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We investigate the long time behavior of the damped, forced KdV-BO equation driven by white noise. We first show that the global
solution generates a random dynamical system. By energy type estimates and dispersive properties, we then prove that this system

possesses a weak random attractor in the space H'(R).

1. Introduction

The deterministic Korteweg-de Vries-Benjamin-Ono (KdV-
BO) equation describes a large class of internal waves in
the ocean and stratified fluid. The well-posedness for this
equation was studied in [1, 2]. When the surface of the fluid
is submitted to a nonconstant pressure, or when the bottom
of the layer is not flat, a forcing term has to be added to
the equation [3, 4]. The long time behavior of the forced
generalized KdV-BO was studied in [5]. In this paper we
are interested in the case when the forcing term is random.
The well-posedness for the stochastic KdV-BO driven by the
additive noise was studied in [6]. We have found no studies
on the long time behavior of the stochastic KdV-BO equation.
In this paper, we consider the long time behavior of the
following stochastic damped, forced KdV-BO equation:

2
ou+a (aiu) + PO U+ ud U+ A= f+ CDaat—ali, 1)

where «, 5, and A are real constants and a3 # 0. #Z denotes
the Hilbert transform

L(fx-y)

Zf(x)= p.v.;

The forcing term f is time independent, and v is a random
process defined on (£, x) € R* x R. @ is a linear operator.
Also, B is a two-parameter Brownian motion on R x R, that

is, a zero mean Gaussian process whose correlation function
is given by

E(B(t,x)B(t,x)) = (tAs) (x A y), 3)

fort,s 2 0,x,y € R.
Alternatively we consider a cylindrical Wiener process W
by setting

W) = g—f =Y B (4)
i=0

where {e;};cy is an orthonormal basis of L*(R) and {;},cy is
a sequence of mutually independent real Brownian motions
in a fixed probability space (Q, &, P) adapted to a filtration
(Flso-

Let us write the It form of (1) as follows:

du+ (aH () + POu + ud,u + Au— f)dt = ©dW, (5)
with initial condition
u (0, x) = ug (x). (6)

The purpose of this paper is to study the long time behav-
ior of the problem (5) with initial data. Before describing our
works, we recall some facts related to this paper. The Cauchy
problem for the deterministic KdV-BO equation, that is, A =
f = ® = 0in (5), was considered in [1]. There the authors
obtained well-posedness results by using Fourier restriction
norm method in Bourgains type spaces X, with b > 1/2.
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Based on the global existence results given in [1], the attractor
of the damped forced KdV-BO equation was obtained in [5].
The stochastic KdV-BO equation (i.e, A = f = 01in (5))
was studied in space X, with b < 1/2 in [6]. By introducing
some useful inequalities to deal with the irregularity caused
by stochastic term, well-posedness results were obtained in
[6]. Following the work in [6], we will construct the attractor
to the Cauchy problem for the stochastic damped, forced
KdV-BO equation.

Before stating our main result precisely, we introduce
some notations.

Denote by (-,-) and | - | the inner product and the norm
in L*(R), respectively. And || - || is the norm of the Banach
space X.

Given two separable Hilbert spaces H and H, we denote
by L% (H; H) the space of Hilbert-Schmidt operators from H
into H. Its norm is given by

191y = Y0l @ eLy(HH), (g
ieN

where (¢;);cy is any orthonormal basis of H. When H =
L*(R), H = H®, Lg(Lz([R{); H?) is simply denoted by Lg’s.

The proof of the global well-posedness of the solution (5)-
(6) is similar to [6]. Here, we only give the following global
existence results.

Assume that @ € LY° (or @ € L)"); letu, € L*(Q, L*(R))
(or u, e L2(Q, HY(R))) be F,-measurable. Then, the
solution u(t) is global and belongs to L2(Q; C([0, T]; LA(R)))
(or L*(Q; C([0, T); H'(R)))) for any T > 0.

We now give our main result about the long time behavior
of the KdV-BO equation based on its global existence results.

Theorem 1. Under the assumption that A > 0, f € H (R),
D € Lg’z, and u, € L*(Q; H'(R)) is F ,-measurable, then
the random dynamical system associated with the stochastic
equation (5) with initial value u(s) = u, possesses a universal
weak random attractor of in H'(R).

The paper is organized as follows. Section 2 contains some
concepts about the random dynamical system, and Lemma 2
which gives the existence conditions and the structure of the
attractor. Then we show that the unique solution of problem
(5)-(6) generates a random dynamical system in Section 3.
In Section 4, we prove that there exists a compact random
absorbing set, which leads to the existence of a random
attractor, that is, Theorem 1.

2. Preliminaries on Random
Dynamical System

We now recall some concepts and results from [7-9].

Let (Q, #,P) be a probability space and {6, : Q@ —
Q,t € R} a family of measure preserving transformations
such that (t,w) — 0,w is measurable, 6, = id, and 0,,; =
0, o 0, for all s,t € R. The flow 0, together with the
corresponding probability space (Q), &, P) is called a metric
dynamical system.
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A continuous random dynamical system (RDS) on a
polish space (X, d) with Borel sigma-algebra & over 0, on
(Q, #, P) is by definition a measurable map

VY:R"xQOxX — X, tw,x) — ¥(t,w) x, (8)

such that P-a.s.

(i) ¥(0,w) = id on X;
(i) Y(t+s,w) = ¥(t,0,0)¥(s, w) forall s, € R* (cocycle
property);

(iii) ¥(t,w) : X — X is continuous.

A set-valued map K : Q — 2%, the set of all subsets of
X, is called a random compact set, if K(w) is a compact P-a.s.
and if w — d(x, K(w)) is measurable with respect to & for
each x € X, where d(x, M) = inf, .,,d(x, y).

Let &/(w) be a random set and B ¢ X; one says &/ (w)
attracts B if

Jim  dist (¥ (t,60_,0)B, o) =0, P-as. )
A random set &/(w) is said to be a random attractor for
the RDS ¥ if P-a.s.

(i) o (w) is a random compact set;

(ii) o/ (w) is invariant, that is, ¥ (¢, w) o/ (w) = 4 (0,w), for
allt > 0;

(iii) &/ (w) attracts all deterministic bounded sets B ¢ X.

Similar to the deterministic theory, the existence result of
random attractors can be stated as follows (see [8, 9]).

Lemma 2. If there exists a random compact set absorbing
every bounded set B C X, then the RDS Y possesses a random
attractor 9 (w),

A (w) = UpcxA p(w), (10)
where A g(w) = NggUs Y (t, 0_,w)B is the omega-limit set of
B.

3. Solve the Equations and Generate an RDS
We consider the following linear problem to (5)-(6):

— 2— 3— — _
) { dii + {a 055 + poudt + Auf dt = 0dW, ()

%(0) =0,

whose solution is given by the stochastic integral (see [10])
t
E(t)=J Ut—s5)DdW (s). 12)
0

From now on we turn our attention to study the well-
posedness of a weakly damped, forced KdV-BO equation
with random parameter by change of variable.

Let us study (5) by means of the change of variable

v() =u(t)-ul), (13)
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and then u satisfies (5) if and only if v is a solution of

Vit QI Vo + PVsyy + AV + VY, .
+ Ui, + Vi, +uv, = f.

This is a weakly damped, forced KdV-BO equation with
random parameter with the following initial condition:

v(0,x) =u(0,x) +u(0,x) =u(0,x). (15)

The estimation about the random parameter # and the
bilinear term vv, in (14) can be obtained by using the method
in [6]. Then by the fixed point argument the global existence
results to the random parameter Cauchy problem (14)-(15)
can be obtained.

Theorem 3. Assume that ® € Lg’o(or D € Lg’z); let v, €
L3(R) (or vy € HY(R)). Then, the solution v(t) of problem
(14) and (15) is global and belongs to C([0,T]; L*(R))
(or C([O, T];HI(IR))for anyT > 0.

We summarize the above existence results for P-a.s. w €
Q of (14) with initial condition v(s, x) = u(s,x) = v,, s € R,
as follows.

(i) Under the assumption of Theorem 3, for s < T, and
any T € R and v, € L*(R), there exists a unique
solution v € C([s, T]; L*(R)).

(ii) Under the assumption of Theorem 3, for s < T, and
any T € R, and v, € H'(R), there exists a unique
solution v € C([s, T]; H'(R)).

(iii) Denoting such a solution v(f, w;s, v,), the mapping
vy = v(t, w; s, v,) is continuous for all s < T

Now we construct an RDS modeling the stochastic weakly
damped, forced KdV-BO equation. For example, consider a
set of continuous functions with value 0 att =0

Q={weCRR):w(0) =0}. (16)

Let # be the Borel sigma-algebra induced by the compact

open topology of (3, and let P be a Wiener measure on (Q, ).

We write (B, (t, w), ..., Bi(t,w),...) = w(t). The time shift is

simply defined by
wt)=wt+s)-w(s), tseR, 17)

and then (Q, %, P, 0,) is an ergodic metric dynamical system

which models white noise.

Having the mapping v, — v(t, w; s, v,), we define

u(t,wss,uy) =St ssw)u, =v(twssvy) +u(t,w), (18)

where v(t, w; s; v,) is a solution to (14) with v(s) = v, and u(t)
satisfies

dii + {a 7% + Pou + N} dt = OAW,
(19)
u(s)=0.

Obviously, for s < r < t, we have
St,s;w) =St rw)S(r,s;0). (20)
Thanks to (17), for any s,t € R*, u;, € H'(R), we have P-a.s.
S(t+s0;0)uy =S (t,0;0,0)S (s, 0 w) uy. (21)
Therefore, the process ¥ : R* x O x V' — V defined by
Y(tw)uy,=S(t0: w)u, (22)

is cocycle. It is continuous RDS on H YR) over (Q, %, P,
(0);cr) and models the dynamical system associated with the
stochastic equation (5) with initial value u(s) = u,.

4. Compact Random Absorbing Set

In the following computations w € Q is fixed. We usually
denote LP(R) (1 < p < oo) by L?; LP([0, T]; LY(R)) (1 <
p < 00,1 < g < 00) by LE(LY); and LP(R; LU([0, T]))(1 <
P < 00,1 <q<00)by L (LY) forany T > 0 in this part.

First note that, for the Hilbert transform, we have for any
f,g9 € L*(R)

Hf=~f,  H(fg)=KH(HfHg)+fHg+g¥],
(f#g)=-(xfg), (Zff)=0
(xZfx9)=(f9), |7f]=1r]

VieH (R), Hf.=(%F),.
(23)

Before we prove the existence of a compact random
absorbing set, we first give some estimates about the solution
u of problem (P).

Let us introduce the following space to study the solution
of problem (P):

X, (T) = {ueC(0,T;H (R)) n L* (R; L™ ([0, T1)),
D°d,u € L (R; L* ([0, T))),
du € L* ([0,T]; L (R))},
(24)
for some o < 1.

Lemma 4 (see [11]). Assume that @ € Lg’afor someo > 3/4;
then u is almost surely in X, (T) for any T > 0 and any o such
that 3/4 < o < 0. More precisely,

_ 3 _
[E( sup ||u||§{a> < ClD|20s, forany = <o <0,
t€[0,T] x 2 4

T 1/2
[E((J sup|axﬁ|4dt> )s (LI (25)
0 xeR 2

E (J sup |a|2dx) <C @) IP1}0s3
R 2

te[0,T]



let 0 < ¢ < inf{o, 2}, and then

T _
E (sup J |D"‘faxa|2dt) <C(e) IICDHiU,;; (26)

xeR JO

one also has

T 1/2
E ((J sup|a|4dt> ) <O, (27)
0 xeR 2

where C(e) and C(0) depend on ¢, 0, respectively.

Remark 5. We have to impose a stronger condition on ® €
L% in the present paper than that on ® € L% in [11]. Thus,
the solution % of the linear problem is more regular, which
will be used in proving the boundedness of « in H Y(R). More
precisely, we can get

T 4 1/2
E <<J sup|02] dt) > <O,
0 xeR ?

(28)
T 2
E (supj |Da, 7] dt) < CloIs.
xeR JO 2
4.1. Absorption in L*(R) at Timet = —1. Lets < —1 and

u, € L*(R) be given, and let v be the solution of (14) with
initial condition v(s, x) = v,.
Multiplying (14) in LY(R) by v, we obtain

%%uvuz + Alvl* = jR (fv - %ﬁxvz - va) dx. (29)
It follows that
d _
d—nvuz + AP < i oo v
t X
(30)

20— 2 — 20 2
e 2l + 21T

Using Gronwall Lemma for s < —1 and noticing Lemma 4,
we get

v (=D)I?
<[v(s)IP exp {— f (=17l ) df}

2,
|, G
-1
xexp{—J (A—"ux"Lm)dT}dt
t X

2 = 20 2
L+ 21T
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<vs)I?

xexp {~(=1 =" (A1 - 9" =[] Ly )}
2 (2 -1 B
2 [ e - [ (1 e ar

2P [ (0 ) ae) a

N

(—1= (=1 =) V4 _

< ||V(S)||ze (=1-5)""(A(-1-9) ||<I>||Lg,g> P K,
(31
Noticing
-1 o . _ B
el exp {— | (A= [l ) de f it

s t
< sup |l

te(-1,s)

-1 1
X J 77, exp {— L (A=) dr} dr (32)
< 1Pl (I9IF0s +C).

2
I >

[ WPen]- [ (vl )drfar <cls

we get that K = C(Ilfblligu "(D”igﬁ + IICDIIig,o +2/VIfI72).
Then we have the following proposition.

Proposition 6. There exists a random radius ry(w) > 0, such
that for all p > 0 there exists t(w) < —1 such that the following
holds P-a.s. For all s < t(w) and all u; € L*(R) with lul < p,
the solution u of problem (5) with initial condition u(s, x) = u
satisfies the inequality

lu (-1 )| < 77 (). (33)
Proof. Given p > 0, there exists £(w) such that
ARt VAR T 2
. (-1-9)""(A(-1-9) ||<I>||Lg,;)P2 <1 (34)

for all s < t(w). Put
ry () =1+ K, +[u (-1 (35)
Then the proof of the proposition is completed. O

We can also get an auxiliary estimate from (30) by the
Gronwall Lemma with s < ¢ < 0.
Consider the following:

Iy (O < v ) exp {—j (A~ Ilﬁxllmm)df}
o2 (e 4157 o

< exp {_ L_l (A~ Il df} d.

This inequality will be useful in the following proof.
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4.2. Absorption in HY(R) at Time t=0. To obtain the H* we deduce that
estimate, we multiply (14) by v, and integrate by part to get
d 2ol _
L e 1 : S0+ (A= 2R =3l ) )+ A
Sl = 5 (7)o ve) + Al

2 2 _ —_
< —< A+ M”u"Lio + ||”x"Lg°> JR Vdx

¢ 2 (12) + ) @ ST
2] _
+ (Wxx’ Vx) + (Vaxx’ Vx) - (fx’ Vx) =0. -« (A + %"u”ﬂf + 3“”)«:”[“?)
2 . .
(14) x v°dx implies X J v v dx -2 (ﬁi + Ulhyy + Vi, — fro vx)
R

lij v3dx—ocj (vz) Hv. dx — 2 2
3dt Jr R 70X —(uux+§vux—f,v>

-B J (V) Vouddx + 1 j Vdx (38) + 20 (f — T, H,).

R x x (43)

+ (Wx + v, +uv, — f, vz) =0.
Now we stop to estimate the right hand side of (43) term by

Moreover term:
_ _ A
4 J v#v.dx + J (vz) Hv.dx + ZJ uv, v, dx 2B (Vits )| < C"uxx”i‘jj’ ||V||i§ + %”%“ii’
dt Jr RS X R (39)
-2(f-Av-uu, #v,)=0. |2ﬁ (ﬁi’vx)| < 2|u, L iy 2 Va2
l?ombining (37), (38), and (39) (2B(37) + (38) + a(39)), we < Cll, 7o 272 + %\Hvx”ig :
ave
A
2B (@ v)| <l + P,
% j (ﬁlvx|2 + %v3 + (XV%Vx>dx : Zﬁ/\“Vx”z | :B(uuxx Vx)' "uux;vc"Lfc + 12 "Vx"Lfc
R
2, _ _
+A J Vdx + 200 J v v, dx ‘_5 (W"’ Vz) + ||u"||L‘i°”V"i3(R)
R R * < |ﬁ | |V|5/2|‘V 1/2
+ 3B (1, vy) + 20 (0, v, 7 v,) (40) S
_ BA
+2B (ﬁi + Ul + Vi — foo vx) < C“”x“iio + |V|i1 + E'Vxﬁfg
+ (Wi, + vidy, + v, — f,1°) |_ (v, Vz)' < [l ol 2 ||v||ii
—2a(f —utty, #v,) = 0. < [l oo 2 ”V”i§l|vx||¥f
Denote _ _ A
<ismem, «
13
o) = J <ﬁ|v |2 + =V + vy )dx. (41) 1
RT3 ) <C [ + Il I + ‘f—zllvxllia ,
And noticing that 1
2B (o < CO AL, + 2,
_ (vxu, 1/2) =2 (vxﬁ, V ) + (vﬁx, V ), B
N PR (AP < CONAE MG + vl
—(vxﬁ,v ) = 5 (Vﬁx,v ),
(42) 2 3 w3 BA 2
3 @ D)) < 3l el MM S COMLT 1l
2af —_ _
(20 (v, 70,)| < 2 o [l o . 3'—ﬁ'||u||oo [| i <l +



BAy e
I+ iz

Ioc)t J (Vv + 2 v,) dx|
R
A
<G + 1) + Bl

2 2
‘—nauw || vav.ds

BA

12
|(Wx’ %Vx)l = |_ (ﬁi, %V) - (Wxx’ %V)'

< Cla* + 1P + = vl

o _ A
< (P + [ + ) + B2

(44)
Then combining the above estimates, we get
d 2], — _
RAUR <A - Wl - 3||ux||Lgo) ¢ (v)
< C (Il Vs + 1707 e 707
e

— 14 —12 3
e + 77 VI
4/3, .2 10/3 —2
+ A I + WS + il
20/3 —2 4
VP + @l ).

Applying the Gronwall Lemma for s < 0, we find

0 (v(0)) < @ (v(s)) & | /DI 31Tl

0
+C [ (Il + 1L I

—2 — 2 — 14 5
Il + [t 2+ el + VI

i R P R A
I+ IvIe”)

¢ It A= Clad/ BNl o =3 go)d g,
(46)

We can read the boundedness of the right hand side of
(46) from the following estimates. Using (36), we have

0
t

0
— 2 2 - A-(2 || 00 =311, || ; 00 )
J [l o v )12 € I O-Clal/ Bl -3l lugo)de 1y
S

0 — 2
< [
N
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X {||v(s)||2 exp (— J- (A - ”ux"L‘f(R)) d‘r> + C}

« o~ by A= Clal/ Bl =31 lygo)dr 1,

3/4 1/4 —
P A ) g,

0
<J sy ()P
S

0 0 — —
L C j S [} Ol Bl go 30ty go )T g,
s

— 4
< C"”M"L‘}(Li")'

(47)
We also have
0 r+oco 2
J J [, 2 dt
+00 0 5
< J ess. sup [’ J [t dox dt
—00 tels,0] s (48)

+00 ) 0 2
< J ess. sup |u|“dx ess.supj [tr,..| dt.
-0 te[s,0] xeR Js

= |l Iz2ll7
= Whwzeoan Mz @)

The boundedness of other terms about the right hand side of
(46) is obvious. Noticing (25)-(28), we get

Pp(v(0) < p(v(s)e [f O3l g)dr CK,
(49)

< @ v(s) e kO | ope
where
— 2 —n2
Ky = C (el ony 11 1)
gy *+ Iz Py o
_ — 14
G (i) + Dels ey
I oy + £l ).
Ky = 101z + 1005 + | £l
(50)
Then we get the following proposition.

Proposition 7. There exists a random variable r,(w) > 0,
such that for all p > 0 there exists t(w) < 0 such that the
following holds P-a.s. For all s < H(w) and all u; € H Y(R)
with |[ugllgp gy < p> @ satisfies

¢ (v (0) <1y (w). (51)
Proof. Given p > 0, there exists £(w) such that

0 — —
¢ (v (s)) e~ b O-ClalPIlip=3ladio)ds 1 (5)
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for all s < f(w). Put
r,(w) =1+ K. (53)
Then the proof of the proposition is completed. O

Corollary 8. There exists a random variable ry(w) > 0, such
that the solution u(t, w;s,u,) of problem (5) with the initial
condition u(s, x) = u, satisfies

||u(0, ws S, us)“Hl(R) < T3 (w) . (54)

Proof. We can deduce from the presentation of ¢(v) that

2 1
Sl = S <o ). (55)

Then

vl <3+, DI (G6)

3
+ le/S
By v(t) = u(t) — u(t),

e OF < 2(Jvx I + [z OF)

3 3 _
<2(3 4K+ om0 + [, ) )
=13 (w).
(57)
Then the proof of the corollary is completed. O

4.3. Construct the Attractor. Before we construct the random
attractor, it is worthwhile to point out that the domain about
the space variable is unbounded which makes the embedding
HYR) — L*R) to be noncompact. Fortunately, we can
get weak compactness in the space H' (R) by Lemma 9 given
below. Motivated by the definition of weak attractor for the
deterministic system in [12], we extend this definition to the
RDS. Then we get weak random global attractor for (5) with
initial condition u(s, x) = u.

Lemma 9 (see [13]). The solution operator {S(t)},c is weakly
continuous in H' (R) in the sense that if v,,, converges weakly in
HY(R) to some Vo asn — 00, then S(t)v,, converges to S(t)v,
weakly in H'(R) for all t € R.

Having Proposition 7, Corollary 8, and Lemma 9 in hand,
one begins to construct the weak random attractor in space
H'(R).

From Section 4.2, one gets an RDS for the stochastic
weakly damped, forced KdV-BO equation with additive
noise; that is,

u(t,wys,u) =St ssw)u, =v(twssvy) +u(t,w). (58)

One recalls in [8] that if B and A are random sets such that
for P-almost all w there exists a time Tz(w) such that for all
t < tg(w)

¥ (t,0_,0) B(0_,0) C A(w), (59)

then A is said to absorb B. Of course, if A absorbs B, then A
attracts B.
Denote

A ={ueH (R),

u|* <13 (@)} (60)

It is easy to see that A is an absorbing set for RDS {¥(t, )}
in H'(R). Furthermore it is a weak compactness according to
Lemma 9.

Proposition 10. Let
I (w) = UgcxA g(w), (61)

where A g(w) := Ny Uy @(t, 0_,w)B is the omega-limit set of
B. Here the closures are taken with respect to the weak topology
ole(IR). Then of (w) is included in A, and is nonempty. It is
invariant by ¥ (t, w); that is,

Y (t,w) o (w) = o (B,w), Vt>D0. (62)

The proof of Proposition 10 is easy using the following
facts.

(a) ¥(t, w) is weakly continuous on H Y(R), which is an
obvious corollary of Lemma 9.

(b) A point b € /(w) if and only if there exist two
sequences (s,),eny € R, (x,),en € (w) such that
s, — —ooand ¢(s,)x, — b.

Then ¢/(w) has the following properties:

(i) 9 (w) is random compact set;
(ii) Y(t, w) o (w) = 4 (0,w) for all t > 0;

(iii) &/(w) attracts all deterministic bounded sets under
the sense that

Jlim d* (¥ (t,6,0) B, /) = 0, (63)

where d* denotes the distance in the weak topology of H' (R).
Then we get Theorem 1 in this paper.
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