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We study the existence and approximation of a solution for a system of hierarchical variational inclusion problems in Hilbert spaces.
In this study, we use Maingé’s approach for finding the solutions of the system of hierarchical variational inclusion problems. Our
result in this paper improves and generalizes some known corresponding results in the literature.

1. Introduction

Let H be a real Hilbert space with inner product and norm
being (-,-) and | - |, respectively, and let C be a nonempty
closed convex subset of H. A mapping T : H — H is called
nonexpansive if
sty <lx-sl. vxyeH Q)

We use F(T) to denote the set of fixed points of T} that is,
F(T) = {x € H: Tx = x}. It is well known that F(T) is a
closed convex set, if T' is nonexpansive mappings.

A variational inclusion problem [1-3] is the problem of
finding a point u € H such that

0eAw)+M®u), (2)

where A: H — H is a single-valued nonlinear mapping and
M : H — 2" is a multivalued mapping. We use Q to denote
the set of solutions of the variational inclusion (2).

On the other hand, a hierarchical fixed point problem [4-
11] is the problem of finding a point x* € F(T) such that

(Ax",x-x") >0, VxeF(T). (3)

If the set F(T) is replaced by the solution set of the variational
inequality, then the hierarchical fixed point problems are
called hierarchical variational inequality problems or hierar-
chical optimization problems. Many problems in mathematics,
for example, the signal recovery [12], the power control
problem [13], and the beamforming problem [14], can be
considered in the framework of this kind of the hierarchical
variational inequality problems.

Recently, Chang et al. [15] introduced bilevel hierarchical
variational inclusion problems; that is, find (x*, y*) € Q; x
Q, such that, for given positive real numbers p and #, the
following inequalities hold:

(pF(y*)+x" —y",x-x") >0, VxeQ, N
4

(MF(x")+y" —-x",y-y") 20, VyeQ,

where F,A,,A, : H — H are mappings, M;,M,: H — 2H
are multivalued mappings, and (); is the set of solutions to
variational inclusion problem (2) with A = A;, M = M, for

i = 1,2. They solved the convex programming problems and
quadratic minimization problems by using Maingés scheme.
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In this paper, we consider the following system of hierar-
chical variational inclusion problem: find (x*, y*,2") € Q x
Q, x Q;, such that, for given positive real numbers p, 7, and
&, the following inequalities hold:

(PF(y")+x" = y",x-x") >0, VxeQ
(MF(z)+y" 2", y—y") 20, VyeQ, (5
(EF(x")+z"-x",z-2") >0, VzeQ,

Some special cases of the system of hierarchical variational
inclusion problem (5) are as follows.

(I) It M;=0, A;=1-"T;, where T; : H — H is a nonlinear
mapping for each i = 1,2,3, in (5), then Q; =
F(T;) and the system of hierarchical variational inclu-
sion problem (5) reduces to the following system of
hierarchical optimization problem: find (x*, y*,2z") €
F(T,) x F(T,) x F(T;), such that

(pF(y")+x" = y",x-x") >0, VxeF(T,),
(F(z7)+y =25 y=y) 20, VyeF(T,), (6)
(EF(x")+z" -x",2-2") >0, VzeF(Ty),

which was studied by Li [16].

(I If T; = Py for each i = 1,2,3, where Py is the
metric projection from H onto a nonempty closed
convex subset K; in (6), then it is clear that the
Q; = F(I;) = K; and the system of hierarchical
optimization problem (6) reduces to the following
system of optimization problem: find (x*, y*,z") €
K, x K, x Kj; such that

(pF(y*)+x" =y, x—x") 20, VxeK,
(WF(z")+y" =2"y-y")20, ¥yeK, (7
(EF(x")+z" -x",z-2") 20, VzeK,

(I) If K; = K, = Kj, then the system of optimization
problem (7) reduces to the following system of varia-
tional inequality problem: find (x*, y*,z") € K; xK|x
K, such that

(pF(y*)+x" —y*,x—x") 20, VxeK,
(F(z)+y" =25, y-y") 20, VyeK, (8
(EF(x")+z" -x",z-2") 20, VzeKk,.

(IV) IfE = 0,p,11 > 0,0y = Qy,and x™ = z" in (5) then the
system of hierarchical variational inclusion problem
(5) reduces to the following bilevel hierarchical varia-
tional inclusion problem: find (x*, y*) € Q; x Q, such
that

(pPF(y")+x" =y, x—x") =0,
(MF(x")+y" =x",y—y") 20,

Vx € Q,
Vy € Q,,

)

which was studied by Chang et al. [15].
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(V) In(9),if M; =0, A; = I -T,, for eachi = 1,2, then
bilevel hierarchical variational inclusion problem (9)
reduces to the following bilevel hierarchical optimiza-
tion problem: find (x*, y*) € F(T,) x F(T,) such that

(pF(y")+x" -y, x—x") 20, VxeF(T)),

(F(x")+y" =x",y—y") 20, VyeF(T,),

(10)

which was studied by Maingé [17] and Kraikaew and
Saejung [18].

(VD) In (10), if T; = Py for each i = 1,2, then bilevel
hierarchical optimization problem (10) reduces to the
following problem [19-21]: find (x*, y*) € K| X K,
such that

(PF(y") +x" -y x-x") 20,

(MF(x")+y" =x",y—y") 20,

Vx € K,

(1)
Vy € K,.

(VII) In (1), if K; = K, then the problem (11) reduces to
the following problem: find (x*, y*) € K, x K| such
that

(PF(y") +x" —y",x—x") 20,
(MF(x")+y" —-x",y-y") 20,

Vx € K,
(12)
Vy € K.

(VIID In (5),if & =5 =0,p > 0,Q, = Q, = Q,,
and x* = y* = z" then the system of hierarchical
variational inclusion problem (5) reduces to the fol-
lowing hierarchical variational inclusion problem: find
x* € Q, such that

(F(y*),x-x") 20, VxeQ. (13)

(IX) In (13), if M; = 0, A; = I — T then the hierarchical

variational inclusion problem (13) reduces to the

following hierarchical fixed point problem: find x* €
F(Ty) such that

(F(y"),x—x")>0, VxeF(T)). (14)

X)In (15), if T, = Py, then the hierarchical fixed

point problem (15) reduces to the following classic

variational inequality problem: find x* € K, such that

(F(y*),x-x") 20, VxeK,. (15)

Motivated and inspired by Chang et al. [15], we introduce

the system of a hierarchical variational inclusion problem
(5) and investigate a more general variant of the scheme
proposed by Chang et al. [15] to solve the system of a
hierarchical variational inclusion problem. Our analysis and
method allow us to prove the existence and approximation of
solutions to the system of a hierarchical variational inclusion
problem (5). The results presented in this paper extend and
improve the results of Chang et al. [15], Maingé [17], Kraikaew
and Saejung [18], and some authors.
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2. Preliminaries

This section collects some definitions and lemmas which can
be used in the proofs for the main results in the next section.
Some of them are known; others are not hard to derive. We
use — for strong convergence and — for weak convergence.

Definition 1. Let A,T,F : H — H be a mapping and let
M : H — 2" be a multivalued mapping.

(1) A mapping T is called nonexpansive it

|Tx - Ty| <||x-y|, Vx,yeH. (16)

(2) A mapping T is called quasinonexpansive if F(T) # 0
and

[x-pl <le-pl. VxeH peF@. @)

It should be noted that T' is quasinonexpansive if and
onlyifforall x € H, p € F(T)

(x - Tx,x - p) > % llx = Tx|* . (18)

(3) A mapping T is called strongly quasinonexpansive it T
is quasinonexpansive and x,, — Tx,, — 0, whenever
{x,}is abounded sequence in H and ||x,, — pll - | Tx,, -
pll — 0 for some p € F(T).

(4) A mapping F is called y-Lipschitzian if there exists o >
0 such that

[Fx-Fl<uls—yl, VeyeH — (9)

(5) A mapping F is called r-strongly monotone if there
exists 7 > 0 such that

(Fx-Fy,x-y)>r|x-y|’, VxyeH. (20)

It is easy to prove that if F : H — H isa u-
Lipschitzian and r-strongly monotone mapping and
if p € (0,2r/u*), then the mapping I — pF is a
contraction.

(6) A mapping A is called a-inverse-strongly monotone if
there exists 4 > 0 such that

(Ax- Ay, x-y)za|Ax - Ay|*, VxyeH. ()

(7) A multivalued mapping M is called monotone if for all
x,y € H,u € Mx and v € My imply that

(u-v,x—-y)>0. (22)

(8) A multivalued mapping M is called maximal mono-
tone if it is monotone and for any (x,u) € H x H,

(u-—v,x—y)=0 (23)

for every (y,v) € Graph(M) (the graph of mapping
M) implies that u € Mx.

Lemma?2 (see [22]). Let A: H — H be an a-inverse-strongly
monotone mapping. Then

(1) A is an 1/a-Lipschitz continuous and monotone map-
ping
(2) for any constant A > 0, one has
(1 = A4)x - (1 - AA) |
, , (24)
<l - yF + A - 2a) | Ax - Ay[;

(3) if A € (0,2«], then I — AA is a nonexpansive mapping,
where I is the identity mapping on H.

Lemma 3. Let x € H and z € C be any points. Then one has
the following.

(1) That z = Pc[x] if and only if there holds the relation:
(x-2z,y-2z)<0, VyeC. (25)
(2) That z = P|x] if and only if there holds the relation:
lx=2 < Jx =" - ly-2", vyec. (6
(3) There holds the relation:

(Pclx] = Pc[y],x = y) 2 [|Pc[x] = Pc [y]|
Vx,y € H.

2
>

(27)

Consequently, P is nonexpansive and monotone.

Definition 4. Let M : H — 2" be a multivalued maximal
monotone mapping. Then the mapping J,;, : H — H
defined by

Jaa @) =T +AM)™" (), ueH (28)

is called the resolvent operator associated with M, where A is
any positive number and I is the identity mapping.

Proposition 5 (see [22]). Let M : H — 25 be a multivalued
maximal monotone mapping, and let A : H — H be
an a-inverse-strongly monotone mapping. Then the following
conclusions hold.

(1) The resolvent operator ] , associated with M is single-
valued and nonexpansive for all A > 0.

(2) The resolvent operator ]y, is I-inverse-strongly mono-
tone; that is,

a0 = Taa O < (= 3 Jagn () = Taga () »
Vx,y € H.

(29)

(3) u € H is a solution of the variational inclusion (2) if
and only if u = Jy;,(u — AAu), for all A > 0; that is, u
is a fixed point of the mapping Jy; , (I — AA). Therefore
one has

Q=F(Jy,I-24)), VA>0, (30)



where Q is the set of solutions of variational inclusion
problem (2).

(4) If A € (0,2a], then Q is a closed convex subset in H.

Lemma 6 (see [23]). For x,y € H and w € (0,1), the
following statements hold:

@ llx + yI? < Ixl? + 2y, x + y);

2) [(1-w)x+wyl? = 1-w)|x*+ollyl*-w(1-w)|x-yl*.

Lemma 7 (see [24]). Let {a,} be a sequence of real numbers,
and there exists a subsequence {amj} of {a,} such that Gy, <

Gy 41 for all j € N, where N is the set of all positive integers.

Then there exists a nondecreasing sequence {n} of N such that
limy _, 1, = oo and the following properties are satisfied by
all (sufficiently large) number k € N:

Ay, < Aet1> a < A1 (31)

In fact, ny is the largest number n in the set {1,2,...,k} such
that a, < a,_, holds.

Lemma 8 (see [18]). Let {a,} < [0,00), {a,} € [0,1), {b,} C
(—00, +00), and h € [0, 1) be such that

(1) {a,} is a bounded sequence;

(2) @y, < (1-a,)° @, +20, /G \ Gy +0, b, for alln > 1;
(3) whenever {ank} is a subsequence of {a,,} satisfying

lim inf (a,,., ~a, ) 20, (32)

it follows that lim supy _, ,,b, < 0;
(4) lim,,_, oo, = 0 and Y2 e, = c0.
Then lim

1 00fn = 0.

Lemma 9 (see [15]). Let M : H — 2 be a multivalued
maximal monotone mapping, let A : H — H be an a-inverse-
strongly monotone mapping, and let Q) be the set of solutions
of variational inclusion problem (2) and Q # 0. Then the
following statements hold.
(1) If A € (0,2¢a], then the mapping K : H — H defined
by

K =y (1= A4) (33)

is quasinonexpansive, where I is the identity mapping
and ]y, is the resolvent operator associated with M.

(2) The mappingI — K : H — H is demiclosed at zero;
that is, for any sequence {x,} ¢ H, if x, — x and
(I -K)x, — 0, then x = Kx.

(3) For any B € (0,1), the mapping K defined by
Kg=(1-B)I1+BK (34)

is a strongly quasinonexpansive mapping and F(Kp) =
F(K).

4)I- Kp, B € (0,1) is demiclosed at zero.
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3. Main Results

Throughout this section, we always assume that the following
conditions are satisfied:

(Cl) M, : H — 2" is a multivalued maximal monotone
mapping, A; : H — H is an a;-inverse-strongly
monotone mapping, and (), is the set of solutions
to variational inclusion problem (2) with A = A,,
M = M;,and Q; # 0, foralli = 1,2, 3;

(C2) K; and K3, B € (0,1),i = 1,2,3, are the mappings

defined by
Ki=Jya(I-24;), A€ (0,20],
(35)
Kig=(1-p)I+BK;, Pe(0,1),

respectively.

Next, there are our main results.

3.1. An Existence Theorem

Theorem 10. Let A;, M;, O, K;, and K; g satisfy conditions
(Cl) and (C2), and let f; - H — H be contractions with a
contractive constant h; € (0,1), for all i = 1,2,3. Then there
exists a unique element (x*, y*,z") € QO x Q, x Qj such that
the following three inequalities are satisfied:

("= ("), x-x") 20, VxeQ,
(V' -fE)y-y)=0 Vye,  (36)
(z" - f(x7),2-2") 20, VzeQ,

Proof. The proof is a consequence of Banach’s contraction
principle but it is given here for the sake of completeness. By
Proposition 5 and Lemma 9, Q,, Q,, and Q, are nonempty
closed and convex. Therefore the metric projection Py, is well
defined for each i = 1,2, 3.

Since f; is a contraction mapping for each i = 1, 2, 3, then
we have P, f; which is a contraction and also have

Po, f1° P, f° Py, fs (37)

which is a contraction. Hence there exists a unique element
x* € H such that

x° :(P01f1°PQZf2°PQ3f3)x*- (38)

Putting z* = P, _f3(x") and y* = Py f,(2"), then 2" € Q;,
y' e Qyand x® = Py fi(y7).

Suppose that there is an element (X, 7,2) € Q; x Q, x Q3
such that the following three inequalities are satisfied:

(- f1(),x-%x) =20, VxeQ,
J-£@),y-7)20, VyeQ, (39)
(Z- f3(%),z-2) 20, VzeQ,.
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Then

x= P01f1 (?)’

Y = Po,f,(2), (40)

z=Py f;(%).
Therefore

f:(PQIf1°PQZfz°PQ3f3)3?~ (41)

This implies that X = x*, ¥ = y*, and Z = z". This completes
the proof. O

3.2. A Convergence Theorem

Theorem 11. Let A;, M;, Qy, K;, and K; g satisfy conditions
(C1) and (C2), and let f; : H — H be contractions with a
contractive constant h; € (0,1), for all i = 1,2,3. Let {x,},
{y,}, and {z,} be three sequences defined by

Xo> Yo» 29 € H,

X1 = (1 - a,) Ky px, + e, fy (KZ,ﬁyn) >

Va1 = (1= 0,) Ky gy + o, f (Ks,ﬁzn) , (42)

Zp = (1 - a,) K3 p2, + 0, f (Kl,ﬁxn) ]
n=0,12,...,

where {a,} is a sequence in (0,1) satisfying «, — 0 and
Y,a, = oo. Then the sequences {x,}, {y,}, and {z,}

n=0 "'n
generated to be (42) converge to x*, y*, and z", respectively,

where (x*,y",z") is the unique element in QO x Q, X Q,
verifying (36).

Proof. (i) First we prove that sequences {x,,}, {y,},and {z, } are
bounded.

From Lemma 9, it follow that K; 5 is strongly quasinon-
expansive and F(Ki,ﬁ) = F(K;) = Q; foreachi = 1,2,3. Since
f; is contraction with the coefficient /; for eachi = 1,2, 3 and
x" € F(K, p), y* e F(K, ), and z" € F(K; p), it follows that

% — x| < (1-a,) "Klﬁxn - x*“

+ay £ (Kopn) = |
< (1 - (Xn) "xn -x"

vay | fi (Kappa) = i O]
+a, |7 G -«

< (1= a,) e, = 2" + oy [ Kooy = 37|
ta,|fi () -

< (1=a) [, = x| + oy [y = 57|
A COREY

< (1-a,) |x, - x| + ek ]y, - 57|
XA CAEENE

(43)

where h = max{h,, h,, h;}. Similarly, we can also compute
that

1y =y < (=) |3 = »* [ + a2, - 27
+o, | f2(z7) =y
"ZnH - z*" s (1 - (xn) ”zn - z*” +a,h “xn -x ”

ta | fs (x7) = 2|

(44)

This implies that

e =271+ 1per = "1+ 2ner = 27
< (1=a, (=) [l = %" + [y = y" [ + 2 = 2]
+a, (1-h)

SR 53 VACHESH I ACOREN
1-h

< max {[lx, = x| + |y, = ¥ + |2 = 27,
(A G =x |+ ) ="
S TACHEEN EYIEYO ¥

(45)
By induction, we have
L R RESY B el
< max {llxg = 2" + o = " + 20 - 2°1)
(46)

(UG -1+ 16 ) -]
flfs () =2 D x -,

foralln > 1.
Hence {x,}, {y,}, and {z,} are bounded. Consequently,
{Kl’ﬁxn}, {Kz,ﬁyn}, and {K3)ﬁzn} are bounded.
(ii) Next we prove that for each n > 1 the following
inequality holds:
ne = %1+ 15er = 71 + 2ma = 2711
<(1=0) (Jxu =1 + Iy =5 I* + |2 =2"[)
+ 20, ([0 = 27|y = 27+ [y = 57l
x|zn = 2" + |zper = 27| |, = 7))
+ 20, ((f1 (¥7) -
+{£2(Z) =" Y = ¥7)
+H(fs(x") = 2"z, - 27)).

* *
X 5 Xpe1 — X >

(47)
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From (42) and Lemma 6, we have
s = x|
= @ - @)y g, — x) + @ (K gy — x|
<[ - a) (K ey = )
+ 20, { i (Kyp) = %", %0 — x°)
= (1-a,) [Kypx, - %7
+ 20, { i (Kop3,) = f1 (7") s Xy = x7)
204, (f; () =" %y —x7)
< (1=a,) o, = x| + 200, | £y (Kopy) = £ 7))
X e =27+ 20, (fy (77) = %72 2000 = X7)
< (1=a,)" o, = x°|” + 200, [ Ky v = |
X oy = x|+ 200, (i (97) = X7 2000 = x7)
< (1= ) e = 7+ 20,1 s = " [ s = %7

+ 20, (fi (") = %7 Xy = x7)

(48)
Similarly, we can also prove that
1y =y I < (=) 3 = ¥° I
+ 20,k |z, = 2" | | yer = 57|
+20, (f2(Z) =¥ Vw1 =) >
(49)

e - =" < (1= @)’ Jan - =
v 20, 5 [z - =]

+2(Xn <f3 (x*)_Z*’Zrﬁl _Z*>'

Adding up inequalities (48) and (49), inequality (47) is
proved.

(iii) Next, we prove that if there exists a subsequence
{n,} ¢ {n} such that

. . * 2 * 2 * 2
lim 1nf{(“xnk+1—x " +||ynk+1—y “ +||an+1—z ” )

k— o0
2 w112
+ ||an -z “ )} >0,

(50)

*

~(bon ==+ - >
then
i s {1 () =¥ - )

AV ICOESUSARESTY (51)

+{(fs(x") = 2" 2, -2")} <0.
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Since the norm | - ||* is convex and lim, , «, = 0, by (42),
we have

0 < lim inf{( ?

— 00

* 2 *
Xa1 =X |+ Va1 = Y

)
+ an+1—Z || )

-

y”k_y*"z

%12
Z”k_z "

*

)
Xy, —X ” +

+

< lim inf {(1 - ocnk) “Kl)ﬁxnk x|

k— 00

+ o, "fl (KZ,ﬁy"k) -x “2
+ (1 - (Xﬂk)
+a, | K pz,) - ¥

+ (1 - (X”k) “K3’/3Z”k - Z* ’

Ko — [

2

o, | (Ko pxn) — 2| (52)
w112 )
(e =1+ - 7]
+|2,, -z" 2)}

= h,?ig}f{(“Kl,ﬁxnk - x*"2 = |l — X" 2)
+(Iapmn =3I = - °[7)
+ (K520, = 2" =2 =2 [)}

< lim sup {([K, 5%, - I = - %)

— 00

+(Iaprn =3I = - °[)
+ ("sznk e Z, ~ z" 2)}

<0.

This implies that
i ([ -5 o =)
= lim (IKap2n =7 [ = lomc =) (53)

= Jim ([Ksgz, =2 = o - 2') = 0

k— 00
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Since the sequences {[|K; 4x,, — x*|+ llc,,, = x|}, 1Ky gy, =
Y I+ 1y, —y* I}, and {IIK; gz, —z" I +]lz,, —z" |} are bounded,
we have

Jim (K, g5, = x| = [, - x7])
= lim (K, 53, =" = |y, = 7)) (54)

*

)=o.

By Lemma 9, K, 3, K, and K g are strongly quasinonex-
pansive. We have

. *
= Jim (K2, = 2| =z, -2

k— 00

Kl,ﬁxnk - xnk — 0, Kz,ﬁynk - ynk — 0,
(55)
K; gz, — 2, — 0.
Consequently, we obtain that
Xne = Xngs1 T 0, Ve = V1 = 0,
(56)
Zp T Bl T 0.

It follows from the boundedness of {x, } and H which is

My
reflexive that there exists a subsequence {xnk } of {xnk} such
1

that x,, — pand
llggo<f1 (y)-x X, — X >
zlikm sup <f1 (y*)_x*,xnk—x*> (57)
= tim sup (1, (3") =", 0 =)

By Lemma 9, I — K, 5 is demiclosed at zero, and so p €
F(K, ) = Q;. Hence from (36) we have

Jlim (fO") =", -x")

(58)
=(h()-x"p-xT) <0
Therefore
lim sup (f (") =%, %0 = %7)
(59)
= lim (£ (y) = x"sx,, —x") <0
Similarly, we can also prove that
lim sup (L) =y yur —¥7) <0,
— 00
(60)

lim sup <f3 (x*) =22 41 — z*> <0.
k— o0

Hence, we have the desired inequality.

(iv) Finally, we prove that the sequences {x,}, {y,},
and {z,} generated to be (42) converge to x*,y", and 2",
respectively.

7
It is clear that
Ixner ="y = "1+ |ner = 5" [z = 27
+ [z = 2%, - 7|
%112 %112 512 1/2
<=2+ -y +l2-2"I7) (61)
(A e P
wr2n1/2
+ ”Zn+1 -z ”2) .
Substituting (61) into (47), we have
[ns = %17+ Dyner = ¥ + 2w =271
<(1- ocn)2 (||xn B Iy, = ¥ 2y |z — z*||2)
T (e i P &
L2172
+lz - 2"[)
X ([2ns = "1+ [ = 571
Lr2n1/2
+ |2 — 2 2) }
+ 200, ((f1 (7)) = X7 Xy = x7)
R ICHESUS AR
+(fs(x") 2"z, - 27)).
(62)
Set
a, =, = %" I+ Iy = v I + 2w - 271
by =2((fr (y") —x" X — )
(63)

+ () =y =07
() =220 - 27)).
Then, we have the following statements.

(i) From (i), {a,} is bounded sequence.
(ii) From (62), a,,; < (1-a,)’a, +200,h/@, /@y + A0,
foralln > 1.

(iii) From (iii), whenever {ank} is a subsequence of {a,}
satisfying

lim ng (ank+1 - ank) >0, (64)

k—

it follows that lim sup,_, ,,b, <0.

By Lemma 8, we have

lim (e, =" + 1 =" + e -2 F) = 0. (65)

n— 00



Hence, we obtain that

dim lx, - x| = lim ||y, -y = lim |z, - 2" = 0.
(66)
This completes the proof. O

3.3. Consequence Results. Using Theorem 11, we can prove the
following results.

Theorem 12. Let A;, M;, O, K;, and K; g satisfy conditions
(C1) and (C2), and let F : H — H be a p-Lipschitzian and
r-strongly monotone mapping. Let {x,}, {y,}, and {z,} be three
sequences defined by

X0 Yo» 2o € H,

Xne1 = (1 - (xn) Kl,ﬁxn + (xnfl (KZ,ﬁyn) >

Yne1 = (1 - (xn) KZ,ﬁyn + “nfz (KS,ﬁzn) ’ (67)
Zpy1 = (1 - (Xn) KS,ﬁZn + ‘xnf3 (Kl,ﬁxn) >
n=0,12,...,

where f; = I — pF, f, = I —yF, f; := I — &F with
o1& € (0,2r/u?), and {a,} is a sequence in (0,1) satisfying
«, — 0and Y’ &, = co. Then the sequences {x,}, {y,}, and
{z,,} converge to x*, y*, and z*, respectively, where (x*, y*,z")
is the unique element in QO x Q, x Q such that the following
three inequalities are satisfied:

(pF(y")+x" =y, x—x") 20, VxeQ,

(MF(z")+y" =2",y-y") 20, VyeQ, (68)

(EF(x")+z" -x",z2-2") >0, VzeQ,.

Proof. It is easy to see that f;, f,, and f; are contraction
mappings and all the conditions in Theorem 11 are satisfied.
By Theorem 11, we have the sequences {x,}, {y,}, and {z,}
which converge to (x*, ¥*,z%) € Q; X Q, x Q, such that the
following three inequalities are satisfied:

(- fi(y"),x-x")20, VxeQ,
(V' -£E)y-y)z0 Vyeq,  (69)
(- f5(x7),2-2") 20, VzeQ,

Substituting f; := I — pF, f, := I —yF,and f; := I - &F
into (69), we obtain that the sequences {x,}, {y,}, and {z,}
convergeto (x*, y*,z") € Q;xQ,xQ; such that the following
three inequalities are satisfied:

(pE(y" ) +x* —y",x-x") >0, VxeQ,
(WF () +y" =25 y—y") =0,
(EF(x")+z" -x",z-2") >0,

Vy e Q,, (70)
Vz € Q;.

This completes the proof O
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Setting A, = A, = A, in Theorem 11, we obtain the
following corollary.

Corollary 13. Let A, M;, Qy, Ky, and K, g satisfy conditions
(Cl) and (C2), and let f; : H — H be contractions with a
contractive constant h; € (0,1), for all i = 1,2,3. Let {x,},
{y,}, and {z,} be three sequences defined by

X0 Yo» 20 € H,

Xne1 = (1 - (Xn) Kl,ﬁxn + (xnfl (Kl,ﬁyn> >

Yne1 = (1 - (Xn) Kl,ﬁyn + (xan (Kl,ﬁzn) > (71)
Zne1 = (1 - “n) Kl,ﬁzn + (an,% (Kl,ﬁxn) >
n=0,12,...,

where {a,} is a sequence in (0, 1) satisfying o, — 0 and
Yoo, = ©00. Then the sequences {x,}, {y,}, and {z,}
generated to be (42) converge to x*, y*, and z", respectively,
where (x*, y*,2") is the unique element in Q| X Qy x Q, such
that the following three inequalities are satisfied:

("= ("), x-x") 20, VxeQ,
(5 - f(27),x-y" )20, VxeQ,  (72)
(z" - fy(x"),x=2") 20, VxeQ,.

Corollary 14. Let A, My, Q, K, and K, g satisfy conditions
(Cl) and (C2), and let F : H — H be u-Lipschitzian and r-
strongly monotone mapping. Let {x,}, {y,}, and {z,} be three
sequences defined by

X0 Yo %0 € H,

Xn+1 = (1 - ‘xn) Kl,ﬁxn + ‘xnfl (Kl,ﬁyn) >

Yne1 = (1 - (xn) Kl,ﬁyn + (anZ (Kl,ﬁzn> > (73)
Zpt1 = (1 - an) Kl,ﬁzn + (xnfS (Kl,ﬁxn) >
n=0,1,2,...,

where f; = I — pF, f, == I —yF, f; = I — &F with
ps1, & € (0,2r/u?), and {a,} is a sequence in (0,1) satisfying
a, — 0and Y. &, = co. Then the sequences {x,}, {y,}, and
{z,,} convergetox™, y*, and z*, respectively, where (x™, y*,z")
is the unique element in Oy x Q x Q, such that the following
three inequalities are satisfied:

(PF(y*) +x" -y, x-x") 20, VYxeQ,
(MF(z")+y" -2",x-y") >0, VxeQ, (74)
(EF(x")+2z" -x",x-2") 20, VxeQ,.

Setting A, = A, =A,, fi = f, = f3,and x, = ¥, = 2, in
Theorem 11, we obtain the following corollary.
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Corollary15. Let A}, My, Qy, Ky, and K, g satisfy conditions
(CI) and (C2), and let f : H — H be contractions with

a contractive constant h € (0,1). Let {x,} be the sequences
defined by

X, € H,

X1 = (1 t,) Ky px, +a,f (K1,ﬁxn) > (75)
n=0,1,2,...,

where {a,} is a sequence in (0,1) satisfying o, — 0 and
Yoy, = 00. Then the sequences {x,} converge to x* € Q,
such that the following three inequalities are satisfied:

(- fi(x"),x=x7) 20,

Corollary16. Let A,, M,, Q,, K, and K, g satisfy conditions
(C1) and (C2), and let F : H — H be u-Lipschitzian and r-
strongly monotone mapping. Let {x,} be the sequences defined

by

Vx € Q. (76)

x, € H,

Xpe1 = (1 - ) Ky px, + o, (I-pF) (Kl,ﬁxn)’ (77)
n=0,1,2,...,

where p € (0, 21’/[/!2) and {a,} is a sequence in (0, 1) satisfying
«, — 0and Y > a, = co. Then the sequences {x,} converge
to x* € Q) such that the following three inequalities are
satisfied:

(F(x"),x—x")>0, VxeQ,. (78)
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