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We introduce a class of Fourier multiplier operators M, on n-complex unit sphere, where the symbol b € H*(S,). We obtained the
Sobolev boundedness of M,,. Our result implies that the operators M, take a role of fractional differential operators on dB.

1. Introduction

In this paper, we introduce a class of unbounded holomorphic
Fourier multipliers M, on n-complex unit sphere. We further
study the boundedness of M, on Sobolev spaces. Our results
generalize the theory of Fourier multipliers on Lipschitz
curves in C to n-complex unit sphere B,. We refer the reader
to Gaudry et al. [1], McIntosh and Qian [2], and Qian [3, 4]
for further information on multipliers on Lipschitz curves.

Our motivation originates from the following example on
the unit sphere in C". The explicit formula of the Cauchy-
Szego kernel is as follows:

1 1
w2n_1( A% €]
1-2z€& )

Let {p;} denote the orthonormal system in the space of
holomorphic functions in B,. The following result is well-
known:

H(2,F) =

OONk

H(z,E) =Y Ypi@)pk), zeB, £cdB, (2

k=0 v=1

See Theorem 1 and (16) below for details. Formally, (2) can
be seen as the special case of (4) below. Let S, be the sector
defined as

So ={z€C:2z#0,argz| < w}. 3)

Assume that

(1) b is holomorphic on S ;
(2) bis bounded near the origin;
(3) 1b(2)| < Clzl* for |z| > 1.

We consider the function:

00 Ni .
H, (2,€) = ,;b (k) ;pf (2) P (). (4)

Ifb(z) = 1, then (4) becomes (2). For s = 0, Cowling and Qian
[5] introduced a class of bounded holomorphic multipliers on
L*(0B,). In this paper, we consider the case s # 0. For this case,
b is unbounded on {z : |z| > 1}. We prove that if b € H*(S,),
then

Cy
s (v’ #/) |1 ~ Z?'rﬁs.

|H, (2.€)| = (5)

See Theorem 5.

In Section 4, we introduce a class of Fourier multipliers
M, with b € H(S,), s#0. Unlike the ones of Cowling and
Qian [5], our multipliers b are unbounded on S,,. Take b(k) =
k°. Plancherel’s theorem implies that M, is not bounded
on L*(0B,). Hence for such M,, we need to consider their
boundedness on some function spaces with higher regularity.
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Letr,s € [0,00). We prove that if b € H'(S,,), M,, is bounded
from Sobolev space W»**(aB,,) to Sobolev space W' (0B,,),
1 < p < o00. Our result implies that the operators M,
take a role of fractional differential operators on dB,,. See
Theorem 11.

The rest of this paper is organized as follows. In Section 2,
we state some basic preliminaries and notations which
will be used in the sequel. In Section 3, we estimate the
kernels generated by holomorphic multipliers b € H*(S,).
The Sobolev boundedness of the operators M, is given in
Section 4.

Notations. U = V represents that there is a constant ¢ > 0 such
that 'V < U < ¢V whose right inequality is also written as
U < V. Similarly, one writes V > U for V > cU.

2. Preliminaries and Notations

In this section, we state some preliminaries and notations
and refer the reader to Gong [6], Hua [7], and Rudin [8] for
further information. We use z as a general element of C"; that
is,z = (2),...,2,),2; € C,i = 1,2,...,n,n > 2. Denote
z = [z},...,z,]. The notation z is considered to be a row
vector. Denote by B,, the open unit ball {z € C" : |z| < 1},

where|z| = 3, Izi|2)l/2.’1he unit sphere in C" is denoted by
0B, =S""={zeC":|z| =1}. (6)

The open ball centered at z with radius r will be denoted by
B(z, 7). A general element on 0B,, is usually denoted by £. The
constant w,,_; involved in the Cauchy-Szegd kernel is the
surface area of 0B, and is equal to 27" /T'(n). For z,w € C",
we use the notation zw' = Y}_, z,wy. The theory developed
in this paper is relevant to the radial Dirac operator

D=Yz-—. ?)

Now we state some basis knowledge of basic functions in
the space of holomorphic function in B, and some relevant
function spaces on 0B,,. We refer to Hua [7] for details. Let k
be a nonnegative integer. We consider the column vector z*

with components

1
\/szl"'zﬁ") ki +--k, =k (8)

k!-eok,! !
The dimension of z/* is
1
Nk:En(n+1)-(n+k—1):Cﬁ+k_l. )

Let dz and do(&) be the Lebesgue volume element of C”
and the Lebesgue area element of 0B, respectively. Define

Hf = J ZW' . ZWMdg,
B

n

k_ [ wwr . gw
H* E} o (&).

(10)

Abstract and Applied Analysis

It is easy to prove that H f and H;c are positive definite Her-
mitian matrices of order N,.. There exists a matrix I' such that
I'-Hf-T=A, T'-Hf-T=1, (1)

where A = [B5,..., ﬁ:] is a diagonal matrix and I is the
identity matrix. Set

LI
Z[k] =z . F,

k
E[k] :f[]‘r‘

(12)

Denote by p];(z) the components of the vectors z;. From
(11), we can see that

J[B pf (Z) Pﬁ(z)dz = 8‘,# . 6kl . ﬁ‘lf,
" (13)
[ k@ © =0,
The following theorem is well known.

Theorem 1. The system of functions

1
{(ﬁf)_ip’;,kzo,Lz,...,v:1,2,...,Nk} (14)

is a complete orthonormal system in the space of holomorphic

functions in B,,. The system {pf} is orthonormal, but it is not
complete in the space of continuous functions on 0B,

The explicit formula of the Cauchy-Szego kernel

= 1 1
H(z.&) = o m (15)

on 0B, was first deduced in Hua [7] by using the system { pl;}
and the relation

oo N

H(z,f) = Zpr (2)pk ), zeB, £eB, (16

k=0v=1

For z,w € B, U 0B,, the nonisotropic distance d(z,w) is
defined as

d(z,w) = |1 - 25"1/2. (17)

It can be easily shown that d(-, ) is a metric on 0B,,. For & €
0B, and & > 0, we define the ball corresponding to d(:, -) as

S&e) ={neoB,d(n) <e. (18)

The complement set of S(, ¢) in 0B, is denoted by S°(¢, €).
Set

o ={f: fis holomorphic in B(0,1 + &)
(19)
for some & > 0}.
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If f € o, then

oo N

f@=Yc.p, (20)

k=0v=0

where ¢, are the Fourier coefficients of f:

o= [ HOS@do®, e
and for any positive integer [, the series
o0 Nk
Y K'Y Gupi(2) (22)
k=0 v=0

is uniformaly and absolutely convergent in any compact ball
contained in B(0, 1 + §) in which f is defined.

Denote by % the unitary group of C" consisting of all
unitary operators on the Hilbert space C" under the complex
inner product (z, w) = zw'. These are the linear operators U
that preserve inner products:

(Uz,Uw) = {(z,w) . (23)

Clearly, % is a compact subset of O(2n). It is easy to verify that
o is invariant under U € %.If f € o, then f is defined by
its values on 0B,,. In Section 3, we treat f|y as identical to
fed.

3. The Kernel Generated by
Holomorphic Multipliers

Set
S, ={z € Cz#0 and |argz| < w},
S, (m) = {z € Cz#0,|Re (2)| < 7, |arg (+2)| < w},

W, (1) ={z € C|z#0,|Re(z)| < 7, Im (z) > 0} (24)

s, (),
H, = {z cCz=¢we Ww(T[)}.

The following function space is relevant.
Definition 2. Let -1 < s < 00. H*(S,,) is defined as the set of
all holomorphic functions in S, such that

(a) bis bounded for |z]| < 1;

(b) b(2)| < C,lzl’, 2 €S, 0 < p < w.
Remark 3. The classes H*(S,,) are generalizations of H™(S,,)
which is introduced by McIntosh and his collaborators. We
refer to Li et al. [9], McIntosh [10], McIntosh and Qian [2],

Qian [11], and the reference therein for further information
on H*(S,).

Let

oy (2) = Y b(k) 2", (25)
k=1

Lemma 4. Let b € H(S,), -1 < s < co. Then ¢, can be
holomorphically extended to H,,. Moreover, for0 < u < y' < w
andl1=0,1,2,..,

d\ Cyl!
<ZE> o (2)| < & () 1 Epn zeH, (26)

where &(u, ‘u') = min{1/2, tan(y, M’}; C, are the constants in
Definition 2.

Proof. Let

V,={zeC:Im(z) > 0} JS, | J(-S.)>
(27)
Ww=Vwﬂ{ZEC:—7TSReZS7T}

and py is the ray r exp(if), 0 < r < oo, where 0 is chosen so
that py € S,,. Define

Tb(z)=$1

Pt

0 P (i2)b(§)dE, z eV, (28)

where exp(iz&) is exponentially decaying as & — co along
Po- Then we get

121", (2)]

_ L . 1+s
= ’27_[ L(m exp (i€z) |z| b (&) dz

(29)
CI"’ «© s s
< — J- exp (-7 |z| sin (0 + arg 2)) (r|z])*d(r|z])
2 Jo
< C.“’)
which implies [¥,(z)| < 1/|z|'**. Define
vy (2) =2 Y W, (z + 2nm),
n=—co (30)

(o)
Z € 2nm+W,).
U ( )

n=—00

It is easy to see that y, is holomorphically and 277-periodically
defined in the described region, and |y;,(z)| < 1/]z|'**. Let

¢ (2) = v ( log= ) . (31)

1

For z € exp(iS,), we write z = ¢, where u € S,. Then
sin(|u|/2) < |ul/2. This implies that 2 — 2 cos |u| < |ul* and
11 - €™ | < |u|. Therefore, (29) gives

Cy Cy Cy

< .
|lOgZ|1+s ~ 1+s ~ |1 _Z|1+s
Take the ball

B(z,r)z{E:|z—£|<6(;¢,y')|l—z|}. (33)

oy, (2)] < (32)

|log |||



Applying Cauchy’s integral formula, we obtain

J ¢ (n)m dn 34)

I
oV (2) = — —
0B(z,r) (,7 — z)

27

For any 7 € 0B(z,r), we have |y — z| > (1 - §(y, y'))ll -zl
Then we have

) (S5)
o)) (@) € ———— J e
O ()1 — 2| [JoBen [1 -5 ™
() [1-7| (35)
I
< .
81 (pl, ‘u;) |1 _ Z|l+1+s
O
Theorem 5. Letb € H(S,,) and
H, (2:8) = Y b(k) Y pl (2) pk (&),
k=1 v=1 (36)
zeB, &coB,.
Then
e n—1 (n-1)
i, (2:8) - (n—Dlw,, (") r=zf 7

—
is holomorphically defined for z € B,,, & € 0B,, such that z& €
H,, where @, is the function defined in Lemma 4, Moreover,
forO<u<u <wandl=0,1,2,...

C,l!
—
& (w ') [1 - 2

where 8(u, [,t') = min{1/2, tan(y' -}, C are the constant in
the definition of the function space H*(S,,).

|DLH, (2.8)| < 2 eH, (38)

ntl+s’

Proof. Recall that

o (2) = Y b(k) 25
! (39)
SICEDYIC

k=1
Then we have

(rn—l(Pb (1’))("—1)

(n-1)!

l (o]
- (n_1)!;b(k)(n+k—1)(n+k—2)--~(k+l)rk

k(l’l+k—l)!

- k;b T

b (k) r*.

S m+k-1)(n+k-2)(n+1n
:Z "
& k!
(40)
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Therefore,

1
(n-1)!

(n-1)

(rn_lng (7’))

—r
r=z&

= ib(k) (7’1+k—1)(7’1+k—2)(71+1)n<zgl>k

k=1 kt (41)
) Ni -
= Wy, 1 D b(K) Y pk(2) pE(®)
k=1 v=1

= w2n—1Hb (Z’ E) .
O]

By [4, Theorem 3], we could obtain the following result.

Theorem 6. Let s be a negative integer. Ifb € H'(S,, .),

0 Ny
H, (2,&) = Y b(k) Y p} (2) p,, (E),

k=1 v=1 (42)
zeB, &edB,
then
-
|D2H, (2.8)] < - ZE_,‘;L] SN
& (o u') Il -z
Proof. The proof is similar to Theorem 5. we omit it. O

4. Sobolev Spaces and Unbounded
Fourier Multipliers

4.1. Integral Representation of Multipliers. Givenb € H*(S,),
we define the Fourier multiplier operator M, : &/ — & by

(o] Nk
M, (f)©=Ybk) Ya,ps@E), EcdB,  (44)

k=1 v=0

where {¢,} are the Fourier coefficients of the test function f €
.

For the above operator M, the Plemelj type formula
holds.

Theorem 7. Let b € H'(S,),s > 0. Take b)(z) = z *'b(z),
where s, = [s] + 1. Operator M, has a singular integral
expression. For f € o,

My (1)@ = lim | [ Hy (£ D} (1) da (1)

e—0
fON@ ] Hy Do),
’ (45)

where JS(E)S) H,, (§,m)da(n) is a bounded function of § € 9B,
and e.
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Proof. Let
166 = S50 Yaurk (46), £em, w0
k=1 v=1
where
G = | PEOS () dor ). )
We can see that
Dzz[”
L I I,
\] ALY vkzzka (lez "Zn)
n* k=1
il ] oy b1 b L (48)
ALY |sz R T e
n* k=1
\/l 'l' <Zlk>zlzz . n
=11

which implies that D, p’; = kpf. Then, we have

M, (f) (p8)

(]

= 300 zj ok (p8) PEG)f () dor (1)

8

N (49)

= 30052 [ o GO R PEG (r)do ()

Nk

=300 [ ok (o8 D PE G () ().

8

By integration by parts,

M, (f) (p8)

009 153 | 2 (09 7D (07:) ) o ()

I
M8

T
L

3

=36 z [, 2 GO PEG (071 ) o o).

(50)

For any € > 0, we have

M, (f) (pt)
= [, o Ho (EM D} £ (o ()

+ L@ Hy, (p&.77) (=D} f )+ Dj. f (1)) dor (n)

+DLF® | Hy (o) do (7)
S(&.e)

=1 (p.e) + L (pe) + D?f @ L (p:e),
(51)

where

I (pre) = Lﬂ({  Hy (P5.7) D} £ () dor (1)
Lip.e)= | i (E7) (-D; @+ D} (1) do ),

Lpe)= | Hy (pE7)do ().
SE.e)
(52)
For p — 1 -0, we have
Jim 1 (pe) = Tim | Hy (5 D} (1) do (1)

=170 Jse(g,e)

- j H, (&7) D3 f (1) do (n).
S(&.e)

(53)

Now we consider L,(p,¢). Let & = [1,0,...,0]. Forn € 0B,,
write o
m=re, Mm=Vy M=V, N =Vy

(54)
V= [Vy Vg s V)

For such # € 0B,, W o=
assume & = 1. We get

1 — r*. Without loss of generality,

-gp|” = |1 -re?|”
L (55)
= [(1 —rcos0)® + (r sin@)z] <e,
which implies that
1472 ¢t
cos@> T "¢ (56)
2r

The above estimate implies

2 4
S ¢) = {11 | v =1-1% cosO > 1+r—s} (57)

2r
Since
1+7° - ¢
T TE osh < 1, (58)
2r
we obtain 1 — r < ¢? and then
2
vV’=1—r2S1—(1—82) =2¢8 - &t (59)
Denote
1+72 ¢
a=a(r,e) = arccos (#) . (60)
r

Since (1-r)? < e*and 1 -y = O(arccoszy), wegeta = O(?).
It is easy to see

€ =n* =1

re’9| + |vk|
k=2

= (1 +r —2rc039) + (1 —r2)



=2 -2rcosH,
d*(&n)=1+7r"-2rcos@
=(2-2rcosf) - (1 —rz)

—lE-qf-a+na-n,

that is, d*(&, ) < |€ - y|. Because
d* (&) = [1 +7% - 2rc036]1/2 >1-r,
then we have 1 — r < d*(&, 1), s0
jg=nl <d* Em)+ 1 +n)d* ().
Since d*(£, 1) < 2, then

€ - n|* < 2d” (&) +2d° (&) = 4d” (&,1) ,

that is

-1l <2d(&n).

Since f € of, we have

lf@-fml<lE-nl<dEn).
For p € (0,1),

L(pells [ [Hy (ED] 1 © - £ (] do ()

[ A

€o |1 - &7

N

dodv.

N

J Ja ;
w<2e?—¢* J-a ll - reieln_l/z

Forn =2,

1 (¢ 1 1 (° 1
E j_a |1 _ reie|271/2d6 < <E J_a —ll ~ rei6|2d6

o . 3/4
2a J-n |1 - re®|

1\ 1
A
2a (1—r2)3/4
Then we get

1

L (p,¢e)l < J R —; )y
| 2 (p )l <2 (1- r2)3/4

1/2 1
S¢& J*’ 2 4 [ —f 3/4dV
v <2e°—¢ (VV )

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)
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=
=81/2J dt

, PP
<e—0.
(69)
For n > 2, we have
n-1/2-2

S Y o Ll L
J-—a |1 _ rei9|”*1/2 s ,[_a |1 _ reiglnfl/Z |1 B r2|n71/272

Pp— r L__de
= |1 _ r2|n—1/2—1 771_ |1 _ rei9|2

(70)
Then, we get

o
L)< |

Now we prove if p — 1 — 0, I;(p,¢) has a limit uniformly
bounded for € near 0. Integrating as before, we have

Lpe)= | i, (pE7)do ()

a
= n-1 (n-1)
- Jv?'5252,£4 Jlu (t Po, (t))

Let s = pre®®. Then ds = isdf. We get

pre e
13(P75):_ij J (5", ()" s, (73)
W <262t !

pre~ia

tzn_3Ldt < V2e2 — 0. (71)
t2n—3

(72)
dodv.

t= preie

By integration by parts, the inside integral with respect to the
variable t becomes

| a0 as

t=pre'®

(g, )" ]

n—-1
- [k;(k— 1)! "

pre'®

pre~ia (74)
prei“ SDbl (t)

ia

+(n—1)!J' dt

pre”

n-1 .

=Y DO + L(na).
k=1

We first estimate J,

J Tk (preiia) dv
W' <2e? gt

<preiia)k ]
o I et )
P Tp—

U
vy <2e°—¢

1
< S S— )
B <92t +ia |k
vV <2e*—¢ Il — Pre—’“l
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+ia

2
Because |1 — pre™™|” = 1 + p*r* — 2pr cos a,

a2 a2
+ +
|1 —pre??| - |1 -re”

= p*r* - 2prcosa— (r2 - 2r cos a) (76)
=r (p2 - 1) +2rcosa(l-p).

Since cosa = (1 + r* — &*)/2r, we have

+ia|? +ia|?
|1 —pre | — '1 —re”
:rz(p2—1)+(1+r2—s4)(1—p)
(77)
= (1—p)[1+r2—s4—(1+p)r2]
= (1—p)(1—pr2—£4) > 0.
So
|1 - preii“| > |1 - reﬂa' =& (78)
For k, when ¢ — 0, we obtain
+ia 1
J-W'SZEZ—‘E" Ji (pre ) dvs g2k J-VV'§2£2—S4 dv
| e
< = L " dr - (79)
2n-2
€
ST=TE
On the other hand,
pre'® (t)
(n—1)! J LR
pre~ia t
—i(n—1)! j 9, (0 do (80)
—a t:prée
<1, (when p—0)
that implies
J L(pr,a)dv. (81)
W <2e2—gt
O

4.2. Sobolev Spaces on 0B, via Fourier Multipliers. Sobolev
spaces on the n-complex unit sphere 0B, are defined as
follows. We define the fractional integral operator .7° on 0B,
as follows. Let

oo N

f@=YYa.r@. (82)

k=0v=0
For —00 < s < 00, the operator .7° is defined by

oo Ni

T @)=Y YK, (2). (83)

k=0v=0

For s € Z,, we can see that the operators .7* become the
ordinary differential operators with higher orders.

Theorem 8. Lets € Z,. D} = .7° on L*(0B,).

Proof. Without loss of generality, we assume that f € .
Then

oo N
f@=)Yapr @, (84)
k=0v=0
where ¢, are the Fourier coefficients of f:
G [ PO ©dr®. (55)
am,
So
oo N -
Dif @)=Y | POF ©doe @D (p) (2
k=0v=0 JOB, (36)

Z

LB FOf©do® pr2).

O

Definition 9. Let s € [0,+00). The Sobolev norm || - "WZ,S(BBH)
on 0B,, is defined as

1 lwvesom,y = 1711, < oo (87)

The Sobolev spaces on 0B,, are defined as the closure of o/
under the norm || - ||Wz,5(aBn), that is, Wz’s(a[EBn) = E”'"WZ’%H,«)‘

Remark 10. By the Plancherel theorem, f € W>*(dB,,) if and
only if

o N 12
(Zk252|ckv|2) < 00. (88)
k v=0

=1

Now we consider the Sobolev boundedness of M,,.

Theorem 11. Given r,s € [0,+00) and b € H’(S,). The
Fourier multiplier operator M), is bounded from W>"*(0B,))
to W>"(0B,).

Proof. Write

oo N

T2 =Y Y. (89)

k=0v=0

By the orthogonality of {p¥}, we can see that ¢, = k', Let
b(z) = z°b(z). Because b € H*(S,), we can see that b, €
H®(S,). This implies that

00 Ny
I (My () ©) = Y oK gpt (©)
k=1

v=0

) N (90)
= b (K™Y 6, pk (©)
k=1

v=0

=My, (J7°F) ©).



Finally, by [5, Theorem 3], we can see that

[My (llver = 177 (Mg (1)),

= [My, (71, oD
< Cl7 ],
This completes the proof of Theorem 11. O
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