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The natural filtration of the infinite-dimensional contact superalgebra over an algebraic closed field of positive characteristic is
proved to be invariant under automorphisms by characterizing ad-nilpotent elements and the subalgebras generated by certain ad-
nilpotent elements. Moreover, we obtain an intrinsic characterization of contact superalgebras and a property of automorphisms

of these Lie superalgebras.

1. Introduction

Filtration structures play an important role in the classifi-
cation of modular Lie algebras (see [1, 2]) and nonmodular
Lie superalgebras (see [3, 4]), respectively. We know that the
Lie algebras and Lie superalgebras of Cartan type possess a
natural filtration structure. The natural filtrations of finite-
dimensional modular Lie algebras of Cartan type were proved
to be invariant in [5, 6]. In the infinite-dimensional case,
the same conclusion was proved in [7], by determining ad-
nilpotent elements. In the case of Lie superalgebras of Cartan
type, the invariance of the natural filtrations of some Lie
superalgebras was proved in [8, 9]. Similar results for Lie
superalgebras of generalized Cartan type were obtained in
[10-12], respectively.

In this paper, we consider the infinite-dimensional mod-
ular contact superalgebra K(2r + 1,n), which is analogous
to the one in the nonmodular situation (see [13]). But since
the principal Z-gradations of Lie superalgebras of Cartan
type are different (see [13]), most results and proofs for other
Lie superalgebras cannot be applied to contact superalgebras.
Therefore the corresponding results and proofs for contact
superalgebras have to be established separately. By determin-
ing the ad-nilpotent elements and subalgebras generated by
certain ad-nilpotent elements, we prove the main result of this

paper.

Theorem 1. The natural filtration of the infinite-dimensional
contact Lie superalgebra is invariant under automorphisms.

Thereby, one obtains the following theorems.

Theorem 2. Suppose thatr, r',n, n' are positive integers. Then
KQr+1,n) = Ker +1,1) if and only if (r,n) = (r', n).

Theorem 3. Let ¢, v be automorphisms of K(2r + 1,n). Then
o=y ifandonlyif $l_ = vl .

The paper is organized as follows. In Section 2, we recall
the necessary definitions concerning the modular contact
superalgebra K(2r + 1,n). In Section 3, we study the ad-
nilpotent elements of K(2r + 1,1). In Section 4, we complete
the proofs of Theorems 1-3.

2. Preliminaries

Throughout this paper, F denotes an algebraic closed field of
characteristic p > 2 and Z, = {0, 1} the ring of integers
modulo 2. Let N and N; denote the sets of positive integers
and nonnegative integers, respectively. Given m € N, m > 1
and a = (a},05,...,a,) € Ny, we put |a| = Y «;. Let
O(m) denote the divided power algebra over F with basis

(x9 | ae NG’} For & = (8;1,015 .. -»0y)s i = 1,2,...,m, we
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abbreviate x*) to x;. Let A(n) be the exterior superalgebra
over [ in n variables x,,,,, Xy40> - - - » Xs» Where s = m + n.
Denote by O(m, n) the tensor product O(m)®A(n). The trivial
Z,-gradation of O(m) and the natural Z,-gradation of A(n)
induce a Z,-gradation of O(m,n) such that O(m,n) is an
associative superalgebra. For g € O(m) and f € A(n), we
abbreviate g ® f to gf. Fora, f € Ny’ and i, j = m + 1,m +
2,...,s, the following formulas in O(m, n) hold:

@B _ (“ ; ﬁ) L)

.Xlx]' =—xjx1~,
(1
(@), _ ()
xVx;=xx,
where
m
+ 4+ 3
<Oéaﬁ> — (“10“51>. (2)
; i
i=1
PutY, = {1,2,...,m}, Y, = {m+1,m+2,...,s}, and
Y =Y,UY,. Let
By = {(ipipy .. nip) Im+1<i) <iy <+ <ip <s},
(3)

B(n) = [ B
k=0

where By = @. Given u = (i},i,,...,i;) € By, set [u| =k,
{u} = {ip,ip.. o and x* = x; x; - x; (l@] =0, x% = 1).
Then {x®x" | a € Ny, u € B(n)} is an F-basis of the infinite-
dimensional superalgebra O(im, n).

Let D,,D,,...,D, be the linear transformations of
O(m, n) such that

x(‘x_gi)

X" iey,
ox" (4)

D, (x(“)xu) = .
. a—xl 1€ Yl'

! @

Then Dy, D,, ..
O(m,n). Let

., Dy are superderivations of the superalgebra

W(m,n):{Zs:aiDilaieﬁ(m,n),ieY}. (5)

i=1

Then W(m,n) is an infinite-dimensional Lie superalgebra
contained in Der(O(m,n)) (see [14]). If deg(x) appears in
some expression in this paper, we always regard x as a Z,-
homogeneous element and deg(x) as the Z,-degree of x.
Then deg(D;) = u(i), where

[0 ey,
M(l)_{T iey,. ©

The following formula holds in W (m, n) (see [14]):

[aD,,bD;] = aD; (b) D; - (-1)*#“P) <¥®Ppp (a) D,
(7)

where a,b € O(m,n) andi,jeY.
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Hereafter let r be a positive integer and let m = 2r + 1. Put
J=Y\{m}and ], =Y, \ {m}. Fori € ], define

i+r 1<i<r 1 1<i<r
i'=4di-r r<i<2r o)=4-1 r<i<2r (8)
i m<i<s, 1 ieY,.

Let Dg : O(m,n) — W(m,n) be the linear mapping such
that

Delf) = 31Dy ©)

where
fi= GO (D, (f) +o (') Dy (£)), Viel,
Sm= Zf_zxiDi (f)-

i€]

(10)
Then

[Dk (f)> Dk (9)] = Dk ([f 1) » (1)

where [ f, gl = Dg(f)(g) — 2D,,(f)g (see [14]). It follows

directly from (11) and the injectivity of Dy that [, ]| defines a

Lie multiplication on O(m, n). This Lie superalgebra, denoted

by K(2r + 1,n), is called the infinite-dimensional contact

superalgebra. In the sequel, we simply write K for K(2r+1, n).
The following formula holds in K (see [14]):

[£.9] = Y0 ) (-1)*O“*PD, (f) D, (g)

i€]

+ <2f— Y x,D (f))Dm (9)

i€]

- (‘Udeg(f) desl9) <2g - inDi (9)) D,, (f) .
i€]

(12)

Then K = ;2

,K|;j is a Z-graded Lie superalgebra, where
Ky = spang {x(a)xu | et + ety + |u| =i+ 2}. (13)

LetK; = D, ;K for j > -2. ThenK = K, > K; > K, >
- is referred to as the natural filtration of K.

Lemma 4. K = ;> K, is transitively graded.

Proof. Assume the contrary, then there exists y € K|, such
that [y,x;] = Oforall j € J, where £ > 0. Suppose that the
largest exponent of x,, among the nonzero summands in the
expression of y is equal to £, and write

y= Y @@ ¥ dg P gy

U, =t Bov,B <t
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where ¢, ,,

0= Hy, xj]] = Z o(j')ca)ux(“fsf)x” +h, (15)

LUK, =T

dg, € . Hence, for j € J,,

where each exponent of x,, of all nonzero summands
in the expression of h is less than t. Then
) J— a(j/)ca,ux(“faf)x” = 0. Note that all nonzero
summands of ¥, . _ of 7)6aux@x"  are  F-linear
oc—ej)xu

()

independent. Tt follows that each x' is equal to 0.
Hence the exponents of x; in each x**'x* are equal to 0.
Similarly, for j € Y}, we can prove that x; does not appear

in each xx". Consequently, we see that all x“x* are of

the form x“)_ Ift = 0, then y € K|_,), contradicting £ > 0.
Hence t > 0, and we can write

y = ctgmx(ts'”> + Z c‘x,ux(“)x” + dﬂ)vx(ﬁ)xv,
o,u,x,,=t—1 ﬁ,v,ﬁmq—]
(16)
where ¢, #0. Note that, for j € Y},
((t-De,)
17)

+ Z (—1)|”|ca,ux(“)Dj (x*) +h,

o,u,0, =t—1

where each exponent of x,,, of the nonzero summands in the
expression of A is less than ¢ — 1. Therefore,

—ctsmx((t_l)sm)xj+ Z (—l)lulca,ux(“)Dj(x”)za (18)

LU0, =t—1

Since x; appears in (= Dem)

Zw,%:t,l (—1)|”|ca,ux(“)Dj(x”), we conclude thatt = 0, a
contradiction. O

x; and does not appear in

3. ad-Nilpotent Elements

Recall that y € K is called ad-nilpotent if there exists t € N
such that (ad y)t(K ) = 0. For a subset R of K, let nil(R) denote
the set of ad-nilpotent elements in R, and let Nil(R) denote the
subalgebra of K generated by nil(R).

Lemma 5. Suppose that y;) € K; fori > =2. The following
statements hold.

) Ify = Y5 vy € nil(K), then yyy € nil(K).
) Ify =Y _, i € nil(K), then y_y = 0.

G Ify=Y., Y € nil(Kp), then y;_;; = 0.

(@) Ify =Y, yy € nil(Kg), then yjq; € nil(Ky).

BG)Ify = Zngz Yy € nil(K), then y;_y) € span[F{xj | je
Y}

Proof. (1) See [15, Lemma 5.1].

(2) Suppose that y;_,; # 0. As y isad-nilpotent, y_,; is ad-
nilpotent by (1). Note that

(@d )F (x*) = (@d )" (2x D)) = 2F 0, (19)

for all k > 0. This shows that y_,; is not ad-nilpotent, a
contradiction.

(3) By (1), we see that y_, is ad-nilpotent. Suppose that
Yie1) = Qiej, 4%; #0, where a; € [. Then there exists some
a;#0. A direct calculation shows that

k . ke~ . e
(adyy)" (") = (ady_))"" (o (j) @@ D7)

(20)
= a(j)ka;c #0,

for all k > 0. It follows that y|_;; is not ad-nilpotent.
(4) is an immediate consequence of (2), (3), and (1). (5)
follows from (2), (1), and the proof of (3). O

Leta € Nyanda = Y5 a p' be the p-adic expression of
a, where 0 < g, < p. Then,

pad (a) = (pad, (a), pad, (a),pad, (a),...) (1)

is said to be the p-adic sequence of a, where pad (@) =a; for
all j € Ny. For a = (), 005, ...,0,,) € NI, define the p-adic
matrix of « to be

pad («;)

pad (a,)

pad (@) = (22)

pad (c,)

As pad(e) is an m x co matrix with finitely many nonzero
elements,

ht (@) = max {j € Ny | Ji € Yy : pad, (o) #0}  (23)

is well defined. Let

lacllp,e = Y. pad; (a;), (24)

i=1j=b

for b € Ny and ¢ € N. We abbreviate IIaIIO,q to ||oc||q.

() u

Suppose that y =} ¢,,x*'x" is a nonzero element of

K, where ¢, ,, € F. Define
ht (y) = max {ht (@) | ¢, #0}. (25)
Given that g > 0 and x'®x* € K, we define
g (V") = llally + 2l g + lul + pad, (a,,) . (26)
Lemma 6. Leta, B € Ny, i € Yy, and q € N. Then,

(1) x“x® &0 ifand only if pad(cx)+pad(B) = pad(a+p);
(2) If B #0, then || B — &1l ,+218 - &, , = I1Bll,+218ll, .-
L;



3) Ifx("‘;)xv € Kyandgq > ht(xPx"), then %q(x(ﬁ)xv) >
3.

Proof. (1) See [7, Lemma 2.5].
(2) First consider the case pad(;) # 0. Then,

pad (B; - 1) = (pad, (B;) - 1, pad, (B),-..)- (27)

It follows that [|§ — sillq = IIﬁllq —1land |- 5i||1,q = ||[>’||1,q,
and thus (2) holds.
Next consider the case pad,(f3;) = 0. We may assume that

pad (131)

(28)
=(0,...,0,pad, (B;), pad,.; (By) - ).
where pad,(3;) #0 and t > 1. Hence,
pad (B - 1)
(29)
=(p-1....p-Lpad, (B;) - Lpad,,, (B)>-..)-
If g < t, then
18 =<l + 218 -l
=(q+1)(p-1)+29(p-1)
(30)
> -1
= 18l + 2118l 4 = 1
If g = t, noting that p > 2, then
18- el + 218 -«
=t(p-1)+2(-1)(p-1)+3(pad, (B) - 1)
>2+3pad, (B;) -3 (31)
= 3pad, (ﬁz) -1
= 181, + 218l — 1
If g > t, then
18- 5i||q +2[B - silll,q
=B -l + 2B - elly, + 318 el
(32)

2 Bl + 2Bl =1+ 38 ~ el
= 18l + 218l 4 = 1-

(3) The assumption x'¥x" € K, implies that | |+, +|v| >
3. Then it is trivially verified that (3) holds. O

Lemma 7. Suppose that xP'x" ¢ K, x¥x* € K, q 2
max{1, ht(x¥ x")}, and i € J. The following statements hold.
1) IfxPx"D,, (x'*x") #0, then %q(x(ﬂ)x"Dm(x(“)x”)) >
Ty (@) + 1.
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) Ifx(“)x”Dm(x(ﬁ)x") +0, then %q(x(“)x“Dm(x(ﬁ)x")) >
%q(x(“)x”) + 1.

@) If D; (xP x") Dy (x“x*) 0, then F,(D;(xPx")
Dy (xx) 2 ,(xVx") + 1.

Proof. (1) The assumption xP )xVDm(x(“)x”) # 0 implies that
x P x@em) 2 . By Lemma 6(1), we have

pad (B + (x—¢,)) = pad (B) +pad (a —¢,).  (33)
Consequently,
pad, (B, + (&, = 1)) = pad (B,,) + pady (e, = 1), (34)
1B+ (= ely = 1Bl + o = el (35)
1B+ (= emllg = IBlg+ le—enllig (36)
By (2) and (3) of Lemma 6, we obtain
lov = &ll, + llox = lly = Nedlly + el g =1, (37)
G, (xPx") 2 3. (38)
Combining (34)-(38), we have
%q (x(ﬁ)xVDm (x(a)xu))
= g, (x B )
1+ G-l + 28 - el + il +
+pad, (B, + (a,,, — 1))
= 1Bl + lloe = &ally + 218l + 2llor = &ally g + Tl + 11
+ pad, (B,,) + pad, («,, — 1)
= 1Bll, + 21l  + w1+ pady (B,,) + llo = &,
+ 2]l = &), , + lul + pad, (e, — 1)
>3, (x(ﬁ)xv) + lleclly + 2lledly y = 1+ |ul + pad, (ev,) — 1

>F, (x(“)x”) +1.
(39)

(2) Suppose that x“x“D, (x®x") #0. Then,
&, (xx'D,, (xPx"))
=3 (x(m(ﬁ*em))x"x”)
q
o+ (B el + 2+ B - el il +

+ Pado (‘xm + (ﬁm - 1))
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= llally + 1B = emll, + 2l g +2[B = el , + lual + 1]
+ pad, (a,,) + pad, (B,, — 1)
= llell, + 2llexlly g + [l + pad, (a,,) + IB - sm||q
+2[B =, 4+ VI + pady (B, — 1)
2§, (xx) + 1Bl + 208l ~ 1+ 1+ pady (B,) - 1
>3, (x("‘)x“) + 1.
(40)

(3) Similarly, we have

§, (D (+7x") Dy (5))

= g, (xEmama )

= [[(B-e) + (a—en)ll, +2[(B-&) + (w—e)], , + IV
+ [u| + pad, (B, + &)

=B -elly + o= evll, + 2B &l + 2l =l 4 + ¥
+ |u| + pad, (B,,) + pad, (,,,)

= 18- eilly + 2B - &l g + lloe = &ill, + 2o = &l g + 1V
+ |u| + pad, (B,,) + pad, (,,,)

> ||ﬁ||q + 2||/3||1)q =1+ ol + 2lledly g = 1+ [v] + [ul
+ pad, (B,,) + pad, («,,,)

-5 () 15, () -2

>3, (x(“)x”) +1.
(41)
O

Lemma 8. Suppose that xXPx" ¢ K, xX*x* € K, and
q = max{L, ht(xPx")}. Let xX“’x* be a nonzero summand
of [xPx¥, x9x"]. Then %q(x("‘ Ix*) > %q(x(“)x”) + 1.

Proof. A direct calculation shows that x“x* fulfills the
conditions of Lemma 7. O

Given that g € N, let

fq=m(q+1)(p—1)+2mq(p—1)+(p—1)+n+1.
(42)

o) u

Clearly, the inequality %q(x(“)x”) < ¢, holds for all @ x" e
K.

Lemma 9. K, ¢ nil(K).

Proof. Suppose that y = }g, cwx(ﬁ )x" is an arbitrary
element of Ky, where ¢z, € F and cg,,#0. Let ¢ € N such
that g > ht(y). Let x“x* be a standard basis element of K.

By using Lemma 8 repeatedly, we see that (ady)‘(x‘®x*) =
0. O

Lemma 10. Fori, j € ], the following statements hold.

(1) x%% € nil(K gy N Kyp).
(2) If o(i) = 0(j) and i # j, then XX € nil(Ky N Kp).
3) If o(i) #0(j) andi:#j', then XX € nil(Ky) N Ky).
(4) X;Xj € NII(K[O] n Ka)

Proof. (1) Let x®x" be a standard basis element of K. A
direct calculation shows that

(adx(ze"))P (x(“)x”) = (adx(z‘g"))lpi1 ((7 (i) x,-x(“_ef’)x”) :
(43
= a(i)f xPx @ P x" = 0.

(2) Since adx,»xj a(i)(ij,»: + x,»Djr) and x;Dy o
x;Djy = x;Dj o x;Dy, it follows from the binomial theorem
that (adxl-xj)P = (I(i)P(x]-Dir +xiDjr)P = a(i)p((iji:)p
(x,D;)?) = 0.

(3) Since adxixj = a(i)(ijir —xiDjr) and x;Dyox;Dy =
x;Dj © x;Dy, we have (adxl-xj)P = cr(i)P(iji/ - xiDjr)p
o(@)P((x;Dy)? - (x;D;)") = 0.

(4) 1t follows from (1) that x,x; = o(i)[x"*, x*"] €
Nil(K{g N Kp)- O

+

Lemma 11. Suppose thatn > 3. The following statements hold.
(1) Let i, j, k be distinct elements of Y,, and let a,b € F be

such that a* + b* = 0. Then y = ax,x; + bx,x; € nil(K).
(2)x,-xj € Nil(Ky) N Kg) holds for all distinct i, j € Y.

Proof. (1) A direct calculation shows that ady =
ax;D; — ax;D; + bx; D; — bx;Dy. For simplicity, we denote
ax;D;, —ax;D;, bx;.D;, =bx;Dy. by A, B, C, D, respectively.
Clearly,

AC =CA =BD =DB=0.
(44)

A’=B=C*=D*=0,

Then

(ady)’ = AB+ BA + AD + DA + BC + CB + DC + CD.
(45)

By ADA = DAD = BCB = CBC = 0, we obtain

(ady)’ = ABA + ABC + ADC + BAB + BAD + BCD

+ CBA + CDA + CDC + DAB + DCB + DCD.
(46)
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Note that
ABA = -d’A, BAB = -a’B,
CDC = -b’C, DCD = -b*D,
(47)
a’A = CDA + ADC, a’B = BCD + DCB,
b>C = ABC + CBA, b’D = BAD + DAB.
Tt follows that

ABA + CDA + ADC =0, BAB + BCD + DCB = 0,

CDC + ABC + CBA =0, DCD + BAC + DAB =0,

(48)

thus proving that (ady)’ = 0.
(2) Let a € F such that a* = —1. Since char(F) > 2, we
havea? =1 =-2%0. Letk € Y, \ {i, j}. Then (1) yields

y1 = ax;x; + x;x; € Nil (H;) N Hp),
(49)

¥, = X% + ax;x; € Nil (Hyg) N Hp) .
Hence x;x; = —(1/2)(ay, - y,) € Nil(H|o; N Hp). O
Lemmal2. Leti € Jyand j € Y,. Then x;x; € nil(Kjo) N Ky).

Proof. A direct calculation shows that

adx;x; = 0 (i) x;Dy — x;D;,

) (50)
(adxixj) = -0 (i) (xiDj ox;Dy + x;Dy o xl-Dj).
Since
(xiDj o iji/) o (iji/ ° xiDj)
(51)
=0 = (x;Dy o x;D;) o (x;D; 0 x;D;),
we have
(adx,-xj)z‘o
(52)
=0 (@) (%D 2 x;0;)" + (x;0; < x,D;)" ) = 0.
O

Lemma 13. (1) Nil(Ky)) = span[F{x,»x]- li,je]Jl
(2) Nil(K,) = Nil(K o)) + K.
(3) If n = 3, then Nil(Kjo; N Kp) = spang{x;x; | i,j €
I, u(@) = pu(j)}-
(4) If n < 2, then Nil(Ko) N Kg) = spang{x;x; | i, j € Jo}.
(5) Nil(K, N K7) = Nil(K}o; N Kp) + K; N K.

Proof. (1) Let y = a,,x,, + X, c;a;x;x; be an arbitrary
element of nil(Kj). Suppose that a,, #0. Since (ady)t(l) =
(-2a,,)" #0 and Vt € N, it follows that y is not ad-nilpotent,
a contradiction. Hence a,, = 0, and therefore nil(Kjp)) <
span[F{xixj | i, j € J}. Noting that span[F{xixj |i,jeJlisa
subalgebra of K, we obtain Nil(K{o;) € spang{x;x; |, j € J}.
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Conversely, Lemma 10 shows that spang{x;x; | i, j € Jo} <
Nil(Kj)), and Lemma 12 implies that spang{x;x; | i € Jy, j €
Yy} € Nil(Kg)). Moreover, since x;x; = [x,x;, xyx;] for
all i, j € Y;, we have spang{x;x; | i,j € Y;} € Nil(K).
Therefore spang{x;x; | i, j € J} € Nil(Kg)).

(2) It is clear that Nil(K}y;) < Nil(K;), which combined
with Lemma 9 yields Nil(K{y;) + K; < Nil(K).

On the other hand, suppose that y =y, + y; is an
arbitrary element of nil(K,), where y|y € Ko and y; € K.
By Lemma 5, we have y|,; € Nil(K|y)), and hence y = yy, +
y1 € Nil(K[g)) + K;. Since Nil(K|g)) + K| is a subalgebra of K,
it follows that Nil(K,) < Nil(K,)) + K.

(3) By (1), we see that Nil(Ko; N Kp) € Nil(Kg)) N Kg =
spang{x;x; | i,j € J, p(i) = p(j)}. The reverse inclusion
follows from Lemmas 10 and 11.

(4) Clearly the statement holds when n = 1. Now we
consider the case n = 2. By (1), we can suppose that y =
AXy1 Xs + 2 i, @j%;X; is an arbitrary element of nil(Kyy N
K3), where a, a; € F. If a #0, a direct calculation shows that

(ady)Zt(xS) = (—l)taths #0 for all t € N, contradicting that
yisad-nilpotent. Hencea = 0 and y € spang{x;x; | i, j € Jo},
proving nil(Kjg) N Kg) < spang{x;x; | i,j € Jo}. Since
spang{x;x; | i,j € Jo} is a subalgebra of K, it follows that
Nil(K o) N Kp) € span[F{xl-xj | i, j € J,}. The reverse inclusion
follows from Lemma 10.

(5) is completely analogous to the proof of (2). O

Let p be the corresponding representation with respect to
Kjp;-module K_,; that is, p(y) = adyIKH], Vy € K. It is
easy to see that p is faithful. For y € K, we also denote by
p(y) the matrix of p(y) relative to the fixed ordered F-basis
as follows:

X1 %00 o3 X 1> X 15+ o X} - (53)

Denote by gl(2r, n) the general linear Lie superalgebra of (2r+
n) X (2r + n) matrices over [F. Let €;j denote the (s — 1) x (s —
1) matrix whose (i, j)-entry is 1 and 0 elsewhere, and G =
( _(}r 10, ), where I, is ¥ X r unit matrix. Let sp(2r, F) be the Lie
algebra consisting of all 2r x 2r matrices A over [ satistying
ATG + GA = 0, where AT is the transpose of A. Set # =
Z @ FI,_;; here

¥ = {(é g) cgl@rn)| AespnF),B'G+C=0,

D anti—symmetric} .

(54)
Lemma 14. (1) p(K)) = Z.
(2) If y € nil(Kyg)), then p(y) is a nilpotent matrix.
Proof. (1) For i, j € ], a direct calculation shows that
[[xixj,xk]] =0 (i) (—I)H(i)(”(i)+”(j))8i,kxj
(55)

o (J) (_1),,(J)(M(z)+/4(1))+#(t)ﬂ(1)5j,kxi,
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Therefore

p(x x. ) o (i) (- l)ﬂ(z)w(z)y( )e o+ a(])( I)H(])EA (56)

where
=los e &
Since [x,,,, x;, ] = —x, Vk € ], we see that
p(xXp) = Iy (58)
From (56) and (58), we can easily verify (1).
(2) follows from the definition of p. O

If A = (a;) is an n x n antisymmetric matrix over F, we
. 2 2 2
write I'(A) to denote ), ;. i, a;;. As tr(A%) = =23, e ajjs
it is clear that if A is a nilpotent matrix then I'(A) =

Lemma 15. Suppose that n > 3. Let A = (a;) be an
antisymmetric matrix over F of order n. If A satisfies the
following properties:

(1) I'(A) =

(2) I([A,B]) = 0 holds for every n x n antisymmetric
matrix B.

Then, A = 0.
Proof. Let N = {1,2,...,n}. Three cases arise as follows.

Case 1 (n > 4). By the property (2) of A, we see that
Ej])

T([AEj-Ej+Ey - Ey])-
~T([AEy-Ey])=0

T ([A’ El] N (59)

holds for all 4, j,k,I € N. Therefore, ifi < j < k < I, a direct
calculation shows that the left-hand side of (59) is equal to
4a;a — 4a;a;. Hence 4aya; — 4aga; = 0. Similarly, if i <
k < j <, then —4ayay; — 4aza; = 0,andifi < k <1< j,
then —4a;a;; + 4a,a; = 0. Thus, for all il <y < iy < iy, We

see that g; i, = W, B = 0 G = = Gy Then

a .a . =0. (60)

ailizaisiA - ai1i3ai2i4 = iy Tl

Denoter; = Y a.. fori € N.If i # j, a direct calculation

shows that

Ozr([A>Eij—Eji])=’1i+’1j—2ai2j- (61)

Letk € N\ {i, j}. Then

i+ M — 2ai2k =0, M+ M — 2a§k =0. (62)

From the equalities above, we see that #; = a +a - Jz_k

holds for all distincti j k e N. Pickl e N \ {z j»k}. Then
0 = a +a - a]l Hence a; + a]k =a + a holds for all
d1st1nctz 7>k, 1 € N. It follows that

a.z. +a.2. :a.z. +a.2. :a.z. +a.2. (63)

B} 131y i3 Ity (P15} Ity

holds for all i, < i, <i; <i,.

Assume that there exists some g;; # 0. For distinct k,[ €
N\ {i, j}, we have a;; = 0 by (60). Then we can write the
following:

A= ZaitEit + Za] jt ~ ZaztEn Z (64)

teN teN teN

A direct calculation shows that
Ozr([A,Ekl—Elk])=ai21+a]l+alk+ak (65)

Since alzl + ajzk = aﬂ + alk by (63), we obtain a; + ajk = 0.
Hence a ;= aj; A akl = all +a’ k= = 0 by (63), contradicting the

assumption that a;; #0.

Case 2 (n = 4). Note that (60) and (63) hold; that is,

A1p034 = Ap3y = Az = 0,
2 2 2 2 2 2 (66)
A + a3y = a3+ a0y, =0y +ayy.

Moreover, since 0 = T'(A) - T'([A, E;, — E;;]) = afz + a324, we
see that A = 0.

Case 3(n = 3).Since0 =T(A) = af2+a§3+af3 andT'([A, E{,—
E, ]) = a3, + a,, it follows that a;, = 0. Similarly a,; = a,5 =
0.

Lemma16. Let y be a nonzero element of nil(Kg; N Kp). Then
there exists z € Kg) N Kg such that [y, z] is not ad-nilpotent.

Proof. By Lemma 13, we can suppose that

(2¢)
y= Zalx o + Z blt.xl.xt + Z G X1 X4 (67)

le], Lte]yl<t LteY,,l<t
where a;, by, ¢, € F. Three cases arise as follows.

Case 1. There exists some a; #0. Let z = x%%)_ Then y,z =
o(i)a;x;x; + h, where x; does not appear in the expression
of h. Noting that (ad[y, z]])e(x,-r) = afx,-r for all £ € N, we
conclude that [y, z] is not ad-nilpotent.

Case 2. All @y = 0, and there exists b; #0. Let z = x;,x;.
A direct calculation shows that [y,z] = o(ja;x;x; +
h, where x; does not appear in the expression of h. As
(ad[y, z])¢ (x7) = o(i) U(J)Za xy and V€ € N, we see that
[y, z] is not ad-nilpotent.

Case 3. Allg; = 0 and b, = 0. So y € spang{x;x; | 1, j € Y}
This can happen only if n > 3 by Lemma 13(4). Note that
p(y) is an antisymmetric nilpotent matrix. Then Lemma 15
provides an element z of spang{x;x; | i,j € Y;} such that
[p(y), p(2)] is not a nilpotent matrix. Hence [y, z] is not ad-
nilpotent. O

4. Proofs of Theorems

Proof of Theorem 1. We proceed in several steps.



(I) Nil(Kj) = Nil(K, N Kp). Suppose that y is an arbitrary
element of nil(Kp). It follows from (2) and (3) of Lemma 5
that y € K, which combined with y € nil(Kp) yields y €
nil(K, N Kg), thus proving nil(K3) < nil(K, N Kj). Hence
Nil(Ky) < Nil(K, N Ky).

The reverse inclusion is clear.

(I KyNKz = NorKE(Nil(Ka)). We first prove K, N Kg €
NorKa(Nil(Ka)). It follows from (I) that

Norg_ (Nil (K3)) = Norg_ (Nil (Ko N Kp)).  (68)
Therefore

Nil (K, N Kg) € Nory_ (Nil (K, 1 Kg)) = Norg_ (Nil (Ky)).
(69)

By formula (12), we see that [x,,, K] = 0 and [x,,K; N
Kzl <€ K, n K, proving

%, € Norg (Nil (K)) . (70)

In the case of n > 3, by (3) and (5) of Lemma 13, we obtain
K, N Kz = Nil(K, n Kp) + Fx,,. By (69) and (70), we have
KyNKj ¢ NorKa(Nil(Ka)). In the case of n = 2, by (4) and (5)
of Lemma 13, we have KyNKj = Nil(K(nKg)+Fx,, +Fx,,, x,.
Note that x,,,,x; € Norg (Nil(Kg)), which combined with
(69) and (70) yields K, N K5 < NorKE(Nil(Ka)). In the case
of n = 1, by (4) and (5) of Lemma 13, we have K, N Ky =
Nil(K, N Kp) +Fx,,. Hence Ky N Ky € NorKE(Nil(Kg)) by (69)
and (70).

Conversely, suppose that y =y, + y, €
Norg (Nil(Kg)), where y;_5; € K3}, y_; € K_;. If y_5 #0,
then [y, x;x,,] = 2y;_5x, + h ¢ Nil(K7) by Lemma 13(5),
contradicting y € NorKE(Nil(KE)), where h € K,,. Hence
Yi-2) = 0 and we can write y = y;_;; + ¥, where y;_;; =
Yiej, 4%i € Ky a; € T,y € Ky If there is some a; #0, then

[y, ¢ =o(jla;xy+h, where h € K. Lemma 13(5) shows

that [ y, x(zsf')]] ¢ Nil(Kp), contradicting y € NorKﬁ(NiI(Kﬁ)).
Hence y_;; = 0and y € K, N Kg, proving Nor_(Nil(Kp)) <
Kyn Kﬁ.

(III) Let M = {y € nil(Kp) | [y, K, N Kzl < nil(Kp)}.
Then M = K, N Kg. Suppose that y = y|q; + y; is an arbitrary
element of M, where y;y; € Koy N Kzand y; € K; N Kg. If
Yo # 0, since yo; € nil(K{y;) by Lemma 5(4), then Lemma 16
provides an element z € Ko NKg such that [y, z] is not ad-
nilpotent. Hence [y, z] is not ad-nilpotent by Lemma 5(4),
contradicting y € M. Therefore y;p; = 0 and y € K; N Ky,
thus proving M ¢ K, N Kj.

On the other hand, since [K; N K5, KyN K] € K, nKj ¢
nil(K, N Kj) by Lemma 9, it follows that K; N Kj € M.

(IV)LetQ = {y € Ky | [y,K7] € K, N Kg}. Then Q =
K, N K7. Suppose that y = y;_j; + y, € Q, where y;_;; =
Yiey, %%; € K_jy N Kyand y, € K, N Ky If there is some
a;#0, then [y, xj]] =-a; + [[yo,xj]] ¢ K_; N Kj, and hence
[y,x;] ¢ Ky N K, contradicting y € Q. Therefore y;_;; =0,
and we can write y = yo)+yy, where yjo) = Ye; oy XX €
Kjp; N K7 and y; € K, N K. If there exists some a;, # 0, then
[y, %] = = Yicj, aux; + [y1,x,] ¢ Ky N K, a contradiction
which yields y;5; = 0and y € K; N K7.

28}4 ) ]]
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The reverse inclusion follows from the fact that Ky ¢ K_;.

(V) [K3, K, N K5 = K, N Ky. 1t suffices to show that
K, N K5 € [Ky, K, N K5]. Suppose that x®x* is an arbitrary
basis element of K,N K7 with x* = x;x". Note that x'***)x" ¢
K,NKj. Since x® x* = [x;, x**n) x"], it follows that x* x* €
[K7, K, N Kzl as desired.

It follows from (II) and (V) that K, = K, N K + K, N Ky
is invariant under automorphisms of K. By (III) and (IV), we
obtain that K, = K, N K + K; N Ky is invariant. Therefore
K_, = {x e K| [x,K,] € K,} is invariant. By the transitivity
of K, we conclude that

Viz0. (71

1

Ky ={xeK | [x.K,] <K},

Hence the natural filtration of K is invariant under automor-
phisms of K. O

Proof of Theorem 2. Let ¢ KQ@r + 1,n) — KQr' +

1,1') be an isomorphism of Lie superalgebras. Let K and K’

denote K(2r + 1,n) and KQ2r' + 1,7n), respectively. Since

o(Kp) = Ké and o(Nil(Kp)) = Nil(Ké), it follows that

¢(Norg (Nil(Kp))) = NorKL(Nil(Ké)). By (II) in the proof of
0 0

Theorem 1, we have
9 (Ko N Kg) = ¢ (Nor, (Nil (K5)))
(72)
= Norg (Nil (K'g)) = Ky n K.

Consequently
¢ ({y € nil (Kp) | [, Ko N K5] < nil (Kg)})
={y enil (K}) | [y Ky n K5] < nil (KL)}.

Applying (IIT) in the proof of Theorem 1, we see that ¢(K; N
Kg) = K{ n Ké, which combined with (V) yields

(73)

¢ (Ky N Ky) = ¢ ([Kp. K, nK3]) = [K5 Ky n K
(74)
=K, nK;.

It follows from (72) and (74) that ¢(K,) = K('). Therefore ¢
induces an isomorphism of Z,-graded spaces ¢ : K/K, —
K'/K,. A comparison of dimensions shows that r = ' and
n = n'. The converse implication is clear. O

Proof of Theorem 3. It suffices to prove that §lg = ylk_
implies that ¢ = wy. Since (1) = @([x,xp) =
y([xp, %)) = y(1), it follows that @[y, = ¥k, . We use
induction on ¢ to show that

ol = Vi, Ve=-1. (75)

Assume that £ > 0 and (75) holds for € — 1. Suppose that
y € K andletz = ¢(y) — y(y). We want to prove z =
0. The induction hypothesis yields that ¢(x;) = w(x;) and
o[y, x;1) = w(ly, x;1), i € J. Therefore,

[z, (<) =9 (7)) -v (). 0 ()]
=¢([yx]) -v(lyxl) =o.

(76)
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Since @(K,) = K, and @(K_;) = K_; by Theorem 1,
¢ induces an automorphism ¢ of the Z,-graded space
K_,/K,. Consequently there exists a homogeneous basis
{hyse s hy s By oo B of Ky such that (x;) = h;(mod
K,). Thus there exist g; € K, such that ¢(x;) = h; — g;,i € J.
Therefore, (76) shows that [z, ;] = [z, g;] foralli € J. As
z = @(y)-w(y) € K, by Theorem 1, it can be decomposed into
z= Z;:o z(;)» where z(;; € K|;;. Noting that [z}, ;] € K[_y
and [z, g;] € K, we obtain [zo, ;] = 0foralli € ], and
hence z;; = 0 since K is transitively graded. By induction,
we conclude that z) = 0,j=0,1,...,t. Hence, z = 0, as
desired. O
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