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We extend the results of Cabre and Sire (2011) to show the existence of layer solutions of fractional Laplacians with perturbed nonlin-
earity (—A)'u = b(x) f (u) in R with s € (0, 1). Here b is a positive periodic perturbation for f,and — f is the derivative of a balanced
well potential G. That is, G € C> satisfies G(1) = G(-1) < G(1) V7 € (-1,1), G (1) = G (=1) = 0. First, for odd nonlinearity f
and for every s € (0, 1), we prove that there exists a layer solution via the monotone iteration method. Besides, existence results are
obtained by variational methods for s € (1/2, 1) and for more general nonlinearities. While the case s < 1/2 remains open.

1. Introduction

We consider the classical fractional Laplacian

(-AY’u=b(x)f(u) inR, 6))
where s € (0,1) and
(-A)u =c, P.V. J Lﬁ’g)dy. @)
R |x -yl

Here P.V. stands for the Cauchy principle value and ¢, is a
positive constant depending only on s.

In the whole paper we suppose that b € (C" n L®)(R)
(y > max{0, 1 —2s}) is a positive function and b(x + 1) = b(x)
for every x € R.

It is well known that the fractional Laplacian is a nonlocal
operator which can be localized by adding a variable

div(y*Vu(x,y)) =0 in R?,
. a0u ®)
_dsill%} Y5 = b(x)f(u) on dR> =R,
wherea=1-2s € (-1,1), ”(xJ’)bRi = u(x), and

2s

Y

u(x,y) = ps JR Wu(x -z,00dz  (4)

which is called the s-extension of u(x,0). p, is a positive
constant multiplier depending only on s.

Obviously, (1) and (3) have their own variational struc-
tures. For nonlocal equation (1), its corresponding nonlocal
energy functional on any open interval I ¢ R is defined by

L ju ) —u()

)I =
gnon(u ) 2 |x_y|1+25 dydx
2
*H EACRUIC) ARG
1 JR\I |x—y|

+ J b(x)G(u)dx
I

with prescribed boundary data outside of I.
As for elliptic equation (3), its local energy functional is
given by

. (1, Q) = % L YO Vuldx dy + L bW wdx

QNIR2
(6)

with Q ¢ R? an open domain. Here G is the primitive func-
tion of — f. The details for the fractional Laplacian can be seen
in [1-6].
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In view of the De Giorgi conjecture [7-9], Cabré and Sire
[1-3] consider layer solutions of the autonomous equation

(-A’u=f(u) inR. (7)

The layer solution of (7) is a strictly increasing solution
with limits +1 at +00. In [2, 3] the necessary and sufficient
conditions for existence of layer solutions were presented
by a Hamiltonian equality and a Modica-type estimate via
variational methods, that is, G'(1) = G'(~1) = 0 and G(1) =
G(-1) < G(7) for every T € (-1, 1). In other words, (7) is an
Allen-Cahn-type equation.

Equation (7) does not depend on the variable x explicitly;
layer solutions were proved to be strictly increasing and
are the unique local minimizer by the sliding method.
Furthermore, if f is odd and f'(+1) < 0, the layer solution
is proved odd symmetric about some point where it equals
zero. Many properties about the fractional Laplacian were
established such as the regularity, Hopf lemma, harnack, and
maximum principle; for details see [2, 3].

We give the definition of layer solutions of (1).

Definition 1. A function u € (Cﬁ NLP)(R) (0 < B <1)is

loc
said to be a layer solution of (1) if it satisfies

(-AYu=0b(x) f ()

u— +1

in R,
(8)

as X — *00.

Different from (7), (1) depends on the variable x explic-
itly; the sliding method cannot be used anymore and layer
solutions of (1) have no monotonicity. Therefore, methods
in [2, 3] for existence of layer solutions cannot be used here;
our problem becomes complicated. In addition, the fractional
Laplacian is a nonlocal case. All these cause some difficulties
for existence results of layer solutions of (1).

In our previous work [10], assuming that f was odd and b
was even, we proved the existence of layer solutions of (1) by
variational methods and a Liouville theorem for s € [1/2,1).
The restriction on s was due to no Liouville-type conclusion
for 0 < s < 1/2. We also obtained a Hamiltonian equality and
asymptotic estimates as x — +oo for layer solutions. Fur-
thermore, the asymptotic behavior of layer solutions as s T 1
is also investigated.

In this paper, we still study existence results of layer
solutions of (1). At first we assume that f is odd and b is even.
For this case, we mainly consider the s-extension of u; layer
solutions are constructed by the subsupersolution technique
forall s € (0,1).

Theorem 2. Suppose that f € C"'(R) (y > max{0,1 — 2s})
and
(1) f(-=1) =—f(z) foreveryt € [-1,1];
(2) f) = f(-1)= f(0) =0, f=0in[0,1] and f <0in
[-1,0].

Obviously, if G(u) = [ f(s)ds,

G(1)=G(-1)<G(r) forte(-1,1); G (x1)=0. (9)
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If b is even, then there exists a layer solution u €
C*™(R) (0 < a < 1) of (1) which is also odd,

(_axx)su =b(x) f(u)

u— =+1

in R,
(10)
as x — +00.

For more general nonlinearities f and s € (1/2,1),
existence results are proved by variational methods and a
careful energy comparison. This part needs some tricks.

Theorem 3. Lets € (1/2,1). Let G € C*(R) (y > max{0,1 -
2s}) be the primitive function of — f and

(a) G(1) = G(-1) < G(1) for T € (-1,1), G =
G’(—l) =0;
) G"(1) > 0and G (-1) > 0.

Then, there exists a layer solution u € C**(R) of (1) for
some(0 < a<l1,

(—0yx)u = b (x) f (u)

u— =+1

in R,
(11)

as x — t00.

Remark 4. From the assumption above, there exists a 0 <
0 < 1/2 such that G is strictly increasing in [-1, -1 + §] and
decreasing in [1 - &, 1], G(s) > min{G(1 - §), G(-1 + )} for
se(-1+4,1-9).

For s < 1/2, the global energy may be infinite. The desired
asymptotic behavior of layer solutions at infinity, that is, u —
tlasx — +00, cannot be obtained. This case is open.

The paper is organized as follows. In Section 2, we prove
existence results of layer solutions of (1) under odd assump-
tions of f. Section 3 is devoted to the Proof of Theorem 3.
Finally, we give some results about regularity and gradient
estimates and a Hopflemma about (1) and (3) in the appendix.

For convenience, we give some notations.

One has
b= mﬂgxb(x), b= mﬂ%nb(x). (12)
Letu € H(I),
. 1/2
Bl = otz + (L u dx) , (13)
where
1 u(x)—u 2
||u||HS(1) = EJJ %dydx
I x-yl
2 (14)
i J J ) - ) ulgs)l dy dx
1 Jr\1 |x—y|

is a seminorm.

2. Odd Nonlinearities

The main aim of this section is to solve existence problem for
odd nonlinearities. We assume that f satisfies assumptions
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in Theorem 2. For example, f(u) = u — u°, the nonlinearity
of Allen-Cahn equation satisfies this condition. Here we
construct a layer solution of (1) by the subsupersolution
method. For this purpose, let us recall results in [3].

Lemma 5. Let f € C*(R) (y > max{0,1 — 2s}), where s €
(0, 1), such that f = —~G'. Then there exists a solution u of

(-0u)u=fw inR (15)

such thatu' > 0 in R and lim u = £1 ifand only if

X — 00

G1)=G(-1)=0, G>G()=G(-1) in (-1,1).

(16)

If in addition f'(—l) < 0and f'(l) < 0, then this solution
is unique up to translations.

As a consequence, if f is odd and f'(x1) < 0, then the
solution is odd with respect to some point. That is, u(x + b) =
—u(-x + b) for some b € R.

Remark 6. Denote u* to be the odd solution of (15) such that

u*(0) = 0. Define u(x) = u*(El/zsx) and u(x) = u*(bl/zsx);
they are a supersolution and a subsolution of (1) in (0, co).
Indeed, by simple calculations,

(AU = (-A)’u” <El/zsx> =bf <u* (El/zsx»
> b(x) f (u)

(_A)sE — (—A)Su* (b1/25x)

in (0,00), )

- _f(u* (Ql/zsx)) <b(x)f(u) in (0,00).

Furthermore, % > u in (0, 00) by monotonicity of ™ and the
fact thatb > b.

In order to prove Theorem 2, we give the following two
lemmas.

Lemma 7. Let u(:,-) and u(:,-) be the s-extensions of u(:,0)
and u(-, 0), respectively, in R%; then i > u for x > 0 and y > 0.
Furthermore, one has

div(y*Va) =0 in R2n{x >0},

_dsiilrgiyug—; >b(x) f@) ondR’Nix>0},
(18)
div(y*Vu) =0 in R? n{x > 0},

ou 5
—d limy*= <b OR% N {x > 0}.
Jmy's, (x) f(u) on R, N {x >0}

Proof. For every u(-,0) € (Cn LP)(R), u(x, y) (y > 0), the
s-extension of u(x, 0) can be expressed by

2s

)

———— 7 A (x -2, O) dZ
(z2 + yz)(1+2$)/2

u(xy)=p |,
(19)
1

= ——u(x - yz,0)dz.
P, s s0)

If v(x, 0) = u(ax, 0), for some a € R,

1

W"(x—yz,O)dz

Vi) = |

B 1

(20)
- ps JR (Z2 + 1)(l+23)/2u

(ax —ayz,0)dz

= u(ax,ay).

Thus, u(x, y) = u*(El/zsx, El/zsy) and u(x, y) = u*(lgl/zsx,
QI/ZS)}).
In addition, if u(-x) = —u(x),

1
u(x,)’) = Ps JR mu(x—yz,o) dz
x/y 1
= p; L}O m“(x—yz, 0)dz

+00
1
+ —————u(x-yz,0)dz
b L/y (z2+1)(1+2$)/2 (= y20)

0 1
-

e {(z + (x/y))2 +1

+p J"FOO 1
0 {(z + (x/y))2 + 1}

}(1+2s)/2” (-yz,0)dz

Tt (-yz,0)dz

:pr“’{ !
SN (CTEP R

1
uwmwwf+q“””}

xu(yz,0)dz.
(21)



Thus, for x > 0 and y > 0,
u(xy) - u(xy)

oo 1
= Ps
L { [((xe/y)=2)" +1

- 1 (22)
[((e/y)+ 27 1]

{ <El/25yz 0) . (Ql/zsyz, 0)}dz

since u” is increasing.
Equation (18) is the consequence of direct calculations;
the proof of this lemma is complete. O

](1+2s)/2

>0

Now let Q ¢ Ri be a Lipschitz bounded domain; define
the energy functional

d,
B (w, Q) = j | Vwlidx dy

+ éj wzdx—J g(x)wdx,
2 Jaanar? 20NaR2
(23)

where A > 0 is a constant and g € C""(R) n L°(R) (y >
max{0, 1 — 2s}) is a nonnegative function.

Lemma 8. Given w, € C**(R?) for some 0 < a < 1. Let
I'={we Hl(y“,Q), w = wy on 0Q N R2}. Then there exists
a minimizer w € T such that w € C*P(Q) for some 0 < B < 1
and satisfies the Euler-Lagrange equation:

div(y"Vw) =0 in Q,

—d lim y* aa—+Aw gx) on aQﬂaRi, (24)
y

ylot

w=w, onoQNR2

Proof. One has
Eloc (W, Q)

2
= “\Vwl* + = J
2 4 2 anmaRZ

1 A A
—J-y“|Vw|2+—J' wz——J- w
2 Ja 2 Jaanor? 4 Jaonor?

- <ol - pon o]

JBQDBRZ (x) v

2

[\

(25)

1 A
== J Yo Vwl® + = J w’
2 Ja 4 Jaonar?

- ~lal}e -Jo nar?).
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Obviously, w — w, € H'(y% Q); we now extend it by zeroes
outside of Q in R?, w — w, € H'(y?,R?) and by the trace
theorem and a compact imbedding theorem [11-13], w—w, €
H'(R) <> LP(R) for every 1 < p < oo. Therefore, E
is well defined, bounded below, and coercive in I’; there is a
minimizer denoted again by w. By variational calculations,

div(y"Vw) =0 in Q,

—d lim y* aa— +Aw=g(x) on 0QN 8Ri, (26)
y

ylo*

w=w, on 0QNR2,

in weak sense. Furthermore, w € C*#(Q) for some 0 < B<1
by regularity discussion. O

Now we come to prove Theorem 2.
—1/25  —1/2
Proof of Theorem 2. By Lemma 7, u = u*(b ! “x,b ! Sy) and
u = u*(b"*x,b"*y) are a supersolutlon and a subsolution
of (3) in Ri N {x > 0}, respectively. Let Qp = (0,R) x (0, R)
and u, = u. Consider the mixed-boundary problem

div(y*Vu;) =0 in Qp,
ou,
—dJlimy® =L + Au; = b(x) f (4y) + Aug
J’l0+ a (27)

on 9Q, NOR?,
u;=u on 0QzNR2,

where A > max{O,Emax[oyl](—f')}. By Lemma 8, there is a

solution u, € c*f (Qp) for some 0 < B < 1, and further
u, > 0 in Qp by the strong maximum principle and Hopf
lemma.

Denote w = u; — u,

div(y"Vw) =0 in Qp,

a 0w 2
—-d lim “9% L Aw<0 on 3QxNIR ,
10 +y ay R + (28)
w=0 on 0QNR2.
Again, by the strong maximum principle and Hopf lemma,
u; < ugin Qp.
Now we start the iteration procedure. Given u,, and u

n—1
such that 0 < u, < u,_; <1in Q, the problem
div (y*Vu,,,) =0 in Qp,
. a aunJrl
—d Jimy"—""= + Au,,, = b(x) f (u,) + Au,
vl oy (29)

on Qg NOR2,

on 0Q,x NR2
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has a solution u,,, € C*P(Q) for some 0 < B < 1
by Lemma 8 and u,,; > 0 in Qy by the strong maximum
principle and Hopf lemma.

Letw=u,,, —u

div (y*Vw) =

n’
in Qp,

—d,lim y a— + Aw
le* By

ooy LS

(t41) (30)
u, —u + A} (un - unfl)

n-1

on 0QzN alRi,

w=0 on 0QzNR2.
Again by the strong maximum principle and Hopf lemma,
Uy, < U, in Q.

Assume that u, > u in Qg for somen € Z". Let w =
Uy — U

div(y*Vw) =0 in Qp,

- d,limy" adw + Aw
ylot” oy

- {b(x) H) =7 ) (”lj):lf ) +A]» (,—u) OV

on 0QzN E)[Ri,

w=u-u>0 on 0Oz NRZ;
U,y > uin Qg by maximum principle and Hopf lemma.

Thus there is a sequence {u,}, u = uy > u; > uy, > -+ >

u, > -+ > u,u, — upby monotone convergence theorem
and
div (y*Vug) =0 in Qp,
a OUg 2
-d hmy E =b(x) f(ug) on 0QzNOR,,  (32)

ug =u on 0QxNR2;

u < up < uin Qg and ||uR||C0,ﬁ(5R) < C where C does not
depend on R by regularity discussion.

Up to a subsequence uy — wuin Cp_(R2 N {x > 0}),
y“(uR)y — y“uy in C{)OC(IRTi N{x>0})asR — oo, and

div(y*Vu) =0 in R? n{x > 0},

. L0u
_dsyfoqy % =b(x) f(u) on IR’N{x>0}, (33)

u(0,y)=0 for y>0;

U < u < uin [RTi N {x > 0} by the strong maximum
principle and Hopf lemma. Therefore u — lasx — oo
from asymptotic behavior of 7 and u as x — oo.

We define u(x, y) = —u(-x, y) for x < 0 and y > 0; then

. 2
in R%,

div (y"Vu) =0

(34)

—d 11my g— =b(x) f(u) on E)Ri,

*ylo*
andu — xlasx — =z00. The desired solution is achieved.
We complete the proof. O
3. Nonsymmetric Nonlinearities

In this section, we deal with more general situations; that is,
G € C*(R) (y > max{0, 1 — 2s}):
1) G'() =
(_1: 1))
2)G"(1) >0,G"(-1) > 0.

G'(-1) = 0,G(1) = G(-1) < G(7) for T €

For simplicity we can assume that G(+1)
constant.

Consider the nonlocal energy functional defined on an
open interval I ¢ R,

2
Ehon (W, 1) = %jj Mdydx

|X _ y|l+2$

= 0 by adding a

o e -wOIf o 69)
R\I

|x _ y|1+2$
+ J b(x) G (w)dx,
I

where w € H*(I) with prescribed boundary data outside of I.
Define a nondecreasing competitor

1if x| > 1,
h(x) = 36
) {x if |x| < 1. (36)
If |I| > 4, by direct calculations,
( 1- 25 1
Cs(1+|1| 1fs€<0,—>,
2
1
non(h I)< ‘C (1+10g|[|) lfS—E (37)
O ifse ( 1) ,
. 2’

where C, is a positive constant depending only on s (see [6]).
In order to prove Theorem 3, we first give several lemmas.

Lemma9. Let I = (a,b) withb—a > 4. Let T; = {w € H*(I),

w=-1lforx <aandw =1 for x > b, |lw| < 1}. Then, for
every s € (0, 1), there is a minimizer u,;, € It of &

= b (x) f (U(a’b)) in

and u, ) € C**(a,b) for some 0 < a < 1.

non’>

(=A) gy, (a,b) (38)



Proof. We can change the values of G for |x| > 1 such that G

has the linear growth there which is denoted by G. Given the
admissible set

[ ={weH (), w=-1forx<a, w=1 for x >b}.
(39)

Clearly I, c I; and h(x — ((a + b)/2)) is an element of them.
Consider the energy functional

= L[ le@-wB)
%non (w, I) = 2 jJI |x B y|1+25 d dx

+JJ |w(x)—w(y)|2dydx (40)
R\I

|x _ y|1+2$

+Jbuﬁﬂwdx
I

If the minimizer w of & in I, satisfies |w| < 1, then w € T}

non
and &, (w,I) = &, (w, I); that is, w is also a minimizer of
& on In T7.

Obviously, the energy is nonincreasing by cutting w at +1
and

%non (w’ I) = %”w"ipu) + JI b (x) G(LU) dx (41)

is well defined, bounded below, and coercive in E. Thus, there
is a minimizer Uap) € I},

(=) tapy = b (x) f (U(ayp)
gnon (u(a,b)> (a’ b))

in (a,b),
s 1
C5(1+|b—a|1 2 1fse<0,5>, (42)

)

by (37). O

< if s=

1+log|b—
(1 +1log|b-al) 5
1fs€<

C,
C

l\.)lr—t -

Lemma 10. Let s € (1/2,1). Let u( g be the minimizer of
& on(+> (0, R)) with R > 4; then

%non (u(O,R)’ (_l’ l)) < gnon (u(O,R) + (/5’ (_l’ l)) + o (R) (43)

orany p € C°(=L, D) andl € Z*, whereoy — 0asl — oo.
y 0 1

Proof. Denote Zy(x) = v p,p(((R + 2I)/R)x — I). Clearly,
Zp=1lasx>Rand Zy =-lasx <0.

Abstract and Applied Analysis
One has

&non (Zg, (0, R))

R +2] R +21
U_L,R+1) Tx -1 “UCLR+]) TJ’ -1
s\~ 1
% (lx _ y|1+2 )

R R+2l
+ U riy | —5—x 1
0 J(—00,0)U(R,+00)

non (

30,

2

R
R +2I 2
U1 R+1) R y-1
o\ -1
% (lx—y|1+2)

R R+21
+J b(x)G<U(7l,R+l)<Tx—l>>
0

2
_ < R )1_251 J J R |y gy (%) =t prany (9)]
R + 21 2 -1 |x — )/ll-'—zS

>1—25

2
J J |”(71,R+1) (X) = Uy ra) ()]
(—00,~1)U(R+1,+00)

|1+25

|x -

R R+l R
TR+ 2 J_l b <R +21 (x+ l)> G (U 1rim)

R 1-2s
= <R + 2l> Epon (_ppary LR +1))

>1 =25

(7
ey

(x+0) =b @} 6 (i)

R 21
(44)
Denote
Fi(®) = (R le)l_zs
x JITZ {b ( z le (x+ l)) -b (x)} G (Ui rep)

(7

R 1-2s
< C
(R + 21) Ssﬁp

—0;

)(x+l)> —b(x)|

(45)
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here we use the periodic of b;

R 1-2s
Vi (R) = {(m) - 1} gnon (u(—l,R+l)’ (_l’ R+ l))

1-2s
SCS{< R ) —1}—)0
R+2I

asR — oo.
Therefore,

gnon (ZR’ (0’ R)) < (gnon (u(—l,R+l)’ (_l> R+ Z))
+ 7 (R) + B (R).

Since g gy is the minimizer of &, (-, (0, R)),

(46)

(47)

%non (u(O,R)’ (O’ R)) < %non (u(—l,R+l)’ (_l’ R+ l))

+y (R) + B (R).

(48)

Let

i (R) = %non (u(O,R)’ (_l’ R+ l)) - gnon (u(O,R)’ (0’ R))

- JO JOO o) (%)~ o ()]
-1

R |X _ y|1+2$

2
N JR+1 J'_l |ugo.r) (%) = ur) ()]

R . |X _ y|1+25 (49)

0 roo
< 4J j | - y|71725dy dx
-1Jr

R+l -1 1-2
+4J J |x - y|” “dydx
R —00

— 2 125 125_)
_5(25_1){ -(R+2)"}—0

asR — oo.
By (48)-(49) and the fact that u_; »,;) is the minimizer in
(-LLR+1),

Eron (to,r) (“L R +1))

< &pon (U1 reny (CLR+1D) + 9, (R) + B (R) + 17 (R)

< Epon (tor) + ¢ LR+ 1) + 9, (R) + B (R) + 1 (R) 5
Enon (o) + ¢ LR +1) = (), (-LR+1))

% ”l (o) + ¢) () = (o + ) ()]

_ |x _ y|1+25

2
1 ”l |0, (%) = o) ()]
2J)) 4

I_x _ y|1+25

Eopree |(ug,ry + @) (%) = (o) + @) ()’)|2
o

|x _ y|1+2$

ljmo |”(0R) (x) U,R) (J’)|
]

|1+25

+ |X _ y|1+2$

|
Jl J -1 |(u(0R +¢) (x) = (ugor + ) (J’)l
-,

Jl |”(0R (x) U(o,R) }’)l

l1+25

[ 016G + 9~ Gluo)}
= &non (Wop) + P (=L1D) = Epon (o, (-11)).
(50)

Therefore,

gnon (u(O,R)’ (_l’ l)) < %non (u(O,R) + ¢’ (_l’ l)) +o (R) > (51)

where og(R) = y(R) + Bi(R) + (R) — 0as R — o0. The
proof of Lemma 10 is completed. O

It is noticed that [[u(o gl Mee <C for some C independent
of R; then by the canonical diagonal process, up to a
subsequence, U r) — U, in Cl.(R)asR — ooand

(_axx)suoo =b (x) f (uoo) in (0,00),
(52)
Uy =—1 in (-00,0].
For u,, we have the following.

Lemmall. u isalocal minimizer of the nonlocal energy; that
is, for every | > 0 and for any ¢ € C;°(-1,1),

%nan (uoo’ (_l’ l)) < %non (uoo + ¢’ (_l’ l)) . (53)

Proof. Since tg gy — U, in CIZOC(R)>

2
1”‘1 |to,r) (%) = o) (¥)]
2)) 4

|X _ y|1+2$
. l” D |ty () = gy ()] (54)
2)) |x _ |1+2$ >

! !
J_l b(x) G (ugp) - J_l b(x) G (uy,) -

For |y| > 2land |x| <[, |x — y| = |y| - |x] > |y|/2,

2
J’l J |”(0,R) (%) —ugp) (J’)|
R\(~21,2])

1+2s
|x - y|
I
< 4J J |x - y|_1_25 (55)
-1 Jr\(~21,20)
1 1+2s
2 16 ,_
caf ax|  Zdy< 2
-1 R\(~21,2]) |y| s



Thus, by the Dominated convergence theorem and locally
uniformly convergence,

2
Jl J |to,r) (%) = Uy (7))
-1 JR\(-LI)

|X _ y|1+25

2
_ jl J ltor) (%) = o) (¥)]
-1 Jm\(-21,21)

I.x _ yl 1+2s
(56)

2
N J ! J |uo,r) (%) = o ry (7))
=1 J(=21,2D\(-L])

|x _ |1+25

()~ 1t )"

1 |u00
- J j 1+2s
IR |x -y

By (54) and the above,

%non (u(O,R)’ (_l> l)) - gnon (uoo> (_l’ l)) (57)

as R — 00. The same discussion leads to the fact that

gnon (u(O,R) + (/)7 (_l’ l)) - %non (uoo + ¢’ (_l) l)) (58)

as R — oo and for any ¢ € C°(-1,1).
Therefore, (53) follows from Lemma 10, and

(_axx)suoo =b(x) f (uoo) >

u

in R,
(59)

-1<uy,<1
0 =—1 in (-00,0].

Furthermore 1, = —1 by the strong maximum principle. [J

Let u(_p ) be the minimizer of &,,,(-, (=R, R)) in [_g z).
By continuity, there is a P = sup{x € (-R,R),u_pp) < 0}
such that u(_p r)(Pg) = 0 and u_g gy > 0 for x > Pp.

Lemma 12. One has R — |Py| — coasR — oo.

Proof. To check this, we suppose by contradiction that |R +
Pyl < +00 for some sequence R — 0. Up to a subsequence,
R+ P — kasR — oo for some constant k.

One has

=1 ug,p) (x) =ugp (x—R) >0 (60)

for x > k and R large enough. This contradiction verifies our
conclusion. O

Now we start to prove our conclusion.

Proof of Theorem 3. Let uR(x) = u_ppr(x + [PR]) for x €
(=R — [Pg], R — [Pg]), where [Pg] is denoted by the integer
part of Pp. And u”(x) satisfies

(-8)’uf =b(x) f(u*) in (-R-[Pg],R—[Pg]). (61)

Up to a subsequence which is denoted again by u*, u® — u
inC.,_(R)asR — coand

(-AY’u=b(x) f(u) in (—00,00). (62)
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Since u®(Py — [Py]) = t_pp)(P) = 0and 0 < P — [Pp] < 1,

for the above subsequence, there is a sub-subsequence such

that Py — [Pg] — P € [0,1],u(P) =0,and u > 0 for x > P.
One has

Ehon (”Rs (-R~[Pz] R~ [PR]))

= %non (u(—R,Ry (_R) R)) < CS.

(63)

By Fatous lemma and Lemmal2, &, (4,R) < C; and
+00
|- b(x)G(u) < +co.
We claim that |u| — 1 as |x] — o©0. Indeed, if there
exists a sequence x, — oo such that liminf, _, |ul
lim lu(x,)| # 1, by the C? regularity of u, there must be

X,, — 00

a ball Bp(xn) such that G(u) > € in Bp(x,,) for some € > 0,

+Oob Gu) = y bx)G
S5 ICCEITED Y IRICETE

(64)
>b-e ZZp = 00.
n=1

Therefore,u — 1or—-1asx — 0. The proofasx — —co
is similar. Sinceu > 0 forx > P € [0,1],u — lasx — oo.

In the following we exclude the case thatu — lasx —
—00.

Assume that u — 1asx — -o0o by contradiction.
Denote C, = mingu = u(x,) for some x, € R. C, > -1
by the strong maximum principle.

One has

JR %dy = (=A)’u(x) = b(x) f (u(x)) <0,

(65)

fu(xy)) = f(Cy) < 0. Therefore C, ¢ [1-7, 1] by Remark 4.
Choose a small positive constant §* < min{d,1 —
((ICy| + 1)/2)} such that G(1 - §*) < min{G(1 - §),G(-1 +
8), G(—(|Cy| + 1)/2)}. Denote S = inf{x € R,u < 1 - 5"} and
O = sup{x € R,u < 1 —38"}; Sand O are well defined since
u — tlasx — 00.
Denote

Ty = inf {x € (-R,R),u_pp 21-6"},

%)
=
|

= inf {x € (T, R) , u_pg <1-0"},

Og = sup {x € (-R,R),u_pg <1-8"},
(66)
Cor = min u,_ =u._ XR)>
OR = UL URR) rR) (XR)

|1Co] +1}

2

Qg = inf {x > P, _pp) =
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If R is large enough, Ty, Sg, Og, Cyr, X, and Qy are
all well defined. By local uniform convergence, |Cy| €
(ICy1/2,(ICyl + 1)/2) and [Og — Sgl < O -S|+ 1 = M:
|Col +1
2

Iu(—R,R) (P R) — URR) (QR)l

“u(*R)R) ”cz,ﬁ(R) |PR - QRl <C |PR - QRl

for some positive constant C independent of R, [Py — Q|
L>0.

For simplicity, denote I, = [-R,TR], I, = [Tx,Spl, Iz =
[Sg> Orl, and I, = [Og, R]; then [-R, R] = U, I.

Define

S {1 -8
=
UCRR)

We compare the energy of uy and of u_p py:

gnon (u(—R,R)’ (-R, R)) - %non (u;’ (-R, R))

(67)

IN

I\

if xeLn{u_gp <1-68"}=1;,

if elsewhere. (68)

1

2 L ULULUL,

J { [urr) (%) — U rp) I
o

1+2s
y|

3 |x_

a0 -y ) }
|x _ |1+25

N J J |u_rry (%) = UCrp) (;V)|2
17 J(—00~R)U(R,+00) |x - y|1+25

up ) —up O }

IX _ y|l+25

# | B01G (e ra) -G )}

3
(69)
Sinceu — lasx — +00,|Og — Tg| > [Sg — Tx| — 00 as
R — oo.
One has

2
1 J J |t rr (%)t rr (V)]
2 L Ji y|1+25

[ -

R |u(—R,R) (%) - U_RR) ()’ )|2
N

1+2s
7 oo ERY

L ] e O

2 1+2s

|x = | (70)
R fup () — uy ()]
I 1+2s

5o |x -yl
Tx 1

w0 b [x -y
2 1-2s 1-2s

= _mOSR_TRl —|Og—Tg| ) —0
asR — oo.

§ince U_grp) 2 1-6" in LUL,U(I\I;)and u(_pzy < 1-6"

inI;,

2
1 J J |u_rry (%) = t_r gy (¥)]
2 Jnuuaag Jrg |x -y

B |t rp) (%) — ug ()’)'2 )

|l+2$

[ -

o JOO i 0~ 1 y ro up () -11
; Jr |x_y|1+25 r Jr lx_y|l+25 =

10 |crp () - ucrp I’
I,

2 ; |x _ y|1+2$
1 U Juz () = up )]’
I

2 |x _ y|1+25
>0,

|, 060 {6 () -G i)}

3

Qr
20| (6 () G (5)

ZQL{min (G(l -9),G(-1 +8),G(_1 +2|Co|)>

-G(l-a*)}

> 0.
(71)

Therefore, &, (t4_gry> (~R,R)) > &, (i, (=R, R)) for R
large enough. This contradiction deduces the fact that u —
—lasx — —oco. uis the desired solution. O

Appendix

In this appendix we state several regularity results involving
the nonlocal equation (1), the local equation (3), and a Hopf
lemma; their proof can be found in [2, 3, 6].

Proposition A.1. Letb € C''(R) N L°(R) and f € C*?(R)
with y > max(0, 1 — 2s). Then, any bounded solution of (1)
(-Av(x)=b(x;) f(v(x)) inR" (A1)
is C*P(R™) for some 0 < B < 1 depending only on s and y.
Furthermore, given 1/2 < s, there exists 0 < f3 < 1
depending only on n, s;, and y and hence independent of s—
such that, for every s > s,

"V"clvﬁ(Rn) <C (A.2)
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for some C depending only on n, sy, || fll ciy» 1bllcrys and [V oo,
not on s. In addition, the function u = P, % v, where P, is the

Poisson kernel (u(x, y) = p, .[IR” (V> [(Z+y*)")(x-2)dz),
satisfies

lull sy + IVeullos iy + |D3u @ <SC (A3

Ifs > s, the constant C is independent of s and only dependent
on the quantities as the above mentioned.

We remark that the above results are valid for solutions of
(A.1) in bounded domains.

Proposition A.2. Let a € (-1,1) and R > 0. Let ¢ €
C?(3°Bjy) for some o € (0,1) and u € L®(B}z) N H' (Bl y*)
be a weak solution of

~div(y*Vu(x, ) =0 in Bl c R™,

A4
~limy“u, (x,y) = ¢ on d°Byp. (A9
ylo*

Then, there exists 3 € (0,1) depending only on n, a, R,
||u||L00(B;R), and also II(pIILm(aoB;R) (for CIIQ) and ||(p||ca(aoBz+R) (for
sz), such that

1
"u“d),ﬁ(i) < CRs
, (A.5)
a
||y ”y”c")ﬁ(sfg) < Cg-
Lemma A.3 (Hopf Principle). Let a € (-1,1) and consider
the cylinder Cy; = Iy x (0,1) ¢ R*" where Ty, is the ball of
center 0 and radius R in R”. Let u € C(Cp ;) N Hl(CR)l,y“)

satisfy
div (y"Vu(x,y)) <0 in Cgy,

u>0 inCg, (A.6)
1(0,0) = 0.
Then,
0;
lim sup — yuu < 0. (A7)
»l0* y
In addition, if y*u,, € C(Cg,,), then
lim yu, (0,5) <o. (A.8)
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