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We consider the following inverse eigenvalue problem: to construct a special kind of matrix (real symmetric doubly arrow matrix)
from the minimal and maximal eigenvalues of all its leading principal submatrices. The necessary and sufficient condition for
the solvability of the problem is derived. Our results are constructive and they generate algorithmic procedures to construct such

matrices.

1. Introduction

Peng et al. in [1] solved two inverse eigenvalue problems
for symmetric arrow matrices and, in the other article [2],
a correction, for one of the problems stated in [1], has been
presented as well. In recent paper [3], Nazari and Beiranvand
introduced an algorithm to construct symmetric quasi-
antibidiagonal matrices that having its given eigenvalues.
Pickmann et al. in [4] introduced an algorithm for inverse
eigenvalue problem on symmetric tridiagonal matrices. In
this paper we introduced symmetric doubly arrow matrix as
follows:

a b b, 0 0
cb a, - 0 o0 0
: 0 0 - 0
A= bs—l 0 a bs bn—l 5 dj, b] € R,
0 0 bs syt 0
0 0 0b, O a,

@

where bj >0,1<s<nlIfs=1ors = n; then the matrix A
of the form (1) is a symmetric arrow matrix as follows:

a b - b,
bl az N 0

B = . . . . > aj, b] € [R. (2)
bn—l 0 an

This family of matrices appears in certain symmetric
inverse eigenvalue and inverse Sturm-Liouville problems
[5, 6], which arise in many applications [7-12], including
modern control theory and vibration analysis [7, 8]. In this
paper, we construct matrix A of the form (1), from a special
kind of spectral information, which only recently is being
considered. Since this type of matrix structure generalizes the
well-known arrow matrices, we think that it will also become
of interest in applications.

We will denote I. as the identity matrix of order j; A
as the j x j leading principal submatrix of A; P;(A) as the

characteristic polynomial of A ;; and )L(lj s /\(Zj V<< Agj )
as the eigenvalues of A ;.
We want to solve the following problem.
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Problem 1. Given the 2n — 1 real numbers A(lj) and A(jj),
i=12...
that )t(lj ) and /\(jj ) are, respectively, the minimal and maximal
eigenvaluesof A, j=1,2,...,n

,n, find an n X n matrix A of the form (1) such

Our work is motivated by the results in [2]. There, the
authors solved this kind of inverse eigenvalue problem for
symmetric arrow matrix B of the form (2).

Theorem 2 (see [2]). Let the real numbers A(lj) and A;j), j=
1,2,...,n, be given. Then there exists an n x n matrix B of the
form (2), such that /\(lj " and )L(jj " are, respectively, the minimal
and maximal eigenvalues of its leading principal submatrix B},
j=12,...,n ifand only if

A< < )@

<A< AP < AP <. <A

(3)

Theorem 3 (see [2]). Let the real numbers /\(lj) and A(jj), j=
1,2,...,n, be given. Then there exists a unique n x n matrix B
of the form (2), with a; € R and by > 0, such that A{" and 1Y
are, respectively, the minimal and the maximal eigenvalues of
Z;s leading principal submatrix Bj, j=12,...,n if and only

A" <A P

<A <AP <A <o p)

(4)

In this paper, we will show that Theorems 2 and 3 are also
right for symmetric doubly arrow matrix A in (1) by a similar
method.

The paper is organized as follows. In Section 2, we discuss
some properties of A. In Section 3, we solve Problem 1 by
giving a necessary and suflicient condition for the existence of
the matrix A in (1) and also solve the case in which the matrix
A, in Problem 1, is required to have all its entries b; positive.
Finally, In Section 4 we show some examples to illustrate the
results.

2. Properties of the Matrix A

Lemma4. Let A be a matrix of the form (1). Then the sequence
of characteristic polynomials {Pj(}t)};':1 satisfies the recurrence
relation:

pV=0A-qa),
j-1
PV =(A-a)p V-b, [[A-a),
i=2
j=2,3,...,5 (5)

iV = (A-a)pi W) -b H(A @) py ),

i=s+1
j=s+1,...,n

Proof. It is easy to verify by expanding the determinant. [
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Lemma 5 (see [2]). Let p(A) be a monic polynomial of degree
nwith all real zeroes. If | and A, are, respectively, the minimal
and maximal zeroes of p(A), then

(1) if p < Ay, we have that (-1)" p(u) > 0;

(2) ifu > A,,, we have that p(u) > 0.

Observe that, from the Cauchy interlacing property, the
minimal and the maximal eigenvalue, )t(lj ) and )\(j] ) respec-

tively, of each leading principal submatrix A ;, j = 1,2,...,n,
of the matrix A in (1) satisfy the relations

(n) B) £ 1@ D) @ ) (n)
A< <A <A <A S A <A < <A

(6)

Wea <AV, i=12.,5j=12..,n ()

Lemma 6. Let {Pj()‘)}?ﬂ be the polynomials defined in (5),
whose minimal and maximal zeroes, A(lj) and /\(.j),j =

1,2,...,n, respectively, satisfy the relations (6) and (7), and

h;

g
._.
x.
—_

(A" -a).

2,3,...,8,

P DN T &)~ i (A”’)

i

(A;j)

Il
[\S]

7:1:1

| 2 () P (A7)

- j1 . . )
[T (7 =a) = pia (A7) et (A7)
i=s+1
j )
XH (A(lj) —ai), j=s+1,...,n
i=s+1
(8)
Then
hj=(-1)"h;20, j=23,...,n 9)
Proof. From Lemma 5, we have
(—l)j_IPj—1 (Agj)) 20, Pja (Azj)) >0,
j=2,3
s—1 () () (10)
(-1)" "psy (Al ) > P51 (’\j ) 20,
j=s+1
Moreover, from (7)
S g
| (/\y) - ai) >0, (-1 1:2[ (/\(1 ai) >0,
J=23,...,s,
j-1 ‘ o )
[T -a)z0 "' [](A7-a)=0,
i=s+1 i=s+1
j=s+1,...,n
(11)

Clearly Ej > 0 from (10) and (11). O
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Lemma 7 (see [2]). Let A be a matrix of the form (2) with
b+0,i = 1,2,...,n— 1. Let /\(lj) and A;j), respectively, be
the minimal and maximal eigenvalues of the leading principal
submatrix A, j=1,2,...,n, of A. Then

G B) @ () @ 3 ()
AP < AT AT AP <A <A < <A

/\Y) <a; <A(jj), i=2,3...,j
(12)

foreach j=2,3,...,n.

3. Solution of Problem 1

The following theorem solves Problem 1. In particular, the
theorem shows that condition (6) is necessary and sufficient
for the existence of the matrix A in (1).

Theorem 8. Let the real numbers /\(lj) and A(jj), j=12,...,n
be given. Then there exists an n x n matrix A of the form
(1), such that }L(lj " and A(j] " are, respectively, the minimal and

maximal eigenvalues of its leading principal submatrix A j, j =
1,2,...,n, ifand only if

/\(n)

n

A< AP AP AP AP <A <

IN

(13)

Proof. Let )L(lj) and )L(jj), j = 1,2,...,n, satisty (13). Observe
that

Ay =(a)= (1(11)) (14)

and p;(A) = A — a,. From Theorem 2, there exists A, j = 2,
..»s with A(lj ) and A(jj ) as its minimal and maximal eigenval-
ues, respectively. To show the existence of A, j=s+1,...,n

with A(lj) and /\(jj) as its minimal and maximal eigenvalues,
respectively, is equivalent to showing that the system of
equations

2 (A7) = (A -a;) pjs (1Y)

j-1

-2, [T 9 - a) 5 (09) =0,

i=s+1

‘ 4 . (15)
pi (A7) = () - a;) pj (A7)

j-1

“b [1 (O =) 2 (2) =0

i=s+1

has real solution a; and b;_;, j = s + 1,...,n. If the deter-

J
minant

hi = pi (A) et ()

j-1 . . .
x H (A(j]) - ai) - pjfl (A(j])) Ps-1 (’\(lj)) (16)

i=s+1
j-1
()
X H ()L - ai)
i=s+1
of the coeflicient matrix of the system (15) is nonzero, then
the system has unique solutions a; and bf_l, j=s+1,...,n

In this case, from Lemma 6 we have 711- > 0. By solving the
system (15) we obtain

a; = (A(lj)pj—l (A(lj))ps—l (/\(jj))

z;_s-li-l (17)
TT0Y-0)) )"
i=s+1
. (A7 =A7) £ () £ (A7)
-1 h

Since
DAY -A) i () i (A) 20 ()

then bj_1 is a real number and therefore, there exists A with
the spectral properties required.

Now we will show that, if #; = 0, the system (15) still has a
solution. We do this by induction by showing that the rank of
the coeflicients matrix is equal to the rank of the augmented
matrix.

Letj=s+1.Ifh,, =0, then

B = (=1)°hyy,
= D (p (AF) Py (ASS) (19)
-, (A7) Pt (A7) = 0,

which, from Lemma 5, is equivalent to
p(AT™) pey (M)
p(AGY) pea (AT)

In this case the augmented matrix is

p(ATY) ey (AF) AT Vp, (A7)

< ) -

PSD) ey (A5D) A8 p, (A1)

0:

(20)
0.



and the ranks of both matrices, the coefficient matrix and the
augmented matrix, are equal. Hence A exists.
Now we consider j > s + 2. If h; = 0, then

- i1

= (! (pj-1 (A7) per (07)

x [T -a) - (A7) et (A7)
i=s+1
—1 )
X H (/\(lj) —al)> =0
i=s+1 (22)
From Lemma 5
j-1
pia (AY)=0\/p.s (/\(JJ)) ‘H1 ()L(j’) ~a;) =0,
;_1 (23)
i (A7) =0\ p () TT (Y - a) = 0.
i=s+1

Then h; = 0 leads us to the following cases:
) )t(lj) _ A(j_l)/\/\(,j_l) _ A(j)’
(i) AY = A9 Ap AL, AP —a) = 0
(iii) py s AT, A —a) = 0m 7 =29,
(iv) p- lu“ Ml OF-a) = 0np, AP, O
a;) =
and the augmented matrix is

) L dt ) ) )
Pja (/\(1])) Psy (A(lj)) H (A(lp - ai) /\(1])Pj—1 (A(1]>)

i=s+1
j-1

) 2 (09) [T05 ) 12 49)

i=s+1

Pj (
(24)
By replacing conditions (i)-(iii) in (24), it is clear that the

coeflicients matrix and the augmented matrix have the same
rank. From condition (iv), the system of (15) becomes

Pi (A(lj)) a; = A(lj)p];l (/\(lj)) i
P (A)a;=29p,, (19).

I pi(A ﬂ)#Oand Pj- 1(A(]))¢0 thena; = A(f) )t(]) nd
from (13)

(25)

AP =2 == = =20 220 (26)

j-1

Thus, pj_l(/\(lj)) = pj_l()ty )Y = 0, which is a contradiction.
Hence, under condition (iv) pj_l()\(lj)) =0or pj_l(/\(jj)) =0
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and therefore the coefficients matrix and the augmented
matrix have also the same rank. By taking b]{l > 0,
there exists a j x j matrix A; with the required spectral
properties. The necessity comes from the Cauchy interlacing
property. O

We have seen in the proof of Theorem 8 that if the
determinant /; of the coeflicients matrix of the system (15)
is nonzero, then the Problem 1 has a unique solution except
for the sign of the b; entries.

Now we solve the Problem 1 in the case that the b, entries
are required to be positive. We need the following lemma.

Lemma 9. Let A be a matrix of the form (1) with b;#0, i =
1,2,...,n—1. Let )L(lj) and )L(j]), respectively, be the minimal

and maximal eigenvalues of the leading principal submatrix
Aj j=12,...,n 0f A Then

() (3) ) (1) ) 3) ()
A7 < <A <A <AV <A <A <--~</1].,

AWe<a <2V, i=23,..,j
(27)
foreach j=2,3,...,n

Proof. From Lemma 7, (27) hold for j < s. For j = s + 1, we
have from (5)

P M) =(A=ay,) po-blp (M. (28)

As b,#0, then from Lemma7, we have p, H(A(ls)) #0,
Ps+1(/\§$)) # 0’ and

A A AP AP AP < A plD,
(29)
IfAS = a, or A = a, |, then
2
0=pe, (as+1) = _bs Ps-1 (as+1) (30)
contradicts b, # 0 or (29) and from (7) we have
A g <Al 31)

Let j = s + 2. Then from (5)

ps+2( (5"'1)) _bs2+1 (/\ o - s+1) Ps—1 ( (s+1 ) #0. (32)

In the same way p,,,(AS1”) #0. Hence A" and A"*D are

s+1 s+1
not zeroes of pg,,(A) and from (6) :

A Q6D Q9 L )@ <Al
( ) (s) ( (33)
2 s (s+1) s+2)
<A <A< /\s+1 /\5+2 .
(s+2)
Now suppose that ;" = a,,. Then
0=psr (as+2) = s+1 (as+2 s+1) Ps1 (as+2)
) ) (34)
s+
=-b, (Al - as+1) Ps1 (54)
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contradicts the inequalities (31) and (33). The same occurs if
(s+2)

o Then from (7) and Lemma 7 we

we assume that A
have

= Ggip-

(s+2) (s+2)
ATV <a <AL

i=2,3,...,5+2. (35)

Now, suppose that (27) hold for s+ 3 < j < n—1 and consider

J
P (A) = (/\ - aj+1) pi(A) - b]? H (A=a) py (V).
i=s+1
(36)

Since b;#0 and /\(lj) < g < /\(jj), i = 2,3...
S (M —a)#0and [T, (/\;‘. — a;) #0. Hence neither \J

, j» then

nor /\§ are zeroes ofpj+1(/\). Then from (6) we have

A(lj“) < /\(lj) << )L(lz) < /\(11) < A(zz) <o < )t(jj) < AU,

j+1
(37)
Finally, if A{*" = aj,,, then
) J
0=Dpin (aj+1) = _bj H (“j+1 - ai) Ps-1 (“j+1)
i=s+1
1= (38)
j
j+1 j+1
=6 [T (W7 -a) per (W)
i=s+1
contradicts (33). Then
W <a <A, i=23. 541 (39
O

The following theorem solves Problem 1 with b; > 0.

Theorem 10. Let the real numbers A(lj) and A(jj), ji= 12
..» 1, be given. Then there exists a unique n x n matrix A of

the form (1), with a; € R and bj > 0, such that /\(lj) and Agj)
are, respectively, the minimal and maximal eigenvalues of its

leading principal submatrix A j, j = 1,2,...,n, if and only if

(n) (©) (2) ) (2) () ()
AP < <A A <A <A <A < <A
(40)

Proof. The proof is quite similar to the proof of Theorem 8:
Let )t(lj) and )&(jj), j = 2,...,n, satisfy (40). From Theorem 3,
there exists A ;, j = 2,...,s with /\(lj)
and maximal eigenvalues, respectively. To show the existence
of A pJj=s+1L...,nwith the required spectral properties,
is equivalent to showing that the system of (15) has real

solutions a; and b;_;, withb;_; >0, j=s+1, s+2,...,n

and /\;j) as its minimal

To do this it is enough to show that the determinant of the
coeflicients matrix

hi =i (A) et (A7)
j-1

X H ()‘Ej) N ai) - pf‘l ()L(Jj))pS—l (/\(j)) (41)

is nonzero. B )

From Lemmas 6 and 9 it follows that hj = (—1)]_1hj >
0. Hence hj;EO and the system (15) has real and unique
solutions:

aj = </‘(1J)Pj—1 (A7) s (A7)

j-1 . . . .
<[] O =a) =27 (07) pia (W)
i=s+
~ (42)
<00 -a)) )"

i=s+
0008 09)p 00)
-1 h ’

where
(-1 (/\(jj) - /\(lj)) Pia (/\(lj)) Pi (A;j)) >0.  (43)

Then it is clear that bJ{l > 0. Therefore, the b;_; can be chosen
positive and then there exists a unique matrix A ; with the
required spectral properties. The necessity of the result comes
from Lemma 9. O

4. Examples

Now we give an algorithm to construct the solution A of
Problem 1.

Algorithm.

(1) Input a positive integer s and real numbers A(lj ) and
A =12

@) leta, =AY, p(V) = A —ay;
(3) for j =2,...,n, calculate pj()t) according to (5);

(4) compute a; and bj_1 according to (17).



Example 1. 'The following numbers [2]

5 4 3 2 1 2
A MY A A2 A0 AP
-11.2369 -11.1921 -10.9106 -8.7760 -6.0043 -2.6295
(3) (4)
AS A A9
1.8532 8.4266  10.4020
(44)

satisfy the necessary and sufficient condition (40) of
Theorem 10. Then the doubly arrow matrix with b, > 0 and

a(A)) )Tl” = -6.0043,

o (A;) 1D = -87759 AP = 26205,
o (A;) AP = -109106 A = ~4.6837
o(Ay) A9 = -11.1921 AP = —5.0836

o(As) AP =-11.2369 A$) = —5.1390

Example 2. We modify the previous example, that some given
eigenvalues become equal to [2]

5 4 3 2] 1 2]
AP ALY AP AP AP a®
-11.2369 -10.9106 -10.9106 -8.7760 -6.0043 —6.0043
(3) (4) 5
)L3 )‘4 )‘(5)
1.8532 8.4266  10.4020.

(47)

These numbers satisfy the necessary and sufficient condition
(13) of Theorem 8. One solution of Problem 1 with s = 3 is the

a(A) AV =-6.0043,
o(A,y) AP =-87760 A = -6.0043,
o(A;) AP =-109106 A = -8.7760

o(A,) A =-109106 1{" = -8.7760

o(As) AP =-11.2369 A = -8.7760
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s=3is
—6.0043 3.0584 5.2453
3.0584 -5.4011
A= 5.2453 —2.3357 4.4747 1.8880

4.4747 6.1414
1.8880 9.8361

(45)

From the above 5 x 5 doubly arrow matrix A, we recompute
the spectrum (A ;) of its submatrix A ; by MATLAB 7.0, j =
1,2,...,5,and get

1Y = 1.8532, (46)
AP =0.2494 1{) = 8.4266,

A9 = 0.1384 A =8.0719 A% = 10.4020.

matrix
—-6.0043 0 6.2090
0 -8.7760
A= 6.2090 -3.0531 0 4.0562
0 8.4266
4.0562 8.9205
(48)
Recomputing the spectrum of A, we have
A = 1.8532, (49)

AP = 1.8532 A{Y = 8.4266,

A% =0.6980 A =8.4266 A% = 10.4020.
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