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We are interested in the following fractional boundary value problem: D*u(t) + a (t)u’ = 0, t € (0,00), lim, _ o* *u(t) = 0,
lim, _, oOtl""u(t) = 0,wherel < « < 2,0 € (-1, 1), D" is the standard Riemann-Liouville fractional derivative, and a is a nonnegative
continuous function on (0, 00) satisfying some appropriate assumptions related to Karamata regular variation theory. Using the
Schauder fixed point theorem, we prove the existence and the uniqueness of a positive solution. We also give a global behavior of

such solution.

1. Introduction

Fractional differential equations arise in various fields of
science and engineering such as control, porous media,
electrochemistry, viscoelasticity, and electromagnetic. They
also serve as an excellent tool for the description of hereditary
properties of various materials and processes (see [1-3]). In
consequence, the subject of fractional differential equations
has been gaining much importance and attention. Most of the
related results focused on developing the global existence and
uniqueness of solutions on finite intervals (see [4-12]) and the
references therein). However, to the best of our knowledge,
there exist few articles dealing with the existence of solutions
to fractional differential equations on the half-line; see, for
instance, [13-21]. In [17], by using the recent Leggett-Williams
norm-type theorem due to O'Regan and Zima, the author
established the existence of positive solutions for fractional
boundary value problems of resonance on infinite intervals.
On the other hand, in [20], Su and Zhang studied the
following fractional differential problem on the half-line by
using Schauder’s fixed point theorem:

D*u(t) = f(t,u,D“_lu), t€(0,00), 1 <a<2,
€Y

u(0)=0,  lim D 'u(t) =uy, uy €R,
— 00

where D¥ is the standard Riemann-Liouville fractional deri-
vative (see Definition 8 below).

In [21], by means of the Leray-Schauder alternative
theorem, Zhao and Ge proved the existence of solutions to
the following boundary value problem:

Du(t)+ f(tb,u)=0, te(0,00), 1<a<?2,

2)

w(©=0,  limD*u()=pu),

where f € Rand 0 < £ < co.

In this paper, we aim at studying the existence, unique-
ness, and the exact asymptotic behavior of a positive solution
to the following fractional boundary value problem:

D*u(t)+a()u’ =0, te(0,00),

3)

limt*%u(t) = 0, lim '™ *u (¢) = 0,
t—0 t— 0o

where 1 < a < 2,0 € (-1,1), and a is a nonnegative
continuous function on (0, co) that may be singular at 0.

To state our result, we need some notations. We first
introduce the following Karamata classes.
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Definition 1. The class F is the set of all Karamata functions
L defined on (0, 7] by

L(t) :=cexp (J:7 @ds) , (4)

for some 1 > 1 and where ¢ > 0 and z € C([0, #]) such that
z(0) = 0.

Definition 2. The class ™ is the set of all Karamata func-
tions L defined on [1, 0c0) by

L(t) :=cexp (Lt @ds) , (5)

where ¢ > 0 and z € C([1, 00)) such that lim, _, . z(t) = 0.
It is easy to verify the following.

Remark 3. (i) A function L is in # if and only if L is a
positive function in C((o, nl), for some # > 1, such that
lim, _, o+ (tL'(t)/L(t)) = 0.

(ii) A function L is in #* if and only if L is a positive
function in C'([1, 00)) such that limtﬂoo(tL/(t)/L(t)) =0.

Remark 4 (see [22]). Let L be a function in #°, and then
there exists 1 > 0 such that for every f > 0 and t > 1 we have

A+p) L&) <L(B+t)<(1+B)"L(®). (6)
As a typical example of function belonging to the class %,

we quote
vofien() o

where & are real numbers, log,x = logeloge---logx (k
times), and w is a sufficiently large positive real number such
that L is defined and positive on (0, #], for some # > 1.

In the sequel, we denote by B'((0,00)) the set of
nonnegative Borel measurable functions in (0, 00) and by
C,_,([0,00)) the set of all functions f such thatt — e f()
is continuous on [0, c0).

We also denote by C,([0,00)) the set of continuous
functions v on [0, co) such that lim, _, . ,v(t) = 0. It is easy to
see that C,([0, 00)) is a Banach space with the uniform norm
IWleo = Suppso V(O]

For two nonnegative functions f and g defined on a set
S, the notation f(f) = g(t),t € S means that there exists ¢ > 0
such that (1/c) f(t) < g(t) < cf(t), forall t € S.

Finally, for A € R, we put A" = max(A, 0).

Throughout this paper we assume that the function a is
nonnegative on (0, 0o) and satisfies the following condition:

(H) a € C((0, 00)) such that

t>0,
(8)

where A <2+ (a-2)o,u > 1+ («—1)o, L, € K defined on
(0,7], for some r > 1 and L, € F satisfying

I” L,(s) Ly(s)

0 S)Lf(oth)afl SH*((X*l)O’

a(t) ~ 1+ )L, (min (t,1)) L, (max (1, 1)),

ds<oo. (9)

(o]
ds < oo, J
1
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In what follows, we put

y = min <1’ M) ,
l1-o0
(10)
2 - -2
£ = max (0, M) ,
1-0
and we define the function 0 on (0, co) by
6(t) = £(1+0°(L, (min(t, 1)) "™
(11)

X (iz(max(t, 1)))1/(1_6),

where, for t € (0,7),

JtLl—(S)ds fA=2+ (-2,

I, = L;g)s(s) ifl+(a-—1)c<A<2+(ax—-2)0,
J LVds ifA=1+(a-1)0,
lt ’ ifA<l+(x—1)o

(12)

and, fort > 1,

j mds ifu=1+@-1)o,
t S
L,(t) ifl+(a-1)o<u<2+(a-2)o,
Lz(t)= %HL (S) ¢
j =270 ds ifu=2+(-2)o,
s
l1 ifu>2+(@-2)o.

(13)
Our main result is the following.

Theorem 5. Let 1 < a < 2, 0 € (-1,1) and assume (H). Then
problem (3) has a unique positive solution u € C,_,([0,00))
satisfying, for t € (0, 00),

u(t) =~ 20 (1). (14)

Remark 6. The conclusion of Theorem 5 remains valid for the
case o« = 2 and o < 1 (see [23]).

The content of this paper is organized as follows. In
Section 2, we present some properties of the Green function
G, (t, s) of the operator u — —D"u on (0, co) with Dirichlet
conditions lim, _, o> *u(t) = 0 and lim,_, t'u(t) = 0.
Next, we give some fundamental properties of the two Kara-
mata classes # and # and we establish sharp estimates on
some potential functions. In Section 3, exploiting the results
of the previous section and using the Schauder fixed point
theorem, we prove Theorem 5.

2. Preliminaries

2.1. Fractional Calculus and Green Function. For the con-
venience of the reader, we recall in this section some basic
definitions on fractional calculus (see [2, 24, 25]) and we give
some properties of the Green function G, (¢, s).
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Definition 7. The Riemann-Liouville fractional integral of
order 3 > 0 of a function /1 : (0,00) — R is given by

Pt = ﬁ L: (t = 9F h(s)ds,

provided that the right-hand side is pointwise defined on
(0, 00).

t>0, (15)

Definition 8. The Riemann-Liouville fractional derivative of
order 3 > 0 of a function 4 : (0,00) — R is given by

B, o1 A N =
Dh(t)_—l“(n—ﬁ)<dt> L(t s) h(s)ds, t>0,
(16)

where n = [f] + 1 provided that the right-hand side is
pointwise defined on (0, co). Here [ 3] means the integer part
of the number f3.

So we have the following properties (see [2]).

Proposition 9. (1) Let § > O and let h € LY(0, 00), and then
one has

DPIPFL(t) = h(t), fort>o0. 17)
(2) Let B > 0, and then
DPh(ty=0 iff h(t) =§ ctt, (18)
j=1

where m is the smallest integer greater than or equal to 3 and
(¢,6,..-56,) € R™,

Corollary 10. Let f > 0 and assume that DPh € LY(0, c0).
Then,

PDPRt) =h(t) + tF 4 o tF 2 g P E >0,
(19)

where m is the smallest integer greater than or equal to 8 and
(¢, 6 - - 05Cy) € R™,

Lemma Il. Let 1 < o < 2 and h € L'(0,00). The unique
solution of

D*u(t)+h(t)=0, t>0
. - (20)
tlig})t “u(t) =0, tlin;ot “u(t)=0
is given by
u(t) = JOO G, (t,s)h(s)ds, (21)
0
where
_ L a-1 RSt
Golt9) = ps [ = (-9 @)

is Green’s function for the boundary value problem (20).

Proof. We may apply Corollary10 and Proposition 9 to
reduce equation D*u(f) + h(t) = 0 to an equivalent integral
equation

u(t) = -I°h(t) + t* " + "7, (23)

where (¢, ¢,) € R2. Hence the general solution of D*u(t) +
h(t) =0is

_ a—1 a2 _ L f _ a—1
ult)=qt"  +ot @ L t-9)"""h(s)ds. (24)

By using lim, _, ot* “u(t) = 0 and lim, _, ..t'™u(t) = 0, we get

1 [ee]
=0 =i L h(s)ds. (25)

Therefore, the unique solution of problem (20) is

~ tocfl 00 _L t el
wO) = ros | s s | -9 s
(26)
=J G, (t,s)h(s)ds.
0
The proof is complete. O

Next we give sharp estimates on the Green function
G,(t, s). To this end, we need the following lemma.

Lemma 12. (i) For A, y € (0,00) and x € [0, 1], one has
: H A U A
m1n<l,X>(l—x )s 1—x“£max<1,x>(1—x )
(27)
(ii) For (t, s) € (0,00) x (0, 00) one has

min (1, ) min (1, s) < min (¢, s) < max (1,¢) min (1, s) .
(28)

Proposition 13. The Green function G (t,s) defined by (22)
satisfies

G, (t,5) = t* > min(t,s), for (ts) € (0,00) x (0,00).

(29)

Proof. For (t,s) € (0,00) x (0, 00) we have

a-1 gt ol
Ga(t’s):;(a)[1_<(t t$)> ] G0

Since ((t —s)"/t) € [0,1) for (t,5) € (0,00) x (0, 00), then by
applying Lemma 12 (i) with 4 = « — 1 and A = 1, we obtain

(t-s)"

G, (t,s) = i [l - ( )] =t*?min(t,s). (1)

O

From here on, we define the potential kernel G, on
B*((0, 00)) by

G, h(t) := JOOO G, (t,s)h(s)ds, fort>O0. (32)



Using Proposition 13 and Lemma 12 (ii), we deduce the
following.

Corollary 14. Let 1 < a < 2 and h € B*((0,00)), and then
the functiont — G, h(t) belongs to C,_,([0,00)) if and only
if the integral jooo min(1, s)h(s)ds converges.

Proposition 15. Let 1 < « < 2 and f be a function such that
the map s — min(l,s) f(s) is continuous and integrable on
(0,00). Then G, f is the unique solution in C,_,([0, c0)) of the
boundary value problem

Du(t)+ f(t)=0, t>0

(33)

lim#* ™ u (t) = 0, lim t'™u (¢) = 0.
t—0 t— 00

Proof. From Corollary 14, the function G, f is well defined in
(0, 00). Using Proposition 13 and Lemma 12 (ii), we get

Gy |f] (1) < c(t""2 (t+1) J-O min (1, s) | f ()] ds). (34)

This implies that 12’“(Ga|f|) is finite on (0, o). So by using
Fubini’s theorem, we obtain

I (Go f) (®)

_ 1 ! ol
_F(Z_W)L(t 9'G, f (s)ds

- f(21— ) Jooo (

Observe that by considering the substitution s = r + (¢ — )0,
we obtain

J't (t _ S)l_‘xGa (S, r) ds) f (7‘) dr~
0
(35)

Jt (t=s)"*s-rNds=T(@TQ2-a)(t-7). (36)

r

Using this fact and (22) we deduce that

1 ! 1-a
o) L (t—35)""Gy(s,r)ds

1
"TC-a)l(a)

x [Lt (t—s) " ds - J: (t-9)""%((s - r)+)0Hds

- F(Z—a)r((x)L(t s) “((s=n)7)" ds.

(37)

Now, assume that r < ¢, and then by (36) we have
t a—-1
J t—-9)"((s-r)")" ds
0

= r (t=s)"*s-r"ds=T(@TQ2-a)(t-71).
' (38)
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On the other hand, if t < r and s € (0,t), we have

r t-5)"((s= )" ds = 0. (39)

0

So combining (38) and (39), we obtain

1 ‘ 1-«a _ Nt .
r@_mL“‘” Go(ssr)ds =t = (t=r)" = min (&),
(40)

This implies that

(G, f) (¢) = LOO min (t,7) f (r) dr
(41)

t 0
= J rf(r)dr+tj f(r)dr,
0 t
and D(G, f)(t) = (d*/dt)(I* (G, f))(t) = - f(t), fort > 0.

Moreover, using Proposition 13 and the dominated con-
vergence theorem, we deduce that

. 2— . 1-
lim¢ “G,f () =0, Jim ¢ “Gof (H)=0. (42

Finally, we need to prove the uniqueness. Let u,v €
C,_,([0,00)) be two solutions of (33) and put w = u — v.
Then w € C,_,([0,00)) and D%w = 0. Hence, it follows from
Corollary 10 that w(t) = ¢;t*" + ¢,t* . Using the fact that
lim, _, ot* *w(t) = lim, _, ,t' “w(t) = 0, we deduce that w = 0
and therefore u = v. The proof is complete. O

2.2. Sharp Estimates on the Potential of Some Karamata
Functions. We collect in this paragraph some properties of
functions belonging to the Karamata class % (resp., #*°) and
we give estimates on some potential functions.

Proposition 16 (see [26, 27]). (i) Let Ly, L, € F (resp, )
and p € R. Then the functions

L, +L, L,L,andL" belong to the class K (resp, H).
(43)

(ii) Let L be a function in K (resp., °) and & > 0. Then one
has

lim £°L(£) = 0, <resp. lim t*SL(t)=o>. (44)
>0t — 00

Theorem 17 (see [26, 27]). (a) Let y € R and L be a function
in K defined on (0,#]. One has the following.

(i) Ify < -1, then f: sYL(s)ds diverges and Lﬂ sYL(s)
ds ~ L)/ (y + 1).
t—0*

(i) If y > -1, then j: sYL(s)ds converges and Jot sYL(s)
ds - L)/ (y + 1).
t—0t

(b) Let y € R and L be a function in K. One has the
following.
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(i) Ify > -1, then LOO sYL(s)ds diverges and ﬂ sYL(s)
dst ~ L)/ (y + 1).

(ii) If y < -1, then LOO sYL(s)ds converges and Loo sYL(s)
ds ~ —t"L(t)/(y+1).
t— 00
The proof of the next lemma can be found in [11].

Lemma 18. Let L be a function in K defined on (0,4]. Then
one has

im __L® 45
t—0" ftr’ (L(s)/s)ds . (45)
In particular,
t—»Jn &dse(%’. (46)
t S

If further _[OVI(L(S) /s)ds converges, then one has lim, _, ;+(L(t)/
[1(L(s)/9)ds) = o.

In particular,

t— Jt &dse,%. (47)

0 S

In the next lemma, we have the following properties
related to the class # . For the proof we refer to [22].

Lemma19. Let L be a function in F*°. Then one has

im —L®
So L ds 9
In particular,
t+1
t— J &ds I A (49)
1 S
If further IIOO(L(S)/s)ds converges, then one has
L(t)
lim —————— =0. 50
=50 [ (L (s) /) ds (50)
In particular,
f— J LO gs e 9. (51)
t S

Now, we put

b(t) =t A+t 7L, (min (£, 1)) L, (max (t,1)), >0,
(52)

where L; € # and L, € Z*. We aim at giving sharp
estimates on the potential function G, b(¢).

Proposition 20. Assume that L, € F defined on (0,], for
somen >1land L, € ™. Let B <2 and y > 1 such that

1” o0
J SBL, (s)ds < oo, J SVL, (s)ds < co.  (53)
0 1

Then fort > 0
Gob () = t*yg (min (¢, 1)) ¢, (max (¢, 1)), (54)

where, fort € (0,1],

thsT(S)ds if B=2,
0
2 )
wo=1'n0e P e
tJtTds ifB=1,
t ifp<1
and, fort > 1,
tJ’tOO]%(S)ds ify=1,
L ' 2,
¢, () = tt+1f(2) fleys (56)
J = ify=2,
1
1 ify>2.

Proof. Using Proposition 13 and Remark 4, we have

2—a 1 . -B
t7°G,b(t) = | min(t,s)s "Ly (s)ds
0

+ JOO min (t,s)s 'L, (s)ds (57)
n

=I(®)+J ().

Case 1. Assume that 0 < t < 1.
By using (53), we deduce that

J@) =t (58)
On the other hand,

1(t) = Lt sSPL, (s)ds +t Lﬂ sPL, (s)ds 50

=L@+ L),

Using Theorem 17 and hypothesis (53), we deduce that
2 PL ) if <2
I (t) = Jt L;(s)

=2 4s if =2,

0 S

tz_ﬁL3 (®)
L)~ tJ-ns_ﬁL3 (s)ds

(60)
if1<p<2,

if <1,



Hence, it follows by Lemma 18, Proposition 16, and hypothe-
sis (53) that

JtL3T(S)ds if =2,
0
)ePL) if1<p<a,
o= trL3—(s)ds ifB=1 o
t S ’
t if < 1L

Combining (58) and (61) and using Proposition 16 and
hypothesis (53), we deduce that, for 0 < t < 1,

G () = (1), (62)
Case 2. Assume that t > 57 + 1.
By using (53), we deduce that
I(t)=1. (63)

On the other hand,

J(t) = f sVL, (s)ds+t LOO s YL, (s)ds o0

=], ®)+],@).

Using again Theorem 17 and hypothesis (53), we deduce that

7L, (1)
- t
L= I sTVL, (s)ds if y =2,
n

Z’YL (1)
L0 = j Bl ity =1

ifl<y<2,

(65)
ity>1,

Hence, it follows from Lemma 19 and hypothesis (53) that

tj Ly (S) ify=1,
t
t* VL ifl<y<2,
J () = EL,( (66)
J- a ify=2,
1
1 ify>2.

Combining (63) and (66) and using Proposition 16, hypothe-
sis (53), and Remark 4, we deduce that, for t > 57 + 1,

tJ- L4—(s)ds ity=1,
s

t
2L (¢ ifl<y<2,
t27aGab (t) ~ 'r 4(2)) 4
j 2 ds  ify=2, (67)
n S
1 ify>2.

=, (1).
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Now since the functions t — tzf"‘G“b(t) and t — ¢y(t)
are positive and continuous on [1,# + 1], we deduce that, for
tel,n+1],

PGb () = ¢, (1). (68)
Finally, using (62), (67), and (68), we obtain the required
result. O

3. Proof of the Main Result

The next lemma will play a crucial role in the proof of
Theorem 5

Lemma 21. Assume that the function a satisfies (H) and put
w(t) = a(t)t(“_z)ae"(t)for t > 0. Then one has for t € (0, 00)

G (t) = 0(t). (69)
Proof. We recall that

i < 2_/\+(0€—2)a>
y=min( 1,2 """ 2",
l1-0
¢=max<o,w),
l1-o0 (70)
() =£'(1+ 1) (L, (min(t, 1)))”““’)
1/(1— a)
x (L (max(,1)))
where, for t € (0, 1],
J Ly ifr-2+@-2o,
o
L (t)= L ifl+(a-1)o<A<2+(a-2)0,
J ifl:l"’((x—l)a)
t
1 ifl<l+(@-1)0o
(71)
and, fort > 1,
J~00L2 lf’,[: 1+(0‘_1)0’
t
Ijz(t)= L%+t (S) iflt(@-1)o<u<2+(@-2)o,
.[ 2905 =2+ @20,
11 ifu>2+(@-2)o.
(72)
For t > 0, we have
w (1)
~ t—A+va+(:x—2)a(1 i t))l—m-((_y)o
(73)

x L, (min (5, 1) (T, (min(s, 1))

o/(1-0)

x L, (max (£, 1)) (L (max(t, 1)))

Using Proposition 20 with f = A —vo — (a —2)o and y =

podo (@ = 20.L,(0) = L (O@,O)" and L) =
z(f)(Lz(t)) , we obtain for t € (0,1]
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tL ST a/(1-0)
jﬁ(J ﬁdr) ds  ifA=2+(a-2)0,
0o S 0o r
- (M@= (L, 1) if 1+ (@-1)o<A<2+(@-2)0,
t G‘X(U (t) ~ < L (s) L (r) o/(1-0)
tj L) <J L dr) ds  ifA=1+(-1)o,
t S s T
|t ifl<l+(a—-1)0,
((t/L 1/(1-0) 74
j(ﬁds ifA=2+(x-2)o, )
0 S
o t(2—A+(oc—2)a)/(1—a)(L1(t))1/(1*0) ifle(@-1)o<A<2+(a-2)a,
= nr 1/(1-0)
t(J ﬁds) ifA=1+(x-1)o,
t S
Lt ifA<l+(x-1)o,
=0(1t).
On the other hand, using again Proposition 20 and Remark 4,
we get, fort > 1,
( (L o a/(1-0)
tJ ﬁ(] ﬂdr) ds ifu=1+(a-1)o,
t S s r
2G (1) ~ - £L, (1) (L,(5)"" if1+(@-1)o<u<2+(@-2)a,
« t+l (S) st (r) a/(1-0)
J L) (J L) dr) ds ifu=2+(-2)0,
1 S 1 r
1 ifu>2+(@-2)o.
(/oL 1/(1-0) 75
t ﬁds ifu=1+(a-1)o, 75)
t S
. <t<(L2(t))”““” if1+(@-1)o<u<2+(@-2)o,
- t+1 (S) 1/(1-0)
<J 2—ds> ifu=2+(@-2)o,
1 S
1 itu>2+(«-2)o.
~0(t).
This completes the proof. O  Inorder to use a fixed point theorem, we define the operator
T on A by
Proof of Theorem 5. From Lemma 21, there exists M > 1 such
that for each t > 0 e oo
Tv(t) = o J G, (t,s)a(s) s“ (1 +5)°° (s) ds.
1 B 0
VA G (t) < MO (1), (76) (78)

where w(t) = a(t)t“276°(t).

For this choice of ¢, and using (76), we easily prove that for
Put ¢, = M"1719D and Jet “ g (76) yP

allve Aandt >0

0 (t) 0 (1) }
A={veC([0,00)):—£v(t)£—,t>0 .
' o (1+1) L+t Ty (t) < %, Tv(t) > c(,ei' (79)

(77) (1+1¢)



On the other hand, using Proposition 13 and Lemma 12 (ii),
there exists ¢ > 0 such that for all £, s > 0, we have

G, (t, )

< cmin(1,s). (80)
1+t

This implies that there exists ¢ > 0 such that, for each v € A
andt > 0,

|Tv(t)] <c LOO min (1, s) w (s) ds. (81)

Now by hypothesis (H) and Theorem 17, the function t —
min(1, t)w(t) is in L'(0, c0), which implies that the family
{T'v(t),v € A} is uniformly bounded.

Using (80) and the fact that, for each s > 0, the function
t — (tz_“Ga(t, s))/(1 + t) is in Cy([0, 00)), we deduce that
the family {T'v(t), v € A} is equicontinuous in [0, co].

Hence, it follows by Ascoli’s theorem that T'(A) is rela-
tively compact in Cy([0, 00)) and therefore T'(A) C A.

Next, we will prove the continuity of T' in the supremum
norm. Let (v), be a sequence in A which converges to v in
A. Using again (80) and Lebesgue’s theorem, we deduce that
Tvi(t) — Tv(t)ask — oo, fort > 0.

Since T'(A) is relatively compact in Cy([0, 00)), then the
pointwise convergence implies the uniform convergence.
Thus we have proved that T is a compact mapping from A
to itself.

Now, the Schauder fixed point theorem implies the
existence of v € A such that

2-«a

v(t) =

1+1 LOO G, (t,s)a(s) s 2(1 +5)°v (s)ds. (82)

Put u(t) = t* (1 + t)v(t). Then u € C, ,([0,00)) and u
satisfies the equation

u(t) = Gy (au’) (t). (83)

Since the function s — min(1, s)a(s)u’(s) is continuous and
integrable on (0, 00), then by Proposition 15, the function u is
a positive solution in C,_, ([0, 00)) of problem (3).

Finally, it remains to prove that u is the unique pos-
itive solution in C,_,([0,00)) satisfying (14). To this end,
assume that problem (3) has two positive solutions u,v €
C,_,([0, 00)) satistying (14). Then there exists a constant mm >
1 such that

< —<m. (84)

<= |

1
m

This implies that the set

]={m21: S%Sm} (85)

is not empty. Let ¢ = inf J. Then ¢ > 1 and we have (1/c)v <
u < cv. It follows that u? < c/!v* and consequently

-D% (c'alv - u) =a (c'”'v" - u”) >0, (86)

lim#* ™ (clglv - u) (t) =0,

. l—a ( lo| =~ —
lim tlgrolot (c v u)(t) 0.

(87)
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This implies by Proposition 15 that ¢'”'v — u = G (a(c
%)) = 0. By symmetry, we obtain also v < clu. Hence ¢! ¢
Jand ¢ < ¢! Since |o| < 1, then ¢ = 1 and therefore u =

V. ]

Example 22. Let1 < a < 2,0 € (-1,1), and a be a positive
continuous function on (0, 0o) such that

a(t) =t 1+t log< t>0, (88)

),
min (t,1) )’
where A < 2+(a—2)o and y > 1+(x—1)0. Then by Theorem 5,
problem (3) has a unique positive solution u € C,_,([0, 00))
satistying, for t > 0,
u(®) = 15771+ 0L, (min(t, 1) 7
(89)

X (Zz(max(t, 1)))1/(1_0),

where v = min(1, (2 - A + (e — 2)0)/(1 - 0)), { = max(0, (2 -
p+(a—2)o)/(1-0)),

1og(%) ifl+(@-1)o<A<2+(a-2)0,

f’l (t) = (1og(%))2 ifA=1+(a-1)0,
1 ifA<1l+(a-1)o,

- _ flog(1+t) ifu=2+(a-2)o,
L, = {1 if u#2+ (a-2)o.
(90)
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