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We address some forward and inverse problems involving indefinite eigenvalues for discrete p-Laplacian operators with potential
terms. These indefinite eigenvalues are the discrete analogues of p-Laplacians on Riemannian manifolds with potential terms.
We first define and discuss some fundamental properties of the indefinite eigenvalue problems for discrete p-Laplacian operators
with potential terms with respect to some given weight functions. We then discuss resonance problems, anti-minimum principles,
and inverse conductivity problems for the discrete p-Laplacian operators with potential terms involving the smallest indefinite

eigenvalues.

1. Introduction

In this paper, we study a generalized version of spectral
theory, resonance problems, antiminimum principles, and
inverse problems for discrete p-Laplacian operators with
potential terms on a network. We define a network as a way
of interconnecting any pair of users or nodes by means of
some meaningful links. Therefore, we represent a network by
a weighted graph G = G(S|J0S, E, w) with a weight function.

The main goal of this paper is to characterize the
indefinite eigenvalues and to solve the inverse conductivity
problems for the equations

— D () + V() |6 (0] (x)
= ()] ()F e (x), x€S 1)
¢(z) =0, z€0S

where V and h are real valued functions on a network S with
boundary 0S. Here, A ,, is the discrete p-Laplacian on a
network S with weight w defined by

Ap,wu (x)
=) () - @ (W) -u@)w(xy), xe$
y€S

)

for 1 < p < 0o. To address these problems, many researchers
have especially concentrated on spectral graph theory which
has been one of the most significant tools used in studying
graphs. This has led to noteworthy progress in the study of
these questions (see, e.g., [1, 2]). In this paper, we are primarily
concerned with indefinite eigenvalue problems.

In particular, we deal with these problems under the
assumptions that h is positive and that 4 has both positive
and negative values. For each case, we present properties for
the smallest indefinite eigenvalue A, as follows:

(i) the variationally expressed form of A,
(i) the positivity of eigenfunctions corresponding to A;, ,

(iii) the multiplicity of A, 4.

Moreover, we also show that A, , is isolated. Using these prop-
erties, we then discuss resonance problems, antiminimum
principles, and the inverse conductivity problems. Note that
the uniqueness of the conductivity w is not guaranteed from
Apo- This implies that there can be different conductivities w,
and w, on edges such that the smallest indefinite eigenvalues
of networks for w, and w, are the same. Therefore, to
guarantee the uniqueness of the conductivity, we impose
the additional constraint, the monotonicity condition, on
conductivity of the edges. The result for the case that h is
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positive is Theorem 10 and the results for the other case of
h are Theorems 18 and 19.

Recently, in order to expand the results on spectral
graph theory with respect to the above viewpoint, great
efforts have been concentrated on studying the properties
of graphs involving eigenvalues of operators such as discrete
Schrodinger or discrete p-Laplacian operators (see, e.g., [3-
8]) which are generalizations of the discrete Laplacian. In [9],
in particular, Amghibech introduces the indefinite eigenvalue
problem for the case where V.= 0 and h > 0 in (1)
and gives some characterizations of the smallest indefinite
eigenvalue. The author also addresses a resonance problem,
an antiminimum principle, and an inverse problem.

This paper is organized as follows. In Section 2, we recall
some basic terminology and properties of networks. In
Section 3, for the case that / is positive, we give some char-
acterizations of the smallest positive indefinite eigenvalue,
and we study the resonance problems, the antiminimum
principles, and the inverse conductivity problems. Finally,
in Section 4, we discuss the same problems discussed in
Section 3 under the assumption that & has both positive and
negative values.

2. Preliminaries

In this section, we describe the theoretic graph notations
frequently used throughout this paper.

By a graph G = G(7/,E) we refer to a finite set 7" of
vertices with a set E of two-element subsets of 7° whose
elements are called edges.

For notational convenience, we denote by x € G the fact
that x is a vertex in G(7/, E). A graph G =G(7',E') is said
to be a subgraph of G(7',E) if V' ¢ Vand E' ¢ E. If E'
consists of all the edges from E which connect the vertices of
7" in G, then G’ is called an induced subgraph. Throughout
this paper, we assume that the graph G(7/, E) is finite, simple,
and connected.

A weight on a graph G(7/,E) isafunctionw : 7" x 7" —
[0, c0) satisfying

(i) w(x,x) =0,x € 7,
(i) w(x, y) = w(y, x) > 0if {x, y} € E,
(iii) w(x, y) = 0 ifand only if {x, y} ¢ E,
and a graph G(7/, E) with a weight w is called a network

G(7,E, w). The integration of a function u : 7 — R is
defined by

J;i/u:= Zu(x). (3)

x€V

For an induced subgraph S of G(V, E), by S = S:JoS we
denote a graph whose vertices and edges are in S and vertices
indS:={y e V\S | w(x, y) > 0 for some x € S}. Here, S and
0S are called interiors and boundaries, respectively.

The p-gradient V, , ofa functionu : S — Risdefined as

Voot (%) = (D 1 (x)) (4)

y€eS
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for x € S. In the case of p = 2, we write simply V, instead of
Ve )
It has been known that for any pair of functionsu : § —

Randv:S — R, we have

2 L v (—A p)wu) = L VoV Vo s (5)
where A - B = " ab for A = (ay,...,a,) and B =
(by, ..., b,). This fact yields many useful formulas such as the
network version of the Green theorem (for details, see [7]).
For the given functions Vandh : § — R,if A, € R
and ¢ : S5 R satisty (1), then Ay, is called the (Dirichlet)

indefinite eigenvalue for —ff;w where gxwu = Ay —

V|ulP"2u and ¢ is called an eigenfunction corresponding to
Ay, Moreover, (A, ¢) is called an indefinite eigenpair.

Finally, we recall some known results on discrete p-
Laplacian operators such as the minimum principle and
Picone€’s identity.
pew O D€L
works). Let u : S — R satisfy the differential inequality
—A,,u(x) > 0 for all x € S. If u attains the minimum at a

Theorem 1 (see [6] minimum principle for —A

point in S, then u is constant in S.

Theorem 2 (see [9] Picone’s identity for A paw O1 networks).
For an induced subnetwork S of a given weighted network G,
let two functions u, and u, be nonnegative and positive on S,
respectively. Then

p

u
<Vs,w“1 Vs poth = Vsw (up_1_1> ' Vs,p,w”2> (x)=0 (6)

2

for all x in S. Moreover, if the induced subnetwork S is
connected, then the equality holds if and only if there exists
t > 0 such that u(x) = tv(x) for all x in S.

3. Indefinite Eigenvalue Problems with
Positive Weight Functions

In [9], Amghibech introduces the indefinite eigenvalue prob-
lems for —A , , on networks with standard weights. In this
paper, we study the indefinite eigenvalue problems under
more complicated situations than those of Amghibech. More
specifically, we look at the p-Laplacian operator combined
with potential terms and moreover, we do not impose any
restrictions on the weight of the networks, further differen-
tiating this paper from [9].

We now start this section under the assumption that h is
positive.

3.1. The Smallest Indefinite Eigenvalue. In this subsection,
we prove the existence of the smallest indefinite eigenvalue

Ay for —Z; when h is positive. We also address some

fundamental i)roblems such as the multiplicity of A;, , and its
isolation.
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It will be shown in the next theorem that A, , exists and
can be variationally expressed as

(1/2) Jg Vw¢ ' Vp,w¢ + J’s Vl(/5|‘l7

Ao = ire1f R (7)
e JoHlol”
where
o = {¢ € S|¢|, = 0}. (8)

Theorem 3. There exists a nonzero function ¢, € o such that

_ (1/2) ngw‘/)o “Vowo + _[5 Vio|”

©)
J’s h|¢0|P

h,0
Moreover, Ay, is the smallest eigenvalue for —31‘:{” and ¢, is
an eigenfunction corresponding to Ay, .
Proof. Note that

/) [V Voot + V9|

et [ Hlol?

o o\ ¢
ot fov ( (ool > Vpa ( fshw»v’)

$#£0
¢

+ L Vh Js h|¢|P

= inf (L%Vwﬁb Vpuft L V|¢|P>’

$es,

(10)
P

where &, := {¢ € | j§h|¢lp = 1}. Here, we note that S,
is closed and bounded (i.e., compact), since it is a subset of
vectors in R", for n = [S|, and since h is positive. Therefore,
there exists ¢, € &', such that

<%> LV“’% “Vpwdo * L Viol®
(11)
= min (% va¢ Vo + L V|¢|p>.

Pes,

Since it is easily seen from (1) and (5) that 1, < A, for
each eigenvalues A, it suffices to show that (A, ¢,) is an
eigenpair. For any x € S, we define a function 8, : S — R as

5, (y) = {1’ *= (12)

0, otherwise.

Taking an arbitrary x,, € S, we have

L g, +¢0,|” #0 (13)

3
for a sufficiently small t and
Mo < (3 L Vo (0418, ) - Vo (0 + £,
R(CREN 9
!
([ H@ores,))
Hence, we have
03 [ V(b0+10,) Vo (4013,
(15)

N L (V = Aol (g0 + 26, )

for a sufficiently small t. Note that the right-hand side is
continuously differentiable with respect to ¢ and equals zero
att = 0. Thus, we have

A RACTR R MR

0=—|=
de 12

+ L(V = Aol (0 + f%)'p]t:o (16)

=p (_Ap,w¢1 (x0) + (V (x0) = Apoh) |¢o (’Co)lpi2

o (%) ) d,Xg-

Since x, is chosen arbitrary in S, we have
=8t () +V (09 (74 ()

= Auohlgo )Py (1), x €S,
which completes the proof. 0O

17)

We now prove the simplicity of A, . To achieve this goal,
we first prove a theorem which asserts that there always exists
an eigenfunction ¢, corresponding to A;, , which is positive in
S.

Theorem 4. There exists ¢, € o with ¢, > 0 in S such that
(Ap0s By) is an indefinite eigenpair for _"?X’w'

Proof. 1t follows from Theorem 3 that there exists an eigen-
function ¢, corresponding to A, satisfying

— A oo (x) + V() | ()] (x)

(18)
= Ao (x) |6 ()P (x), x€8.
Let y(x) := [¢y(x)], x € S. Then
P _ P
Jolot? = [ laol”
1 p
5 L Voo - Voo + L Vo] (19)

1 P
2 3 L%‘/f Vool + L Viy|".



Thus, we have

_(112) [§Vuo Vo + [ VIl

h,
’ _[s h|¢O|P
(20)
S (1/2) IS wa ' vp,wl/] + Is V|VI|P
> B .
Jsnlvl
Otherwise, by the definition of A,
(1/2) [V - Voot + [ VIwl
ho < 5 . (21)
Jshlvl
Thus,
(1/2) [Vyu -V, v+ [ V]|
. .[S P, IS | | . (22)

p
Ig hly|
It follows from Theorem 3 that (A,4,v) is an indefinite
eigenpair. Now it suffices to show that ¢ > 0 in S. Suppose, to

the contrary, that y/(x,) = 0 for some x, € S. It will be shown
that ¢ = 0. Since v is an eigenvalue, it follows from (1) that

YOIy ()l y) =0 (23)

y€S

and thus y(y) = 0 for all y ~ x;, where y ~ x means that
two vertices x and y are connected by an edge. By repeating
the above process for y ~ x,, we conclude that y(z) = 0 for
each z ~ y. Since the network S is assumed to be connected,
w(x) =0forall x € S. O

Using the above theorem, we prove the simplicity of A,
as follows.

Theorem 5. If (A, ¢,) is an indefinite eigenpair for —g\éw,
then

sgngy (x) =sgney (y), xye€S. (24)

Proof. As shown in the proof for Theorem 4, if (Ao, ¢y) is
indefinite, then (A}, |§]) is also an indefinite eigenpair. Let

%(x) = |¢y(x)] for all x in S. Then we have

1
E J§ Vw¢0 : Vp,(;.7</50 + JS V|¢0|p

. (25)
- - — P
= 5 J§ Vw(po : Vp,w(po + JS V|¢0| >
which implies that
Y 160 () = o ()] w (x, )
X, y€S
T (26)
= Y g (y) - )| w(xy).
x,y€S
Since
|60 () = ¢ ()] = | () = 65 ()] (27)
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for all x ~ y in S, we have

o (7) = 0 ()] = |60 () = o ()] (28)

forall x, yin S. Hence, either ¢, (x) = %(x) or ¢y(x) = —%(x)
forall xin S. O

The above theorem shows that the dimension of the
eigenspace corresponding to A, is one. Thus, we have the
following.

Corollary 6. The multiplicity of A}, is one.

For linear operators such as —A ,, on finite networks, it is
clear that the number of eigenvalues (including multiplicity)
is the same as the number of vertices. However, when we con-
sider nonlinear operators such as _g\;,w’ it becomes signifi-
cantly more complicated to count the number of eigenvalues.
It is not sufficient to simply prove whether the number of
eigenvalues is finite of infinite. However, by applying Picone’s
identity, it is possible to show that the smallest indefinite
eigenvalue A} , is isolated for a set of indefinite eigenvalues.

Theorem 7. The smallest eigenvalue A, is isolated.

Proof. We proceed by contradiction. Suppose that for each
€ > 0, there exists v, satisfying fs |u.|? = 1and

—A ot + Vi|u|"?u. = (), + €) hlu | "u,, inS
(29)

u, =0, on 0S.

Since the multiplicity of A}, ; is one, there exists an eigenfunc-

tion ¢, corresponding to Aj,, with ¢, in S such that u, —

¢, > 0in Sase — 0. Hence, for sufficiently small € > 0 we

have u, > 0in S. Since

Apue
V=—5+Ate)h inS, (30)
uf
we have
p-1
-1 -1
- AP¢0 + ;)7_1 Apue + Ah,0h¢op + Gh(pg
He 31
= Ah,othop_l on S.
That is,
- ob! _
—epy = pao — al (—A p,wue) on S. (32)

Multiplying ¢, and integrating over S on both sides (32) and
using Picone€’s identity, we have a contradiction. O

3.2. Resonance Problems, Antiminimum Principle, and Inverse
Problems. In this subsection, we deal with some interesting
problems such as the resonance problems, the antiminimum
principles, and the inverse conductivity problems with regard
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to indefinite eigenvalues. We remind the reader that during
this section, we assume the weight function / is a positive
valued function.

Fora given functionV: § — R and a nonnegative source
term g : S — [0, 00), we consider the following equation:

AUt Viul?u - Ah’0h|ulp_2u =g inS§
(33)
u=0 on 0S.

It is clear that the above equation has a solution (in fact, an
eigenvalue) if g = 0in S. The next result shows thatif A, , > 0,
then the converse of the statement also holds. Thus, there is
no solution of the above equation if g is nonzero in S.

Theorem 8 (resonance problem). Suppose that a function V
satisfies the condition that the smallest indefinite eigenvalue
A is positive. Then (33) has a solution if and only if g = 0.

Proof. Suppose that a function u is a solution to the equation
and we define a function u, as

gy (x) := max {-u, (x),0}, xe€S. (34)

Since it is obvious that if 1, = 0, then g = 0; we assume that
u, # 0. Then we have

0< L g (%) = L (‘A pUo T Vluoipizuo - Ah,0h|“0|p72”o)”_o

<=2 3 @ () - @ )

x,y€S

- Y v(x) [y ()]

x€S

+ Ao O b (x) [tz ()

x€S

(35)

which implies that %, = k¢, for some k > 0. If k > 0 then u,
is an eigenfunction corresponding to A;, , so that g = 0. Now
suppose that k = 0 so u, > 0. Since u, # Oand g > 0, we
have

-2
=AU+ v|u0|p u, =20, but

= Aty + V|to|" P # 0 (36)

in S.

Thus, by using a similar method that we used in the proof for
Theorem 4, it is easy to we show that the solution u,, is positive
in S. Using Picone’s identity, we have

1 o
0< E ng% . Vp’wqﬁo -Vl —= |- Vp,wuo

p-1
Uy

4’_5(

p-1 p-1
o1 (Vi + Aohuyg +g)
Uy

1
= E J% Voo - Vp,w‘/’o - L

5
[t Tyt s [ w00 [ [ 2
_2§w0 pwt0 s 0 Os 0 Sug—lg
(37)
which implies that g = 0. O

The next theorem is the antiminimum principle. From
it, we see that each (nonconstant) solution for the following
equation

~A b+ VIulPu = Al u 20 in S
(38)
u=0 on dS.

has its minimum in Sif A > A,,.

Theorem 9 (antiminimum principle). For a nonnegative
source term g : S — [0,00), suppose u, is a solution to the
following equation:

A, Ut ViIul?2u - MfulPu = g inS
(39)
u=0 onaS.

IfA > Ay, then uy(x,) < 0 for some x;, € S.

Proof. By virtue of Theorem 8, it suffices to show that if there
exist a nonnegative solution u, for (75), then A < A, .
Suppose u;, is a solution to (75) with u, (x) > 0, x € S. Using
a similar method that we used in the proof of Theorem 4, we
can easily show that if u,(x,) = 0 for some x, € S, then
uy = 0. Thus, we may assume that u, is positive in S. By
Picone’s identity, we have

1 %
0< 5 ,quso ! Vp,w‘/so -V -1 | Vp,wu)t
S uA

B g
=35 ,Vw‘/’o ' Vp,w% T 1 (_ p,wu)t)
2 Js uy
1 ¢F -1 -1
= — J* Vw¢0 . Vp,w¢0 - ﬁ (—Vlzlf{ + Ahui + g) s
2 Js uy

(40)

where ¢, is the positive eigenfunction corresponding to A, .
Thus, we have

0< (Ay—A) L het. (41)

Since fs h¢? > 0, we finally have A;,, > A, which completes
the proof. O

We now discuss an inverse conductivity problem on net-
works. The main concern is related to the problem of recover-
ing the conductivity (weight) w of the network by the smallest
indefinite eigenvalue A, for %, , with respect to h. Note
that the uniqueness of the conductivity w is not guaranteed
by A}, . This implies that there can be different conductivities



w, and w, on the edges which induces the same eigenvalue
Apyg for the operators —%,,,i = 1,2. To guarantee the
uniqueness of the conductivity, we need to impose some more
assumption on the structure of network or on the conduc-
tivity. We impose here the additional constraint, called the
monotonicity condition, on the conductivity of the edges. The
main result of this section shows that there are no different
conductivities w, and w, on the edges satisfying w, < w, in Sx
S which induce the same smallest indefinite eigenvalue A,

Theorem 10 (inverse conductivity problem). For networks
G, Epw;) fori = 1,2, let ’1‘;:0 be the smallest indefinite
eigenvalue for —.ffg)wi. If the weight functions satisfy
w <w, in SxS, (42)
then one has
A S A, (43)

Moreover, A}y = A2 if and only if one has

(i) ¢y = ¢, 0n S,
(i) w, (x, y) = wy(x,y) whenever ¢,(x)#¢,(y) or
¢, (x) £, (»)
where ¢; is the eigenfunction corresponding to )Lh pi=L2

Proof. By definition of the smallest eigenvalue, we have

1@ < (1/2) J-gvp,wl(pz : le¢2 + J-S Vl¢2lp.

< (44)
0,h J‘S ]’l|(/)2|P
It follows from w; < w, that
(1/2) _[g Vp,wlﬁbz Vi, $2 + _[5 V|¢2|p
,[s h|¢2|p
(45)
(1/2) IS pw2 sz¢2 + JS v|¢2|P
_[s h|¢2|P

Hence we have /\hIO < /\ o~ Now, we suppose that /\ 0= /\w2

Then

o~ D Vot Vuds + [ VIes|

o Js h|¢2|p
(1/2) Yoyes 62 (1) = by (I (@, (2. 9) — @y (x. )
_[s h|¢2|P
+ A4

(46)

Since A} = A}, we have

DY slh () - ¢ @) (@, (x, ) - @, (x, ")
) sl

(47)
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Thus w,(x,y) = w,(x,y) whenever ¢,(x)# ¢,(y), which
implies that

1/2) [V Vig,|”
(1/2) [ Vpur§2 -V ;pz+js |6 S )
_[s h|¢2|
Thus ¢, = ¢,. Hence w;(x,y) = w,(x,y) whenever
() #¢;(y), i = L2. If w(x,y) = wy(x,y) whenever

¢i(x) #¢;(y),i = 1,2, then
(1/2) zx,yeg |¢1 (y) - ¢ (x)|pw1 (X, y) + -[S V|¢1|P

A =
no .[s hl(/)l IP
3 (1/2) Zx,y€§ |‘/’1 () - ¢ (x)|pw2 (x, y) + .[s Vl‘/’llp
,[g hl‘/)l |P
1,
(49)
Thus we have /\‘;20 = A‘;fo. O

4. Indefinite Eigenvalue Problems with
Weight Functions Which Have Both Positive
and Negative Values

In this section, we address problems for the other case that
h has both positive and negative values. Namely, we now
assume that the function i : S — R satisfies

h" %0, h™ # 0, (50)
where

h* (x) := max {h(x),0}, h™ (x) = —min{h(x),0}

(51)

for x € S.

4.1. Indefinite Eigenvalue Problems. We now discuss the
indefinite eigenvalue problems with the assumption that /2 has
both positive and negative values and two real values A, , and

Ao defined by

(1/2) [(Vu - Yy + [Vl

A = inf ,
k0 [ hlul?>0 .[s hlu|?
(52)
B (1/2) [¢Vti - Vp i+ [ VIul?
Apo = sup - - .
[ Alul? <0 Is hlul

Theorem 11. If functionsV:S — Randh:S — R satisfy
either V.2 0 or V > hin S, then there exists ¢, € A such that
Voo (1/2) ngw‘/)o “Vowbo + ngl‘/’olp

= ) 3
Johleol” &

where

A;:{u:E—»R|jh|u|P>o, us =0}, (59)
S
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Moreover Ay, is the smallest positive eigenvalue for —ff;w and
¢y is an eigenfunction corresponding to A, .

Proof. Define
A1:={u:§—>[R{|J|u|p=1}. (55)
s

We note that A N A, is not compact and its boundary (A N
A,) is given by
0(ANA,))= {u:§—>R | J lulf =1,
S
(56)
J hlul? = 0, ulys = o},
S

so AN A, is compact. Now we take {u,}>, ¢ AN A, such
that {u,} converges at some point 1, € (AN A,). Since {u, }
converges, (1/2) IE Y + .[s Vlu,|? also converges.

pw n
From fs hlu,| — 0 and the function V which satisfies either
V > 0o0rV > h, we easily show that

(1/2) [ Vthy - Vi, + [ Vit |?
[shle|”

Therefore, there exists ¢, € AN A, such that

(1/2) [ Vo * Voo + s VIgo|"
[ 7ol

(1/2) [Vt - Vput + [s VI8l
[snlol” '

Now we take an arbitrary x, € S. Since Is hlg, +13, P #0 for
sufficiently small £ > 0, by definition of A, |, we have

1
Yo = (5 ] ulpuers,)-

+ L V|¢0 + t6x0|P> (59)

x (L By + 0., |” )71

0% | 3V (p+18,) -V, (¢ +18.,)

/' 00. (57)

58)

min
PEANA,

Vp’w (¢0 + t8x0)

Thus,

(60)
p p
. L V]gy + 18, |7~ Al ohldo + 16,
for a sufficiently small t > 0. The right-hand side is contin-

uously differentiable with respect to ¢ and is equal to zero at
t = 0. Thus,

jt[Jl o ($o+18,,) -V

+ [ Vigor 16| - Xghlgn 10,
S t=0

pw (¢0 + taxo)

==p Y o () =0 )P (8 (7)

x,y€S

~¢ (x)) 8., (x) @ (x, y)
FPYV () |y Iy () 8, ()

x€S
+pY = Apohldy by (x) 8, (%)
x€S
= p (=4 1 (x0) +V () [¢hg ()| g (x)
_Az,ohw’o (xo)|P_2¢0 (xo)) Xo-
(61)

Since the above equations hold for an arbitrary x, € S, we
have

A oy () +V (x) | ()b (%)

= A5 ohlo ()P0 (%),

)
x €8S.
O

Theorem 12. For a functionV : S — Randh :S — R
satisfying either V> 0 or V < h in S, there exists ¢, € B such
that

(1/2) _[g Voo - Voo + Jg Vl‘/’olp

(63)
Js h|¢0|p

’\h,o =

where

B::{u:§—>R|Jh|u|P<o, u|aszo}. (64)
S

Moreover Ay,  is the largest negative eigenvalue for —Q‘Zz)w and
is an eigenfunction corresponding to A, .
0 g 810 Apg

Proof. Since the proof is similar to that of the previous
theorem, we omit it. O

We note that it follows from the two above results that if
either V> 0 or V = h, then there exist 1, , and A, , at the
same time. The specific case of V = 0 was dealt with in [9].

In the following results, we give some properties of A},
and its eigenfunction. One also can get similar results for A},
and its eigenfunction, assuming that the function V satisfies
either V> 0o0rV < h.

Theorem 13. For a functionV: S — R and a weight function
h satisfying either V.> 0 or V. > h in S, there exists a positive
eigenfunction ¢, corresponding to the indefinite eigenvalue A, ,

for —ng’w

Proof. It follows from Theorem 11 that there exists an indefi-
nite eigenfunction ¢, satisfying

A oo (x) +V () | ()] (x)

= A} okl ()| (%)

(65)



for x € S. Let w(x) := |¢,(x)| for all x in S. Then J§ ly|f =
J5 1¢b/? and

% L Voo Voo + L V|¢0|P

) (66)
p— . p
2 2 ngww vp,ww_'— J‘S V|V/| :
Thus, we have
v (1/2) ngw‘/’o “Vowdo + .[s Vigol®
" fsnlgol”
(67)
_ WD) [V - Vpuw + [ VIvl’
> 5 .
I§h|‘//|
Otherwise, by definition of /\;’1,
o U2 [Vey Vo + [ VIyl
ho < B . (68)
I§h|‘/f|
Thus,
1/2) [y -V, v+ [ V]yl]f
AZ,0=(/)jS Y-Vl + [ VIvl -

I§h|‘/’|P

It follows from Theorem 11 that (/\Z,m ) is an indefinite
Dirichlet eigenpair. Next we show that y(x) > 0 for all x in
S. It is sufficient to prove that if there exists x, in S such that
v(xy) = 0,theny = 0.Since (A}, ¥) is an indefinite Dirichlet
eigenpair, it satisfies (1). This implies that

Dl Iy (n) @ (%0, ) = 0. (70)

y€eS

Hence y(y) = 0 forall y ~ x,,. By repeating the above process
for y ~ x,, we conclude that y(z) = 0 for each z ~ y. Since
G is a connected network, y(x) = 0 for all x € G. However,
this contradicts the fact that ¢ # 0. Thus, y(x) > 0 for all x
inG. O

Corollary 14. For a functionV : S — RwithV < 0in§
orV < hinS, if ¢, is an eigenfunction corresponding to the
eigenvalue Ay, , for —wa with respect to h, then sgn ¢,(x) =
sgn ¢y (y) forall x, y in S.

Proof. Let ¢, be an eigenfunction corresponding to A;, . Then
by Theorem 13, || is also an eigenfunction corresponding to
Ay o- Therefore, we have

1 P
5 L Voo - Voo + L V|¢ol o

1
=z J;Vw |¢0| “Vow |¢o| + J V|¢0|p'
2 J3 S

This implies that [¢y(y) — ¢o(x)| = [|dg(¥)] — |¢(x)]| for all
x, ¥ € S. Thus, we have ¢ (x) = [¢p,(x)|, x € S. O

Corollary 15. The multiplicity of A}, is one.

Abstract and Applied Analysis

4.2. Resonance Problems, Antiminimum Principle, and Inverse
Problems. As previously mentioned, throughout this section
the weight function h is assumed to have both positive and
negative values in S. The next theorem shows that even in
this case, we can solve a resonance problem similar to that
in Theorem 8.

Theorem 16 (resonance problems). Suppose that a function
V satisfies A, , > 0. For g : S — [0, 00), the equation

A, Ut Vil u - A;)ohlulp_zu =g inS,
(72)
u=0 onads

has a solution if and only if g = 0. Moreover, the solutions are
eigenfunctions corresponding to Ay .

Proof. Suppose that a function u, is a solution to (72). If u, =
0, then we have g = 0. Suppose u, # 0 and set a function
as Uy (x) == max{-u,(x),0} forall x € S. Since u(x) = 0 for all
x € 0S, uy(x) = 0 for all x € 0S. Since u,, is a solution of (72),
we have

0< L g(u) = L (_ApuO + V'”olp_zuo - A0h|u0|p_2u0)u_0

= ‘% 2 H () = (Cm )° = YV (0 |- (o

x,y€S x€S

+ A;,(,Zh (x) |-t ()|

x€S

(73)

which implies that 7, = k¢, for some k > 0. Assume k > 0;
then u, is an eigenfunction corresponding to A}, , so that g =
0. Now, assume k = 0. Then u, > 0. Suppose uy(x,) = 0 for
some x, € S. Then we have —A , juy(xy) = g(xo). Since g
is a nonnegative function, we have #,(y) = 0 for y ~ x,, so
u, = 0. This presents a contradiction. Thus, uy(x) > 0, x € S.
Let ¢, be a positive eigenfunction corresponding to A} ;. By
Picone’s identity,

1 %%
0< E ,Vwﬁbo : Vp,w¢0 -V F : Vp,wuo

S 0
p
- [ o) - (-2,00) u%
’ ,
- o) a0 (i -v)ul ) 2
S Uy
v ¢o
= Jg (‘Ap¢0 + V</>§) - J-gAh,oh(pg - J-s 9?21
which implies that g = 0. -

The next result that we will discuss is the parallel version
of the antiminimum principle discussed in Theorem 9 where
the weight function h is assumed to have both positive and
negative values in S.
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Theorem 17 (antiminimum principle). Let a function V :
S — R and a weight function h withV > 0inSorV > h
in S be given. For a nonnegative source term g : S — [0, 00),
suppose u; is a solution to the following equation:

A, Ut VI§ul?2u = Miful?*u = g inS
(75)
u=0 onaS.

IfA > A, o, then uy(xy) < 0 for some x, € S.

Proof. By virtue of Theorem 16, it suffices to show that if
there exists a nonnegative solution u; of (75) then A <
Apo- Suppose u)(x,) = 0 for some x, € S. Then we have
—A ,oU(xg) = g(xy). Since g is a nonnegative function, we
have uy(y) = 0for y ~ x,,sou, = 0. This is a contradiction to
the assumption. Thus, we have u, > 0in S. Let ¢, be a positive
eigenfunction corresponding to A;, ,. By Picone’s identity,

0<_J w(/)O p,w¢0_vw< ¢0 > V

)u
<)
- JE(_AP%) $o — (=0 p0) Vel
A
. (76)
- L(—AP%)% _J (v + ™ + g) ugi
A
_ + 28 p (/)_(1))
_ L X, oo L At L o
Since js ¢o /” ) > 0, we have
<(Mo-2) L hepg - (77)
]

Finally, we deal with inverse conductivity problems for
Apoand A .

Theorem 18 (inverse conductivity problem). For networks
G, Epw,),i=1,2, let Ao . be the smallest positive indefinite
eigenvalue for — 3 . One can suppose that the given functions
V and h satisfy ezther V > 0o0rV > h. If the weight functions
satisfy

w, <w, inSxS, (78)
then one has
Mowr < Mo, (79)
Moreover, Ay, = A, o, if and only if one has
(i) ¢y =, on S,
(i) w, (%, y) = wy(x,y) whenever ¢,(x)#¢,(y) or
(%) £y (3),

where ¢; is the eigenfunction corresponding to AOw, i=1,2

Proof. Let ¢ be an eigenfunction corresponding to A, for
i = 1,2. By the definition of the smallest eigenvalue, we have

oL am Js Vo b2+ Vo, b2 + [ V|¢2|P.

w; T (80)
’ Is h|¢2|P
It follows from w; < w, that
(1/2) .[S pw1 V11;1(/52 + ,[g V|¢2|P
.[s h|¢2lp
(81)

(1/2) .[S sz

Vw2¢2 + j:g V|¢2|p _ A+
J’s h|¢2|p b

Thus, we obtain A o
+
/XO,wZ' Then

< Ay,- Now, we suppose that Ag, =

b= 2 Vb Vs + [VIgl”

0,w, — J's h|¢2|p
(1/2) 2, s l2 (0) = 62 D (@, (%, 7) - @, (x. )
- fs h|¢2|p
+ Agwl

(82)

Since Y, g hl, [P > 0, we have [¢,(y) - ¢, ()P (w,(x, y) —
w (x,¥)) = 0,x,y € S. Then w,(x, y) = w,(x, y) whenever
¢, (x) # ¢,(»). This implies that

2 WD Vwd b+ [VIEL
sz J‘S h|§b2|p
(1/2) JS sz Vw1¢2 + -[S V|¢2|P
JS hl,|”

A+

0,w;

. . . + . + . .
Hence, ¢, is an eigenfunction of A, , . Since Ay, is simple,
we have ¢, = ¢,. Therefore, w,(x, y) = w,(x, y) whenever

¢i(x) #(y),i=1,2.
If w,(x,¥) = w,(x,y) whenever ¢;(x) #¢;(y), i = 1,2,
then

T (1/2) Xy ye5 11 () — ¢4 ()P, (x,y) + s Vg |®

e [ kg l”
WD) T, 1 () = b 0w, (%, 9) + [V
) [shlgi”
> Ag "
(84)
Thus, we have A, = A5, . O
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Theorem 19 (inverse conductivity problem). For networks
G(S, E,w;),i=1,2let )‘B,wi be the largest negative indefinite
eigenvalue for —gg’w,. One can suppose that the given functions
V and h satisfy cither V> 0 or V < h. If the weight functions
satisfy

w, <w, inSxS, (85)
then one has

A (86)

0,w; 2 AO,wz‘
Moreover, Ao, = Ay, if and only if one has

(i) ¢y =, on S

(i) w(x,y) =
¢y (x) # ¢, (¥),

where ¢; is the eigenfunction corresponding to Ay, , i = 1,2.

w,(x, y) whenever ¢,(x)+¢,(y) or

Proof. The proof is similar to that in Theorem 18 and we thus
omit it. O
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