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On the class of iterated function systems of bi-Lipschitz mappings that are contractions with respect to some metrics, we introduce
alogarithmic distortion property, which is weaker than the well-known bounded distortion property. By assuming this property, we
prove the equality of the Hausdorff and box dimensions of the attractor. We also obtain a formula for the dimension of the attractor
in terms of certain modified topological pressure functions, without imposing any separation condition. As an application, we prove
the equality of Hausdorff and box dimensions for certain iterated function systems consisting of affine maps and nonsmooth maps.

1. Introduction

In the literature on the equality of the Hausdorft and box
dimensions of the attractor of an iterated function system
(IFS), it is usually assumed that the generating maps are
C! and the bounded distortion property holds (see [1-3]).
For IFSs of conformal contractions, the weak separation
condition is also assumed (see [3]). These three conditions
are usually imposed in order to obtain a formula for the
dimensions of the attractor in terms of topological pressures
(see, e.g., [4, 5]). The main goal of this paper is to relax these
three conditions.

There are many definitions of dimension for fractal sets.
As is well known, the Hausdorff and upper box dimensions
may be regarded as the smallest and the greatest values of
any reasonable definition of dimension. Fox example, the
packing dimension introduced by Tricot Jr. [6] always lies
between these two values. Motivated by this observation,
McLaughlin [7] and Falconer [1] studied conditions under
which the Hausdorft and box dimensions of a fractal set are
equal. As an application of the so-called implicit method,
Falconer [1, Examples 2 and 3] proved the equality of the
Hausdorff and box dimensions for all self-similar sets and a
class of graph-directed sets (called recurrent sets), without

assuming any separation condition. By assuming the C'-
smoothness of the maps of the IFS, the bounded distortion
property (BDP), and the weak separation condition (WSC),
Lau et al. [3] proved the equality of the two dimensions for
self-conformal sets. Under these conditions, the authors [5]
proved that the common dimension is given by the zero of
some topological pressure functions. For an infinite iterated
function system, by assuming the open set condition, BDP,
and that the maps of the IFS are C'*¢ smooth, Mauldin and
Urbanski [4] proved that the Hausdorff dimension of the limit
set is given by the zero of some topological pressure function.

The dimensions of self-affine sets have also been studied
extensively, since the work of McMullen [8] and Falconer [9].
Our results in this paper allow us to deal with a special class of
self-affine sets. A simple example in this class is the self-affine
set generated by the affine maps

S;(x)=ATx, S (x)=A"(x+(1,1)),
)
20
a[ie]

which arises in the study of connectedness of self-affine sets
in [10] (see also [11] and the references therein). This IFS does
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not satisfy BDP. There are of course plenty of examples of
IFSs that do not satisfy WSC or contain maps that are not C'.
We will study such examples in Section 4. Our work is partly
motivated by them.

There are two main goals in this paper. First, we would like
to prove the equality of the Hausdorff and box dimensions
by assuming a weaker set of conditions. We weaken the
C'-smoothness condition to the bi-Lipschitz condition and
replace the bounded distortion property by a weaker logarith-
mic distortion property. Second, under these conditions, we
would like to obtain a formula for the common dimension
in terms of the zero of some topological pressure functions,
without assuming any separation condition.

As some of the mappings we consider are not necessarily
contractive with respect to the Euclidean metric, but contrac-
tive with respect to some other metric, for convenience we
first introduce the definition of an iterated function system of
essential contractions.

Definition 1. Let X be a nonempty compact subset of RY,
equipped with the Euclidean metric, and let §; : X — X,
i = 1,...,N, be a finite family of mappings. If there exists
a metric ¢ on X such that all the S; are contractions with
respect to g, then one says that {Si}fil are essential contractions
with respect to o (or simply essential contractions). In this case
one calls {Si}i | an iterated function system (IFS) of essential
contractions.

Some IFSs of affine mappings are not necessarily contrac-
tions with respect to the Euclidean metric but are essential
contractions (see [12]). Some of the IFSs we consider in this
paper are defined by matrices that are powers of a single
matrix (see Example 23). They are also essential contractions.

In order to state our conditions and results, we first
introduce some basic definitions and notations. Let X be
a nonempty compact subset of RY, equipped with the
Euclidean metric, and let S; : X — X, i = 1,...,N, be
essential contractions with respect to some metric g. It is well
known that there exists a unique nonempty compact subset
K ¢ X, called the attractor, such that

N
K =[Js;(K) (2)
i=1

(see [13, 14]). The set K is independent of the metric . For
such an IFS, we define

sk = {1,...,N}k for k > 0,

= Uz",

k>0

(3)

with 2° := {0}. For I = (iy,...,i,) € =¥, we denote by |I| = k
the length of I and write S§; := §; o -+ §; (S, is defined
to be the identity). We also denote I = (i}, ..., i) simply by
I=i i andletI” :=1i;---i, ; be the word obtained from
I by deleting its last alphabet.
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Let | - | denote the Euclidean norm. Define

inf |SI (X) - SI (y)l

Ty == >
T [x-y
R |S; () = $; ()]
;= sup ——————,
x#yeX |x - y|
* (4)
Ie,
r = minr;,
1<i<N
R := maxR,,
1<i<N
ry:=r, R,:=R, ify=8 forsome IeX". (5)

Forany I,] € ¥, by writing

1S5 () =Sy (W) _ ISy ) =Sy ()] 1S, (%) = S; (¥)]

>

= S-S50 k-l
(6)
we obtain the following sets of inequalities:
R; < R/R;, ry > 1T, (7)
Ry; = Ryry, Ry 2 1Ry, ry < Rprp, ry < 11R;.
(8)

These inequalities will be used repeatedly.

Assumption 2. Throughout this paper we assume that » > 0;
equivalently, S;,i = 1,..., N, are bi-Lipschitz.

Remark 3. Tt is possible that R > 1. Since all §;, 1 < i < N,
are essential contractions, R; converges uniformly to 0 as |I]
tends to infinity. As a consequence, we also have r < 1.

For any E ¢ RY, we let dim(E), dimp(E), dimg(E),
°(E), £°(E), |E|, and E° denote, respectively, the Haus-
dorff dimension, packing dimension, box dimension, s-
dimensional Hausdorff measure, d-dimensional Lebesgue
measure, Euclidean diameter, and interior of E. Given an IFS
{S;}Y, on X, a nonempty set U € X (not necessarily open) is
said to be invariant if Uf\:rl S;(U) ¢ U. Wesay that U € X is
open if it is open in the relative Euclidean topology of X.

Fix an invariant set U € X and let 0 < b < 1. Define

Iy =1 =(i},...,i,) €Z" : Ry <b< R},

Ty U) = {I=(ip,....i,) €Z":

(8, ) < b2 U) < 2% (- W)}

oy, =1{S;: 1€ .7,}, A, (U):={S;: 1.7, U)}.

)
We make a few remarks concerning these sets of indices

or mappings. First, since R can be greater than 1, for
(i1, 15,...) € 2%, it is possible that there are more than one
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prefix I = (iy,...,i,) € X* such that I € .7,. However,
in view of Remark 3, the number of such prefixes must be
finite. Second, it is possible that §; = S, for distinct I, I' €
¥*; we identify such S; and Sy . Last, for IFSs of contractive
similitudes, %, = .7, (U) and so &/, = &, (U). In general,
however, they need not be the same.

Definition 4. Let X ¢ R? be a compact subset with X° # 0
andletS; : X — X,i = 1,...,N, be bi-Lipschitz essential
contractions. We say that {Si}fil has the logarithmic distortion
property (LDP) if there is a constant ¢ > 0 such that

blgrolﬁ?% r;llnbl® (10)
Remark 5. In the above definition, we do not assume that
the maps of the IFS are differentiable. Besides this, if {S,»}f\:r1
satisfies BDP, then there is a constant ¢ > 0 such that b/r; < ¢
forallb € (0,1) and I € .#;,. Thus LDP holds. Hence LDP is
an extension of BDP. Examples of IFSs satisfying LDP but not
BDP will be given in Section 4.

Definition 6. Let X,{S}Y,,U satisfy the hypotheses of
Definition 4, U < X be a bounded invariant set that is open
in the relative topology of X with Z?(U) > 0, and ® be a
finite subset of {S; : I € Z*}. One calls a finite subcollection
{Q1,.. ., 9} € D a packing family for © with respect to U if
the following conditions are satisfied:

(ii) for any ¢ € @, p(U) intersects at least one @;(U).

, 9 (U) are pairwise disjoint;

Denote the class of all packing families of &/, with respect to
U by %, (b), and denote the class of all packing families of
d, (U) by 2(;(b).

Example 7. Let U = (0, 3), S;(x) = (1/2)(x +1),i = 0,1,2,3,

and ®© = {Si}?:o. Then {S, S5}, {S;}, and {S,} are three packing
families of @.

Definition 8. Let X, {Si}f\:jl, U satisfy the hypotheses of
Definition 4 and fix A € (0, 1). Define

Q) _nh—fréoﬁ (@eglufw 2R, ) seR

QA(S) = hm ln sup ZR; , seR.
VP, (M) ged

We call Q, (resp, Q,) the lower (resp., upper) topological
pressure function (with scale 1). 1f Q, = Q,, we denote the
common function by Q, and call it a topological pressure
function (with scale A). Note that A is fixed and s is the variable
of the functions Q \ (s) and 6,\(5).

(1)

Remark 9. The above Q).(S) and 6/\(5) are similar to those
in [5], but they are different, since packing families are used
here.

The functions Q,, Q,, and Q, depend on A. However,
they have a common zero (independent of A), as is shown in
the following main theorem.

Theorem 10. Let X, {S;}Y,, U satisfy the hypotheses of
Definition 6. Fix any A € (0,1) and any sequence of packing
families {S; ..., S; } € Py(A"), wheren € N. Then

() Q,(s) = Q(s) = lim,,_,(1/m) In(E¥2, By ) = (s -
dimyK)InA forall s € R;

(b) dimp K = dimpK =
lim, ,  Ink,/(-nlnA).

dimzK =

For some applications, it is easier to treat gd(Sl(U)) than
R; and r;. Similar to Definition 8, we define

. s/d
(g T o)

seR,

Qi ()=

(12)

YePH (N )pe

Q0= 1“( sup ) [ (g (U))]S"’>,

seR.

We have the following theorem.

Theorem 11. Let X, {Si}fil, U satisfy the hypotheses of
Definition 6. Fix any A € (0, 1) and any sequence of packing
families {Sln,l’ Sy, } € PL(A"), wheren € N. Then

_ 1 e s/d
0;0-af0 - m 2n{ $ (5, )]
j=1

= (s — dimyK)In A.

(13)
=Q, ()

A key in the proof of Theorem 11 is to use the volume
estimates in (15).

In the following example, Theorem 11 is used in comput-
ing the dimension of the attractor. Although the dimension
of the self-affine set can also be computed by the method by
Barany [11], the method we use appears to be simpler (see
Section 4).

Example 12. Let K be the self-affine set defined by the IFS in
(1) (see Figure 1). Then dimyK = dimpK = dimgK = 1.

Remark 13. Theorem 11 makes dimension computation eas-
ier. The computation would be very complicated if we
use Theorem 10 or the definitions of the Hausdorft or box
dimensions.

The rest of this paper is organized as follows. In Section 2
we establish some basic properties of the topological pressure
functions. Section 3 is devoted to the proof of the main
theorems. In Section 4 we illustrate our main results by some
examples.
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FIGURE 1: The self-affine set in Example 12.

2. Properties of Topological Pressures

In this section we prove some basic properties of the topolog-
ical pressure functions. Let {Si}fil be an IFS of bi-Lipschitz
essential contractions on a compact subset X c R?. The
following inequalities will be used repeatedly, for any E € X,
andany ] € ™

rr|El < |S; (B)| < Ry |El, (14)

1/d 1/d 1/d
(24 ®)" < (29(5,(B)) " <R(Z*(E)) . (15
We first state some basic properties of the topological
pressures, without assuming LDP. The proof of the following
proposition is similar to that of [5, Proposition 2.3]; we will
only give an outline.

Proposition 14. Let X, {S;}Y, and U satisfy the hypotheses of
Theorem 10 and let A € (0, 1). Then both QA(S) and C_Q,\(s) are
real-valued, strictly decreasing, and continuous functions on R
that tend to —co and co as s tends to 0o and —oo, respectively.
Moreover, Q,(0) > 9/\(0) > 0 and Q) (s) is convex on R.

Proof. Since R; — 0 uniformly as |[I| — oo, there is an
integer k, > Osuchthat R; < rforallI € £ suchthat|I| > k.
Let C := max{R; : |I| < ko},n € N, and(p—Sl i, € D€
PyA"). Write k — 1 = €ky + mwith 0 < m < k Then we

haveR; .; < crf <k b for some constant C'. Hence (7)
1mp11es
r<r, <R, <A"<R .,  <Cro (16)
It follows that
nlog A < k < nkylog, A — kolong', 17)
and thus

#OD < Nnknlog,/\—kologrc” R(p > rnkologrk—kolong’. (18)
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Using (16)-(18) and a similar derivation as that in [5, Prop-
osition 2.3] gives

s (kylog A) Inr < Q,(s) < Q, (s)

< (kolog A)InN +slnA, ifs>0,

slnd<Q, (s) < Q, (s) (19)
< (koplog A)In N + s (kolog,A) Inr,
if s<0.

Hence 9)‘(5) and é)t(s) are real-valued, 6,\(0) > 9/\(0)
0. Moreover, since 0 < A < 1, we have lim,_, ,,Q, (s)

im,_, ,Q,(s) = —ocoand limg_,_,Q,(s) = lim, , _Q,(s) =
0.
Next, for any § > 0, by using (16)-(18), we get

Q,(5)+6 (kolog, A)Inr < Q, (s+9)

v

<Q (9 +8InA<Q,(s), (20)
Q()<Q,(s-8)<Q, ()~

Exactly the same inequalities hold for Q,. Therefore, Q,(s)

8 (kylog,A)Inr.

and Q, (s) are strictly decreasing and continuous on R. The
convexity of Q, follows from Hélder’s inequality. O

By using the inequalities in (15), we can prove the
following proposition in the same way.

Proposition 15. Under the same assumptions of
Proposition 14, both 9;(5) and Q_j(s) are real-valued,
strictly decreasing, and continuous functions on R that tend to
—00 and 0o as s tends to 0o and —oo, respectively. Moreover,
Q_;[(O) > 9;(0) > 0 and Q_/’{(s) is convex on R.

We now state some simple consequences of LDP.

Lemma 16. Assume the same hypotheses on X, {S;}Y,, and U
as in Theorem 10. Let 0 < by < 1, R; and let r; be defined as in
(4), and let o > 0 be defined as in Definition 4. The following
hold.

(a) There is a constant ¢, > 0 such that

b
<r <R/ <b,

-z Ie s, be(0,b).
Clllnb|0' = VI e b G( 0) (21)

(b) There exists a constant ¢, > 0 such that

—— < <ollnbl’b, VJe. g, U), be(0,b
CZ|lnb|0 (Q|n | ]G b( E( )
(22)
Proof. (a) By Definition 4, we have
0<¢ = sup sup L < 00. (23)

be(oy) Ie.s, T1In b|”

Hence b/(¢;| Inb|?) < ry, and the conclusion follows.
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(b) As mentioned in Remark 3, the IFS is not necessarily
contractive in the Euclidean metric. Nevertheless, since
R; — Oas|J]| — oo, there exists some k;, > 0 such that
R, < r when |I| > k. For any ] € £* with |]| =n >k, let
n = Cky +t with 0 < t < kg; that is, J can be decomposed
into € parts, with £ — 1 of them having length k, and one of
them having length k + . Hence 1" < r; < R} < r¢. Taking
logarithm, we have
>¢lnr?

nlnr! >In r]_1 >1In R;l

(24)
> (kﬁ - 1)1nr‘1, 7] > ky.

0

Hence the set {(In7; )/(lnR H:Jex*
Letc >0bea constant such that

LTI > ko}isbounded.

Inr7!

R <c, V] eZ" with |J| > k,. (25)
n

Let J € 7, (U). The definition of k, shows that there is a
decomposition J = J,J, with [],| < k, so that J; € F¢ (U)
(since it is possible that R;; > R; for some I,] € X%).
Substituting b = R; and I = ], into (21) yields

R
—I_la =q. (26)
r,l(lnRI )

We need only prove (22) for small b > 0, since for any given
by > 0 the set {(b/r;|Inb|?) : ] € F,(U),b, < b < by} is
finite. Without loss of generality, we can assume |J| > k, for
any J € .7, (U). Using (8) and the facts that J; € JR/(U) and

k k
I, < ko, wehave r®r; <r; 1, <r;<r; R®.As] € I U),
we have

d 1/d d (-1 1/d
(o ()
and thusr; < b < Rj-. As R; > R;-r, we get

rp<b< r_lRI. (28)
From (25) and (28), we see that there exists some constant

¢>1lsuchthate!' <1In R;/Inb < ¢. Combining the above
estimates, we get

b r'RE _ T
o — k, g — ko+1
rlnbl” = rkor [InR;|” ot

= ¢, < 00. (29)

That is, b/(c,| Inb|?) < r;. Similarly, we can show that R; <
6|1Inb|?b. Thus, (22) holds and this completes the proof. [J

For IFSs satisfying LDP, the definitions of the topological
pressures are independent of the choice of the invariant open
set U and the packing families. To see this we need the
following lemma.

Lemma 17. Assume that {Si}f\:] , and X satisfy the hypotheses
of Theorem 10, b, € (0,1) are fixed, and U, V are nonempty

invariant open subsets of X with FYU) > 0and F4V) > 0.
Then there is a constant ¢, > 0, depending only on U, V, and
s, such that for any b € (0,b,) and any two packing families
{S15---> 8,1 € Pyb)and (S, ,....S; } € Py(b),

n k
(calinb™ ) Y RS < < XK <cln br’d*"'S'ZR (30)
==

Proof. Let ®; := {S]e 11 << n,S]e(U) nSIi(U);&(D},i =
., k. By using the definition of e the disjointness of

8),(V)s..., S, (V), and the equality {S; ,....S, } = UL, @;
we get
5 d —pd J d
Yzt wy< Y 2(s, )
j=1 j=1
(31)

”M’“

<¢L€g¢(V)>

Let B,(x,) € U be a ball with radius y > 0 and center
Xo. Then Sy, (U) contains a ball B, (x ) with radius ry > 0

and center x; = =S, (x). For each S] €D, U)n S, U) +0,
and both § J; (V) and §;,(V) have diameters bounded above by
blV]. Let 7 = 2(|U| + |[V]). Then S; (U) U S}, (V) C B (x;) for
§j, € ©;. Therefore, (31) implies

Zr F1v) < Z:z (x,)) < kb £ (B, (0)). (32)

By using the inequality r, 2 b/(c;|Inb|?) from

Lemma 16, we get
n<L>d5£d (V) < kb?Z* (B, (0)),  (33)
¢|Inb|° 4

and so n < ck|Inb|™ with ¢ = ¢ Z4(B,(0))(L (V)™
Interchanging the roles of the two packmg families and using
the same argument, we get k < cn| In b|*. Hence

¢! |1nb|“’dk <n< ck| Inb|™. (34)

Also, by Lemma16, we have b <
¢lln bI”r,j. Hence for all s > 0,

allndl’r; and b <

YR < nb® < cklnb b
-1
(35)
< cq|ln blodMsZrI ccylIn b|“d+asZR

i=1 i=1



By symmetry, Y5 | R} <cqlln b|odres Y R; . Therefore,

'M»
N'A

Il
—

(ccflln b|”d+‘”) 2

<cq|ln b|0d+aSZR
j=1

7 Vs > 0.

(36)

The conclusion for the case s > 0 follows by letting ¢, = cc].
The proof for the case s < 0is similar; we omit the details. [

The following proposition follows easily from Lemma 17
and its proof.

Proposition 18. Let X and {S;}, satisfy the hypotheses of
Theorem 10. Then for any nonempty invariant open set U ¢ X

with Z°(U) > 0, and any sequence of packing families {S;, B

of 9 y», one has o
Q (s) = nlgr;on In ZR L, = nl:rréo;l In ZrI , s€eR,
(37)
B ok ok
Q, (s) = nli—>néo; In ;R;w_ = nli_)ngo; In ;r;w_, seR.
j j G8)

Thus, the definitions of Q,, Q,, and Q, are independent of
the choices of the invariant open set U C X and the packing
families. Furthermore, in Definition 8, R,, can be replaced by
Tor

In the following, the open set U will not be mentioned
unless it is necessary.

In order to obtain a lower estimate for the Hausdorff
dimension in Theorem 10, we need the mass distribution
principle (Lemma 19) and Proposition 20 below.

Lemma 19 (see, e.g., [13, Theorem 4.9]). Let K ¢ R", ya
positive Borel measure on K with 0 < u(K) < 0o, and s > 0. If
there is a constant ¢ > 0 such that lim, _, o+ (u(B,(x))/r*) < ¢
for any x € K, then dimyK > s.

Recall that an IFS {S;}Y, on X satisfies the open set
condition (OSC) if there exists a nonempty bounded invariant
open (in the relative topology of X) set O ¢ X, called an OSC
set, such that Uf\:]l §;(0) € O and §;(0) N S;(O) = 0 for all
i#j.

The following result is similar to that of [15, Theorem 10.3]
where the strong separation condition is used; we include a
proof for convenience.

Proposition 20. Let K be the attractor of an IFS {S;}~,
satisfying the hypotheses of Theorem 10 If OSC holds with an

OSC set U satisfyingU 2 K and Z] 17 > 1, then dimyK > s.

Abstract and Applied Analysis

Proof. Choose t > s such that Zi\il r; = 1. Let p; = r;. and
let 4 be the invariant probability measure associated with the

weights {pi}f\i1 (see [14]); thatis, u = Zi\il pipe S]_.l.
For any x € K and sufficiently small b > 0, let
{Il""’Ik} =

Then OSC implies that S I ,..., S, (U) are disjoint and the
fact that I j € J, implies that |Szj (U)] < b|U|. The definition
of r; implies that #°(S; (U)) = r?j Z%(U) (see (15) also), and
Lemma 16 implies b/(c,| In b|?) < r, < le < b. Hence

{IE-]bZSI(U)an(X):/:@}. (39)

v’ 7! (B (%))

k
=7 (Byspju) (%)) = 7 <U51/. (U)>

st (40)
_ Y (s, ) 2 K )dszd ).
= i ¢|Inb|°
Thus there is a constant ¢, > 0 such that
k < ¢,|lnb|™. (41)

Combining OSC and the fact that U 2 K gives

4 (Silmin (U)) =P bi, = rit] SR ”fruz‘n' (42)

n

Using U 2 K, (41), together with the fact that r, < b, we get

=~

(B ()< Yrp < c,b'|Inb|™. (43)

Since t > s, lim,_, o+b"|In b|°? = 0. Hence inequality (43)
implies limy, _, 4+ (B, (x))/b* = 0forall x € K. The conclusion
follows by using Lemma 19. O

3. Proof of the Main Theorems

This section is devoted to the proofs of the main theorems.

Proof of Theorem 10. In order to apply Proposition 20, we first
use Proposition 18 to require, in addition, that U 2 K. Let
« and f8 be the zeroes of Q, (s) and Q, (s), respectively. By
Proposition 18, « and f3 are independent of the choice of the
packing family. Proposition 14 implies that both Q, (0) and

(_2,\(0) are real numbers.

We first prove
Q)t (s) = Q,\ (0)+slnA=(s—a)lnA,
o (44)
Q1 () =Q,(0)+slnA=(s-p)InA\

Substitutingb = A" and I = I,, ; into (21) gives

A’Tl

———<r, <R, <",
c(rln A7 = T T

n=12...,i=1,...,k
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Hence
k, 1 s
Nk, > YR, > (—,,) kA", if s >0,
; L ¢(n|lnAl)
(46)
k, 1 s
ANk, < YR} < (—0> kA", ifs<o.
1=Z1 L ¢(n|lnAl)
Since
1 1 s
lim 21 =) =o, 47
A, n<c1(n|ln)tl)g> (47)

by using Proposition 18 and the fact that QA(O) and 6,\(0) are
real numbers, we have

Q, (s) = lim — ln<ZR >

n—ooh

lim ~ In (\"k,) = Q, (0) + sIn A

n— o0

nleréon In (ZR >

fim L 1n (V) = Q, (0) + sln A,
n—>00n

(48)

Qi (s)

Equation (44) now follows from the equalities QA(O) =
—aln A and Q,(0) = -BlnA.

Next, we prove
B < dimyK. (49)

Suppose, on the contrary, § > dimyK. Then there exists s
such that dim K < s < . We will derive a contradiction.
By (44), aA(s) = (s—f)InA > 0. Choose a sequence
of packing families {Slmj}?ll of o/ » with respect to U, where
n > 0. Then by using (38), there exists an integer n > 0 such

that
k,
1
- In < erln,j )
=

Denote the new IFS {Sln’j}];.;l by {fj}’;:1 and let K, be its
attractor. Then this IFS satisfies OSC with U being an OSC
set. Since U 2 K, by applying Proposition 20 to the new
IES {fj}§;1 and noticing that K,, € K, we get dimyK >
dimy(K,,) > s, a contradiction. Thus dimy K > S.

Now, we prove

Q)L (S)

(50)

Q,(s) = Q, (s) = (s — dimyK)In A. (51)

To this end we first prove « > dimyK. Let s > a.
Then Q (s) < 0and s > 0 by the fact that Q,(0) = 0
(Proposmon 14). For every integer n > 0, choose a sequence

of packing families {S In,j}k-

jo1 of o yn with respect to U.

For any ¢ € /., there is at least one j such that ¢(U) N
SIM_ (U) #0. Choose X, € SIM_(U). Since (14) implies |¢(U)|,
ISIW,(U)I < A"|UJ, ¢(U) is contained in the ball B,y (x.
with radius 2A”|U|. Since K ¢ U, we have

n,j)

K = U ¢ (K) ¢ U pU) c UBZ)V‘IUl( nJ) (52)

(pE.S?fAn (pE._QfAn

Hence {B,)» (xn’j)}jl1 isad, := 41"|U|-cover of K. By (48),

11%0% In [k,(4X" |U1)°] = Q, (0) +sInd = Q (s) < 0.

(53)

Hence, k,,(41"|U|)* < 1 for infinitely many integers n. There-
fore,

I (K) = Jim %’S (K) < lim k(41" [U])’ < oo, (54)

n— 00

and thus s > dimyK. Since s > « is arbitrary, we conclude
that « > dimp K.

Since a < 3, by combining this with (49), we geta = 8 =
dimy K. Equation (51) now follows by substituting this into
44).
( )Finally, we prove dimy K = dimgK. Let U be as above. For
anyn > 0and A € (0, 1), choose a packing family {SIM}’;:1 of
o y» with respect to U. Let

d
B, = {H [(m; = 1) A", mA") :m; € Z,

i=1

(55)

d
Kn[]l(m; - 1) X", mA") #0
i=1

and let N, := #3,, the cardinality of 9,. According to (52),
we define

d
= ‘{H [(m; = 1)A" ,mA") € B, :m; € Z,
i=1

By (xn,j) n H [(m

i=1

= 1A, mA") ;e@} :
(56)

Then (52) implies B, = U}, B,, ;. 1 Byyoyy (x,, )OT T, [0~

A", m;A") # 0, then ]—Lil [(m; — 1)A",m;A") is contained in

B,y viaar (X, j)- Since {]—[?:1 [(m; — 1)A", m;A")} are disjoint,
we have

P B )
M2 ([T (- DA mdn) (s7)

= 7 (Byujeva ).

Therefore,

S Y #B,, <k, L (Byy, vz (0)). (58)



It follows immediately that dimzK = dim K = 8 = dimyK.
Since dimy; K < dimpK < dimgK, the proof is complete. [

A similar argument shows the following corollary.

Corollary 21. Assume the same hypotheses of Lemma 17. Also,
for any given A € (0,1), L € N and {SIM_}T:”1 C Yy forn e N,
assume that the following conditions hold.

(1) For any ¢ € o yn, there is at least one j € {1,...,m,}
such that o(U) intersects SIn (U).
(2) For any S; ,, there are at most L maps Si,, such that

SI ) ﬂSI (U)?ﬁ@

Then Theorem 10 holds by replacing the packing families with
{Sln,j};n:"v neN.

Remark 22. For IFSs consisting of C' conformal contractions
and satisfying BDP and WSC (see [3]), Theorem 1.1 of [5]
gives a method for computing dim;;K by solving the equation
P(s) = 0. We remark that, in computing the function P(s), the
sum in the definition of P(s) is over distinct maps, and thus in
numerical computations the following two types of mistakes
may occur:

(a) S; #S;, but numerical approximations show S; = S;;
(b) S; = S;, but numerical approximations show S; #5;.
In view of Corollary 21 and the definition of packing

families, the formula dimyK = lim (Ink,/nlnA) is
numerically much more stable.

n— oo
Proof of Theorem 11. In view of (15), we have

n

21
£ L,

[# (5., 0)]"

IN

>

j=1 j=1 ffd (U)]S/d
k‘rl
<SYR, < sup YR, 520,
i " we (W yew
(60)
d
s, sl
I, =
== )
kH
> YR, > s<0.

> inf § R,
n, ap* n
J YePlH (A )ll/ o

Il
—

i
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Thus, by using (37) and (38) we need only prove

1 s
Q, (s) = lim —1In sup Z RW
nweon Ve (A" )y

1
lim —In inf R seR.
n—oop ver, () L

For any b € (0,A] and any two packing families
{SII, . ,SIk} € Py(b) and {Sh’ ... ,S]m} € P (b). Similar to
the proof of Lemma 17, let Y= {S,j : S]j U)NS(U) # 0} and
O/ ={S; : S,j(U) NS, (U) +0}.

Using LDP, we have

R, dgd s dg
(qcﬁlnbﬁ“) (U)S<c1|lnb| > ©
1\ o
: (cllln b|"> (s, )

<< b )d;;f"’(U)
“\qllnbd|°

<7 )< 2 (s, V)

(61)

(62)

<RI Z (),

where the first and fourth inequalities follow from (22) and
(21), respectively, the second, fifth, and last ones follow from
(15), and the third one follows from the definition of .7 (U).
We assume, without loss of generality, that ¢, > ¢,. It follows
that

R J,

— Vi<i<k l<j<m.  (63)
(& lInb])*

<R,

By using (22) we see that U{S] ) :S j, € ¥l is contained
in a ball with center in S, ) and radius (c1 +6)|Inb|’b|U]|.
Hence it follows from (22) again that

b d
Glln bl")

<Y o (s,j (U)) (64)

S5, ey

NN (0)) (

< (¢ + &) Inbl°b [U))' £? (B, (0)).

Therefore, there is a constant ¢; > 0 such that

k
m< Y #¥ < glnbk. (65)
i=1
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By interchanging the roles of the two packing families, it
can be proved in the same way that there exist constants¢, > 0
and ¢; > 0 such that

R,
—————-<R;, forl<i<k 1<j<m,
o i
(¢ Indl) (66)

k < ¢;[Inb**m

Now, for any two sequences ®,, = {S; ,..., S, } € Py(A")

and ¥, = {S;,....S; } € P5(AM), by combining (63)-(66),
we have
> R,
ged,
Skmax{Rz 01 Sigk}

< <c5|ln A”|2d0> m(c, |In A"[)** min

< (c5|ln )\”|2d(j> (e, [In A"])>* Z R,

‘Ve\ll‘rl

{R;j:lﬁjSm}

< (sfm A7) (e, i A7)

x (6" (6 I A" Y Ry, s=0
PeD,
(67)
Similarly,
2 Ry
(PE(DTL
<kmax{R; :1<i<k}
P
S(5|—|&‘2m 1n{R;:1SjSm}
(Uz |In /\nD ! (68)

(cs|ln )L”|2da>
S T3l . 1,.\30s ll/
(6 InA")™ ye,

(c5|1 A”|2d") (c3|1nA"|2d”) 5

(Q ln A%()* (¢, In A"[)** )55,

It now follows from these inequalities and Theorem 10 that
(61) holds. The proof is complete. O

4. Examples

In this section we illustrate the applications of our results by
some examples.

Example 23. Let A be a d x d real matrix, o/ = {A* : k =
0,1,2,...}, and let Sj(x) = piAj(x + dj), j=1...,N, be
an IFS with A; e d, and 0 < ijl < 1. Assume that all
eigenvalues of A have moduli 1. Then

(a) LDP is satisfied and thus the conclusions of Theorems
10 and 11 hold;

(b) BDP holds if and only if there is a real invertible
matrix B and a real orthogonal matrix Q such that

A = BQB™!. In this case, the attractor is similar to
a self-similar set generated by the IFS with A replaced

by Q;
(¢) if OSC holds, then dim;K is the unique solution of
the equation

=1. (69)

N S
Z|Pj
j=1

Proof. Letting 0 < y < min{p]f1 : 1 £ j < N} and using the

following norm | - | in [12]:
(e8]
L= YA, (70)
k=0

we see that {Si}f\zjl is an IFS of essential contractions.
For the matrix A, by the Jordan decomposition theorem,
there is an invertible complex matrix P such that

P'AP = diag(J,,...,],), (71)

where each J; is a Jordan block with all diagonal entries being
the same and equal to 1 in modulus.
(a) We need only show that the IFS satisfies LDP. Let

p = max {pj} . (72)

Since all eigenvalues of A are 1 in modulus, using (71), it is
not difficult (see, e.g., [5]) to prove that

A = Ak, E=max{kj},

ot < 4] < ok,
ot < A < ok, 73)

k=1,2,...

for some constant ¢ > 0.
Forany I =i ---i, € J,letS; ; (x) = pil,,,inAk(x + )
for some o € R? with k = ki +---+k; . Then the R; and r;

defined in (4) become

—k -1
Iy = |pi1"'in A " > Ril"'in = |pi1"'in (74)
By using these, (73), and the inequality k < nk, we get
S o 2 < cznZdEZd. (75)

Yiyi,

By the definition of &/;, we have |p;-|- |A¥*|| > b, and hence
(73) implies

c(n%)d(ﬁ)n_1 > ok |py|
> c(k—k, ) |or | (76)

> |pp-| |Ak_k° >b
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and thus
In (bp/c%d) —dlnn
n< . 77)
Inp
Therefore, (75) and (77) imply
R . 2d 2
A < - <
finq B 7 Inb*  [Inb|*n?
(78)

(ln <(bﬁ)/cEd> —dln n>3d 2

< : .
|lnb|3dnd ln (ﬁ)3d

Sincen — ocoasb — 0%,

i j
thw, VO<i<3d,0<j<3d (79)
b—0" [InbPnd

Hence (78) implies

R
lim sup —ISd = (80)
b—0" re.7, 7 |In b

that is, LDP holds. Part (a) follows.

(b) The sufficiency is obvious. For the necessity, assume
BDP holds, and let A; = A%. Let 1" := (1,...,1) € X". Then
Sp(x) = plA™i(x + a,) for some . Since all eigenvalues
of A have moduli 1, it follows that Z%(S,.(V)) = p!Z*(V).
Hence, by (15), 71n < p* < Ryn = pJ'l A" . Thus BDP implies
sup,.olA™ || < co. For any ¢, choosing # so that nk, < € <
k,(n + 1), we have || A°|| < |A™ - [|A*™1|. Hence

sup |A"]| < co. (81)
n>0

Using (71), we have P' A"P = diag(J7,...,J;). Hence (81)
implies

sup H]f" <00, j=1,...,8. (82)

As the operator norm of a matrix is larger than or equal to
the maximum of the absolute values of its entries, (82) implies
that the entries of ];‘ are uniformly bounded for all #n > 0 and
j =1,...,¢. Hence, similar to the proof of [16, Lemma 2.3],
each J jis of order 1 x 1, that is, a number with modulus 1.
Thus ¢ = d and each column of P is an eigenvector of A.
Since the eigenvalues of A must be +1 or pairs of complex
conjugates with moduli 1, by rearranging the columns of P,
we may assume, without loss of generality,
A = Pdiag [A I

1°np

MLy A, Ad, 1, -1 P (83)

where Xj is the complex conjugate of A}, all A; are distinct
(when s > 1), and 2(2;21 n)+u+v=d.

Decompose P as P = [P},Qy,..., P, Q,, U, V] according
to (83). Then the columns of P;,Q;, U,V consist of a basis for

the eigenspace of A, Xj, 1, -1, respectively.

Abstract and Applied Analysis

By rechoosing a basis for each eigenspace if neces-
sary, we may assume further that P is of the form P =
[P, P,,...,P,P,P,P ], where 1_’]» is the conjugate of P;
(j = L...,s), the columns of P,P,,...,P,P,P,P,
consist of bases for the eigenspaces of the eigenvalues
ApsAps.. s Ay A, 1, -1, respectively, and P, P, are real
matrices. .

Let {aj) + iffj 1L, be the columns of P;. Then {a;; —
i[)’j,k}:’; , are the columns of I_Dj. Since P is invertible, column
operations show that so is

B= [al’l,ﬁl,l,...

‘xs,l’ ﬁs,l’ te

7“1,n1’/31,n1""’

> K> ﬂs,n; U, V] :

Moreover, as each column of Pj is an eigenvector of A, by

letting A ; = a; + ib;, we have

(84)

ajz' + bf =1 Aajye = ot = bijpe
(85)
AP = bjotji + a;Pi-
Therefore,
a; b
Al Bik)| = | %k Bjk [ : J]’
[] J] [J J] —bj a; (86)

j=L..s k=1..,n;
with [_aé s’ ] being real orthogonal. Hence AB = BQ for a
77
real orthogonal matrix Q, and our conclusion follows.
(c) Since 3. (U) = {S;.i & pii, < A" < Py} 1S
the unique packing family of itself for every n > 0, a simple
calculation shows that the solution s of (69) satisfies

s/d s/d
Y [Zew)]T =[O g
ped 1, (U)
Hence Q,(s) = 0 and so the conclusion follows by using
Theorem 11. O

Example 12, proved below, is an illustration of

Example 23(c).

Proof of Example 12. The IFS satisfies LDP by the conclusion
of Example 23(a). By a result in [10], OSC holds. Note that
p1 = p, = 1/2. The conclusion dimyK = dimpK = dimgK =
1 follows from Example 23(c). ]

The following IFS consists of a nondifferentiable map. It
satisfies LDP but not the natural extension of WSC.

Example 24. Let S; : [0,1] — [0,1],i =1,...,N, be an IFS
of contractions defined as follows:

po(x+ay), X<z,
S1(x):
1 1 1 (88)
(ra)sne-d). oo

Si(x)=p(x+a), i=2,...,N.
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0.8 /
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(a) (b)
FIGURE 2: (a) Graphs of the maps in the IES in (90). (b) First two levels of iterations of the interval [0, 1] under the IFS.
Assume pyp; > 0,0 < |p] < 1/2fori = 0,1,...,N, and, S, (x) = fa i)
for each i, either S;((0, 1)) < (0, (1/2)) or S;((0, 1)) < (1/2,1). o 12
Then the IFS {S,-}f\:]1 satisfies LDP. x 1
S4 (X) =—+ g’
Proof. It follows from the assumptions that 0 < r; < R; < 1/2 g
; 1
for0 <i < N. Let Ss(x):£+—,
T 6
max ,
o= X {lpo] |P1|}_ (89) 5 () £+%
min {|py|, | |} 6 7 3
(90)

We need only prove R; < cr; forall I € £*. We use induction
on the length of I. It is easy to see that this is true when |I| =
1. Assume it is true for the case |I| < n. Consider the case
[Il=n+1.Letl =i, i,,.

Ifi; > 1, then S;(x) = p;, (S, iy, (X) +a;) forall x € [0,1].
Hence R; = |p; IR, .;  andr = |p; Ir ,and so R; < cr;
by induction hypothesis.

Now assume i; = 1. If §;,[0,1] < [0,1/2], then §;(x) =
Po(S;, i (x)+ay) forallx € [0,1]. Hence Ry = |py|R; .; and
rr = lpolti,.. - iy = Tand §; [0,1] € [1/2,1], then §;(x) =

[PaRLSt

po(1/2 + a;) + pl(S,-Z__.,-nH(x) - 1/2). Hence R} = |pl|R,-2___,-n+1
and r; = |p|r;.,; . In both cases it follows by induction
hypothesis that R; < cr;. Thus LDP holds. O

The following is an explicit IFS from Example 24 (see
Figure 2):

2x < 1
) X )
2 2
SC=9, 1
- + P X > —,
T 2 2

Sz(x)=£+

The IFS in (90) does not satisfy the natural extension of
WSC to the IFSs we consider in this paper, since the sub-IFS
{S,, S5, 84, S5} does not.
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