At [(pl (0) + b*l(Pz (0)

*1

3 (r=m)

#1

%
+(k—1-m)) AFtm [cp1 0) + b*l% (0)

bl*zl bl

)
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ifke ngn,

if ke ",

my+1
]) 1fkeZm:2,

Ao (0) - i)tk’H <i( 11) [‘Pl (r—m)+ Z*l‘Pz (r—ml)]>

¥, (k) = 1 0 2) (106)
b* m, . b*l .
S (o - m) e )|
r=0 11
k-1-m b*l my+1
+(k—-1-my)A 2 or (0)+b*1(p2(0) ifkeZzZ..,,

. k-1 . n (bl*ll)z i b*l

Akq’z (0) - ZAk ! < Z bl [‘P1 (r—my) + bl*zl 9, (r _ml)]
r=0 I=s+1 12
2
s (bl*ll) m . b*l
S (S g - my s e )
=1 %12 \r0
b*l
+ (k=1 —my) At [(pl (0)+b*1(p2 (0)]) if k € Zpert),

. 2

* Z (bl*ll) ml —1-Tr * b*l *
e 030 (3077 o1 (=) + b}jlsoz (r-m)

b*l
ermn [0 o)) ez
fg)g)r‘nula (81) is now a direct consequence of (105), (106), anE(]l b/}f bi*zl bgll b/1\2 Y (b1*1l + bz*zl) B b2*ll o (107)

Then (43), (44), and (107) glveb b*l

2.1.6. Case (39) of a Double Real Root. If the matrix A has the
form (39), the necessary and sufficient conditions (13)-(16),
for (40), are reduced to (43), (44), (46), and

bl =o0.

Theorem 9. Let (1) be a weakly delayed system, (35) has a
double root A, , = A and the matrix A has the form (39). Then
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bl*ll = bz*zl = bz*ll = 0 and the solution of the initial problem (1),
(3) is x(k) = Sy(k), y(k) = (y; (k):)’z(k))T, and

(o7 (k)

A (0) + kA" g3 (0)

+2A’< - *[zm <r—ml>]

if ke,

if keZ?, ,

A (0) + kA" g3 (0)

+Z}Lk o I: Z blZ(P; ml)]

I=s+1
DY DY Shr
=1 r=0

et ]

1 (k) = 3

if kezl!

mg+2
s=12,....,n—-1,

A (0) + kA" g3 (0)

n my
DYTH DY Shr

r=0

+(k-1-m) Ak_l_"‘lcp; (0)
lf k € Zm +2°
(108)
@ (k) ifke z?mn,
¥, (k) = (109)
Meps(0) if kezZ®.

Proof. The system (40) can be written as

v (k+1) = Ay, (k) + 3, (k) + Y by, (k—my), — (110)

I=1

nk+1)=Ay, (k), kezy. (111)

Solving (111), we get

@ (k) ifke Z‘)_mn,
», (k) = (112)

M3 (0) ifkez,

29

then (110) turns into

Ay, (k) + A*g3 (0) + be‘éso; (k - my)

if k € ",
n (k) + /\k‘P; (0) + bl*zl)tk "¢, (0)

+Zb12‘P; (k —my)
1f kez™

m;+1°

Ay, (k) + A<} (0) + Zb*%" ", (0)

+Zb12§"; (k = my)

y (k+1) = 4 ifkeZ,

Ay, (k) + A*g; (0) + Zb*w‘ ™ (0)

+ Z blz‘/’z (k —my)

I=s+1

if ke 7™

mg+1°

s=3,4,...,n-1,

Ay, (k) + A*g3 (0) + Zb*l/\k ™3 (0)

if ke Z%®°

m,+1°

(113)

Equation (113) can be solved in a way similar to that of (54)
in the proof of Theorem 5 using (33).

First we solve (113) for k € Zf)"l. This means that we
consider the problem

y (k+1) = Ay, (k) + A*q; (0)

+bezl¢§ (k—-my) ifkezg,  (114)

71 (0) = ¢; (0).

With the aid of formula (33), we get

y, (k) = A7 (0)

+ bezl‘P; (r—my)

I=1

k-1
+ Z)‘kflfr Ar¢; (0)
r=0
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= Aor (0) + kA9 (0)

+ ZAk 1r [Zblz‘/’z mz)] » ke ZTIH'

Now we solve (113) for k € ng 41 With initial data deduced

from (115); that is, we consider the problem

y1 (k+1) = Ay, (k) + A3 (0) + b5 A ™1 (0)
+ Zbl*zl?’; (k - ml)’ ke ZZZH’
1=2

yy (my + 1) = V™"t (0) + (my + 1) A™ ¢} (0)

+ Zx”l" [wa; ] )
r=0

my+1
my+2

Applying formula (33) we get (for k € Z

Ak—(m1+1)

y1 (k) = y (my +1)

+ Z At [)U 2(0) + by A M3 (0)

r=m;+1
+Zb12§02 ]

= Afoml [A’"l“(p;‘ (0) + (m, + 1) A™g; (0)
-S| Stes -m||
r=0

k-1
+ AR [A'q); (0) + by A ™2 (0)

r=m;+1

+zwh§u—m»]
=

= o7 (0) + (m, + 1) 193 (0)

+ Z/\k e [Zblz‘Pz T_ml):|

Abstract and Applied Analysis
+ (k—m, —1) A" "9 (0)

k-1
+ Z Ak*l—r |:b1*21/\rm1§0; (0) +

r=m;+1

z%@u—wﬂ
=2

115) . 1.
= A2 (0) + kA" g3 (0)

o3 St -m|

+ b [ZA" Tl (r—my)

r=0
+(k=1-m) A Mg *(0)]
117)

(116)

Now we solve (113) for k € Zm 41 With initial data deduced
from (117); that is, we consider the problem

i (k+1) = Ay, (k) + A5 (0) + Zb*’k" "9} (0)

+ Zblz% (k—my;) ke Zm2+1’

yy (my + 1) = A"t (0) + (my + 1) A"™2¢05 (0)

moo o l (118)
+ Z()/\mz ' [lzblz‘/’z (r- ml):|
r= =2

+b) [%/\mz_r(p

; (r—my)
r=0

+ (my —my) A" e, (0) ] .

my+1
my+2

Applying formula (33) yields (for k € Z

\ms 1)

¥y (k) = y1 (my +1)

2
YA ") (0)

I=1

k-1
+ AR [A’q); (0) +

r=m,+1

Siles - }
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= Nfomal [A’"ﬁl(p;‘ (0) + (m, + 1) A™ g5 (0)
+zﬂhﬂz%@u—wﬂ
r=0 1=2

+by) [ZA’"“ (r—m,)

r=0

+ (my —my ) A" gy (0) ] ]

k-1
+ ) Ak‘l"[ (0)+Zb*w ™3 (0)

r=my+1

+Zb12(P2 ml)]

= o7 (0) + (my + 1) A9} (0)
+zﬂ1{z%¢r—wﬂ
[Z/\k 1-r * r—ml)

+(m2 ))‘klml *(0):|

+(k-1-m,) /\k_l(p; (0)

+ Z h ’[Zb*w "> (0)

r=my+1

+zwh§v—m»]

1=3

= ! (0) + kA9 (0)

+ Z)‘k e |:zb12902 (r—ml)]
[Z/\k 1-r * r—ml)

+(k-1-m) Aftmm @, (0) ]

31
+b1*22 ZAk 1-r = (r—mz)
r=0
+(k-1-m,) /\k_l_mz(p; (0)
(119)

From (115), (117), and (119) we deduce that expected form
of the solution of the initial problem for k € Zzz_l 41 With

initial data derived from the solution of previous equation for
ke Z 1S

¥, (k) = AT (0) + kA g3 (0)
+ Z/\k e [Zblz% :|

+Zb [Zlk ol (r—my)
F = 1= my) N1 *(0)]

if ke z™"!

me_ +2°

(120)

We solve (113) for k € Z “11 with initial data deduced
from (120); that is, we consider the problem
3, (k+1) = Ay, (k) + A"} (0) + Zb*l/\k ¥ (0)

+ Zbu% (k-my), kezl™

mg+1°
I=s+1

1 (mg+1) = X" o] (0) + (m, + 1) A" ¢; (0)

e (121)
+ Z’\ [zbn% :|
s—1 my
+ Zblzl [Zx\m Ty (r—-my)
=1 r=0

+(mg —my) A" ™M) (0) ] .
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Applying formula (33) yields (for k € Z M1+l

mg+2

1 (k) = A g (m + 1)

k-1 s
+ oy A [A’(p; (0) + Y by g5 (0)
=1

r=mg+1

+ z ble‘P; (r- m,)]

I=s+1

— A,k_ms_l

X[A"““ 5 (0) + (my + 1) A g; (0)
+Z)L’” r|:Zb12(p2 ml)]
DYH LA

+ (m, = ) A5 (0) ] ]

k-1
+ Y A"‘H[ (0)+zb*w ™3 (0)

r=mg+1

3 bl (r m»]

I=s+1

= Aor (0) + (m, + 1) A9} (0)
L S [zb:;su; (r- m,>]
r=0 I=s
+Zb1*21 [z/\k ol (r—my)

+ (my — ) ¥ (0) ]

+(k-1-m,) )J“l(p; (0)

k-1 s
DI ST

r=mg+1 I=1

+ Z b12¢; :|

I=s+1

= A (0) + kA" gs (0)

k-1
+ z/\k_l ' [ Z buﬁ"z ]
r=0

I=s+1
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+ 2y (r - my)

r=0

v [ZA"“@ (r—m,)
r=0

+(my = my) A gr (0) ]

+ b1*22 [Z)‘klr(l’; (r—m,)
r=0

+(m, —my) X177 (0) ]

L

s [ Sl (- )

r=0
+(ms_msfl))‘k e *(0):|

+ (k=1-m) [\ 9} (0)
+ A7 (0)
+o 4 Ak_l_mS‘lbf;_lgo; 0)
0] (0)]

= Ao (0) + kA" g (0)

+ZA"“[ZbIZ¢; ]

I=s+1

v [ZA’HW;" (r—m)

r=0

+(k—-1-m) Ak717m1¢; (0) ]

s [Zak“so; (r - my)

r=0
+(k-1-m,) /\kflfmzq); (0) ]

+-.-
ot T )

+(k-1-mg;) )»k_l_ms’l(p; (0) ]
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[ZAk 1-r = r—ms)
+(k-1-my) )Lk_l_ms(p; (0)]
= A7 (0) + kA g3 (0)

+ZA"”[Z%¢2 ]

I=s+1

Z [Z’\k s (r-m)

I=1

+(k-1-my) /\k_l_m’(p; (0) ] )

(122)

In the end, we solve (113) for k € Z,’ ., with initial data
deduced from (122); that is, we consider the problem

y, (k+1) = Ay, (k) + 159} (0)

i Zb*l/\k Moy (0) ifkeZpy
y1 (m, +1) = X" 97 (0) + (m,, + 1) A", (0)

+ ZA’" Tbe; (r—m,)
n—-1 ; my

+ Zblz Z/\m" "oy (r—my)
=1 r=0

+ (m,, —my) A" ) (0)
(123)

Applying formula (33) yields (for k € Zm +2)

y (k)

= XDy (i, 41)

S
+ Z ARt

r=m,+1

(m+ZWM“%m)

33
= Aol [A’"n“gof (0) + (m,, + 1) A"™@} (0)
+ ZA’” T ey (r-my,)
n—-1 ; my
* zblz ZAm” "o, (r-m)
I=1 r=0

pa——)

k-1
+ Z /\k—l—r [ r(p; (0) + Zb*lAr m,(PZ (0)]

r=m,+1

= Ak(pf (0) + (m, + 1) /\kflcp; (0)

+ ZA" by s (r—m,)

O [k
* —1-r =
+ Zbu Z)‘ @, (r—my)
I=1 r=0

+ (my ) A7 (0) ]
+(k-1-m,) Ak_l(p; (0)

+ Z /\k 1-r [Zb*l/\r my (0)]

r=m,+1

95 0+ Y X0 (r = m,)

r=0

L) [ZAklfso; (r-m)

r=0

= 1} (0) + kA*!

+(m,, = m;) A3 (0) ]

b [ZA’“-%»; (r—my)

r=0

+ (my — my) A7 (0) ]
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S

*1— —1-r

+by, Z A @y (r=m,_,)
r=0

+(m, = m, ) A7 (0)

+(k-1-m,)
x [Ak—l—mlbl*zl ; (0) + Ak—l—mzb{kj(p;< (0)
+ /\k—l—mn_lbl*zn 1 ; (0)

A7 (0)]

= Aor (0) + kA" g3 (0)
* b1*21 [Z/\klr‘P; (r—my)
r=0
+(k=1-m) A2 (0) ]
+ b1*22 [Z/\k_l_r‘l’; (r—my)
r=0
+ (k= 1—my) A1 *(0)]
+ e
+ bl*zn_l [ 2 /\k_l_r‘P; (r—m,,)
r=0

+(k-1-m,_;) )Lkil*m”‘lgo; (0) ]

b7 [0 e m)
r=0
k-1-m, =
+(k_1_mn)/\ n(Pz(O):|

= Aor (0) + kA9 (0)

m
YA (r—my)

I=1 r=0

+(k—1-m) A2 (0)

(124)
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Summing up all particular cases (115)-(124), we get
(@) (k) if k e Z(imn,
kot (0) + kA3 (0)

S f[zbmo; ]
if ke ",
kot (0) + kA3 (0)

B )
‘*171*21 [ZAk_l_r‘P; (r—m)
r=0

+ (k=1 -m) AF17™Me* (0) ]
if k € Zp ),
A"fpi‘ (0) + kA g3 (0)

+Z’\k e [Zbu‘/’; ]
it [ SN (- m)
Lr=0

+(k—1-my) Ak_l_ml(p; (0)

y (k) = < [ m,
1 b | YA (r = my)
+(k—1-my) Ak_l_m%p; (0)

if k ez

my+2°

A"fpi‘ (0) + kA g3 (0)
+Z’\k e [ Z blz‘Pz ]
I=s+1
+Zb1*2 [Z/\k o s (r—my)
=1 r=

+ (k= 1—my) A" Mgr (0) ]

if k e Zmn !

mg+2

kot (0) + kA3 (0)
E: E:Ak lr * r<—rnﬁ
=1
+ (k=1 -m) A2 (0)
if ke 7%

my,+2°

(125)

Formulas (108) and (109) are consequences of (125), (112).
O
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3. Dimension of the Set of Solutions

Since all the possible cases of the planar system (1) with weak
delay have been analysed, we are ready to formulate results
concerning the dimension of the space of solutions of (1)
assuming that initial condition (3) is variable. Although case
bl = bl = bl = b} = 0 does not lead to a weakly delayed
system and is excluded by (2), for completeness of analysis
we incorporate such possibility in our analysis as well (such
a case can be considered as a degenerated weakly delayed
system). Before formulation we remark that if an assumption
in the following theorem is assumed to be valid for a fixed
index! € {1,2,...,n}, it is easy to see that it must be valid for
all indicesI = 1,2,...,n.

Theorem 10. Let (1) be a weakly delayed system and let (35)
having both roots different from zero and I € {1,2,...,n} be
fixed. Then the space of solutions, being initially 2(m,, + 1)-
dimensional, becomes on Z,) ., only

(1) (m,, + 2)-dimensional if (35) has

(a) two real distinct roots and (bl*zl)2 + (bz*ll)2 >0,

(b) a double real root, bf‘zlb;l = 0, and
(b)) + (b5))* > 0.
(c) a double real root and bl*zlbz*ll #0,
(2) 2-dimensional if (35) has

(a) two real distinct roots and bl*zl = bz*ll =0,
(b) a pair of complex conjugate roots,
(c) a double real root and b;! = b;! = 0.

Proof. We will carefully go through all the theorems consid-
ered (Theorems 5-9) adding the case of a pair of complex
conjugate roots and our conclusion will hold atleaston Z,
(some of the statements hold on a larger interval).

(a) Analysing the statement of Theorem 5 (case (36) of
two real distinct roots), we obtain the following subcases.

(al) If b = b3} = B! = 0, b1 #0, then the dimension of
the space of solutions on Z, , equals m, + 2 since
the last formula in (47) uses only m,, + 2 arbitrary

parameters:

@1 (00,9, (-m,), 95 (-my, +1),...95 (0).  (126)
(a2) If bl*ll = bz*zl = bl*zl =0, bz*ll #0, then the dimension of

the space of solutions on Z, , equals m, + 2 since
the last formula in (48) uses only m,, + 2 arbitrary
parameters:

o1 (=), @1 (=m, +1),..,00 (0,95 (00 (127)
@) If b = bl = 0 then b7 = bl = 0and

Theorem 5 is not applicable. The dimension of the
space of solutions on Z; _, equals 2 since the solution
is determined only by 2 arbitrary parameters

@; (0),¢; (0). (128)
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This means that all the cases considered are covered
by conclusions (1)(a) and (2)(a) of Theorem 10.

(b) In case (37) of two complex conjugate roots, we have
bl = bl = bl = b = 0 (ie., we deal not with a weakly
delayed system, as noted previosly) and the formula (70) uses
only 2 arbitrary parameters

@1 (0), 9, (0)
Z°. This is covered by case (2)(b) of

(129)

for every k €
Theorem 10.

(c) Analysing the statement of Theorems 7 and 8 (case
(38) of a double real root), we obtain the following subcases.

(cl) If b = 0, b;! #0, then the dimension of the space of
solutions on Z,,” , , equals m,,+2 since the last formula
in (76) uses only m,, + 2 arbitrary parameters:

o1 (00,9, (-m,), 9y (-m, +1),....9,(0).  (130)

(c2) If bl*zl =0, bz*ll #0, then the dimension of the space of
solutions on Z,) ., equals m,,+2 since the last formula
in (77) uses only m,, + 2 arbitrary parameters:

@1 (=m,), 91 (=m, +1),...,9{ (0),¢; (0). (131)

(3)If bj; = b}l = 0 (degenerated weakly delayed
system), then the dimension of the space of solutions
on Z,) , equals 2and solutions are determined only
by 2 arbitrary parameters:

1 (0),9, (0). (132)

(c4) If bilb;l #0, then the dimension of the space of
solutions on Z,)) ., equals m,,+2 since the last formula
in (81) uses only m,, + 2 arbitrary parameters:

C(-m,),C(-m, +1),...,C(0),9, (0), (133)
where
b
Ch) =g )+ = @5 ()|, keZ?, (134)

*1
bll

The parameter ¢, (0) cannot be seen as independent
since it depends on the independent parameters ¢; (0)
and C(0).

All the cases considered are covered by conclusions (1)(b),
(1)(c), and (2)(c) of Theorem 10.

(d) Analysing the statement of Theorem 9 (case (39) of a
double real root), we obtain the following subcases:

(d) If b = b}y = b} = 0, ]} #0, then the dimension of

the space of solutions on ano” 4+, equals m, + 2 since
the last formula in (108) uses only m,, + 2 arbitrary
parameters:

1 00,9y (=m,), 95 (=m, +1),....9,(0)  (135)
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and the last formula in (109) provides no new infor-
mation.

() 1ty = bl = b = b} = 0 (degenerated weakly
delayed system), then the dimension of the space
of solutions on Zz‘ 4+, equals 2 since solutions are
determined only by 2 arbitrary parameters

@; (0),¢; (0). (136)

Both cases are covered by conclusions (1)(b) and
(2)(c) of Theorem 10.

Since there are no cases other than cases (a)-(d), the proof
is finished. O

Theorem 10 can be formulated simply as follows.

Theorem 11. Let (1) be a weakly delayed system and let (35)
have both roots different from zero, then the space of solutions,
being initially 2(m,, + 1)-dimensional, is on anoﬁz only

(1) (m,, + 2)-dimensional if (b;)* + (b3))* > 0,
(2) 2-dimensional if b7} = b} = 0.

We omit the proofs of the following two theorems since,
again, they are much the same as those of Theorems 5-9.

Theorem 12. Let (1) be a weakly delayed system and let (35)
have a simple root A = 0, then the space of solutions, being
initially 2(m,, + 1)-dimensional, is either (m,, + 1)-dimensional
or 1-dimensional on Zzﬂ.

Theorem 13. Let (1) be a weakly delayed system and let (35)
have a double root A = 0, then the space of solutions, being
initially 2(m,, + 1)-dimensional, turns into a 0-dimensional
space on Zz +p» hamely, into the zero solution.

4. Concluding Remarks

To our best knowledge, weakly delayed systems were firstly
defined in [9] for systems of linear delayed differential sys-
tems with constant coefficients and in [1] for planar linear dis-
crete systems with a single delay (in these papers such systems
are called systems with a weak delay). The weakly delayed
systems analyzed in this paper can be simplified and their
solutions can be found in explicit analytical forms (results
obtained generalize those in [1, 2]). Consequently, analytical
forms of solutions can be used directly to solve several
problems for weakly delayed systems, for example, problems
of asymptotical behavior of their solutions, boundary-value
problems, or some problems of control theory (using different
methods, such problems have recently been investigated
e.g., in [10-18]). For an alternative approach to differential-
difference equations using the variational iteration method
and new analytical and asymptotic methods see, for example,
[19-21].

In the case of discrete systems of two equations investi-
gated in this paper, to obtain the corresponding eigenvalues, it
is sufficient to solve only a second-order polynomial equation
rather than a polynomial equation of order 2m,,.
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